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THE IMPORTANCE OF THE POISSON-GAUSSIAN NOISE
Where does it appear?

» CCD camera images [Healey ef al. 1994]
» Medical images [Nichols et al. 2002]

» Biological images (fluorescence microscopy) [Pawley 1994]
» Astronomical images [Benvenuto et al. 2008]

What are the signal processing challenges?
» noise parameters identification
» signal recovery

When is it especially difficult?

» low level signal (The Anscombe transform introduces a
significant bias)

» non-zero background (The model parameters cannot be
estimated from first and second order statistiﬁcs) )
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GENERAL MODEL
Observations
Vs e {1,...,S}
vte{l,...,T}
R t: « Qs,t + Ng;
S,
Assumptions:
1. (Qst) 1<s<s.,
1<t<T
(NS,t) 1<s<S -~
1<t<T
independent sequences
2. Qs+ and N;; mutually
independent
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GENERAL MODEL
Poisson noise

Observations Qs.t ~ P(us)
(Us)1<s<s >0 -

Vs e{1,...,S} “clean” image

vte{l,...,T} a €]0,4o00[ -

scaling param.

R =a Qs + Ny

s,t

Assumptions:
L (Qs) 1<s<s,
1<t<T
(Nsit) 1<s<s -
1<t<T
independent sequences
2. Qs+ and N ; mutually
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Poisson noise

Observations Qs.t ~ P(us)
(Us)1<s<s >0 -

Vs e{1,...,S} “clean” image

vte{l,...,T} a €]0,4o00[ -

scaling param.

R =« Qs,t + Ng;

s,t
Assumptions:
L (Qst)1<s<s Gaussian noise
1<t<T )
(Nst) 1<s<s - Nst ~ N(c,0%)
1<t<T c € R-mean
independent sequences o2 - variance
2. Qs+ and N ; mutually o2 >0
independent
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GENERAL MODEL
Poisson noise

Observations Qs.t ~ P(us)
(us)1<s<s > 0 -

Vs e {1,...,S} “clean” image

vie{l,...,T} a €10, 4o0[ -

scaling param.

R =a Qst + Nsi

s,t

Problem - to identify: Gaussian noise

> «

Ns,t ~ N(C7 02)
> C ¢ € R-mean
> o2 o2 - variance

2
us - unknown 0”20
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« Qs.f + Ns.t
T =4,
5 =>512
t

Signal corrupted by Poisson and Gaussian noises
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Hn[Rs,t] an“)z[Qs,t] + /’fn[Ns,t]
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MOMENT BASED APPROACH
K ;1 s t
Cumulant of orderx

o’ Rn Qst + Rn Nst]

Q C
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Ry [RS,t] =

Oénffrz [Qs,t] + Rn [Ns,t]
Then:

» mean value

,{/1 [Rs7t] = E[RsJ] = aus _'_ C
» variance

ka[Rst] = Var[Rsy] = Pus + o
» higher-order cumulants

Rn [Rs,t] = anuSa

n>3
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PROPOSED CUMULANT BASED METHOD
From:

E[Rsyt] - aus + Cc
Var([Rs ] = o?us + o2
After some algebraic manipulations, we obtain:
_ SY8 ElrVarlry] = S50 Elrad] S50 Varlrs|
- = = 2
S Y om1 (Elrs))? = (51 Elrsd))

» The estimation of & is precise as only cumulants of order 1
and 2 are used

12N Ge
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Estimate of o2:

sel

52 = Var[re] — a 'irs]

Estimation error increases

» when T is small

» when u; is large
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PROPOSED CUMULANT BASED METHOD
Estimate of o
Yoy Varfrs 6 (Varfrs ] — a~i3[rss)) Weighted
= Ul 1-6 estimator
Zseﬂ Var(rs ]
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PROPOSED CUMULANT BASED METHOD
Estimate of o2:
Yoy Varfrs 6 (Varfrs ] — a~i3[rss)) Weighted
= — estimator
> ser Var(rs ]
Set I may be defined as:

