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ABSTRACT between the sample and the detector so figt, models

Tomography is an image reconstruction task that may bg‘e intersection length between theth light-ray and the

viewed as a linear inverse problem akin to deconvolutionth Pixel. In the continuous acquisition scheme, the detec-

Recent progresses in optimization methods have made tor is continuously moving while the_ measures are acquired
possible to formulate this task so that fewer projectiorss an®Ver an angular sectdd, ¢ + A¢) (Fig. 1-(b)). The latter
higher amounts of noise can be dealt with, making use O<f:onf|gurat|qn, V\{hICh has peen little-studied in tomograph|.
a-priori information and domain constraints. In this artj- Feconstruction literature, is nonet.hg!ess.commc.)nly USEd '
cle, we investigate 3MG, a new optimization method that iéﬂater_la_ls SC'?”Ce to fe‘,"uce a_cqwsmon time while retgni
highly flexible and effective. In particular, we propose and@ Sufficient signal to noise ratio [2]. In such a modél,.,
compare convex and non-convex regularization potentials oCOTeSPoNds to the intersection area betweemtieangular
both synthetic and real images. We further investigate thight-beéam and thesth pixel. Let us callVy the number of
possibility to deal with continuous angular integratiore. i different angular positions of the detector in Fig. 1 ahd
where projections rays are no longer straight lines, bueson the Imegr size of the detector; the size of the image is then
This is encountered in a variety of real-life situations su Y = L~ and the number of measuremefils= L x Np.
difficult or impossible to deal with exactly using traditain N Practice, the angular positions are regularly disteuon
reconstruction algorithms. We show that in this situation i [0 7) for both schemes, so that, in the continuous acquisition
may be beneficial to acquire fewer projections than would b&chemeAd = m/Ng.

required using classical methods.

Index Terms— Image Reconstruction, Tomography, Op-
timization, Spatial Regularization, Segmentation.

1. INTRODUCTION

X-ray tomography [1] reconstructs dense 3-D volumes of ob-
jects from a set of projections measured at different angles
The measuremenis € R% and the sought absorption image
x € RY obey the linear relation

(a) Discrete model (b) Continuous model

Fig. 1. Considered tomographic acquisition models
y=Hzx+ w, (1)

_ _ N Traditional reconstruction methods such as the Filtered
wherew is the measurement noise, that we assume '-'-dBack-Projection [3] require the linear system (1) to be suf-
Gaussian with variance®. The tomography matridf € ficiently determined for good results, i.&V, ~ L. However,
RM*™ is sparse and encodes the geometry of the measurgayeral applications could benefit from a smaller number of
ments. In this paper, we focus on the case whemodels  nrojections, either in order to reduce the total dose for-med
parallel projections of a 2-D objeat. Moreover, two dif-  jca| applications [4], or to reduce the total acquisitioméi
ferent acquisition schemes, shown in Fig. 1, are comparegpy in-situ experiments where the sample is evolving [5, 6].
In the discrete acquisition scheme (Fig. 1-(a)), measuees aThe under-determinacy of Eq. (1) can be overcome by adding
acquired at fixed and regularly sampled rotational pogtionsupplementary constraints to the data-fidelity term, wieich

This work was partially funded by the ANR grant EDDAM (ANR-11  Press prior informatiqn ow. Tomographic reconStrUCtion is
BS09-027). expressed as an optimization problem. Since many samples




consist of a limited number of phases, with known and near- (ii) (,/-) is concave orf0, +oo).
constant absorption characteristics, a common prior into e o
courage piecewise-constant results. This can be achigved b(iil) There existsi € [0, +-o00) such that(vt < (0, +-00))

enforcing the sparsity of the image in a wavelet basis [7], or 0 < ¥() < @t wherey is the deArivative ofy. In
of its vertical and horizontal gradients [8]. In order to use addition,lim; o w(t) € R with w(t) = ¥(1)/t.

