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Abstract

This paper is devoted to the design of precoders maximifiagtgodic mutual information (EMI) of
bi-correlated flat fading MIMO systems equiped with MMSEe&wers. The channel state information and
the second order statistics of the channel are assumedlaieadlt the receiver side and at the transmitter
side respectively. As the direct maximization of the EMI de¢he use of non attractive algorithms, it is
proposed to optimize an approximation of the EMI, introdlicecently, obtained when the number of
transmit and receive antennasndr converge toco at the same rate. It is established that the relative
error between the actual EMI and its approximation i@(at%) term. It is shown that the left singular
eigenvectors of the optimum precoder coincide with the migetors of the transmit covariance matrix,
and its singular values are solution of a certain maximiragiroblem. Numerical experiments show that
the mutual information provided by this precoder is closfrwhat is obtained by maximizing the true

EMI, but that the algorithm maximizing the approximatiomigich less computationally intensive.

. INTRODUCTION

It is now well established that using multiple transmit aedaive antennas potentially allows to increase
the Shannon capacity of digital communications system&eSthe seminal work of Teletar ([17]), the

ergodic Shannon capacity of block fading MIMO systems hamnbstudied extensively and important
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guestions related to the design of optimal precoding scedrmage been addressed. Considering that the
Channel State Information (CSI) is available at receivde sivhile the transmitter is only aware of its
second order statistical properties, many authors hawbestihe impact of antenna correlation on the
capacity of MIMO systems communicating through flat fadihgmrnel ([7], [10]) and frequency selective
channel ([12]).

The ergodic Shannon capacity is certainly a valuable figdrenerit if the MIMO system under
consideration is equipped with a maximum likelihood decodes the practical implementation of this
decoder requires a high computational cost, it is also lidefstudy potential performance of MIMO
systems equiped with the MMSE receiver. The correspond@augsian) ergodic mutual information
(EMI), denotedl,,.,,s in the following, is defined as the sum over the transmit amasnof the terms
E(log(1+ f3;)), wheref3; represents the output MMSE SINR associated to the streattbgeamtenng.

The design of precoders maximizidg,,.s. is of course an important issue because the optimum value
of Imse represents the maximum rate that can be transmitted rehatsen the MIMO system uses the
MMSE receiver. This optimization problem has been extaxigigtudied in the past, mainly if the CSI
is available at the both the receiver and the transmitter ésg. [15]). It is however often unrealistic to

assume the CSI available at the transmitter side in the xbafemobile systems.

In the present paper, we consider a flat fading MIMO channéh weparable correlation structure
(Kronecker model). We assume that the channel matrix is knatmhe receiver side, but that only its
transmit and receive covariance matrices are availableeatransmitter side. We address the problem
of designing precoders that maximiZg,,,s.. The expression of,,,.s. is rather complicated and thus
difficult to maximize w.r.t. the precoding matrix. In padiar, it seems difficult to establish that the left
eigenvectors of an optimal precoding matrix coincide whie eigenvectors of the transmit correlation
matrix as in the context of the evaluation of the Shannondicgoapacity (see e.g. ([7]). Therefore, it is
necessary to evaluate numerically both the singular vadueghe singular vectors of optimum precoding
matrices, or equivalently to solve & dimensional optimization problem. Steepest descent idhgos
require the use intensive Monte Carlo simulation technicerder to evaluate the gradient and/or the
Hessian of the cost function (see e.g. [20] in the contextef évaluation of the Shannon capacity of
correlated Rician channels). Moreover, the convergencinede algorithms is not guaranteed because
I.mse 1S In general not concave. As in previous contributions agsing the behaviour of the Shannon

capacity of MIMO systems ([21], [4], [16]), we propose to ke the maximization of,,,,,s.c by the
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maximization of an approximation obtained in the asymptmgimet — oo, r — oo, § — ¢, c € (0,00).

Large system approximation df,,.sc was previously considered in the context of CDMA systems
with i.i.d. spreading codes (see e.g. [18] and the refereheeein), which, in the downlink, are formally
equivalent to a subclass of the MIMO systems consideredighghper when the spreading codes are
Gaussian. The specific case of MIMO systems has also beeideass (see e.g. [3], [21]). It was shown
that the SINRS3;),=1,...+ converge towards deterministic terms depending on thestnérand receive
covariance matrices (or their equivalent in the contextafnlink CDMA systems). These results provide

an obvious large system approximatiﬁ,nmse of Inmse-

In this paper, we establish that the large system approiomdy,,s. provides aO(%) relative error.
This is a rather poor convergence rate compared to the largfers approximations of the Shannon
capacity whose relative errors aCé(t%) ([11], [6]). We therefore propose to use an improved large
system approximation, denoteld,,,s., first introduced in [9] in the case of independent idenlycal
distributed (i.i.d.) MIMO channels, and then generalizedeipendently in the conference papers [1]
and [13]. The derivations of [13] are based on the replicahoaita useful and powerfull trick whose
mathematical relevance has not yet been established inré¢isent context, and thus differ from the large
random matrix approach sketched in [1]. We show that theivel@rror associated t6,,,,,,.. iS aO(tiz)
term, thus improving the predictions of [1@(#) 1) and [13] b(%)). The method we use to study
the accuracy ofl,,,,s. differs from [9] whose approach is somewhat similar to [8haper devoted to
the asymptotic study of the SINRg;),—1 ... The transmit covariance matrices of the MIMO channels
of [8] are diagonal. This assumption simplifies the analgsighat the approach of [9], [8] cannot be
generalized to the case of general transmit covarianceaestrNext, we address the maximization of
I,mse W.IL. the precoding matrix. We establish that the left alagvectors of an optimum precoder are
the eigenvectors of the transmit covariance matrix and iteatight eigenvectors matrix is equal 1g.
The evaluation of a precoding matrix thus reduces to theuatian of its singular values,adimensional
optimization problem. In general, the optimum singulamesl have no closed form expression. In order
to get more insights on the optimum precoders, we considgec#se of an uncorrelated MIMO channel
for which it is possible to obtain in closed form the precadehich optimize the approximatiofy,,,se.

We show that the optimum precoders are the diagonal matvidexsse entries are either 0, either all

1The authors wish to thank Aris Moustakas for suggesting nhuatrateO(tg%) was probably pessimistic
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coincide Withé where s is the number of non zero entries which depend on the signabise ratio.
Therefore, the optimum transmission strategy coincidels am antenna selection scheme. Although it is
not proved that the above strategy maximiZgs,.., this result shows that, at leasttifis large enough,
antenna selection may provide higher mutual informatifps.. than a uniform power allocation. The
situation differs from what was shown initially by Telat§t7]) in the context of the study of the Shannon
ergodic capacity of i.i.d. channels: the Shannon capacitye&ing covariance matrix coincides wilh.

We also remark that our result establishes formally fhats. is in general not a concave function of the
precoding matrix, and infer from this tha,,,,.. is not concave as well. We finally consider the case of an
arbitrary bicorrelated MIMO channel, and propose to evaltiae singular values of an optimum precoder
using a classical gradient algorithm. Numerical resultsisthat the precoding matrices evaluated by this
algorithm provide nearly the same mutual informations asafiapproaches maximizing,,,,sc while

being computationally more attractive.

This paper is organized as follows. Section Il is devoted resentation of the problem and to the
underlying assumptions. In section lll, we present thedasgstem approximationénmse and I,,,mse
of I.mse and analyse their accuracies. Section IV studies the sheictf the optimum precoders, and

Section V addresses the optimizationf,, ..

General Notations In this paper, the notationg, x, M stand for scalars, vectors and matrices,
respectively. As usual|x| represents the Euclidian norm of vectorand | M|| stands for the spectral
norm of matrix M. The superscript$.)” and (.)" represent respectively the transpose and transpose
conjugate. The trace d¥1 is denoted byTr(M). The mathematical expectation operator is denoted by
E(-). The symbolsk andS denote respectively the real and imaginary parts of a gieenptex number.

