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ABSTRACT
The use of a constant modulus (CM) criterion to achieve
blind equalization of Continuous Phase Modulated signals
is investigated in this paper. A characterization of the so-
lutions is provided. It is shown that the constant modulus
criterion may be, theoretically, unsuccessful because of the
existence of undesired solutions.

1. INTRODUCTION

Continuous phase modulation is a widespread scheme
thanks to its attractive spectral efficiency and its constant
modulus property. In particular, it is used in the European
second generation mobile system GSM, in the professional
mobile communications system Tetrapol, as well as in a
number of military systems.

This paper is devoted to the blind equalization problem
of continuous phase modulations. In contrast with the lin-
ear modulation case, this problem seems to have been ad-
dressed only by a few authors. The most popular approach
(see e.g. [5], [6], [7]) consists in estimating channel coef-
ficients in the maximum likelihood sense, so as to be able
to recover the symbol sequence by some appropriate algo-
rithm (Viterbi algorithm, Bahl algorithm,....). To this end,
the so-called Expectation Maximization (EM) algorithm has
been proposed to avoid calculating the likelihood for every
possible symbol sequence. Note that this type of methods
requires a relevant initial estimate of channel coefficients
and thea priori knowledge of certain modulation param-
eters such as symbol rate, modulation index, and shaping
filter. Since this kind of information is sometimes not avail-
able (e.g. in passive listening), it is relevant to study other
approaches.

As CPM signals have constant modulus, using the con-
stant modulus (CM) algorithm introduced by Godard seems
to be quite natural. This approach consists in looking for an
equalizer which produces a constant modulus output when
driven by the received signal. However, the theoretical be-
havior of the CM algorithm in case of CPM signals seems
not to have been addressed thoroughly in previous works.

Recall that the theoretical behavior of Godard’s algorithm
has been studied extensively by several authors in the linear
modulation case (see e.g. [3]). In particular, it has been
shown that if the symbol sequence is circular and indepen-
dent identically distributed (i.i.d.), then the CM equalizer
output coincides with the symbol sequence. In this paper,
we characterize the set of equalizers producing a constant
modulus output signal, and show that the CM criterion is,
theoretically, not successful.

2. SIGNAL MODEL

The complex envelopexa(t) of a CPM signal can be written
asxa(t) = exp iψa(t), where the phaseψa(t) of xa(t) is
given by

ψa(t) = πh

(∑

n∈Z
anφa(t− nTs)

)
. (1)

(an)n∈Z is the symbol sequence. It is assumed thatan =
±1 for eachn, and that the sequence is centered and in-
dependent identically distributed.Ts is the symbol period.
Functionφa(t) is generally an increasing function such that
φa(t) = 0 for eacht ≤ 0, 0 ≤ φa(t) ≤ 1 for 0 ≤ t ≤ LTs

andφa(t) = 1 for eacht ≥ LTs, whereL is an integer.
Parameterh is called the modulation index, and is char-
acterized by the fact that the phase variation induced by a
symbol is equal to±πh. We assume that0 < h < 1. In
this paper, we assume thatL = 1, i.e. the transmitted signal
is a full response CPM signal. The case of partial response
CPM signals (i.e.L > 1) will be addressed in a forthcom-
ing work. Using the previous properties ofφa, we easily
get a more convenient expression of phaseψa(t) for eacht
such asnTs ≤ t < (n + 1)Ts,

ψa(t) = πh

(
n−1∑

k=−∞
ak

)
+ πhanφa(t− nTs). (2)

A fundamental result due to Laurent (the so-called Laurent’s
representation [1]) states that ifL = 1, signalxa(t) can be



written as a linear modulation. In order to introduce this
useful result, we denote from now on by(xn)n∈Z the se-
quence defined by :

xn = exp iπh

(
n−1∑

k=−∞
ak

)
. (3)

It is easily seen that(xn)n∈Z is a centered stationary se-
quence which satisfiesxn+1 = exp iπhanxn. Then, it can
be shown that

xa(t) =
∞∑

n=0

xn+1c0(t− nTs), (4)

wherec0(t) is a pulse which is non zero only for0 < t <
2Ts and which is defined as follows.

c0(t) = sin πhφa(t)
sin πh for 0 ≤ t ≤ Ts

c0(t) = sin πh(1−φa(t−Ts))
sin πh for Ts ≤ t ≤ 2Ts.