convex optimization techniques, the norm is often used as ) - )

the convex relaxation of thé, norm encoding sparsity. As W0 main families of such functiong are commonly used

far as gradient sparsity is concerned, a common strategy is {Or image reconstruction, namely-/, functions, i.e. con-

minimize the total variation semi-norm of the image [7, 8]. Ve, continuously differentiable, asymptotically lindanc-
In this work, we apply a recently-developed memory-tions with a quadratic behavior near 0 [10], afid/, func-

gradient algorithm [9] to the problem of tomographic re-tions, i.e. asymptotically constant functions with a quidr

construction. The versatility of the algorithm allows us toPehavior near 0 [11].

compare different types of spatial regularization, bothvex

and non-convex. The paper is organized as follows: Se@.2. Majorize-Minimize Memory Gradient algorithm

tion 2 presents the penalized criterion we considered, a

introduces the memory-gradient algorithm. Then, Sectionr%j

illustrates the applicability of this algorithm through et f

experiments in image reconstruction.

he Majorize-Minimize Memory Gradient (3MG) algorithm
9, 12] is suitable for the minimization of (2). It consists o
building a sequencer,), .y according to the following up-

date scheme:

Tpy1 = Ty + Dyuy, %)
2. PROPOSED RECONSTRUCTION METHOD _ ) ) _
whereDy, is the Memory Gradient set of directions:

2.1. Penalized criterion ]

D, — —VFE(x0) if k=0 6
An efficient strategy to address the reconstruction problem k= [-VF(xr) xp—xp1] if k>0 (6)
is to definex as a minimizer of an appropriate cost function

F(z). More specifically, we focus on the following penalized andw,;, € R? is a multivariate stepsize that aims at partially

least-squares criterion: minimizingw — fi(u) = F(x, + Dyu). The convergence
1 of the recursive update equation (5) requires the design of a
F(z) = 5||Hac —y|* + R(=), (2)  proper strategy to determine the stepsige The compu-

tation of uy, relies on the Majorization-Minimization (MM)

whereR is a regularization function incorporating a-priori as- Principle. Letz’ € RY. Function@(.,') is said to be a
sumptions to guarantee the robustness of the solution e4th rtangent majoranfor I ata’, if

spectto noise. A hybrid regularization functifn= R;+ R,

is considered. First, since in practice, a reasonable gafess (
the dynamic rangérmin, max] Of the expected absorption
image is available, we define:

vz e RY) Q(z,x') > F(x) and Q(z',z') = F(z').

Following [12], the following quadratic function is a conve
guadratic tangent majorant of (2)at,

N 2
Rl (w) =1 anl d[mminwzmaX] ((En), (3) (Vm S RN) Q(.’B, .’13/) = F(CE/) + VF(CB/)T(.’B — .’13/)

whered,, .. ... denotes the distance to the closed convex T
interval [Zmin, Tmax), @andn > 0. Note that, whem goes

to |nf|n|ty, R becomes the |nd|cat0.r function of the CONVeXit for everyz € RV, A(z) € RN*V s the symmetric posi-
domain[zmin, Zmax|” . Furthermore, in order to promote im- tive matrix:

ages formed by smooth regions separated by sharp edges, we

set A(x) = H"H + V" Diag {b(z)} V"
Ro(x) = Zf; b (\/ (Vha)2 + (v,ym)2> . @ + V" Diag {b(x)} V" + 211,

andb(z) € RY with b, (z) = w (\/(Vnhw)2 ¥ (V,;J:L-)2).
The MM stepsize is then obtained by minimizing the quadratic
functionu — Q(xy + Dyu,xy), leading to the following
update rule:

(x—a) Az (x — ),

N =

where (VT ¢ RN (resp. (VY)T € RY) corresponds
to a horizontal (resp. vertical) gradient operator withozer
boundaries assumption, aftds a potential function fulfilling
the following conditions:

(i) + is a differentiable function. u, = — (D} A(z)Dy) " Dy VF(xy). 7



The 3MG algorithm runs through steps (6)-(7) and (5) for
k > 0. The convergence of 3MG to a critical point of (2)
was established in [12], under mild assumptions on the pe-
nalization termR. In particular, some non-convex potential
functionsy are suitable. In practice, the algorithm is run until
the following stopping criterion is fulfilled:

IVE(@0)l/VN <, (8)

where, typicallye = 10~*.