If = is a possibly complex-valued random variabVey (z) = E|z|? — [E(x)|* represents the variance of
xT.

All along this papert andr stand for the number of transmit and receive antennas. i@ejtentities
will be studied in the asymptotic regime — oo, r — oo in such a way that% — ¢ € (0,00). In
order to simplify the notations, — oo should be understood from now on &s— oo, r — oo and
L — ¢ € (0,00). A vectorx; and a matrixM; whose size depend anare said to be uniformly bounded
if sup, ||x:|| < oo andsup, ||[M;|| < oc.

Several variables used throughout this paper depend couggparameters, e.g. the number of antennas,

the noise level, etc. In order to simplify the notations, veerdbt mention all these dependencies.
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Notation C will denote a generic strictly positive constant whose nfe@ture is not to depend an

The value ofC' might change from one line to another.

Il. PROBLEM STATEMENT.

We consider a MIMO system equipped withreceive antennas artdtransmit antennas. The MIMO

channel matrixH is supposed to be a Gaussian random matrix defined by

1
H = Wc}{zHiidclT/ 2 (1)

whereH;;; is ar x t matrix whose entries are independent and identically idigted (i.i.d.) complex
circular Gaussian random variabl€v(0,1), i.e. Hiqi; = RHjiqi; + iSHiiq,; where RH;q;; and

S Hiiq,; are independent centered real Gaussian random variatthayaviance%. MatricesCr andCg
are positive definite matrices modeling respectively thpaot of correlation between transmitting and
receiving antennas. We assume thatace (Cr) = 1 and 1 Trace (Cr) = 1. This assumption implies
that LE(Tr(HH)) = 1.

Each transmit antennasends a sequence;(n)),cz defined by
x(n) = (x1(n),...,z;(n)) = Ks(n) = K(s1(n),...,s:(n)T

where the((s;(n)),cz) are assumed to be unit variance mutually independentsequenceskK

j=1,...t
represents a precoding matrix satisfyi%@r(KKH ) < 1.

The corresponding-variate discrete-time received sigr@i(n)),,c5 is given by
y(n) = HKs(n) + n(n) @

wheren is a white Gaussian noise with covariance maEixn(n)n(n)”) = oI,.
In this paper, we evaluate the potential performance of thEIM system (2) when the receiver is
equiped with the MMSE receiver. In other words, each symeguences; is estimated by the Wiener

filter prior to decoding, i.es;(n) is estimated by
5;(n) = KTHY (HKK"HY 1 0°1,) ™ y(n)
wherek; represents the columpof K. In the following, we denote b+ (K) the matrix
Qr(K) = (K"H"HK + 021,) " 3)

It is standard that the SINR; provided by this linear receiver is given by ([19])

1

i) = ),

-1 (4)
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The ergodic mutual informatios,,,,s.(K) of the MIMO system under consideration is thus equal to

Lmse(K) = E | > log (14 3;(K)) | = —E | > log (°Qr(K)) ®)

j=1 j=1

where the mathematical expectation is over the probaldliggribution of random matrix. In order

to maximize I,,ms.(K) over the sett Tr(KK*) < 1, it is necessary to use numerical technics based
on stepeest descent algorithms. As the gradient and thdareskl,,,,... have no simple expression,
they have to be evaluated using intensive Monte Carlo simouls (see e.g. [20]). Moreover, to our best
knowledge, the singular vectors of an optimum matrix haveclesed form expression. Therefore, the
dimension of the optimization problem cannot be reducechffbto ¢ as in the context of the evaluation

of the capacity achieving covariance matrix ([7]).

[Il. DERIVATION OF THE LARGE SYSTEM APPROXIMATION OF/,msc-

In this section, we introduce the large system approximagicesented in [1] and [13], and improve
the results stated without proof in [1] concerning its aecyr Our approach is based on Gaussian large
random matrix technics initiated by Pastur ([14]). Pastapproach was used in [6] in order to establish

the asymptotic Gaussianity of the traditional mutual infation of bicorrelated MIMO channels.

We study in this section the asymptotic behaviourlgf,s. in the case where the precoding matrix
K is reduced toK = I; to simplify the notations. In order to deduce the resultshe taseK # I,
we remark that channel matrildK can be interpreted as a bi-correlated MIMO channel withsimain
and receive covariance matrickS” CrK and Cr respectively. We will therefore replace mat@ by

matrix K CrK. I,ms(I) andQr(I) are denoted,,,... and Qr in the remainder of this section.

We first explain the differences between our analysis anddmeributions [9] and [8] . We recall that
[9] adresses the i.i.d. case while [8] assumes that m&ltix= Diag(cr 1, ...,cr,) is diagonal. In this

last context, the SINR; can also be written as

() !
o7 N® . o .
o= only (CPRSE RG] sy - Qs @
wherehz(.fc)l represents the colump of H;;4, matrix Hgfc)l is obtained fromH;;; by deleting columry,
and C&?) represents th¢t — 1) x (¢ — 1) diagonal matrix obtained by deleting column and rgrom
Cr. The approaches of [9] and [8] rely on the key observatiohkatorh;;, ; is independent from the

matrix Qg). This allows to study the behaviour ¢f using important results concerning the behaviour
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of random quadratic forms. If matriC7 is non diagonal3; has not the same structure than in (6):
vectorhl(.fc)l and matriceng) are replaced by non independent terms, and the approaclj ah¢o[8]
cannot be used. Our approach does not stiidgiirectly, but rather the diagonal entries of mawixQr
whose asymptotic behaviour can be evaluated for generadria covariance matrice€.

The study of the accuracy of the approximation is essentisked on the study of a virtual channel
obtained fromH after unitary transformations. We consider the eigenvatigeenvector decompositions

of covariance matrice€r and Cg:
Cr =UDUY, Ccp=UDUY (7)

where the diagonal entriggl;);—1 . ; and(ciz-)izl,___m of D andD are arranged in the decreasing order.

Then, we define the randomx r matrix Y by
Y? = UfHU (8)

Y can be written as
1 -
Y = :721)1/2)(I)1/2 9)

where X represents the x » matrix X = UPH U. As U and U are unitary, matrixX is an i.i.d.
complex Gaussian matrix such tHatxX; ;|> = 1. In the following, we denote by} the matrix defined
by
Q= (YY" +5%1)"" (10)
The study ofl,,..sc Whent — oo is based on the asymptotic properties of the diagonal endfienatrix
Q7. We remark that
Qr =uQu” (11)

and evaluate the asymptotic behaviourud®u? whereu = (ug,...,u;) is a unit norm deterministic
row vector. We use in the following certain results of [6]. \Wewever note that in [6], matriQ is
replaced by matriXI + o2YYH)~!. Therefore, the statements of [6] have to be adapted. Inabees,

we denote by andé the unique strictly positive solutions of the system

5 = %ﬂ{D(HG+ﬁDD]A

5 = %n{ﬁ(ﬁa+&ﬁ0]q

The existence and the uniqueness of the solution has beshlisised in Proposition 1 of [6]. We denote

(12)

by T and T the diagonal matrices
~ -1
T = Pﬂﬂ+5Dﬂ

T = [ -
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and gather in the following proposition certain useful tesof [6].

Proposition 1: Assume that matrice® and D satisfy the following conditions:

Supy ||DH < dmazr <00 , inf; %TI‘D >0

. B (14)
sup, |[D| < dpaz <00, inf, $TrD > 0
Then, the following results hold true:
« For each uniformly bounded deterministic mathg 2
Var (1Tr(MQ)) = O(%) (15)
E(Tr(M(Q-T)) = O(3)
« v and# defined by
_ 1 20m2y L 522
’y—tTr(DT),’y—tTr<DT>, (16)
satisfy
. 4~
1rt1f (1 o 77) >0 a7

We assume from now on that the matrid®sand D satisfy (14). We are now in position to state the
main results of this section. We begin by the following prsigion.

