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The filter lengthV is equal to 200 and the output of the system
is observed at every time € {1,...,L} with L = 5000.
The sparse impulse responses corresponding to veetomsd
EL/QH are represented in Figure 5.

We compute, for every. € {1, ..., L}, the Euclidean norm
of the error between the current estimate and the true filter
coefficient vectoih,,. The minimal estimation error is obtained
for the nonconvex Welsch penalty function (see Table I) and
a smoothed’s — ¢, regularization function is thus employed
by settingS = N, vg = 0, V; = Oy, and, for everys €
{1,...,N}, Py = 1, v, = 0, while V, € R*¥ is the s-th
vector of the canonical basis &" .

We present the results generated by S3MG in Figure 6 for
two values of the forgetting facta#, namely¥ = 1 which
corresponds to a non adaptive strategy, dnd 0.995 which
appears to be the best choice in terms of tracking properties
for this example. Fig.

the-art approaches in the context of sparse adaptive filtering,
namely SPAL [31], RLMS [30], RZAAPA [28] and SM-

—— S3MG (9 = 0.995)
- - =-S3MG (9=1)
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6. Quadratic estimation error on the filter coefficientsadsnction of
We also show the results obtained with several state-§f indexn for various adaptive algorithms.

PAPA [29]. Note that, for each tested method, the involv
parameters (stepsize, regularization weight, blocksize) ha
been tuned manually in order to optimize the performan
in terms of error decay. Moreover, the complexity reductio
strategy relying on the convolutive form of the forward model,
as discussed at the end of Section IlI-D, has been emplo

in all the methods.
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Fig. 5. Values of the coefficients of the considered sparserdil; (top)

andhy 541 (bottom).

VIl. CONCLUSION

egfadient subspace led to the S3MG algorithm whose good

merical performance has been demonstrated in the context

2D system identification for large scale image processing
roblems. In the context of sparse adaptive filtering, S3MG
as also been shown to be competitive with respect to recent

thods. Although an analysis of the convergence of the pro-
posed method has been carried out, it would be interesting to
extend the obtained results to weaker assumptions. In addition,
in a nonstationary context, a theoretical study of the tracking
abilities of the algorithm should be conducted. Finally, let us
emphasize that a detailed analysis of the convergence rate
of the proposed method has been undertaken in our recent
paper [68].

APPENDIXA
PROOF OFLEMMA 1

Property (i) is a consequence of the ergodic theorem [70,
Theorem 13.12]. In addition, the law of the iterated logarithm
for martingale difference sequences [71] ensures that

| >k (lyel® = o)

In this work, we have proposed a stochastic MM subspace
algorithm for online penalized least squares estimation prob-
lems. The method makes it possible to use large-size datasets
the second-order moments of which are not known a priori.
We have shown that the proposed algorithm is of the same
order of complexity as the classical RLS algorithm and that
its computational cost can be reduced by taking advantage of
specific forms of the search subspace. The choice of a memory

lim sup 72 < 400 P-a.s. (50)
n=+oo  (nlog(logn))
n X_ _
Jim sup | 2k=1(XeYe 1/72')” <400 Pas. (51
n—+oc (nlog(logn))
(XX —
lim sup 12y (XX, l/f)m <400 P-as. (52)
n—+00 (nlog(logn))
that is
/21, _
lim sup % < +00 P-a.s (53)
n=+eo (log(logn))
1/2)p
lim sup Lﬂ?ﬂ/‘z < +00 P-a.s (54)
n—+oo (log(logn))
2||R, — R
lim sup L’LU!' < 400 P-a.s. (55)
n—+eo  (log(logn))
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Consequently, for everyy € N with ng > 2, APPENDIXC
PROOF OFLEMMA 3

+o00

> 0 pn — ol According to Assumption 2, the proposed algorithm is

n=ng actually equivalent to

1/2 _ foo ~

< sup <”|Pn@1|/2> ( S 092 1og(1ogn)\1/2). (vn e N\ {0})  h,y; =h, +D,u, (66)

n2no (log(log n)) n=ng u, = argmin 0, (h,, + D,u,h,,).