(5)

Equation (4) states that CPM signalxa(t) can be interpreted
as the linear modulation of sequence(xn) using shaping
filter c0(t). However,(xn) is not an i.i.d. sequence. Thus,
classical results on the behavior of the CM algorithm in the
linear modulation context do not hold yet.

3. PROBLEM FORMULATION

Fig 1 represents the basic equalization model. We assume
that the continuous-time received signalya(t) is a filtered
version of the transmitted CPM signalxa(t) = exp iψa(t),
where ψa(t) is defined by (1). H(f) denotes the (ana-
log) frequency response of the filter which is assumed to
be non zero in the bandwidth of the input signalxa(t) 1.
ya(t) is passed through an analog equalization filterG(f).
Output signalza(t) is sampled at rate1/Te. Sequence
zn = za(nTe) denotes the output samples. In the classi-
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Fig. 1. Equalization model

cal linear modulation context, the CM algorithm should be
used at symbol rate, i.e.Te = Ts. However in our con-
text, since transmitted signalxa(t) has constant modulus,
it may also be relevant to use the CM algorithm with other
sampling rates.

1Note that signalxa(t) has actually an infinite bandwidth. However, in
practice, the spectral density ofxa(t) is clearly negligible at high enough
frequencies.

In practice, the equalizer is implemented by a digital fil-
ter. We thus note that our structure is actually different from
the practical one. However, the analog context is easier to
present, while covering the digital one if the rate at which
operates the digital equalizer is large enough. In the sequel,
we study the equalizers for which

lim
N→∞

1
N

N−1∑
n=0

E(|zn|2 − 1)2, (6)

is identically zero.

For this, we use Laurent’s representation (4) and rather
characterize the combined transfer functionF (f) =
C0(f)G(f)H(f) associated to the constant modulus equal-
izersG(f). Here,C0(f) represents the Fourier transform
of functionc0(t). If we denote byf(t) the inverse Fourier
transform ofF (f), continuous-time signalza(t) can be
written as

za(t) =
∞∑

n=0

xn+1f(t− nTs). (7)

Note that in order that the right-hand side of (7) converges
in the mean square sense, functionf(t) must be square
integrable. Because it is moreover natural to restrictf(t) to
be continuous2, we characterize in the sequel the set of all
functionsf(t) for which (6) is zero.

The meaning of (6) depends on the choice of the sampling
periodTe. In order to precise this point, we recall that signal
za(t) is periodically correlated with periodTs. In particular,
function t → E(|za(t)|2 − 1)2 is periodic of periodTs.
Expanding this function in Fourier series, it is easy to check
that if Te

Ts
is irrational, then

lim
N→∞

1
N

N−1∑
n=0

E(|zn|2−1)2 =
1
Ts

∫ Ts

0

E(|za(t)|2−1)2 dt.

Therefore, if Te

Ts
is irrational, (6) is zero if and only if

|za(t)| = 1 for eacht a.s.3 On the other hand, ifTe

Ts
=

p/q wherep and q are coprime integers, sequencen →
E(|zn|2 − 1)2 is periodic of periodq. Therefore, the aver-
age (6) coincides with the finite sum1q

∑q−1
n=0 E(|zn|2−1)2,

and is zero if and only if|za(nTs

q )| = 1 for eachn ∈ Z a.s.
Therefore, using an appropriate sampling rateTe allows ei-
ther to force the modulus of|za(t)| to 1 for eacht, either to
force the modulus 1 condition at every integer multiples of
Ts

q .

2If e.g. the transfer functionG(f) of the equalizer is assumed to be
square integrable, thenf(t) is easily seen to be continuous as soon as
H(f) is bounded.