Proposition 2:

o [B(u@- T)u’)| = O(t?%) (18)
and
Lo [B(u(@ - E@)u) ] - 0(4) 1)
Moreover,
i A (uQu) - %% (uT*Du’)’| = O(ts%) (20)

Finally, if we denote by(vy)x=1,.. . the row vectors of any unitary matri¥, and if (x;);=1,. . denote

positive humbers such thaﬁpj kj < C, we have

t ~
1 ot 1
k=1

The proof is given in the Appendix. In order to introduce thege system approximatioh,,,,s., we
define matricesl'r and Ty by

1

~ 1 [ _
Ty = UTUY = (02(1 + 5cT)) , Tp = UTUH = (0X(I+6Cp)) (22)

2In [6], matrix M is diagonal. The case of non diagonal matrices is addressfs] tevoted to correlated Ricean channels.
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We note that(é,4) and (v, ) can be expressed in terms Bf- and Tx as

- -1
6 = %TI‘ |:CT (0'2(1 + (5CT)) ] = %TI‘ [CTTT]
~ 1 23)
§ = 1T |Cr(c?@+oCn)""| = ITr[CATH
and
1 o1
7= T(CFTY), § = T (CETh) (24)

The following result holds.
Theorem 1: We definel, 5. by
t ~ t 2, )2 2
_ 1 5 1 ((6?T7)?) .
Imse = — 1 2T ) ———— = 1— —— &1 25
Jz::l o8l Traq) 2021 —olyyt ; ( o?Tr,; (29)
Then,
- 1
Immse — Immse + O(;) (26)
Proof. The proof is based on a second order expansidng#?Qr ; ; around the poinE(Qr ;) . We

definee; by
.. - Qrij — EQryy)
’ E(Qr,,)

and writelog 0>Qr ;. ; as

log U2QT7M = log (U2E(QTJ,]~)) + log(1 + ¢;)

We expressog(1 + ¢;) as

28
log(1+¢;) =€ — é—kgj—ﬂy
As E(e;) = 0, E(log 0*Qr,;,;) can be written as
2 2 1 2 1 3
E(log 0°Qr,; ;) = log (O‘ E(QT,j,j)) — iE(Ej) + §E(€j) +E(rj) (27)

In order to be able to use Proposition 2, we have to study tha\beurﬁ. We first remark that

it exists a deterministic constant > 0 such that

1
sup —— < C (28)
it E(Qrj;5)

Indeed,m <E (QTI,M) = o?E(1 + 3;) by the Jensen inequality. We denote by the column;

of matrix H. The SINR/; provided by the MMSE receiver is upperbounded by the matadr filound,
i.e. B; < ”%‘2 As it is clear thatup; , E(|/h;||*) < C, we get (28).
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10

We use (21) withx; = 3 and when the unitary matri¥ coincides with matrixU. We obtain

IE(Q 2353
immediately that )
¢ - 21y H
1 o4 u; T“Du; 1
ZE(E?)—;I_JZ N (EZ Q I:][)> :O(Z) (29)
j=1 g Uyt
We now establish that
1 1 C
su < — 30
PIEQrsy) ~ Tryy| 72 (30)
For this, we first notice that
1
<C 31
Tr,, = (31)
Indeed,
1

— 52 5 .
Tr,, < (Tr)jy=o <1 * 5CT’“)

The conclusion follows) < L 1Ty(D) < ”l"m . (30) follows directly from

11 Ty —EQrjy)
EQr; ;) Trj;  Tr;E(Qr,,)

and from (18).
(29) and (30) imply that

uszDuH> 2 1

t -
Y J
]Z:l tl—a’y’y( u; Tul O(t) (32)

Moreover, (19) and (28) lead to
SupE( 3 <
J
In order to evaluate the influence of, we give the following lemma, proved in the appendix.

(33)

”&IQ

Lemma 1.

) (34)

(32) and (34) imply that

2
1 o5 ¢ u,; T?Duf! 1
Inimse = _ZIOgE o QT,] J) Z 5 Z ( - ’ + O(;)

7j=1

Straightforward manipulations show that

2 2
5 <ujT2Du]H ) Ly~ (1 (("2TT)2)j,j>
TomnH | T %2 T 2T
=1 u; Tuj 62 =1 o* T,
In order to establish Theorem 1, it remains to prove that

t t
ZlogE(O’2QT,j,j) = Zlog (O‘2TT,j7j) + O(%) (35)

j=1 7j=1
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11

We definee; as
= _ T —E(Qrjy)
’ E(Qr,,)

and remark that

log (O’ZTTJ,]') = log E(JZQTJJ-) + log(1 + ;)

Using (28), we obtain that
€] < CTr;; —E(Qr,,;)l (36)

(18) implies thatsup; |T7,;; — E(Qr,,;)| = O(5=)- By (36), we get thatup, [¢;| = O(x4). Fort

large enoughle;| < A < 1 for eachj. For theset, we can writelog(1 + €;) as

log(l +€j) =€ +7j

where
0 En—2
T = () Z(—U"‘”T
n=2

By (18), it holds thatup, €& = O(3). Therefore,

t3

3 ~ o An—2 C
mil<@?) — <3

n=2

Consequently,
t t
1
D log(l+g)=> &+ O(3)
j=1 j=1
We finally remark that

€ = Z lele (Q — T) uf

t
=1 j=1

J

wheres; = m The second item of (15) can thus be used for maix= 3, /sjufuj, thus

showing that (35) holds. This completes the proof of (26).

We denotel, s the term defined by

t
jmmse = - Z IOg(JzTT,j,j) (37)
j=1
Iwmse cOrresponds to the obvious large system approximatidi,gf,. obtained by replacing, for eagh
(1+ ;) by its "deterministic equivalent{c>T7,; ;). Theorem 1 shows that the relative error provided

by Imse IS aO(%) term, while the relative error af ;5. is aO(%) term.
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Fig. 1. Accuracy of the large system approximant

We now present some simulation experiments which demdasdina accuracy of the approximation

T,mse for a realistic number of antennak,,,,s. is also represented. The transmit antennas correlation

matrix Cr is generated according to the popular model proposed in.g],

CT k1= a e_iﬂ-(k:_l) cos ¢r 6_%(71'(]43_1) sin ¢ U¢T)2 (38)

where a is a constant chosen in such a way tlﬂlatr(CT) = 1. ¢r and oy, can be interpreted as
the mean angle of departure and the standard deviation dcrkes of departure of a scatterer cluster
respectively. We notice that if,,. ~ 0, thenRank(Cr) ~ 1. We refer the reader to [2] for more details.

The receive antennas correlation matrix is generatedaiyiith different parametergr andoy,,.

In Figure 1 we have representdqlmse,fmmsejmmse versus the SNR for = ¢t = 4. Here, the
various parameters are equal do = 7/4,04, = 0.5,0p = /12,04, = 0.5. We observe that
L.mse Can be rather far from the true mutual informatifp,,.. evaluated by Monte-Carlo simulation
over 1000 channel realizations. Figure 2 represents the relativer &@tweenl,,,,,,s. and fmmsejmmse
respectively in terms of the mean angle of departure vaeia@g for SNR = 0 dB and SNR = 6 dB when
¢r = 7/4,6r = /12,04, = 0.4 . Figures 1,2 show that approximatidr,,,s. provides significantly

better results thad,,,,se.

The expression (25) is a large system approximatiod,9fs.(I). If the precoding matriXK is not

equal tol, the approximation of,,,...(K) is obtained by replacing matri€, by matrix K C7K. In
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— = Iumse, SNR = 6dB o

“ Inmse: SNR = 6dB -

Relative Error (%)
(4]

. . . .
0 0.05 0.1 0.15 0.2 0.25
Angle spread variance (radz)

Fig. 2. Relative error

the following we denote byi(K),(K), Tr(K), Tr(K), v(K),7(K), Tpmmse(K), Inmse(K) the values
of parameters, 8, T, Tr, Y., Immse, Lmmse WhenCr is replaced byK* CrK.