(56) wERM
(67)

Since 32 n=3/2|log(logn)|'/? < 4o, it follows from , ling th ative of the func
(53) that>" ">, n=L|p, — o| convergesP-a.s. to 0 asip — I%y using (15) and cancelling the derivative of the function

+00, which means that the first line in Property (ii) is satisfied” = On(hy +Dyu, hy),

By proceeding similarly, (54) and (55) allow us to establish D VF,(h,) + D] A,(h,)D,d, = 0. (68)
the remaining two assertions in Property (ii). " "

Hence,
APPENDIXB
PROOF OFLEMMA 2 O(hni1, hnl)
For everyn € N\ {0}, minimizing ©,,(-,h,) is equivalent ~ =F,(h,) — EﬁIDZAn(hn)Dnﬁn
to minimizing the function 1

~ 1 =Fy,(hy,) — Q(hn-&-l - hn)TAn(hn)(hn-H —h,). (69)
(Vvh e RY) ©,(h,h,)==h"A,(h,)h —c,(h,) h.
2 (57) In view of (12) and Proposition 1, this yields
It follows from Assumption 3(ii)-3(iii) and Lemma 1(i) that 1
there exists\ € J such thatP(A) = 1 and, for everyw € A, (Vn € N\{0}) Fn(hn+1)+§(hn+1_hn>TAn(hn)(hn+1_hn)

lirf rp(w)=r (58) <F,(h,). (70)
n—-+0oo

lirf R,(w)=R. (59) In addition, the following recursive relation holds
n—-+0o0

Letw € A. According to Assumption 1(iii) and Eq. (19(h) (Vh eRY) F,i1(h)=F,(h)+ l(ﬂn+1 — Pn)

is bounded as a function di. It is then deduced from (25) %

and (58) that(c,(h,)(w)) ., is bounded, i.e. there exists — (Cpg1 — 1) R+ 5hT(RnH —R,)h.

1 € [0,400) such that (71)
(VR e N\ {0})  lea(hy) ()] <. (60) As a consequence of Assumption 3(iv), for everg N\ {0},

In addition, as a consequence of (19) and Assumption 1(iilf}p-+1 1S Xn-measurable. It can thus be deduced from (70) and
for everyn € N\ {0}, Diag(b(h,,)) is a positive semidefinite the previous two relations that

matrix. Hence, because of (16), Assumptions 1(iii) and 3(i), 1

and (59), there exists€ (0, +-00) andng € N\ {0} such that ~ E(Fy41(hy41) |xn)+§(hn+1_hn)TAn(hn)(hn+l —h,)

(Vn>ng)  An(hy)(w)>= R—ely+Vy > Oy. (61) < Fo(hn) +xn (72)

(It suffices to choose lower than the minimum eigenvaluewhere
of R 4+ V). As a consequence of (57), (60), (61), and the

Cauchy-Schwarz inequality, we have Xn = §E(pn — a1 | X)) —E(rn — 11 | X,) Thy g
(Vn >1no)(Vh eRY) + %hLlE(Rn — Ry |X)hy1. (73)
T ~
oh (R—ely +Vo)h —n|[h] < On(h.hn). (62) gy ysing (8)-(10) withd = 1 and Assumption 3(iii), we have
SinceR — eIy + Vj is a positive definite matrix, the lower 1 E 9
bound corresponds to a coercive function with respedh.to  Xn = 2(n+1) (P = E(llyns1]”1X0))
There thus existg € (0, +o00) such that, for everyh € RY, 1 T
~ - (rn - E(Xn+1yn+1 ‘xn)) hn+1
|h]|>¢ = (¥n=np) O,(h,h,)(w)>0. (63) n +11
T T
On the other hand, sind@ € span (D,,(w)), we have HETCE) 1)hn+1(R” — E(Xp1 X1 %0)) gt
~ P 1 1
O, (hyt1,hy,)(w) < ©,(0,h,)(w) = 0. (64) = m(pn - 9) T 1 (I'n — T‘)Tthrl
The last two inequalities allow us to conclude that 1 -
+-———=—h,; (Rn — R)hnH (74)
(Vn>no)  [hasa(w)] <C. (65) 2(n+1)
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which yields where
1 — 2 -1
<, _ _ ac = (|||[R+Vo|[| +7||V]IP+€¢)~ ' >0.  (85)
|Xn|\2(n+1)\pn ol + v = 7l | (Il olll + ZIVIIIT +€)
1 ) Let w € A. By using now (80), it can be deduced from (84)
* 55 1y I1Bn = Bl (75)  that, if n. > no and VF,,(h,,)(w) # 0, then
According to Lemma 2,(h,),>1 is P-a.s. bounded, and D (w) = . (86)
Assumptions 3(ii)-3(iii) and Lemma 1(ii) thus guarantee tha‘}hen, it follows from (82) that
+oo
IXn| < 400 P-as. (76) =
ngl Qe Z ||VFn(hn)(W)||2
Assumption 1(i) entails that, for every € N\ {0}, F,, is n;:;)
7 _ T
lower bounded byinf ¥ > —oo. Furthermore, (72) leads to < Z (hn+1(w) _ hn(w)) An(hn)(w)(hnﬂ(w) _ hn(w)).
E(F,.11(h, —inf ¥ |X, n=no
( 1+1( +1) 1i |Xn) (87)
+ §(h"+1 —hy) " An(hn)(hnsy —hy) By invoking Lemma 3, we can conclude that
< Fu(h,) —inf O + |x,]. (77)  (IVFa(hy)|*)n>1 is P-a.s. summable.