T={se{l,...,S}| Varlr,] — @ 'R3[rs,] > 0}

» Estimate G2 is precise, because weighting the observations
effectively discards the unreliable ones.
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PROPOSED CUMULANT BASED METHOD

Estimate of c:

ﬁ)
)

Zi:( [rs 4] — Q™ Var[rst])+8a

Summary:

» All parameters estimated using cumulants
of order at most 3

» « estimator is a function of 1%t and 2%t order moments
» Precise estimator of o2

» ¢ derived from « and ¢?
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7 = Y
S r ¢ [ ¢ [ & [ &
| bias [ std | bias | std | bias | std |

50 -14.83 20.29 -1.74 5.07 -0.21 0.14 0.22

< 100 -8.58 13.86 -0.54 4.04 -0.09 0.11 0.16

§ 200 -11.69 10.13 1.18 2.7 -0.04 0.04 0.14

500 -1.93 6.24 -0.26 1.61 -0.02 0.04 0.06

1000 -1.16 4.55 -0.24 1.1 -0.01 0.03 0.04

N 52 ¢ & | =
“ | bias [ std | bias | std | bias [ std |
0.25 0.14 0.03 0.11 515 | -0.19 | 0.13 | 0.18 o
25 -3.59 3.89 -0.18 419 019 | 1.14 019 | The rehablhty of

400 -1i.45 84.32 -0.84 16.53 -0.22 0.15 0:34
cumulant based method:

57 ¢ G [
’ ¢ [ bias | sid | bias [ sid | blas [ std | ‘

5 -11.70 19.43 -1.20 5.07 -0.20 0.13 0.33 > increases Wlth T
15 -10.16 26.15 -0.72 523 -0.18 0.13 0.17

100 -11.47 24.10 0.21 5.19 -0.17 0.13 0.09

» decreases as o2 and
— - _ « increase
’a[b‘altd]b'C]fd!b'oftd{ﬁ‘
1as El 1as S 1as S
1 12.99 6.17 13.73 6.29 -0.02 0.02 0.64 > decreases fOI' Small

5 | 293 | 560 | 025 | 283 | -0.09 | 007 | 015 value of o and ¢
50 | 1.07 | 564 | 355 | 257 | -1.10 | 0.67 | 0.81
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[e]e]e] 00000 0000000 [e]e]e]
| 57 I ¢ : l
o c « —
’ 5 ‘ T " bas [ sd | Blas [ sid | bias [ sd | o
50 1483 | 2029 | -1.74 | 507 | -021 | 0.14 | 022
< [ 100 858 | 1386 | -054 | 404 | -0.09 | 011 | 0.16
g [[200 | -1169 | 1013 | 118 | 27 | -004 | 004 | 014
500 193 624 | 026 | 161 | -0.02 | 004 | 006
T000 | -1.16 155 | 024 | 11 | 001 | 003 | 004
2 52 ¢ o
’ “ | bias [ std | bias | std | bias [ std | err ‘
025 | -0.14 003 | -0.11 515 | -0.19 | 013 | 0.8 .
25 -3.59 3.89 -0.18 419 019 [ 114 [ 019 | The rehablhty of
400 | -11.45 | 8432 | -084 | 1053 | -022 | 015 | 034
cumulant based method:
c | 52 ¢ A err
| bias [ std | bias | std | bias | std |
5 -11.70 | 1943 [ -1.20 [ 5.07 [ -020 | 0.13 0.33 » increases with T
5 | -1016 | 2615 | 072 | 523 | 018 | 013 | 017
100 | -11.47 | 2410 | 021 | 519 | 017 | 013 | 0.09 » decreases as o2 and
- _ _ « increase
’ o [ & z & .
| bias [ std | bias | std | bias | std |
>
1 | 1299 | 617 | 1373 | 629 | -0.02 | 002 | 0.64 decreases for small
5 | 293 | 560 | 025 | 283 | -0.09 | 007 | 015 value of o and ¢
50 | 107 | 564 | 3556 | 257 | -1.10 | 0.67 | 081
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Joint
/\ density

o ay function
(u,a,c,0) = argmax « fr(r | u,a,c,0) for all ob-
(u,a,0,0)
servations
r
e e == s
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MAXIMUM LIKELIHOOD ESTIMATOR