(a) Binary image (b) Natural image

3. RESULTS AND DISCUSSION Fig. 2. Original images. The natural image is a phase-separated

barium borosilicate glass imaged at the ESRF synchrotraur{gsy

3.1. Comparison of regularization strategies of David Bouttes).

We first consider a set ¢ circular images (Fig. 2) in order

to compare the reconstruction results with both smooth con- so = 20
vex (SC)¢»-¢; penalty and smooth non-convex (SNG)}, —SC( - 1
. . 40f*+SC(0=2)
penalty, given, respectively, by(t) = A\y/1+t2/42, and —~SNC (6=1) 15
P(t) = A (1— (1+%/26%)71), (A, 6) > 0. Note that, when  Z'30|~+SNC(0=2) g //
d — 0, the regularization term (4) with SC penalty becomes « o 10
2 Z 20 z —~-SC(0=1)
the total variation [13]. ” n +SC(0=2)
Projections were acquired using the discrete acquisition 10 > —=SNC (0=1)
model from Fig. 1-(a), withL, = 128 and Ny = 16,32,64 0 0 ~SNC (0=2)
or 128 angle values. The image diameter is chosen equalto 0 1/8 1/4 N1//2L 1 0 1/81/4 '\}/lzL 1
the detector sizé, so that the number of pixels to estimate is o o
given by: (a) Binary image (b) Natural image

N — Card{(z’,j) €72 (i+1/22+(j+1/2)? < L2/4} ’ Fig. 3. Quality of reconstruction, in terms of SNR, for SC and SNC
potential functions. = 128.

~ L*1/4.

Re400nstruction was performed fof,in = 0, Zmax = 1,7 = hand, SC regularization appears to yield better resultthfor
10%, parameterg), §) were adjusted to maximize the Signal natyral image. Regarding segmentation, different behswvio
to Noise Ratio (SNR) between the original imag@nd the  are observed: While for a low noise level & 1), the SNC
reconstructed image, defined as: strategy gives the best results, for higher noise levek(2),
e SC penalty leads to a smallest number of misclassified pixels
SNR = 201log, (|[Z|//[l& — =) . 9

The absolute reconstruction errg — x| is shown in

The 3MG algorithm was able to reach the stopping criteriod™ig. 4. No particular spatial structure is visible for thexsy
(8) in about 300 iterations. Computational time was aroundhetic image; because the non-convex penalization ressults
10s, using the EPD 7.3 Python distribution on an IBM Hx5an almost binary image, the main contribution to the error
blade computer with four 1.86GHz CPUs and 144GB ofcomes from isolated pixels that are wrongly labeled (abso-
RAM running Linux CentOS 6.2. Fig. 3 shows the evolutionlute error of the order of 1). On the other hand, a systematic
of the reconstruction error, evaluated in terms of SNR, as &T0r is present on the boundary of the domains for the natu-
function of the undersampling rafé, /L, for noise standard ral image. The natural image was acquired with some phase
deviations = 1 or 2, and both SC and SNC regularizations. contrast [14, 15] at a synchrotron light source (ESRF), re-
In Fig. 5-(a) we show the relative classification error om¢ai ~ Sulting in narrow contrasted fringes along the domain beund
after thresholding of the reconstructed binary images. aries. The reconstruction error is concentrated in these re
As expected, the reconstruction quality decreases with 8ions where the gradient is larger.
smaller number of projections. Reconstruction qualityas b We note that similar results to the SC penalty, both in
ter for the binary image than with the natural image, probaterms of SNR and segmentation error, were obtained with
bly because the former is piecewise-constant at a largkr,scaa standard total-variation penalization associated vétige
with all pixels saturating the interval constraint (3). Bdhat  constraints oNxmin, Tmax], the minimization of (2) being
SNC regularization leads to higher SNR than SC for the biperformed in that case with the proximal-based algorithm
nary image, especially for high values®§ /L. On the other from [16].
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Fig. 6. Quality of reconstruction, in terms of SNR, for discrete and
continuous acquisition modelg, = 256.

