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Abstract

We consider the detection problem of correlations in a p-dimensional Gaussian vector
for p large, when we observe n independent, identically distributed random vectors. We
assume that the covariance matrix vary in some ellipsoid with parameter o > 1/2 and
total energy bounded by L > 0. We prove here both rate and sharp asymptotic results
in the minimax setup.

Our test procedure is a U-statistic of order 2 corrected by weighting with an optimal
sequence, chosen as solution of an extremal problem. This procedure weights diagonal
elements in a polynomial way and truncates the number of diagonals to take into account.
We show that our test statistic has a Gaussian asymptotic behaviour under the null
hypothesis and under the alternatives close to the detection boundary. Moreover, it
attains the sharp asymptotic rate, i.e. with explicit asymptotic constant, for the maximal
type II error and the total error probabilities, when n = o(1)p?®.

We show that sharp asymptotic lower bounds for the maximal type II error and total
error probabilities under no restriction on p and n.

We deduce rate asymptotic minimax results for testing the inverse of the covariance

matrix.
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1 Introduction

A large variety of applied fields collect and need to recover information from high-dimensional
data. Among these we can cite for example communications and signal theory, econometrics,
biology and finance. Testing large covariance matrix is an important problem and has recently
been approached via several techniques: corrected likelihood ratio test using the theory of
large random matrices, methods based on the sample covariance matrix and so on.

Let Xy,...,X,, be n independent and identically distributed p-vectors following a mul-
tivariate normal distribution N,(0,X), where ¥ = [04;]1<i j<p is the normalized covariance
matrix, with o;; = 1, for all i = 1 to p. Let us denote by X = (Xg1,...,Xpp)? for all
k=1,...,p. In this paper we also assume that the size p of the vectors grows to infinity as
well as the sample size n.

We consider the following goodness-of-fit test, where we test the null hypothesis
Hy:X =1, where I is the p x p identity matrix (1)
against the composite alternative hypothesis
Hy:¥ € F(a, L), such that 21p|2 —I|% > ¢°.
The class of matrices F(a, L) is defined as follows, for o > 0,

Fla,L) ={X € Csp ;1 Z O?j|z'—j|2°‘ < Lforallpand o; =1foralli=1,...,p}
1<i<j<p
where Csq is the set of all non-negative definite symmetric p X p matrices.

Note that null hypothesis Hy : ¥ = ¥y with a given non-negative definite covariance
matrix Y is equivalent to (1). This follows simply from the fact that we can always transform
the observations X; into Z; = EaéXi and then test (1) using the Z;.

Let us denote by

Qo.Lg) = (S Fla,L); - Y of>¢") 2)
P<iSi<n

The set of covariance matrices under the alternative hypothesis consists of matrices of size

p X p, whose elements decrease polynomially when moving away from the diagonal. In the

following, we assume that n — oo , p — 0o and that p? = ©?(n, p) is related to n and p, but
also to «, L.

The problem of estimation of large covariance matrices has been considered from a mini-

max and adaptive point of view in various setups, see [4], [3], [8], [9] and references therein.

Unlike the estimation of the covariance matrix, the goodness-of-fit test has been considered

in a minimax setup in one previous paper, by [7]. They do not restrict the alternative to



a nonparametric class, they consider Hj : || — I||p > ¢. For this alternative the minimax
optimal rate is of order \/p/in We will see in next Section that this rate corresponds to
the first order term 1/n in the variance of the estimator of ||X — I||%/p. In our setup, the
restriction to the nonparametric class Q(«, L, ¢) makes us go further to second order terms.