(i, @,c,0) = argmax
(ll,OZ,C,O')

fr(r | u,a,c,0) = Z

quST

o

fR(r | u,a,c, J)

pR,Q(r7 q ’ u, o, c, U)

S~

Joint
density
function
for all ob-
servations
r
Mixed
continuous-
discrete
probability
distribu-
tion of

(R,Q)
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MAXIMUM LIKELIHOOD ESTIMATOR
Joint
/\ density
o ay function
(u,a,c,0) = ezz%i\;af;( fr(r | u,a,c,0) for all ob-
servations
r
. Mixed
fr(r | u,a,c,0) = EN:ST pro(r,q | U, a,c,0) o
”* \/ discrete
probability
pro(rq |t a,c,0) = distribu-
QLD T tion of

(R,Q)
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MAXIMUM LIKELIHOOD ESTIMATOR

o

(U,a,c,0) = argmax ~ fr(r| u,a,c,0)
(u,cr,c,0)

fr(r | u,a,c,0) = Z pro(r,q | U, c,0)

qENST \/

pR,Q(nq ’ u,a,c, U) :fR|Q=q(r ’ u,a,c, U)P(Q =q ‘ u)

Joint
density
function
for all ob-
servations
r
Mixed
continuous-
discrete
probability
distribu-
tion of

(R,Q)
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o

(U,a,c,0) = argmax ~ fr(r| u,a,c,0)
(u,cr,c,0)

fr(r | u,a,c,0) = Z pro(r,q | U, c,0)

qENST \/

pR,Q(nq ’ u,a,c, U) :fN(r_ aq ’ ¢, U)P(Q =4 ’ u)

Joint
density
function
for all ob-
servations
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Mixed
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Joint density function fr(r | u, o, ¢, o) for Poisson + Gaussian

G Hexp T [T Y exp (-
t=1 Js,t= 1

) ugs,t
20'2 qs7f!

= = : wac
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MAXIMUM LIKELIHOOD ESTIMATOR

Joint density function fr(r | u, a, ¢, o) for Poisson + Gaussian:

T +4oo

(rst — aqst — C)2 ”Zs’t

G H exp(-Tu) [T Y exp (-5 =0 ) 1
t=1 Js,t= 1 ’
The likelihood takes an
intricate form which
renders the computation
of the ML estimator too
difficult.
[m] [ = =
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MAXIMUM LIKELIHOOD ESTIMATOR

Joint density function fr(r | u, a, ¢, o) for Poisson + Gaussian:

T +4oo

_T st — Qlst — 0)2 ”Zs’t
(2n) ST/2 ST H exp(—Tus) [T > exp 552 P
t=1 Js,t= 1 ’
The likelihood takes an
intricate form which
renders the computation -
of the ML estimator too
difficult.
[m] [ = =
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MAXIMUM LIKELIHOOD ESTIMATOR

Joint density function fr(r | u, a, ¢, o) for Poisson + Gaussian:

T +oo L — s — C)Z uqs,t
Ts, s, s
P STHexp ) [[ 3 exp (gt =) 1
t=1 g, 4=1 ’
The likelihood takes an
intricate form which ) .
. Expectation-Maximization
renders the computation ————— leorith
of the ML estimator too algorithm
difficult.
e e == e
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Expectation step

J(@ | a(n)) = EQ|R:r,9(n>[lnPR,Q( R, Q[ 0)

Maximization step

(Vn e N)

0"+ = argmin — J(6 | 6™)
0

Importance of having a good enough
initialization

Proposed cumulant-based method
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F
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EXPECTATION-MAXIMIZATION ALGORITHM
Expectation step

J(@ | ‘9(11)) = EQ|R:r,9(n>[lnPR,Q( R, Q[ 0)
Maximization step

Observed data
(Vn e N)

0"+ = argmin — J(6 | 6™)
0

Importance of having a good enough
initialization

Proposed cumulant-based method

[m]