IV. STRUCTURE OF OPTIMAL PRECODERS

In this section, we study the problem of designing precodesgimizing function,,,,,s.(K) over the
set/C defined by
K = (K, %Tr(KKH) <1) (39)

The main result of this section states that there is no o#isini to look for optimal precoders of the form
K = UD1/2A1/2 where A is a diagonal matrix with positive elements. In order to kksa this, we
first derive the following intermediate result.
Proposition 3: Let K by an element ofC and the eigenvalue/eigenvector decomposition of matrix
KZCrK
K7CrK = WAW!

Then, matrixK; = KW belongs to/C and satisfies

Immse(K) < Tmmse(Kd) (40)

Proof. It is obvious thatK,; € K. In order to establish (40), we denote By,,,...(K) the term

B R K 1, (0T,
Jmmse(K) - QS(K) 1 _0.4 K ;]Z::< g TTJ,](K) J) (41)
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and remark thatl,,mse(K) = Lnmse(K) + Jmmse(K). We prove in the following thatl,,,s.(K) <
fmmse(Kd) andjmmse(K) < jmmse(Kd)-
We first remark thaK/ C7K, is the diagonal matrixA. Therefore, by (22) matrix?Tr(K,) is also
diagonal, and is given by
. -1

02T (Ky) = (I + 5(Kd)A>
Moreover,

o’Tr(K) = Wo?Tr(Ky)WH (42)
We claim that(6(K), (K)) = (6(Ky),d(Ky)). To check this, we recall thad(K), (K)) are defined

as the unique positive solutions of the system

S(K) = %TrKH CrK [02(1 + 0(K)K! CTK)] -

. 1

b(K) = _TrCp [o*(I+6(K)Cr)]

while (5(K,),8(K,)) are the positive solutions of

S(Ky) = %Im [02(1 + S(Kd)A)] -
0(Kq) = %TTCR [02(1+ 6(Ka)CR)]

As KEC;K = WAWH | for eachi > 0, we have

1 —1

%TrKH CrK [o*(I+RK"CrK)| = %Im [0+ RA)]

Therefore(5(K), (K)) and(6(K,), 0(K,)) are positive solutions of the same system. The uniqueness of

the solutions yield$d(K), 6(K)) = (6(K4),d(Ky)). From this, it is easy to check thét(K),5(K)) =
(Y(Kq), 7(Kq)). Immse(K) can thus be written as

1
mmse Z log
(I+ (Ko WAWH)

(I+6(Kqy)WAWH) "1 is given by

t
Wikl
I+6(Kg)WAWA L =N~
( (Ka) ), = Z_:ll+5(Kd))\k
where W; ;. is the entry(j, k) of unitary matrix W and whereA = Diag(\1,..., ;). The function

y— log% is convex onR™. As 2221 [W;x|? =1 (becauséW is unitary), we have

t
1
Wl Z W kl? log(1 + 6(Kq)Ax)
Zk,‘ 14

+5(Kd)>\k
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Summing overj, and using thaE;:1 [W;k|* =1, we get that

t
fmmse(K) < ZIOg(l + 5(Kd)/\k) = fmmse(Kd)
k=1

We now establish thaf,,,sc(K) < Jpmmse(Ka)-

We recall that .

o? T (K) = Wl
7 1+ 3(Ka) e

Similarly, we have
t

2 \2 _ (Wil
[(U Tr) ]j,j (K) = kzz:l 1+ S(Kd))\k)z

As St |[W; % = 1, the convexity of function: — 22 implies that
2
[(0*Tr(K));;]” < [(0°Tr(K))?]
This implies that

2
Jmmse

|
H~|}—‘

t
Z 1—0>Tr;;(K))

j=1
We also remark that

1—0?Tr,;(K) = wj(I- o*Tr(Kg))w

wherew; represents the row of W. As matrixI — ¢>T(K,) is diagonal and matri#¥ is unitary, we

have .

t
ZWJ I—UTTKd Z I—UTTy,jKd))
Jj=1 j=1

We finally note that

1 7(Ka)
26(Kq)2 1 — oty(Ka)A(

¢
2 2 =
K,) ; (1 -0 TTJ,J(Kd)) = Jmmse(Ka)

Tmmse(K) < Tmmse(Kq) follows from the equalitie$s(K), §(K)) = (3(Kq), §(Kq)) and(v(K), 5(K)) =
(v(Kyq),7(Kq4)). This completes the proof of Proposition 3.

Proposition 3 shows that there is no restriction to look atinegd precoder in the following se€€,
Kqs={K € K, KCrK diagonal} (43)

This allows to formulate the evaluation of an optimal presods at-dimensional optimization problem

rather than &2 dimensional one. In order to state the corresponding reseltfirst slightly change our
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notations. IfK € K4, the quantities)(K), §(K), ... are actually functions of the entries of the diagonal
matrix A = K" CrK. Therefore, forK € Ky, 6(K),d(K),... will be denotedi(A),5(A), .. ..

The main result of this section is the following theorem.

Theorem 2: Let Cr = UDUY be the eigenvalues/eigenvectors decomposition of mairix Let
Aopt = Diag(Ai opt, - - - A,opt) D€ @ positive diagonal matrix solution of the optimizatiaolgem

Problem 1: Maximize 3"'_, log, (1 + A S(A)) + %% under the constraints

A = Diag(Ar,.... ) > 0, %TY(D_lA) <1 (44)

Then, matrixK,,; defined by
K, = UD /27?2 (45)

opt

belongs tok,;, and maximized e

Proof. In order to prove Theorem 2, we consider a precoding mdKixe K;, and denoteA =
Diag(A1, A2, ..., \) the diagonal matrixK”? CrK. We assume that the diagonal entries ) j—1,..+
of A are arranged in decreasing order. It is clear #§atan be written a& = UD~/2©@A'/? where
©® is a unitary matrix. AS%Tr(KKH) is supposed less than or equal to 1, matrideand ® satisfy
%TrD—le)A@H < 1. Each precodeK € K, can thus be parameterized by the unitary ma®irand the
positive diagonal matriA. As K € K4, one can check easily thdt,,,,s.(A) reduces to%%
Therefore, Problem 1 is equivalent to the Problem

Problem 2: Maximize overA and® Z;:l log, (1 + A 5(A)> + %% under the constraints

1
A = Diag(\1,...,\) > 0, Ounitary, ZTr(D‘1®A®H ) <1 (46)

Let (A, ®,) be a solution of the above problem. The diagonal elements,oandD are arranged in

decreasing order. Therefore (see the Appendix of [7]), tlleving inequality holds
1
t
Inequality (47) implies that ifA., ©,) is a solution of Problem 2, theA.,, I) is a solution of Problem

D '0,A,07 > %TrD_lA* (47)

1. This shows that the optimization @f,,... is equivalent to Problem 1. This completes the proof of

Theorem 2.

Remark 1: We mention that it is not obvious that the singular vectorshef precoders that optimize
the true mutual informatiord,,,,.s. have the structure (45). To our best knowledge, this is atillopen
guestion. One of the merit of the present asymptotic aralgsthus to show that the use of precoders

(45) is relevant.
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V. MAXIMIZATION OF I,mse-
A. Maximization of I,,,,,s. in the case of i.i.d. channels.

Problem 1 cannot in general be solved in closed form. In tlgagraph, we consider the case
r = t,Cgr = Cpr = I; for which some analytical results can be obtained. We estalih particular
that the transmission scheme maximizifig,.. is not a uniform power allocation along all the antennas,
but an antenna selection scheme. This tends to indicatenthiaé context of i.i.d. channels, an antenna
selection may provide higher valuesif,,.s. than a uniform power allocation over thavailable transmit
antennas. Therefore, even in the simplest channels comibexmaximization ofl,,,,,,s. and of the usual

Shannon mutual informatiof are different problems.