Since, for everyn € N\ {0}, F,,(h,,) —inf ¥ and (h,,4+1 —
h,)"A,(h,)(h,.; — h,) are nonnegative,(F,(h,) —
inf ¥),,>1 is a nonnegative almost supermartingale [72]. By
invoking now Siegmund-Robbins lemma [73], it can be de- It follows from Lemma 3 that ((h,41 -

duced from (76) that the desired convergence results hold.hn) " Ay (hy,)(hpy1 — hn))n21 converges P-a.s. to O.
In addition, we have seen in the proof of Lemma 2 that there

APPENDIXE
PROOF OFPROPOSITION2

APPENDIXD exists A € F such thatP(A) = 1 and, for everyw € A, (61)
PROOF OFLEMMA 4 holds withe € (0, +00) andng € N\ {0}. This implies that,
According to (15), we have, for every € R andn e for everyn = ng,
O 1B — el + Volll [ () — by )
O (hy, — ¢VF,(hy), hy,) = Fp(hy,) — ¢ VE, (hy,)|? < (M1 (@) = 1y (@) | A (hy) (@) (g1 (@) — Dy ()
(VP (0n) T AL () VE (B, (78) (88)

2 where|||R —eIn + Vp||| > 0. Consequently(h,, 11 —hy,,),>1

Let . convergesP-a.s. t00. In addition, according to Lemma 2,

O € Afbgerﬁm On (hy — ¢V (hn), hy). (79) (h,,),>1 belongs almost surely to a compact set. The result is
. L . then obtained by invoking Ostrowski's theorem [74, Theorem
The following optimality condition holds: 26.1]
(VF,(h,)) " A, (hy)VF,(h,) @, = | VF,(h,)|>. (80) (i) By using (24)-(25), we have

As a consequence of Assumption 2y¢p € R) h, — (VneN\{0}) VF,(h,)-VF(h,)=(R,—R)h,—r,+7.

¢VF,(h,) € spanD,,. It then follows from (20) and (80) (89)

that Since (h,,),>1 is almost surely bounded, it follows from

Lemma 1(i) that(VF,,(h,) — VF(h,)) _, convergesP-a.s.
On (b1, ) < O (b - (I:I:LVF"(h")’h") to 0. Since Lemma 4 ensures th@Wl«“n(fll))n>1 converges
< F,(h,) - %HVFH(hn)H2 (81) P-as. to0, (VF(h,)) _, also converge®-a.s. t00. There
thus existsA € F such thatP(A) = 1 and, for every
w € A, VF(h,(w)) — 0. Let h be a cluster point of
®,||VF,(h,)|? < (hpy1—h,) " A, (hy,)(h, 11 —h,). (82) (hy(w)),s,- There exists a subsequengey,, (w)),,, such
Let ¢ > 0. Assumption 1(jii) and (16) yield, for every ¢ thathy, (w) — h. As we have assumed that the regulariza-
N\ {0}, tion functions(vs)1<s<s are continuously differentiable (see
Assumption 1(i)),F' is also continuously differentiable, and

~

VF(h)= nEI—Eoc VF (b, (w)) =0. (90)

which, by using (69), leads to

An(hy) = ([[Rn + Vol + ZIVI[*)Iy.  (83)

Therefore, according to Assumptions 3(i) and 3(ii), and
Lemma 1(i), there existd. € F such thatP(A) = 1 and,

This means thak is a critical point of F'.
for everyw € A,

(i) Because of Assumption 3(i), when the functions
(Ing € N\ {0})(Vn =ng) On < A,(h,)(w) =a 'In  (¥s)i<s<s are convex,F is a strongly convex function. It
(84) thus possesses a unique critical pdigtwhich is the global
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minimizer of F'. It follows from (i) and (1|\) that, almost surely, [22] O. Macchi, Adaptive Processing: The Least Mean Squares Approach

the unlque cluster point ofh,,),,>1 is h, which shows that
h,, — h P-a.s.

(23]
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