Likelihood ratio tests (LRT) were first designed for fixed dimension p, p < n, but the
LRT statistic tends to infinity as p is also large. This was noted by [1] who proposed a
correction of the LRT statistic and showed its convergence in law under the null hypothesis,
as soon as p/n — ¢, for some fixed ¢ € (0,1). Indeed, this correction is based on the
asymptotic behaviour of the spectrum of the covariance matrix. A similar phenomenon was
noted for tests based on quadratic forms of the sample covariance matrix by [16], who also
gave corrected tests for goodness-of-fit and for sphericity for normally distributed random
vectors. In order to deal with non Gaussian random vectors, [10] do moment assumptions
for the stationary law of the observations.

Tests for the identity matrix for large non Gaussian vectors were constructed under mild
dependence assumptions by [17]. They use maximum deviation of the sample covariance
matrix whose limit behaviour was studied by [6] under the null hypothesis and generalized
to Gaussian m-dependent data. These methods show an original limit behaviour of Gumbel
type for the test statistic.

A non-asymptotic sphericity test for Gaussian vectors was studied by [2]. The alternative

is given by a model with rank-one and sparse additive perturbation in the variance.

We describe here the rate asymptotics of the error probabilities from the minimax point
of view. We recall that a test procedure A is a measurable function with respect to the ob-
servations, taking values in [0,1]. Set n(A) = E;(A) = P;(A = 1) its type I error probability,

B(A,Q(a,L,p)) = sup Ex(1—A)= sup Pg(A = 0) its maximal type II error
YeQ(a,L,p) 2eQ(a,L,p)
probability over the set Q(«, L, ¢), and by

V(Aa Q(OL, L, 90)) - W(A) + 5(A7 Q(Oé, L, (P))

the total error probability of A. Let us denote by « the minimax total error probability over
Q(a, L, ) which is defined by

7 =7(¢) =(Qa, L, 9)) = inf (A, Q(or, L, ¢))

where the infimum is taken over all test procedures. We want to describe the separation rate

© = ¢(n,p) such that, on the one hand,

vo1 if 2 o
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In this case we say that we can not distinguish between the two hypotheses. On the other

hand, we exhibit an explicit test procedure A* such that its total error probability tends to 0
V(A" Q(a, L, p)) — 0 if LAY
¥

We say that A* is asymptotically minimax consistent test and ¢ is the asymptotically mini-

max rate.

In this paper, we find asymptotically minimax rates for testing over the class F(«, L).
The minimax consistent test procedure is based on a U-statistic of second order, weighted
in an optimal way. In this, our procedure is very different from known corrected procedures
based on quadratic forms of the sample covariance matrix, see e.g. [16]. This is the first time

a weighted test-statistic is used for testing covariance matrices.

Moreover, our rates are sharp minimax. We show a Gaussian asymptotic behaviour of the
test statistic in the neighbourhood of the separation rate. We get the following expression
for the maximal type II probability error

aif_ B Qe L g)) = Rz = n/Bb()) + 0(1),

where ® denotes the cumulative distribution function (cdf) of the standard Gaussian distri-
bution and z1_,, is the 1 —w quantile of the standard Gaussian distribution for any w € (0, 1).

We deduce that the minimax total error probability is of the type

V() = 2@(=ny/pb()/2) + o(1),

where v?(¢) = C(a, L)p*t'/* as ¢ — 0, C(a, L) is explicitly given. This shows that the

asymptotically sharp minimax rate is
5 = (Cla, Ln?p) /0o,

corresponding to n?pb?(p) = 1 and to the asymptotic testing constant C(c, L).

Analogous results were obtained by [5] in the particular case where the covariance matrix
is Toeplitz, that is 0; ; = o);_;| for all different ¢ and j from 1 to p. We note a gain of a factor
p in the minimax rate. The results are valid for any n > 2 and asymptotics are taken with

p. The asymptotically sharp minimax rate for Toeplitz covariance matrices is

§ = (Cla, Dn2p?) -/t

This additional factor p can be heuristically explained by the number of parameters p — 1 for

a Toeplitz matrix, instead of p(p — 1)/2 for an arbitrary covariance matrix. For n = 1 the



test problem for Toeplitz covariance matrices was solved in the sharp asymptotic framework,
as p — 00, by [11]. Let us also recall that the adaptive rates (to «) for minimax testing are
obtained for the spectral density problem by [12] by a non constructive method using the

asymptotic equivalence with a Gaussian white noise model.