3notation a.s. stands for almost surely



We finally remark that condition|za(t)| = 1 for eacht
a.s. is a priori relevant. Indeed, it seems intuitively rea-
sonable to conjecture that condition|za(t)| = 1 for eacht
a.s. may force the equalizer frequency responseG(f) to be
equal to 1

H(f) up to a scaling factor or a delay. If this holds,
equalizer outputza(t) would coincide with a scaled and de-
layed version of transmitted signalxa(t), from which sym-
bol sequence(an) could be extracted by a standard CPM
demodulation algorithm. Similarly, using the CM algorithm
at symbol rateTe = Ts seems also to be reasonable. Con-
dition |za(nTs)| = 1 for eachn a.s. would be appropriate
if it forced equalizer output samplesza(nTs) to coincide
with the modulus one sequence(xn)n∈Z (see equation (7)).
In this case, transmitted symbols could also be detected by
using a simple demodulation algorithm.

However, we show in the next section that the behavior
of the CM algorithm is in both cases more complicated.

4. EXPRESSION OF CONSTANT MODULUS
SOLUTIONS

4.1. The caseTe = Ts.

We first study the behavior of the equalizer structure when
the output equalizer sampling rate is equal to symbol rate
1
Ts

. To this end, it is sufficient to look for the square
summable sequences(fk)k∈Z for which the stationary se-
quencezn defined by

zn =
∑

k∈Z
fkxn−k

satisfies|zn| = 1 for eachn a.s. This problem has been
investigated thoroughly in the case where sequencexn is
a circular i.i.d. sequence (see e.g. [3]). In this context,
the modulus one constraint forces the output equalizer to
coincide with a delayed and rotated version of(xn)n∈Z.

Unfortunately, the present sequence(xn)n∈Z is not i.i.d.,
and the results are quite different.

4.1.1. The caseh 6= 1
2 .

We first consider the caseh 6= 1
2 .

Theorem 1 Assume that the indexh is not equal to 1
2 .

Then,|∑k∈Z fkxn−k| = 1 for eachn a.s. if and only if
sequence(fk)k∈Z is a delayed and rotated version of one of
the following sequences :





f0 = sin θ
sin πh

f1 = sin(πh−θ)
sin πh

f2 = 0,

or





f0 = sin θ
sin πh

f1 = e−iθ

i tan πh

f2 = i cos θ
sin πh ,

andfk = 0 for eachk different from0, 1, 2. Here,θ is any
parameter of]− π, π].

We respectively denote by type 1 and type 2 the previous
families of sequences. A sketch of proof is provided in
the appendix. This result shows that the constant modulus
criterion does not allow to reconstruct directly sequence
(xn)n∈Z, but a particular filtered version of it.

This result is actually not surprising. We first consider
type 1 filters. For eachθ, it is clear that| cos θxn +
ian sin θxn| = 1 for eachn. But, ianxn can also be written
as ianxn = 1

sin πh (xn+1 − cosπhxn), so thateiθanxn =
cos θxn + ian sin θxn coincides with the output of the first
family filter f(z) = sin θ

sin πh + z−1 sin(πh−θ)
sin πh driven byxn.

We note that ifθ coincides with the phaseπhφa(τ) for some
τ ∈]0, Ts[, then one can easily check using (4) and (5) that
eiθanxn coincides withxa(nT +τ). In other words, the first
family of filters contains two taps FIR interpolating filters.

In order to illustrate the properties of the second
family filter, we considercos θan−1xn + ian sin θxn,
which is still of modulus one for eachn. Using that
−ian−1xn = 1

sin πh (xn−1 − cosπhxn), we get immedi-
ately thatcos θan−1xn + ian sin θxn is the output of the
second filter with parameterθ driven by sequencex. In con-
trast with the first family, the second family does not seem
to contain interpolating filters.

4.1.2. The caseh = 1
2 .

In this case, another approach is required to solve the con-
stant modulus condition. This particular type of modulation
is called Minimum Shift Keying (MSK). We get from (3)
thatxn+1 = ianxn, thus sequence(xn) is alternately real
and imaginary. We putxn = inbn, wherebn is recursively
defined bybn+1 = anbn. (bn) is a real i.i.d. sequence. Out-
put sampleszn can be written aszn = in(

∑
k∈Z f̃kbn−k)

where f̃k = fki−k. Therefore,|zn| = 1 if and only if∑
k∈Z f̃kbn−k is modulus 1. As(bn) is a real i.i.d. se-

quence, the set of all filters̃f(z) satisfying this CM condi-
tion has been recently characterized by Houcke et al. ([8]).
Using this result, we get immediately that|zn| = 1 if and
only if (fn) is a delayed and rotated version of the following
sequence : {

f0 = sin θ
fN = i−(N−1) cos θ,

whereN ∈ N, andfn = 0 for eachn different from0, N .

