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Comment relacher la contrainte de trame ajustée dans le cadre des méthodes proximales en restauration d’images?

Degradation model: convolution and noise

Original image Blurred image (Ty) Degraded image
y € (2(Z) z € 12(7)
a=0.1

Degradation model
zZ= Da(T}_/)

» T:(*(Z) — ¢*(Z): Convolution operator
» D,: Effect of noise (Gaussian noise, Poisson noise, Laplace noise, ...)
> «: noise parameter (variance for Gaussian noise, scaling parameter for

Poisson noise, .. .)
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Comment relacher la contrainte de trame ajustée dans le cadre des méthodes proximales en restauration d’images?

Degradation model: convolution and noise

Original image Blurred image (Ty) Degraded image
v € (2(Z) z € (*(Z)
Degradation model a=0.1
zZ= Da( T)_/)

» T:(*(Z) — ¢*(Z): Convolution operator
» D,: Effect of noise (Gaussian noise, Poisson noise, Laplace noise, ...)
> «: noise parameter (variance for Gaussian noise, scaling parameter for

Poisson noise, ...)
= Our objective is to recover an image y, the closest as possible to y.
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Existing wavelet-based variational methods

Gaussian noise + convolution

» Quadratic regularization techniques (Wiener filtering).
» Multiresolution analyses were used for denoising (T = Id).

» Redundant frame representations were substituted for wavelet bases
for denoising.
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Frame representation

Frame coefficients (x)

» x € (?(Z): Frame coefficients of the image y.
» F*: (?(Z) — (*(Z): Frame synthesis operator

» F: (?(Z) — (*(Z): Frame analysis operator
» Frame is tight if 3 €]0, +00[, F*F = pld.
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Tight frame drawback: DTT example

BB

Original Diagonal decomposition coefficients

for the first resolution level
without prefiltering (top) and with prefiltering (bottom)
after a dual-tree decomposition
with Meyer filter M = 2.
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Existing wavelet-based variational methods

Gaussian noise + convolution

» Quadratic regularization techniques (Wiener filtering).
» Multiresolution analyses were used for denoising (T = Id).

» Redundant frame representations were substituted for wavelet bases
for denoising.
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Existing wavelet-based variational methods

Gaussian noise + convolution

» Quadratic regularization techniques (Wiener filtering).

» Multiresolution analyses were used for denoising (T = Id).

» Redundant frame representations were substituted for wavelet bases
for denoising.

» Forward-backward when T # Id [Combettes&Wajs 2005, Daubechies et al.

2004, Figueiredo&BioucasDias 2003, Bect et al. 2004] — thresholded
Landweber to solve || T - —z||3 + || - ||1.
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Existing wavelet-based variational methods

Gaussian noise + convolution

» Quadratic regularization techniques (Wiener filtering).
» Multiresolution analyses were used for denoising (T = Id).

» Redundant frame representations were substituted for wavelet bases
for denoising.

» Forward-backward when T # Id [Combettes&Wajs 2005, Daubechies et al.
2004, Figueiredo&BioucasDias 2003, Bect et al. 2004] — thresholded
Landweber to solve || T - —z||3 + || - ||1.

Laplace, Poisson, ... noise 4+ convolution
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Existing wavelet-based variational methods

Gaussian noise + convolution

» Quadratic regularization techniques (Wiener filtering).
» Multiresolution analyses were used for denoising (T = Id).

» Redundant frame representations were substituted for wavelet bases
for denoising.

» Forward-backward when T # Id [Combettes&Wajs 2005, Daubechies et al.
2004, Figueiredo&BioucasDias 2003, Bect et al. 2004] — thresholded
Landweber to solve || T - —z||3 + || - ||1.

Laplace, Poisson, ... noise 4+ convolution
» Douglas-Rachford (DR) algorithm [Combettes&Pesquet 2007]
» Parallel Proximal Algo. (PPXA) [Combettes&Pesquet 2008]
» ADMM [Afonso et al. 2009, Setzer et al. 2009]
» PPXA+: unifying framework for PPXA and ADMM [Pesquet 2010]
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Existing wavelet-based variational methods

Gaussian noise + convolution

» Quadratic regularization techniques (Wiener filtering).
» Multiresolution analyses were used for denoising (T = Id).