Theorem 2 implies that precodels, ¢ maximizingfmmse can be written a¥,,; = Aoéf whereA,,;
is solution of the problem
Problem 3: Maximize 3~'_, log (1 + AjS(A)) under the constraintA = Diag(\,...,\;) > 0 and

ITr(A) <1 whered(A) is the unique positive solution of the equation

254 1y 0 (48)
EE1 100

It is easy to check that(A) is the positive solution of (48) in the particular contexhsiglered here. This

justifies the statement of Problem 3. The solution of thisbfgnm is given in the following Proposition.
Proposition 4: The diagonal entries of the optimal matric&s,; are either 0, either equal ts’bwhere
s < t, the number of non zero entries Af,,;, is the integer that maximizes

—1+02+/(t/s — 1+ 02)2 + 402
202

slog

(49)

Proof. We first show that any optimal matriA,,; solution of Problem 3 verifieéﬁ(Aopt) = 1. For
this, we consider a positive diagonal matix for which %TY(A) < 1, and establish that iT* is the
positive diagonal matrix with normalized trace 1 definedlby: ﬁA , thenfmmse(I‘) > fmmse(A).
For this, we show that function — ud(uA) is strictly increasing oiR™. We remark that(uA) is the

unique positive solution of the equation
. -
< 1 Ao
A R Y LN | (50)
¢ 7j=1 1 + >\Jlu’5

or equivalently, thapS(uA) is the unique solution of the equatian(p) = 1 whereg, is defined by

5) o 1< p
9u(p) = —p ?Z
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For eachy, functionp — g,,(p) is strictly increasing. Moreover, ji; < p2, theng,, (p) > g,.(p). From
this, we get immediately thai;d(u1A) < p2d(ueA). We have thus shown that— pd(pA) is strictly

increasing. We puti = As 1Tr(A) < 1, p is strictly greater than 1. Thereforgd(uA) > 5(A)

1
%Tr(A)'
or ud(T') > 6(A). Hence,

Zlog (1+u>\ (T ) Zlog (1+)\ 6(A))

7=1
As the (u)j),=1,..+ coincide with the diagonal entries of matrlX, the above inequality implies that

jmmse(r) > jmmse(A)-
The above discussion shows that the constraifit(A) < 1 can be replaced byTr(A) = 1 in the
statement of Problem 3. In order to characterize the soistaf the maximization problem, we replace

the variableg\;) =1, + by the variablegz;);-; . defined by
zj = Aj6(A) (51)

for j = 1,...,t. We claim that the maximization df,,,,,.. over the constraintg; > 0 for j =1,...,t
and %Tr(A) =1 is equivalent to the following problem

Problem 4: Maximize Z§:1 log(1 + z;) under the constraints; > 0 for eachj =1,...,¢, and

t

o —ij Z1+jx] =1 2)

Indeed, let(z;);-1,. be positive numbers satisfying (52), and considler %23:1 xzj and \; = %J

for j = 1,...,t. The matrixA = Diag(\y,...,\:) is positive and satisfie$Tr(A) = 1. Moreover,d

is solution of the equation (48), which implies that= S(A). Conversely, ifA = Diag(A1,...,\;) is
positive and satisfie%Tr(A) =1, the (z;);=1,... defined by (51) are positive and satisfy the constraint
(52). The conclusion follows from the observation that_, log (1 + )\jS(A)> =0 log(1 + ).

The Karusch- Kuhn-Tucker (KKT) conditions provide necegseonditions for optimality. Ifx =

(x1,...,2)T is a solution of Problem 4, then, it existsfor which
2L = 0if 2> 0 .
OLcp) (53)

S Oif:L'j:O

ij

where L(x, 1) is defined by

t t t
1 T

xu)zg log(1 4+ x;) — — 025 xj+§ I

= e , 1+ z;

If z; >0, we obtain

02(1+$j)+ 1+
J
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and if z; = 0, we have

,ugl—i—az (54)

If s <tis the number of non zerg;’s, we have also

1 1 1
2 2
_ I, 1 55
i O'+O‘8§ xj—l-sg T+, (55)

or

t
1 1 1
2 2
I a+asgw3+s §1+xj (t—s)

Using the identityl_f;_ =1- H% we get that the constraint (52) can also be written as

j=1 J=1
u is therefore given by
t 1 t
,u—02+202; ;ij +1- (56)
7j=1
We also note that; > 0 is a solution of the equation
azx? +(20% —pwr;+ (1402 —p)=0 (57)

If > 1402, (54) implies thats = ¢. Moreover, the equation (57) has a single strictly positigtition
y. Therefore,x; = y for j = 1,...,¢. Using the correspondence (51) betweerand A, we obtain
immediately thatA = I;.

We now consider the cage < 1 + o2, If ;4 < 20, equation (57) has no real solution. Therefque,
must be greater tha?o. The equation must have at least a positive solution1Aso? — ;1 > 0, this
implies thaty > 202, In sum,u must be greater thamax(20,20?), and the equation (57) has 2 positive

solutionsy; andysy given by

p— 202+ /2 — 402
2

v =
20
w—20% — /2 — 402
Y2 =
202

Therefore, each non zere; can be equal tg); or to y». We denote#{j,z; = y1} as 5 + v and
#{j,x; = y2} as5 —u whereu is an integer ifs is even and: is the sum ofl /2 with an integer ifs

is odd. Note that if(x;);—1,. . is a solution of Problem 4, must be positive becaugg > y» and

D tog(l +a7) = (vt 2) log(L+y1) + (u— 3) log(1+ o)
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+>%_y x; is given by

t 202 t o2

t
1 sp—20%  u+/p?—40?
- T = — + =

tz J

i=1

Plugging this into (56) and solving the equation wt.tyields to

2
t —
=140+ (o242 (58)
2u 2u

This allows to expresg; andys, in terms oft, s, u, o2. After some calculations, we obtain th@’}zl log(1+

zj) = (u+ %) log(1+y1) + (u— %) log(1 + y2) is given by

t
s 1 V1+b2u?+1
lo 1+l’ =—-1lo ——|—’LL10 y—————————aa 59
whereb? is defined by
)2 1602
©(t— s+ 02s)?

It is easily seen that the righthandside of (59), consideredh function ofu, is increasing onR™.
Therefore, it is maximum fow = 3. This implies that#{j,z; = y1} = s and#{j,z; = y2} = 0.
Moreover, the righthandside of (59) far = s/2 coincides with (49). This completes the proof of

Proposition 4.

We now check numerically that for certain valuesddf s does not coincide witlt. In figure 3, we
have considered the case=t = 8, and have represented the values/ 9f ... for s = 6 ands = 8. It
is clear that if the SNR is greater than 8 dB, then- 6 provides higher values af,mse. The values
of I,ymse and I,,,,.s. are still higher fors = 6 rather than fors = 8. This confirms that the antenna
selection scheme may be better than the uniform power aibocacross all the transmit antennas. Figure
4 represents,,se, Lmses Immse VErsuss when the SNR is equal ttbd B, and demonstrates that= 6
is the optimum value of ;5.

We note that ifs # ¢, function Lnmse reaches its maximum at different points because there are mo
than one diagonal matrix whose entries are either 0 eiﬁhd?unctionfmmse is thus a non concave
function of the precoding matrix. Using the trick introddc@ [5], it is possible to establish thdf,,,s.

is itself, in general, non concave.

B. Sudy of Problem 1.

We consider again the optimization @f,,,.. in the bi-correlated case. Theorem 2 shows that the

determination of an optimal precod&:,,; needs to solve the optimization Problem 1. As this problem
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30
— — — — Lnymse, s =6 4
mmse s P
Immse, s =8 4
251 N
e N .
Irimse, s =8
~ ool B ]
¥ 20 — = = = Inmse; s=6
<
1%2] -
2 Iumse, s =8
S
w 15 B
10 B
| | |

5 I I I I I
0 2 4 6 8 10 12 14 16 18

SNR (dB)

Fig. 3. Relevance of the antenna selection scheme6 versuss = 8

Lrmmse

Inmse

EMI (bps/Hz)
[
(2]

Fig. 4. Relevance of the antenna selection scheme, SNR = 15 dB

cannot be solved in closed form, we use a gradient algoritWenpropose to parameteriae by \; = af.
in order to get rid of the constraint; > 0, and to use a standard gradient algorithm with projection
o

on the constrain% Z§:1 -+ < 1 at each iteration. Note that the convergence of this algoritowards

J

a global maximum off,,,,,.. is not guaranteed because this last function is probably comtave in

general.
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11

No precoder

10

Max. Imse without predefined struct.