F
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EXPECTATION-MAXIMIZATION ALGORITHM

Expectation step

S~ Vector of
Maximization step parameters:
(Vn € N) 0"+ = argmin — J(6 | 6™)

0
Importance of having a good enough
initialization

Proposed cumulant-based method



INTRODUCTION

NOISE MODEL
000

MOMEN
00000

00@0000

RESULTS
000

EM
EXPECTATION-MAXIMIZATION ALGORITHM

Expectation step

J(O |6y = Eqirerpo Inpro( R mo‘bserved data
\—/ Vector of
Maximization step
(Vn € N) gn+1) — argmin — J(0 | 0(”))
0

parameters:
Importance of having a good enough
initialization

PQ:

(u, a, c, 0?)
Proposed cumulant-based method
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Expectation step

J(O |6y = Eqirerpo Inpro( R mo‘bserved data
\/ Vector of
Maximization step
(Vn € N) 0"+ = argmin — J(6 | 6™)
0

parameters:
Importance of having a good enough
initialization

> 9 e
(u,a,c,c?)

Missing data
Proposed cumulant-based method
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T
1
(Vs e {1,...,8}) ul"™ = = Z Egr=r 001 [Qs 1]
t=1

ST Eqrero0m[Qs.f] [c("H) ]
Egirerom[Qst] o Egrarom Q31| [altD)
_ [ Zs7t Ts,t ]
Zs,t rs:tEQ|R:r,9(") [Qs 4]

(0_2)(n+1)

s T
1
ST PIPM (rsvt —a™ VB p_, g [Qse] — C(n+1))
s=1 t=1

[m]

F
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1 s
(Vs e {1 S} (H)_fz ;()w 0.]
=1
ST Eoir—r o0 [Qs.t] [c(”“)]
e Updated i
[EQRI“()(”} [Qs[] Zs,t ] a(n-l—l) E]-S/I ated 1n
_ [ Dt W\/ Expectation
> st TstEQir—r 000 [Qs] step
(0,2)(n+1) _

ST D Tt (rsvt — " VE Gk g0 [Qsi] = C(”“))
s=1 t=1

[m]

F
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EQ|R r@(n) Qst Z qStP Qst

o | R =7,00)
Js,t= 1
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EQ|R r,6(m) Qst Z ds, tP Qst Gs.t | R = 7, 9(71))
%,r—
After some calculations, we have
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Eqirero0 [Qs] = Z 05.P(Qsp = s | R=1,0)
Js,t= 1
After some calculations, we have

/ E exp (— ! 2
EQir=r.000 Qs =

Gor = <)) (")
gs,t=1 02)(11) (qs’t N 1)!

ns('?
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EQ|R r,6(m) Qst Z ds, tP Qst Gs.t | R = 7, 9(71))
Js,t= 1
After some calculations, we have

/ ZOO exp <—(r5’t o
EQir=r.000 Qs =

M5 — (ul)st

2)(n)

gs,t=1 2(0 ) !
(")

)2 )
(g, — 1)!
nst 0o
A 5 e ) ) (

(
B (rs,t — a(”)qs’t — C(”) 2
qs,tZO 2(

ul" s
0'2)(”)

ﬁIs,t!
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EQ|R r,6(m) Qst Z ds, tP Qst Gs.t | R = 7, 9(71))
Js,t= 1
After some calculations, we have

/ ZOO exp <—(r5’t o
Egir=r,000[Qst] =

”)qs’t — C(”)
qs, =1 2

0’2)(”)
(")

Wy

(
(_ (rot — Mgy — cM)?
qs,tZO 2(
Problem: Infinite sums

ul"yst
0'2)(”)

ﬁIs,t!

)2 )
(g5t —1)!
nst 0o
A 5 e ) ) (

Ha o
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EM EXPECTATION STEP
Similarly:
+o00
Eqirer o Q2 = D (3:4)*P(Qst = g5 | R=1,0)
‘15,t:1
After some calculations, we have:

+oo 2 ()
(re — Mg — ™) (ug )t
exp | —
of (5
t
Eoir=r0tm [Qg,t] = ns(n)

)t [e.9]
S \; JFZ exp <_ (rs — a"Mger — ™)
qs,t=0

(" yes
2(o2)(m)
Problem: Infinite sums

%,t!

st — 1)!