» Redundant frame representations were substituted for wavelet bases
for denoising.

» Forward-backward when T # Id [Combettes&Wajs 2005, Daubechies et al.
2004, Figueiredo&BioucasDias 2003, Bect et al. 2004] — thresholded
Landweber to solve || T - —z||3+ || - ||z. NTF

Laplace, Poisson, ... noise 4+ convolution
» Douglas-Rachford (DR) algorithm [Combettes&Pesquet 2007] TF
» Parallel Proximal Algo. (PPXA) [Combettes&Pesquet 2008] TF
» ADMM [Afonso et al. 2009, Setzer et al. 2009] TF
» PPXA+: unifying framework for PPXA and ADMM [Pesquet 2010] TF
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Considered problems
Synthesis formulation (SF):
n m
y=F% such that X € Argmin E fi(LiF*x) + E gj(x)
x€(Z) =1 j=1

Analysis formulation (AF):

n m
¥ € Argmin Z fi(Liy) + Zgj(FY)
ye(z) i j=1

» For every i € {1,...,n}, fi: £?(Z) — ]—o00,+0oc] is a convex, |.s.c and
proper function and L;: £2(Z) — ¢%(Z) is a convolutive operator.

> For every j € {1,...,m}, gj: (*(Z) — ]—o0,+0o] is a convex, |.s.c
and proper function.
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. O - AR

Proximity operator

» Definition: For every v in a Hilbert space H, the function
v = @(v) + ||u — v||?/2, where ¢ is a convex, |.s.c and proper
function, achieves its minimum at a unique point denoted by prox,u,
ie.,

. 1 )
(Vu e H), PIOX,,u = arg min o(v) + 5 lu—v]




Solution Conclusion

Introduction Problems and Algorithms
000000000 ]

00000 0e00
Comment reldcher la contrainte de trame ajustée dans le cadre des méthodes proximales en restauration d'images? 8/20

T B
Proximity operator

» Definition: For every v in a Hilbert space H, the function
v = @(v) + ||u — v||?/2, where ¢ is a convex, |.s.c and proper
function, achieves its minimum at a unique point denoted by prox,u,

ie.,

. 1 )
(Vu e H), PIOX,,u = arg min o(v) + 5 lu—v]

Examples:
» If ¢ = 1c = prox,. = Pc where (¢ denotes the indicator function
over a closed convex set C and P¢ denotes the projection onto C
» If ¢ = x| .| with x > 0 = prox,, | is a soft-thresholding with
threshold value
> If o =w|.|P+ x|.| with w > 0 = Closed forms for several p > 1
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*
PPXA+: minimize 370, fi(LiF*x) + > 7 gi(x)
x€(Z)
Initialization

(mi)1<i<n € 10, +00[", (K))1<j<m € 10, +o00[”

(vio)i<i<n € (C2(2))", (wj0)1<j<m € (P(Z))"

| xo = arg minuegz(z) 27:1 nil|LiF*u — Vi,O”2 =+ E;rl:l KJ'”“ - Wj70||2
For¢=0,1,...

For i=1,...,n

| Pi,e = ProXs /. Vie

For j=1,...,m

|_ lj0 = ProXg /., Wj.e

Ae 6]0,2[

co = argminyegzy Yoy il LiF*u — piell* + o0 sl — el
For i=1,...,n

| Vi1 = vig + Xe(LiF*(2ce — x¢) — piye)

For j=1,...,m

L W1 = wie+ Me(2c0 — xe — 1)

Xer1 = x¢ + Me(ce — xp)
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S A(LiFX) +
PPXA+: m|n|m|ze i(LiF*x) + 212 gi(x)
x€l?(Z)
Initialization

(mi)1<i<n € 10, +00[", (K))1<j<m € 10, +o00[”

(vio)i<i<n € (C2(2))", (wj0)1<j<m € (P(Z))™

| %o = arg minyeg(zy Yo millLiF u — violl® + S kjllu — wyol?
For ¢=0,1,...

