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Propriétés de la TF 2D

– linéarité

αf(x, y) + βg(x, y) → αf̂(νx, νy) + βĝ(νx, νy)

– translations

– spatiale

f(x− dx, y − dy) → exp[−j2π(νxdx + νydy)]f̂(νx, νy)

– fréquentielle

exp[j2π(xθx + yθy)]f(x, y) → f̂(νx − θx, νy − θy)
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– dérivations

– spatiale

∂k+lf

∂xk∂yl
(x, y) → (j2π)k+lνkxν

l
y f̂(νx, νy)

C.P. :

∆f =
∂2f

∂x2
+
∂2f

∂y2
→ −4π2(ν2

x + ν2
y)f̂(νx, νy)

– fréquentielle

(−j2π)k+lxkylf(x, y) → ∂k+lf̂

∂νkx∂ν
l
y

(νx, νy)
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– convolutions

– spatiale

(f ∗ g)(x, y) → f̂(νx, νy)ĝ(νx, νy)

où

(f ∗ g)(x, y) =

∫ ∞

−∞

∫ ∞

−∞
f(x′, y′) g(x− x′, y − y′) dx′ dy′

= (g ∗ f)(x, y)

– fréquentielle

f(x, y)g(x, y) → (f̂ ∗ ĝ)(νx, νy)
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– transformation linéaire

f ′(x, y) = f(x′, y′) → 1

| detA | f̂(ν′x, ν
′
y)


 x′

y′


 = A


 x

y





 ν′x

ν′y


 = A−t


 νx

νy




C.P. :

f(ax, by)→ 1
|ab| f̂( νxa ,

νy
b )

f(cosφx− sinφy, sinφx+ cosφy)

→ f̂(cosφνx − sinφνy, sinφνx + cosφνy)
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– symétrie hermitienne

f(x, y)∗ → f̂(−νx,−νy)∗

C.P. :

f(x, y) ∈ R ⇔





<{f̂(νx, νy)} sym./(0,0)

(| f̂(νx, νy) |)
={f̂(νx, νy)} antisym./(0,0)

(arg[f̂(νx, νy)])

– symétrie de correspondance

f(x, y)→ f̂(νx, νy) ⇒ f̂(−x,−y)→ f(νx, νy)
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– séparabilité

f(x, y) = f1(x)f2(y) → f̂(νx, νy) = f̂1(νx)f̂2(νy)

où f̂1 et f̂2 TF 1D de f1 et f2

– égalités de Parseval-Plancherel
∫ ∞

−∞

∫ ∞

−∞
f(x, y) g(x, y)∗ dx dy

=

∫ ∞

−∞

∫ ∞

−∞
f̂(νx, νy) ĝ(νx, νy)∗ dνx dνy

∫ ∞

−∞

∫ ∞

−∞
| f(x, y) |2 dx dy

=

∫ ∞

−∞

∫ ∞

−∞
| f̂(νx, νy) |2 dνx dνy
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Propriétés de la TZ 2D

– inversion

fn,m =
1

(2jπ)2

∮

C+
1

∮

C+
2

F (z, w) zn−1 wm−1 dz dw

où C+
1 et C+

2 sont deux contours fermés du domaine de

convergence, orientés dans le sens trigonométrique

– linéarité

αfn,m + βgn,m → αF (z, w) + βG(z, w)

– translation

fn−k,m−l → z−kw−lF (z, w)

8



– transposition

cndmfn,m → F (
z

c
,
w

d
)

– dérivation

(n+k−1)!
(n−1)!

(m+l+1)!
(m−1)! fn,m → (−1)k+l ∂

k+lF

∂zk∂wl
(z, w)

– convolution

fn,m ∗ gn,m → F (z, w)G(z, w)

où

fn,m ∗ gn,m =

∞∑

k=−∞

∞∑

l=−∞
fk,l gn−k,m−l

= gn,m ∗ fn,m
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– multiplication

fn,mgn,m → 1

(2jπ)2

∮

C+
1

∮

C+
2

F (z′, w′)G(
z

z′
,
w

w′
)
dz′

z′
dw′

w′

– transformation linéaire des indices

si (p11, p12, p21, p22) ∈ Z4 et

f ′n,m =





fn′,m′ si





n = p11n
′ + p12m

′

m = p21n
′ + p22m

′

0 sinon

alors

f ′n,m → F (zp11wp21 , zp12wp22)

C.P. :

f±n,±m → F (z±1, w±1)
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– symétrie hermitienne

f∗n,m → F (z∗, w∗)∗

– séparabilité

fn,m = f1
nf

2
m → F1(z)F2(w)

où F1(z) et F2(z) TZ 1D de f1
n et f2

m
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– égalité de Parseval-Plancherel

∞∑

n=−∞

∞∑

m=−∞
fn,mg

∗
n,m

=
1

(2jπ)2

∮

C+
1

∮

C+
2

F (z, w)G(
1

z∗
,

1

w∗
)∗
dz

z

dw

w

∞∑

n=−∞

∞∑

m=−∞
| fn,m |2

=
1

(2jπ)2

∮

C+
1

∮

C+
2

F (z, w)F (
1

z∗
,

1

w∗
)∗
dz

z

dw

w
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– valeur initiale

si fn,m = 0 pour n < 0 ou m < 0 alors

lim
w→∞

F (z, w) =
∞∑

n=0

fn,0 z
−n

lim
z→∞

F (z, w) =
∞∑

m=0

f0,m w
−m

lim
z,w→∞

F (z, w) = f0,0
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Caractéristiques des filtres 2D

– séparabilité

– définition

hn,m = h1
nh

2
m

– conséquence

gn,m = hn,m ∗ fn,m =

∞∑

k=−∞
h1
k yn−k,m

yn,m =
∞∑

l=−∞
h2
l fn,m−l
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– stabilité EBSB

– définition

fn,m → gn,m

fn,m borné
⇒ gn,m borné

– CNS∑∞
k=−∞

∑∞
l=−∞ | hk,l | finie

⇔ le bicercle unité appartient au domaine de définition de la TZ

15



– dynamisme

– définition

gn,m =
∑

(k,l)∈A
ak,l fn−k,m−l −

∑

(k,l)∈B∗
bk,l gn−k,m−l

A sous-ensemble fini de Z2

B∗ sous-ensemble fini de Z2 \ {(0, 0)}
– fonction de transfert

H(z, w) =

∑
(k,l)∈A ak,l z

−k w−l

1 +
∑

(k,l)∈B∗ bk,l z
−k w−l

16



Filtres RIF de gradient horizontal

– filtres séparables

hn,m = h1
nh

2
m

– dérivation horizontale

(h1
1 h1

0 h1
−1) =

1

2
(−1 0 1)

– passe-bas vertical




h2
−1

h2
0

h2
1


 =

1

3




1

1

1


 ou

1

4




1

2

1



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– filtres non séparables

– filtre de Prewitt



h1,−1 h0,−1 h−1,−1

h1,0 h0,0 h−1,0

h1,1 h0,1 h−1,1


 =

1

6




−1 1 1

−1 −2 1

−1 1 1




– filtre de Kirsh



h1,−1 h0,−1 h−1,−1

h1,0 h0,0 h−1,0

h1,1 h0,1 h−1,1


 =

1

24




−3 −3 5

−3 0 5

−3 −3 5



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