9
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EM EXPECTATION STEP
Similarly:

“+oo

‘15,t:1

Eqirer o Q2 = D (3:4)*P(Qst = g5 | R=1,0)

After some calculations, we have:

“+o0o
> gerexp <—
(n)/ o=l
*
Eorerom Q3] = =

(m)

ns,t \ +00

(rs7t -

2(o2)(m)

oM, — M)

2(o2)(m)

(")
(g5t — 1!

(_( st — Oé(n)%,t _ C(”))2>
qs,t=0
Problem: Infinite sums

Solution: Adaptive truncation technique

(" )

Gs,

¢!

na
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EM Algorithm:

forn + 1toN do

Expectation step
(n)
ot
EQirer,000 [Qs.t] o)
s, t

()
Eoir=r0m [Q2)] ﬁ
Maximization step Y
pn+l) o (u(n-i-l), a(n—i—l)’ C(n+1), (0.2)(n+1))

end for
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2 8
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EM Algorithm:

forn + 1toN do
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ot
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Maximization step Y
pn+l) (u(”'f‘l)’ Oz(n'H),c(”'H), (02)(n+1))

end for

17 / 20



INTRODUCTION NOISE MODEI MOMENT EM RESULTS
000 00000 0000000 ©00
NUMERICAL RESULTS
Param. Proposed EM algorithm Error
2 5 [ B I — _
s ‘ T ‘ 7 ¢ < bias_ [ std |[ bias | std || bias std €TTcum CITEM
1024 50 100 10 10 -1.86 14.02 -0.35 1.79 -0.21 0.05 0.22 0.11
1024 100 100 10 10 0.54 10.92 0.27 1.38 -0.08 0.02 0.16 0.08
1024 200 100 10 10 -0.91 7.89 0.09 0.88 -0.04 0.03 0.14 0.05
(1024 | 50 [ 100 | 5 [ 10 ]| 130 | 1316 ]| 008 | L6L ]| 020 [ 005 ]| 033 | 015 |
[1024 | 50 ] 25 [ 10 [ T ]| 028 | 050 ]| 000 | 048 ]| 002 [ 001 | 064 | 003 |
(1024 | 50 || 400 | 10 | 10 [| 751 | 4524 || 071 [ 513 ]| 022 ] 007 ]| 034 | 021 |
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» Our EM results improve when o2 is high.

18 / 20



INTRODUCTION

NOISE MODE MOMEN EM RESULTS
| 000 00000 0000000 00
VISUAL RESULTS

Original image. The

range of values (0, 255).
The number of

realizations T = 40

19 /20



INTRODUCTION NOISE MODEL MOMENT EM RESULTS
000 00000 0000000 00

VISUAL RESULTS

Original image. The
range of values (0, 255).
The number of
realizations T = 40

Corrupted by noise with
parameters o = 50,
o2 = 416 and ¢ = 10.

Ao

19 /20



INTRODUCTION NOISE MODEL MOMENT EM RESULTS
000 00000 0000000 00

VISUAL RESULTS

Original image. The
range of values (0, 255).
The number of
realizations T = 40

Corrupted by noise with
parameters o = 50,
o2 = 416 and ¢ = 10.

Reconstructed u; values;
SNR =35.6 dB

u]
@
I
w
it

Ao

19 /20



INT

RODUCTION NOISE MODEI MOMENT EM RESULTS

000 00000 0000000 [e]e] J

SUMMARY

We have proposed a new EM-based approach dealing with
Poisson plus Gaussian noise in case of non-zero
background parameter estimation problems

We have proposed a very accurate cumulant based
initialization for this method

The method is especially useful when a low level signal is
expected

These algorithms can estimate noise parameters for
denoising or restoration procedures, in which they are
often assumed to be known [Benvenuto 2008, Luisier 2011]

We plan also to compare our method with a Bayesian
approach
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