For i=1,...,n

| Pi,e = ProXy /. Vis

For j=1,...,m

|_ lj0 = ProXg /., Wj.e

Ae 6]0,2[

C = arg minycp2(z) 27:1 nillLiF*u — p;,
For i=1,...,n

L Vi1 = vig + Xe(LiF*(2ce — x¢) — piye)
For j=1,...,m

L W1 = wie + Me(2c0 — xe — 1)

Xxer1 = x¢ + Me(ce — xp)

2 2
+ 3 millu = el
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PPXA+: m|n|2m|ze Sr (L ,y)+z ", &(Fy)
y€el?(Z)
Initialization

(mi)1<i<n € 10,400[", (K))1<j<m € 10, +oo[”
(vio)i<i<n € (P(Z))", (Wj0)1<j<m € (1322(2))'" ,
| yo = argminyee(zy Doy nillLiu — violl” + 307, w5l Fu — wj o]
For¢=0,1,...
For i=1,...,n
L Pi,e = ProXg /n,Vie
For j=1,...,m
|_ fje = proxgj/ﬁj Wi, ¢
Ae 6]0,2[
co = argminyepzy) Yory mill Liv — piell® + S kil Fu — ril®
For i=1,...,n
L Vierr = vie + Me(Li(2¢e — ye) — pie)
For j=1,...,m
L wierr = wie + Ae(F(2c0 — ye) = rj0)
L yer1 = ye + Me(ce — ye)
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PPXA+: m|n|m|ze > T fi(Liy)+ X7 gi(Fy)
> I l J:]- /
y€el3(Z)
Initialization

(mi)1<i<n € 10,400[", (K))1<j<m € 10, +oo[”
(vio)ici<n € (3(Z))", (Wj0)1<j<m € (522(2))'" ;
| Yo = argminuepe(y >y millLiv — violl” + X704 Kyl Fu — wioll
For ¢=0,1,...

For i=1,...,n

L pie= Proxy /. Vie

For j=1,...,m

|_ fje = prOng/ﬁj Wi, ¢

>\é 6]0,2[

¢ = argmin,epz) Yorq NillLiv — pj,

For i=1,...,n

L Vierr = vie + Me(Li(2¢ce — ye) — pie)

For j=1,...,m

L wierr = wie + Ae(F(2c — ye) = rj0)
L yev1 = Yo + Me(ce — i)

2 2
+ 30wl Fu— i
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PPXA+ convergence

The convergence of the sequence (x;)een (resp. (ye)een) generated
by algorithm PPXA+ for SF (resp. algorithm PPXA+ for AF) is
established under the following assumptions:

1. (ﬂ,'-’:l ridom fj o LiF*) N (ﬂj'":l ri domgj-) + O

(resp. (ﬂle ridom f; o L,-) N (ﬂj’"zl ridom gj o F) # ).

2. There exists A €]0,2[ such that (V£ € N), A < App1 < Ap.
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Difficulties to use PPXA+ and frame representations
e Analysis formulation

PPXA+ iteration: .
= (Zin:l niLiL; + Zjll KjF* F) (27:1 NiL} pi e+ eril ki F* rj,g)

e Synthesis formulation
PPXA+ iteration:

-1
co= (SamFLLF + X7 k1) (S mFLpie + Sy witie)
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Difficulties to use PPXA+ and frame representations

e Analysis formulation
PPXA+ iteration:

1
= (Zin:l niLiL; + Zjll KjF* F) (27:1 NiL} pi e+ erll ki F* rj,g)
Difficulty:

i=1

(2:77;L}*L;—|—/€F"F)71 by setting m:Zf@-
j=1

e Synthesis formulation

PPXA+ iteration: .