4.2. The caseTe 6= Ts.

We now address the caseTe 6= Ts, and just focus on
Te/Ts irrational. The caseTe/Ts rational can be similarly
treated. We thus have to characterize the square integrable



continuous functions for whichza(t) given by (7) satisfies
|za(t)| = 1 for eacht. We just address the caseh 6= 1

2 in
the following.

Proposition 1 Assume thatTe

Ts
is irrational and thath 6= 1

2 .
|za(t)| = 1 for eacht a.s. if and only if for eachτ ∈ [0, Ts[,
sequence(f(τ + kTs))k∈Z coincides with a delayed or ro-
tated version of one of the two sequences given in theorem
1.

We first give some simple examples illustrating that con-
dition |za(t)| = 1 for eacht a.s. may hold even ifza(t)
does not coincide withxa(t). The first one corresponds to
the interpolators. Given a time delayδ ∈ [0, Ts], we put
f(t) = c0(t − δ), so thatza(t) = xa(t − δ). Proposition
1 clearly holds forf(t) : using definition (5) ofc0, one can
easily check that for eachτ ∈ [0, Ts[, (f(τ + kTs))k∈Z
is a delayed version of a type 1 sequence, where parame-
ter θ coincides either withπhφa(τ − δ) if τ ≥ δ, or with
πhφa(τ − δ + Ts) if τ < δ.

In order to exhibit a second example, we consider a
function φ̃a(t) which satisfy the same requirements as
φa(t), and define functionf(t) = c̃0(t) from φ̃a(t) through
formula (5). Then, signalza(t) is of course a CPM signal
with the same index asxa(t) and with the same symbol
sequence(an), but which have a different phase. In other
words, if the equalizerG(f) is chosen in such a way that
C0(f)H(f)G(f) = C̃0(f) for eachf , then output signal
za(t) still coincide with a CPM signal, but whose shaping
filter φ̃a(t) is different from those of the transmitted signal
(i.e. φa(t)). Note that for eacht, sequence(c̃0(t+kTs))k∈Z
still coincide with a type 1 sequence.

In the previous examples, sequence(f(t + kTs))k∈Z is
for eacht a type 1 sequence, and the functionf(t) has a
support of width2Ts. It is however possible to construct
more complicated examples such thatf(t) has a larger sup-
port, and such that(f(t+kTs))k∈Z can be, depending ont,
a type 1 or a type 2 sequence.

We puth = 0.7 and we denote byt → θ(t) a piecewise
linear function defined on interval[0, Ts] whose variations
are resumed on figure (2).

t 0 Ts

3
Ts

2
2Ts

3 Ts

π πh
↗ ↘ ↗

θ(t) π
2

π
2↗

0

Fig. 2. Variations of functionθ(t) on interval[0, Ts]

We now consider functionf(t) defined fromθ(t) by :

f(t) =





sin θ(t)
sin πh for t ∈ [0, Ts],
sin(πh−θ(t−Ts))

sin πh for t ∈ [Ts, Ts + Ts

3 ] ∪ [Ts + 2Ts

3 , 2Ts],
e−iθ(t−Ts)

i tan πh for t ∈ [Ts + Ts

3 , Ts + 2Ts

3 ],
i cos θ(t−2Ts)

sin πh for t ∈ [2Ts + Ts

3 , 2Ts + 2Ts

3 ],

0 otherwise.

Figure 3 represents the modulus of filterf(t). Signalza(t)
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Fig. 3. Modulus of filterf(t)

is clearly not a CPM signal because the support off(t) is
larger than2Ts.