B
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() Binary image (b) Natural image the binary image. The noise standard noise deviation was set

Fig. 4. Noisy sinograms (top) and absolute reconstruction erro;[0 o = 2 for the discrete case. For a constant noise level
(bottom) using the discrete modl,— 256, No/L — 1/4, o — 2. on the measurements (model C2), we observe that continuous

SNC (resp. SC) penalty is employed for the binary (resp. rabtu ach|S|t|(_)n degrades_ the ref:onstrucnor! vs. the disceete,c
for both images. This can likely be attributed to the angular

image. ) : . ; : :
integration which can be viewed as an averaging of neighbor-
10t 10° ing pixels inside a cone of angular widthd. On the other
10° ~=SC(o=1) B :gilSCfete hand, model C1 yields better results than the discrete acqui
5 . ::ﬁé(’(;f)l) 510 & sition for both images, because the input signal to noise rat
L;lo , ~+SNC (0= 2) @ 4072 is improved. Interestingly, the best reconstruction isepbsd
B j=2} . . . .
g1 § 15 not with the maximum number of projectiond’{/L = 1)
. -3 . - . .

10 2 but with Ny /L = 1/2. This expresses the fact that an optimal
107 10 trade-off must exist between the number of measurements and
10° 107816 the noise level in individual projections for a given globat

0 1/8 1/4 1/2 1 0 1/81/4 1/2 .. . . . . .
Ng/L Ny quisition time. Segmentation results in Fig. 5-(b) in theeca

of the binary image lead to the same ranking between between

Fig. 5. Segmentation errors in the reconstruction of the binary im-discrete, C1 and C2 acquisition models.
age, for the experiments settings of Sec. 3.1 (left) and 2.

(right). 4. CONCLUSION

This paper addresses the problem of tomography reconstruc-
tion formulated as a penalized least-squares optimizafien

We now compare the results obtained with the discrete an@foach. The proposed 3MG algorithm is highly flexible. It

continuous acquisition models. To this end, synthetic acquiS capable of solving convex or non-convex problem formu-
sitions were simulated from the two images of Fig. 2 forlations; it can be used with domain constraints; it can cope

L = 256, andN, = 16, 32, 64, 128 or 256 projections. Due With_various acqujsition settings and it is not restrictedhe

to angular integration, for a given imagethe energy offz ~ Particulartype ofimage (e.g. binary data). We show on exper
is /N, times greater in the continuous case than in the disimental results that a non-convex penalization is preferab
crete case. Two scenarii were considered for the tuningeof thih€ case of a high gradient sparsity level, which confirms the
noise standard deviatienfor the continuous model: The first conclusionsdrawnin [17, 18] fa, penalties witt) < p < 1.
strategy, denoted after by C1, is to consider the same valueFOr images presenting some phase contrast effect, thexonve
for both the discrete and continuous cases. It implies treat t Strategy seems to provide better results. Furthermore,gr
input SNR is higher in the continuous case than in the discret2 Simulation of the effects of a continuous rotation acgoisi
case. It corresponds to high flux cases when the readout noigi?del, we exhibit the existence of an optimal strategy te cal
dominates. The second strategy, denoted after by C2, is to i#Prate the angular acquisitions, which may not correspond,
crease the value of in the continuous case, so that the inputSUrPrisingly, to a maximization of the number of measure-
SNR is the same for both models. The reconstruction error g8€nts. Future work will be directed at pursuing this study fo
a function of Ny /L is illustrated on Fig. 6. The SC penalty & larger set of test images, considering various sparsity pa

was used for the natural image, while SNC was chosen fd€rns and more realistic acquisition simulations.

3.2. Comparison of acquisition models
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