Max. Lnmse

gll Max. j1n1m~t‘

Max. Immse

EMI (bps/Hz)
(2]

I I I I I I I I
0 2 4 6 8 10 12 14 16 18
SNR (dB)

Fig. 5. Impact of precoding scheme

C. Numerical illustration

We present some simulation results to illustrate the impéathe precoder optimization scheme in the
caser =t = 4. Cr andCp, are generated according to model (38). In the present noalexxperiment,
(040, 07) = (0.5, %) and (04, 6r) = (0.4, ).

In figure 5, we provide the mutual informatioiis,, s (evaluated using Monte Carlo simulation0
channel realizations are used) corresponding to the follpwrecoding schemes:

« (i) No precoding

« (i) Maximization of I,,,,,s.(K) for precoders structured as in (45)

(iii) Maximization of I,,se K) for precoders structured as in (45)

(

« (iv) Maximization of I,,,,,,s. (K) for precoders structured as in (45)

« (v) Maximization of I,,,,,,sc (K) when the precoders have no particular structure.
The various maximizations are achieved by the gradientrithgp with projection on the relevant
constraint. Note that the gradients Bf,,s.(K) w.r.t. the parameter§y;),-; . ; and w.r.t. the entries of
K have no closed form expression. At each iteration of therdtguo, they are evaluated by Monte Carlo
simulations (1000 channel realizations are used). Thidagxpvhy the direct maximization of,,,,,sc
leads to very high computational cost algorithms.

We now comment figure 5. We first compare precoding schemgsiiig (v). The two curves match
perfectly, showing that in practice, the structure (45)ns&¢o optimizerl,,,,s.(K) even forr =t = 4.

The comparison of schemes (ii) and (i) indicates that tee of the improved approximatioh,,,,s.
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allows to obtain significant gains for SNRs greater than 10 \dB finally observe that the precoding
schemes (ii) and (iv,v) provide very close mutual inforroa when SNR< 2 dB and SNR> 10 dB.
Finally, the comparison of (i) (no precoding) with the otlsehemes shows that the precoding allows to

increase significantly,,,,,sec.

We finally compare the processing time (ori.83G H z Intel) needed by schemési), (i), (iv)

Precoding scheme Processing time (s)
(i) maximization of I,,,,,se 0.39
(i) maximization of Z,,se 0.25
(iv) maximization of I, se 337.6

It is seen that the processing times needed to implementreehéii) and (iii) are almost000 times
smaller than in the context of scheme (iv), while the use efithproved approximatiot,,,,.. instead

of I,,ms. does not lead to a significant increase of the computatioostl ¢

VI. CONCLUDING REMARKS.

We summarize the advantages of our asymptotic analydis,gf.. It first allows to prove the relevance
of precoderdk = UD~/2A1/2 whereA is a positive diagonal matrix. Second, the entries of thé opt
mum matrixA are solution of an optimization problem that can be solved lopmputationally attractive
gradient algorithm. If, in contrast, matriX was designed to maximize the true mutual informatigg,s.,
the corresponding gradient algorithm would have a high agatfpnal cost. This is because this function
of A, as well as its derivatives w.r.t. the entriesof cannot be expressed in closed form. They have to

be evaluated by Monte Carlo simulations, thus complicaéirigt the maximization algorithm.

Acknowledgements. The authors thank Aris Moustakas for suggesting that thativel error of the
approximation ;.. was aO(+) term and not aO(ts%) term. Useful discussions with Walid Hachem

and Jamal Najim are also acknowledged.

APPENDIX A

PROOF OFPROPOSITIONZ.

The proof of Proposition 2 uses extensively the Nash-Poinzaequality as well as an integration by
part formula valid in the Gaussian random matrices confBixé combined use of these two tools was

introduced recently by Pastur in [14] in the context of sieiplodels. This method was used in order
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to evaluate the asymptotic behaviour of the Shannon cgpafchi-correlated Rayleigh MIMO channels
in [6] and of bi-correlated Rician MIMO channels in [5]. Wewwever notice that Proposition 2 has not
been established in [6] and [5].

Let ®(Y) be a function of the entries of matrX defined by (9). Then, under certain extra assumptions
on & (see [6]), the following Nash-Poincaré inequality holdset

99 (Y)
oY, ;

2

2 ‘8¢(Y) (60)

t r
1 ~
Var (®(Y)) < 7 E E d;d;E Vi

i=1 j=1

whereY; ; represents the complex conjugatelef,. We also recall that the integration by part formula

gives 3
dpdy. [0D(Y)
E[Y, ®&(Y) = 2% |22 61
Viu(¥)] = o | 2 o)
and R
_d 99(Y)
E[YV,®(Y)] = %E[ v, ] : (62)

We first establish (18). For this, we first introduce some timta. 5 is defined bys = %Tr(DQ) and

o =E(B). R is ther x r diagonal matrix given by

R= [02 (Ir + aﬁ)} - (63)
a is defined bya = 1Tr(DQ), andR is thet x ¢ diagonal matrix given by

R =[o®(L, +aD)] " (64)

If = is a random variabler represents the random variable= 2 — E(z).

Using calculations similar to [6], section 4.1, we obtaiatth
d; d;

dj °

E((Qyi)wYij) =+ = aCZjE(Qk,i) o adjE(ﬂ(Qyj)kYi,j)
for eachk, i, 7. Summing over; gives
E(QYY*),) = 0*diaE(Qy,;) — o°E (%(QYIBRY%Z-) (65)

Plugging the resolvent identity (see Eq. (10) of [6])

Qui = d(k _ i) (QYY™ ), (66)

o o2

into (65), we obtain

E(Qk,i) = 6“2; i diadE(Qy,i) + E (B(QYERYH)k,i>
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Solving w.r.t. E(Qy ), we get
E(Qu.:) = Rid(k — i) + 0°E <B(QY]?)RYH R),w)
If uis a deterministic unit norm row vector, we eventually obtai
E(uQu”) = uRu" + o°E (BuQYﬁRYH Ru” ) 67)

We now prove that the second term of the righthandside of @) be bounded by é)(t?,%) term

independent ofx. As E(3) = 0, the Schwartz inequality gives

o

1/2
p

o\ 1/2
) [Var @QY]?)RYHRuHH (68)

‘E((EuQYf)f{YH Ru’l )‘ < (E
o \ /2
Using the first item of (15) in the cagel = D, we get that<E|ﬁ|2> = O(%). In order to study the
behaviour of the second term of the righthandside of (68)gestablish the following lemma.

Lemma 2: Let A be a uniformly bounded diagonal deterministic matrixa unit norm deterministic

row vector, andv a uniformly bounded deterministic row vector. Then,

Var(uQYAYHvH) < g (69)
whereC' is a constant independent af v, and A.
Proof. In order prove the lemma, we use the Nash-Poincaré iniggu@0) in the case®(Y) =
uQYAYH v We definen asn = uQYAYH v, Straightforward calculations lead to

0
8777 = —uQy;(QYAY v, + 4; juiuQy; (70)
i.j

We establish that )

<C (71)

on
2E | v,

where(' is a constant independentafv, A. (70), |4, ;| < ||A|| and the Schwartz inequality imply that
2

0
| | < 2 PIAIENQy, P + 22 (QYAY V), Py,
7’7]
Summing overi, j yields
on 2
ZE\ | <2 APIVIPE[QY? + 2E (| QYAY v P [uQY]?)
i, bJ

E(|uQY|?) = E(uQYY”Qu). Using the resolvent identity (66), we obtain tl¥ Y = 1—02Q.
ThereforeQYY?Q = Q-02QQ andQYY”Q < Q. This implies thatuQY > < uQu’. As matrix
Q satisfiesQ < X, we obtain that

1
uQY|* < (72)
o
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In order to prove (71), it is thus sufficient to verify thaf| QYAY v#||2) < C whereC is a constant
independent ofr andt. For this, we remark that

vYAAYHYAY HvH
4

IQYAYv!|? <
g

A straightforward but tedious calculation gives
2

E(vYARYHYAY ) = yD2y! '%Tr(AH D)| +vDv’ %TrD %Tr(AH DAD)

As matricesA, D, D and vectorv are uniformly bounded, we obtain tha(||QYAY 7u’||?) < C.