5. CONCLUSION.

Previous results assert that the use of the CM algorithm to
equalize CPM signals might be unsuccessful because of the
existence of undesired global minima of the cost function
defined by (6). Nevertheless, this method provides most of
the time a very satisfying equalization. In effect, simula-
tions have shown that constant modulus criterion used on a
CPM signal corrupted by multipath leads in general to low
Bit Error Rates. These simulation results will be provided
in an extended version of the paper.
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A. PROOF OF THEOREM 1

We assume thatTe = Ts and that (6) is equal to zero. Thus,
that |zn| = 1 for eachn ∈ Z a.s. This implies that for
each integersk0, k1 such ask0 ≤ k1 and for each binary
sequence(αk0 , . . . , αk1),

E(|zn|2/(an−k0 , . . . , an−k1) = (αk0 , . . . , αk1)) = 1 (8)

Using (8) for certain well-chosen sequences(αk0 , . . . , αk1),
we now show that coefficients(fk)k∈Z are equal to zero
except for at most three consecutive integersk.

We assume that integersk0 andk1 are such asfk0fk1 6= 0
andk1 ≥ k0 + 3 and show that these assumptions lead to
a contradiction. We put for each integerk: fk = ρkeiψk ,
whereρk ≥ 0. Using (7), we get that for eachn, |zn|2 is
equal to :

∑

k

|ρk|2 +2
∑

k′

∑

k>k′
ρk′ρk cos(πh

k−1∑

j=k′
an−j +ψk−ψk′).

For a given binary sequenceα = (αk0 , . . . , αk1),
an expression ofE(|zn|2/(an−k0 . . . an−k1) = α) can
be obtained by calculating conditional expectations of
every terms of the previous expression. We men-
tion the casek′ ≤ k0 < k ≤ k1, for which
E(cos(πh

∑k−1
j=k′ an−j + ψk − ψk′)/(an−k0 . . . an−k1) =

α) is equal to Ck′−k0 cos
(
πh

∑k−1
j=k0

αj + ψk − ψk′
)

,

whereC = cosπh. Other cases can be similarly treated.
We finally get a new expression of (8) which still holds
when replacingαk0 , . . . , αk1 by any other values. In par-
ticular, combining equations obtained by using sequences
(αk0 , . . . , αk1) and (−αk0 , αk0+1, . . . , αk1) yields after
some algebra :

∑

k′≤k0




k1+1∑

k=k0+1

ρk′ρkCk0−k′ sin(πh

k−1∑

j=k0+1

αj + ψk − ψk′) (9)

+
∑

k≥k0+2

ρk′ρkCk0−k′+k−k1−1 sin(πh

k1∑

j=k0+1

αj + ψk − ψk′)


 = 0.

Equation (9) still holds when replacing(αk0 , . . . , αk1) by
sequence(βk0 , . . . , βk1) defined byβj = αj for j =
k0, . . . , k1 − 2, βk1−1 = −αk1−1 and βk1 = −αk1 .
Moreover, we putαk1−1 = 1 and αk1 = −1 so that∑k1

j=k0+1 αj =
∑k1

j=k0+1 βj . Asρk1 6= 0, combining equa-
tion (9) used with both sequences yields

∑

k′≤k0

ρk′C
k0−k′ cos(πh

k1−2∑

j=k0+1

αj +ψk1−ψk′) = 0, (10)

for each sequence(αk0+1, . . . , αk1−2). It can be shown
from (10) thatk0 is the smallest integerk such asfk 6= 0.
Indeed, using (10), we get that

∑

k≤k0

fkC−k = 0

. Now suppose that there exists an integerk < k0 such
as fk 6= 0. We denote byk2 the greatest such integer :
k2 < k0. Clearly,

fk0C
−k0 =

∑

k≤k0

fkC−k −
∑

k≤k2

fkC−k = 0. (11)

But (11) is in contradiction with assumptionfk0 6= 0. Thus,
such an integerk2 does not exist.k0 is therefore the smallest
integer such asfk0 6= 0. This allows to reduce equation (10)
to cos(πh

∑k1−2
j=k0+1 αj + ψk1 − ψk0) = 0. However, one

can easily see that previous equality does not hold for every
possible sequence(αk0+1, . . . , αk1−2) sincek1 ≥ k0 + 3
andh 6= 1

2 . This invalidate the assumption thatfk0fk1 6= 0
for some integers such ask1 ≥ k0 + 3. Thus,(fk)k∈Z is
non zero for at most three consecutive integers, sayk =
0, 1, 2. Using equation (8) with every possible values of
symbol sequence(α0, α1, α2) leads to a set of equations
whose solutions correspond to theorem 1.