Ce = <Z7:1 niFL LiF™ + Z_/rll HjI) ) (Z?:l niFL; pie + erll ’ijrj»f)

Diffisulty:

n(zn;FL}‘L;F* n /dd)il —1d - F(Zn:n,-L;*L,-) (KI n F*F(Zn:n,-L;*L,-))AF*
i=1 i=1 i=1

= How can we compute efficiently ( -+ F*F-)71?
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@-channel undecimated filter bank
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®-channel undecimated filter bank

» V,: filtering operator such that

Q
(wel-maP) 3 [oalw)P =

and V4(w): frequency response of the filter associated with the
convolutive operator V.
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Q—band DTT [Kingsbury 2001, Chaux et al. 2006]
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Q-band DTT [Kingsbury 2001, Chaux et al. 2006]

Uy 0 0 Vi

0 U2 0 V2

0 Uol [ Vo
* > Vg related to discretization

rrrrrrr » Ug: ortho. matrices (Q-band
orthon. wav. decomp. in parallel)
©

| » R: orthogonal combination of the
sn.Jbba.nds e.applied to ensure
directionality (2D)
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A specific class of frame representation: DTT

Vi
Va Q
F=U]| . = FF=pyy ViVe
: =1
Vo

» U: tight frame analysis matrix with constant puy € ]0, +o0l.
> V,: prefiltering operator such that

Q
(Vw € [_77?71-]2) Hu Z |‘A/q(w)|2 2 [y
q=1

and V4(w): frequency response of the filter associated with the
convolutive operator V.
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A specific class of frame representation: DTT

Vi
Va Q
F=U]| . = FF=pyy ViVe
: =1
Vo

e Analysis formulation:

(Zn,LL—i—/@F* ) (ZU,LL—i—/wUZV Vo)

e Synthesis formulation:

n n
-1
Id—F() nilfL;) (/d + F*F(Zn;L}‘L;)) F*
i=1 i=1
n Q n -1
—1d - F( L) (w1 + o Yo ViaVe( Yo mtiLs)) F°
g=1 i=1

i=1
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Results: Cropped versions of Barbara image. Images are
restored using SF and complex DTT

Original Degraded
SNR = 11.4 dB, SSIM = 0.53
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Results: Cropped versions of Barbara image. Images are
restored using SF and complex DTT

Tight-frame Complex DTT
SNR =13.3dB, SSIM =0.69 SNR = 14.2 dB, SSIM = 0.73
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Filter bank — polyphase implementation

77 [ V1’1 . VlyQ
S L = F=VMg with V=] : :
@ ey Vo1 ... Veo

=)————

Q® € N*: decimation factor.

P € N*: number of channels.

P/Q > 1: redundancy introduced by such a filter bank structure.
Mg: polyphase decomposition from ¢2(Z) to (62(2))0,

Moy = (y¥)1<j<q where yU) = (y(Qn—j + 1))n€Z is the j-th polyphase
component of order Q of the signal y.

> Vij: (3(Z) — (*(Z): SISO (Single-Input Single-Ouput) stable filter.

vV v.v Y
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1 A MAN

Filter bank — polyphase implementation

F=VIg with : : = F*F =MV Ve
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Filter bank — polyphase implementation

F=VMNg with | : : =  FF=N4V* Vg
Vei ... Veo

e Analysis formulation:

n 1 n -1
(SComtiti +nFF) =Moo mwyw+ sV V) g
i=1 i=1
e Synthesis formulation:

n n
1
1= F(Y mitity) ()4 FR(Y miLiLy)) F
i=1 i=1

=1d — FnE(Zn:nivvi*VVi) <n1+ V*v(zn:anV;*V%))_ll‘lQF*
im1 i=1
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Results: Image restored using AF with DTT and GenLOT

Original Degraded
SNR = 14.8 dB , SSIM = 0.42
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Results: Image restored using AF with DTT and GenLOT

DTT GenLOT
SNR = 16.7 dB, SSIM = 0.63 SNR = 17.1 dB, SSIM = 0.67
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Generalization

Proposition

The operator
F=NgrUVNg

is a frame operator with frame constants

= inf Omin(V and = sup Omax(V
£ MUV€[—1/2,1/2] ) MUVE[—1/2,1/2] )

where, for every v, onin(v) and opax(v) are the minimum and max-
imum eigenvalues of v(v)™V(v). In addition, we have:

F*F = pyMyV*Vg.
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» Experimental results motivate the use of non tight frame
representations.

» Allows us to deal with a large class of restoration problems with the
considered class of non tight frame representations.

» Examples obtained with DTT and GenLOT but other forms of frame
representations could be written as F = Mz UVIlp.
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