This, in turn, implies (71). One can show similarly that
2
SE|5
= 10Yi

As the(d;);=1,...+ and the(d;);—1,... , are uniformly bounded (see (14)), (60) provides immedya(é9).

<C

Lemma 2 is thus established.

(67) and (68) imply that
lu(E(Q) —R)u”| < il (73)

In order to complete the proof of (18), we use Theorem 3 of §8f] obtain that
LrdR) = 1redT) + (L)
;o i t2

or & =6+ O(%). Itis easy to check that

d -
|Ri; — T;| < —5=|a— 4

o2

Thereforemax; |R;; — T;,| < &, and[u(R — T)uf’| < &. Using (73), we eventually get (18).

We now establish (20). For this, we first prove the followiegnima.

Lemma 3:

o 1
BQuQuir) = 37554

E |(QDQ).+ (QYDRY# )k] +E {%(QY]T)]?{YH )kﬁqk
(74)

Proof. We first note that (66) yields

E(kaékx) = —%E <(QYYH)k,iék/,i/> (75)
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In order to be able to expreﬁ<(QYYH)k7iQk,,i,>, we evaluate

t
E <(QYj)k?i,ij/,i/> = ZE(Qk,p%JEJQkW)

p=1

For this, we use the integration by parts formula (61) in thee®(Y) = Qk,p7i7ij,7i,, and obtain

E(Qk,pyzm?i,jékgi/) =d(p— )T (Qk,ka/ )=
dyd; dyd.; _
T (Qp p(QYJ)ka' z’Y ,y) pt ! E(Qk,pr,i’(QYj)k/Yi,j) (76)

Summing ovelp, and expressing = %Tr(DQ) asf =« +% provides

=0 d;d. o d; =
E |:(Qyj)kYi,ij’,i’:| = t]E(Qk,iQk/,i/) - 7”@ [(QDQ)ri (Qy;)rYij] —

ad;E {(QYj)k?i,ij’,i/] — d;E [B(QYj)k?i,ij/,il (77)
Solving w.r.t.E [(Qyj)k?ivjék,,i,] and summing ovej gives

E((QYYH)k,iék’,i’> = UzdiE(Qk,iék’,i’) - (78)

o2

R [(QDQ)W(QYJT)RYH )k] _ o’ {%ék,,i,(QYﬁf{YH )k]

Plugging (75) into (78) and solving W.rJE(QMék/J/) gives (74).

We definen by n = uQu?’. (74) yields immediately
2 o o, o
E(n)? = E(gn) = %E (uQDQuH uQYDRY“Ru” ) +o’E {577 uQYDRY/Ru” ] (79)
We definep; andps by p1 = uQDQu” andp, = uQYDRY”Ru”. The termE (uQDQuH uQYf)f{YHRuH)
is given by

E (uQDQuH uQYDRY”Ru’! ) = E(p1)E(p2) + E(p1 )

In order to evaluat&(p;), i = 1,2, we state the following Lemma

Lemma 4:

E(QDQ),; — 1= ois

Let A be a uniformly bounded diagonal deterministic matrix. Then

< " (80)

d;Ty ; ‘ C

1 -
‘E(QYAYH Vhsi — a2d,-zTr(ATD)Tk7Z- < (81)
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The proof uses again the resolvent identity (66), the Nashdaré inequality, the integration by parts

formula, Theorem 3 in [6], and is omitted.

Using Lemma (4), we get that
04ﬁ

2 o2 < ©
o“E(p1)E(p2) — m (U-T Du ) < 7

We verify thatE(p, p,) is @ O(;) term. We first remark that, gg < %=e=, then|p,| < 2%z, The

ot

Schwartz inequality gives

o O d [¢] 1/2 C
E(prpo)] <2755 (Blpo) < o5

by Lemma 2. Finally, we show thﬁ(%%pg) is aO(ts%) term. We express this term as
E(B11p2) = E(51)E(p2) + E(B1p2)

Lemma 4 implies thal(p,) is uniformly bounded, while the Schwartz inequality gi\ﬁ%%) = O(ﬁ%).
In order to evaluat@®(315), we write

OOO

E(3152) = E(Bnpn) — E()E(3p2)

As 1 < me= the Schwartz inequality gives immediately that

o2

%0 0 1

E(Bnps) = O(m)-

Putting all the pieces together completes the proof of (20).

In order to establish (21), we first need to prove the follapiemma. This lemma will also be useful
to establish Lemma 1 below.

Lemma 5: Let M be a uniformly bounded deterministic matrix. Then,

4

E|STIM(Q - E(Q)| =0(;

) (82)

Moreover,

(83)

kRIQ

ﬁuﬁlE lu(Q-EQ)u”|" <

We denote by the random variable = }TrM (Q — E(Q)). E|p|* can be written as

E[p|" = (E|p|*)? + Var(p®)
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The first item of (15) implies thatE|p|?)? = O(&). In order to evaluaté/ar(p®), we use the Nash-
Poincaré inequality in the case(Y) = p?.

8p2 o 1 an q

v, 205 2pa vy Map
= —2p3>,.,Qig(Qy;)pMg,
= —2p% ZP(QM)i,p(QYJ)P

= ~2p1(QMQy;),

Therefore,

ap? |° 4
D E| | = E (P (YoM @’ MQY))
i7j

1,J

Matrix MZ Q?M is uniformly bounded. Therefore,
Tr(YPQM7Q*MQY) < C TrY7QQY) = C Tr(QQYY")
As QYYH =1-02Q <1, we obtain that
Tr(Y?QM"Q*MQY) < C Tr(Q)

Hence,

>l

)

< %E <]p]2¥Tr(Q)> < %E(\p\z)

As E(|p|*) = O(%), this implies that

2
) E' op _0(13)
— oY, ; t
7‘7] ’
We obtain similarly that
1
ZE'@YJ =0(z)

(82) follows immediately from the Nash-Poincaré identity

In order to prove (83), we first establish that

sup B [u(Q-E@Q)u”|* < t% (84)

and

&l Q

sup E!u (Q-EQ)) H|6§

w,[|uf=1

(85)

We consider a deterministic unit norm row vectorand denote by the termn = u(Q — E(Q)) u”.

Eln|* = (IE|77|2)2 + Var(n?). (20) implies that(IE|77|2)2 < £ whereC is a constant which does not
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depend ort andu. In order to evaluate the teriviar(n?), we use the Nash-Poincaré inequality in the

cased(Y) = 2.

L = —27uQy; (Qu'),

Therefore,
= 4E (|n* uQYY " Qu” uQ*u*)

2 12
EjE'a_”
Z?] >

(72),Q < %, andEjn|? < € imply that

2
ZE‘ n < ¢
—  |0Y,; t
(2%} )
We obtain similarly that )
2
ZE‘ orl<C
Y t

The Nash-Poincaré inequality eventually givés:(n?) < t% We have therefore proved (84). In order
to establish (85), we writéE|n|® = (IE|77|3)2 + Var(n?). The Holder inequality and (84) imply that
(IE:|17|3)2 < % The termVar(n?) is also evaluated using the Nash-Poincaré inequality.
on?
Y ;

),

= —3n"uQy;(Qu’);

and )
ZE 8773 — IR (| 4 HA,H 2. H
— | = N uQYY " Qu” uQ-u )
i OYM

As uQYYHQuu anduQ?u are uniformly bounded, (84) implies that

Se[ 2] g
— |0Y;; t2
7’7]
Similarly,
C
ZE'OY” =2

(85) follows immediately from the Nash-Poincaré inequyali

Starting fromE|n|® = (E|n|* ) + Var(n*), (83) is proved similarly.

In order to establish (21), we introduce the following nictas:

pri = viQDQV po ) = viQYDRY ARy 1y = v, Qv
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Using (79) and Lemma 4, it is easy to check that

1 ot 1
ZVar (Kemk) T 7 Z(mkva2ka = ((Zﬁknk02k>>+0(¥)

1-0%7

It therefore remains to show that

E <E (Z mk%kpz,k» = 0(;) (86)
k

For this, we writep, j, = ZM + E(p2,x). Therefore,
E <ﬁ (Z ﬁk%kpzk)) =K [[3 <Z ’{kE(ka)%k) E|5 <Z ’{k;’2k%k>] (87)
k k k

The termE [E (Zk I{kE(p27k)73k):| can also be written a8 <% Tr(Mé)) whereM is the deterministic

matrix defined by
M = Z kB (po,) Vi Vi
k
Lemma 4 implies thatup,, |E(p2 k| < C. Therefore, matriXxM is uniformly bounded. The first item of

(15) thus implies thalE Tr(MQ) = O(1). Similarly, IEJ|ﬁ|2 O(%) holds. The Schwartz inequality

shows thaff <% Tr(Mé)) =0(1).

In order to evaluate the second term of the righthandsid&of, (ve remark that
[E(B111p2,0)] < (Elpa i)'/ (BIBI)* (||

Lemma 2 implies thafE|p, ;|?)!/? = O(;12), and (84) givesE|n,|*)/* = O(;2). As (E|3, )14 =
O(1) by (82), we get that

o . |
sup E(Bnkpak)l = O(3)

This, in turn, implies that the second term of the righthéiel®f (87) is aO(%) term. This completes
the proof of (21).

We finally prove (19). We just sketch the proof because smaitguments have been used in order to
establish Lemma 3. We evaludQ,, ; Qy, ;,Qx, ;,) for each integersiy, k1, iz, k2, i3, k3). We first
calculateE(Qy, i, Qx, 1, Qx, i,)- FOr this, we use the resolvent identity (66) and write

(5(/€1 —21) 1

E(leyil Qk‘g,’ig Qk‘g,ig) = (ng,ngkg,Zg) - (QYY )klyil Qk‘z,ngkg,i3>
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Using the integration by parts formula as in the proof of Leam®) we obtain that
LE (QYYH)kl,ilék2,i2ék3,i3:| = ddilE(Qk““ék”“éka’ia)
1R (QDQ)RM(QYf)f{YH)kQ,ilékg,ig
—:E (QDQ)kl,ig(QYﬁf{YH)ksvilékzviz
“E [E}(QYERYH)ki,ilékg,igékg,ia
Plugging (66) into the above equation and solving \AE(tle,ilékg,igékg,ig)’ we obtain that

E(leyil Qk‘z,iqug,ig) = Rklykl(s(kl - il)E(Qk27Z2Qk3723)
+Z°E | (QDQ)1, i, (QYDRY R);, 1, Qs 4,
+2°E | (QDQ)1, i, (QYDRYH R)y, 1, Qy, 4,

+U2E 6(QY]5RYHR)ICHM ka,iz Qk37i3
Writing E(Qx, i, Q, i, Qk,,i,) @S

E(Qk, i, ék2,i2ék3,i3) = E(le,il)E(ék2,i2ék3,i3) + E(ékl,ilék2,i2ék3,i3)
and using (73), we obtain that
E(ékl i ékg,igékg,ig) = ZE [(QDQ)kl,i2(QYﬁRYHR)kz,ilékS,ig}
+UT2E |:(QDQ)I€1,Z'3(QYbﬁYHR)kg,ilékg,ig] (88)
+0’E {é(QYf)RYHR)ki,il ékzlgékalg} + 0(%2)
We consider a unit norm deterministic row veciorand definen = uQu, p; = uQDQu andp, =

uQYDRY”Ru’’. Using (88), we get that

03 20’2 o 2 ° 02
E(n )= TE(PlpZU) + o”E(Bpan )
We write E(p1psn) as

o O O

E(p1p21) = E(p1)E(py11) + E(p2)E(py7) + E(pypan)

E(p1) is uniformly bounded whileE(p,7) is a O(1) term. E(p2)E(p,7) is a O(2) term for the same
reasons. Finally, we remark thit; | < 24=e= . Therefore E(p, py7) is aO(1) term, and?E(p; pon) is

aO(%) term.
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o o2 .
In order to evaluat&(5psn ), we write

o 02

E(Bpon ) = E(po)E(37 ) + E(Bpai )

E(p2) is uniformly boundedE(fﬂ%Q) = O(t%) holds by the Schwartz inequality. We finally write that
00 o2 o 12 [ o N\VA, o (1/4
) < (B15) " (25) (=)
and use Lemma 5 to justify thm(%%%z) = O(%). This completes the proof of (19).

APPENDIX B

PROOF OFLEMMA 1.

We first establish that
E (log(1 +¢;))* < C (89)

for some constanf’ independent off and¢. For this, we remark that

1
l—l-ﬁj

is less than 1. Therefore,E(log(c2Qr,;,;)) > 0. Aslog(1+¢;) is equal tdog(o?Qr j j)—E(log(0?Qrj;)),

o*Qrj; = (90)

we get that

log(1 +¢;) > log (o Qr,,5)) = —log(1 + 3;)

B; > 0 implies thatlog(1+ 3;) < ;. Thereforelog(1+¢;) > —3; and(log(1 + ej))2 < (B;)?. In order
to prove (89), it is thus sufficient to establish tlﬁtﬁf) < C. We denote byh; the column; of matrix
H. ; is upperbounded by the match filter bouﬁgjﬁ. Using the expression of vectdr; in terms of

matricesCpr, Cr andH,;q, it is easy to check that

E(|hy|*) < C

for some constan€ independent ofj andt. This completes the proof of (89). Note that (89) implies

that for eacly, E|log(1+¢;)| < oo, a property which was implicitely assumed in the proof of Gifeen 1.

We now complete the proof of Lemma 1. We consider a constast(0, 1), and expres$og(1 + ¢;)

as
k

o
log(1+¢;) =Y (~1 H\e 1<a+log(1+€)lc >
k=1
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where for any seB, Iz is equal to 1 on3 and O outside5. This leads to the following expression of
E(rj)

x e 1 1
E(rj) =) (-D)*'E (f%@) B (6Te,124) +5E (T, 124) ~ 3B (T, [>4) +E (log(1 + €))l|c,j24)

k=4
(91)
Using (28) and (83), we remark that
C
Ele;* < (92)
From the Markov inequality and the Holder inequality, weadbtthat
C
Pl > A) < (93)
and
E((lgl% <&
E((le;]*) < &
((‘EJ’ ) >y (94)
E (le°) < w7
E(lgl?) < §
By the Schwartz inequality,
1/2
IE (T 2a) | < (P(lej] > )2 (Blej[?)"”
(93) and (94) thus imply thafE (¢;I;,>4)| is upperbounded by<;. We obtain similarly that
C
E (¢]Tic,124) < 33
and
C
3
E(e/le,124) < 775
Using (89), (93) and the Schwartz inequality yields
C
[E (log(1+ )T, 12a) | < 5
We now establish that
g (19l < ¢ 95
l; T al<a) S (95)

Fork >4, E (|¢[*I,j<a) < A¥1E(l¢;|*). Therefore,

= () =
S (Shncea) < (X 77 ) el
k=4 k=0

As A < 1, ZZZOkA—J; < oo so that (95) follows from (94). Putting all the pieces togetlgives

E(rj)] < &.
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