Important generalizations of this problem include testing in a minimax setup of composite
null hypotheses like sphericity, Hy : ¥ = v?- I, for unknown v?
from 0, or bandedness, Hy : ¥ = 3¢ such that [¥g];; = 0 for all i # j with |i — j| > K.

Our proofs rely on the Gaussian distribution of Gaussian vectors. Generalizations to non

in some compact set separated

Gaussian distributions with finite moments of some order can be proposed under additional
assumptions on the behaviour of higher order moments, like e.g. [10]. Finding explicit test
procedures which adapt automatically to parameters o and/or L of our class of matrices will

be the object of future work. We focus here on sharp minimax rates.

Section 2 introduces the test statistic and studies its asymptotic properties. Next we give
upper bounds for the maximal type II error probability and for the total error probability
and refine these results to sharp asymptotics under the condition that n = o(1)p?®.

In Section 3 we prove sharp asymptotic optimality without restriction on n and p large
and deduce the optimality of the minimax separation rates. In Section 4 we present the
rate minimax ressults for testing the inverse of the covariance matrix. Proofs are given in

Section 5 and the Appendix contains the extremal problem providing both optimal weights

for the test statistic and a family of optimal covariance matrices for the lower bounds.

2 Test procedure and sharp asymptotics

In the minimax theory of tests developped since [15], it is well understood that optimal test
statistics are estimators (suitably normalized and tuned) of the functional which defines the
separation of an element in the alternative from the element of the null hypothesis. In our
case this is the Frobenius norm || — I||% = tr[(X — I)?].

Weighting the elements of the sample covariance matrix appeared first as hard threshold-
ing in minimax estimation of large covariance matrices. Let us mention [4] for banding i.e.
truncation of the matrix to its k first diagonals (closest to the main diagonal), [3] for hard
thresholding, then [8] where tapering was studied. It is a natural idea when coming from
minimax nonparametric estimation.

However, that was never used for tests concerning large covariance matrices. In this
section, we introduce a weighted U-statistic of order 2 for testing large covariance matrices,
study its asymptotic properties and give asymptotic upper bounds for the minimax rates of

testing.



From now on asymptotics and symbols o, O, ~ and < are considered n and p tend to
infinity. Recall that, given sequences of real numbers u and real positive numbers v, we
say that they are asymptotically equivalent, u ~ v, if limu/v = 1. Moreover, we say that
the sequences are asymptotically of the same order, u < v, if there exist two constants

0 < ¢ < C < oo such that ¢ < liminfu/v and limsupu/v < C.

2.1 Test statistic and its asymptotic behaviour

For any covariance matrix 3, we recall that the Frobenius norm is computed as

2 2 2
I£-1F=tr((E-D%=2 > of
1<i<j<p
Our test statistic is a weighted U-statistic of order 2. It can be also seen as a weighted

*
ij

(they depend on ¢ and j only through i — j), non-zero only for |i — j| < T for some large

functional of the sample covariance matrix. The weights w}; are constant on each diagonal

integer T" and decreasing polynomially for elements further from the main diagonal (as |i — j]

is increasing). More precisely, we consider the following test statistic:

-~ 1
Dn = YooY whXei XXXy (3)
n(n—1)p -
1<k#1<n 1<i<j<p

where
wy = 2= (1- (L)) | r= e o)
i 2b((p) T +7 T bl
(4)
A = O, L)-¢™ %, b(p) = CY2(a, L) - o>t s
with

Or(a,L) = ((da+1)L)2%, Cy(a,L) =

20 +1 1
Cla, L) = 2a(4a+1)1+1/(2a)L e

Note that the weights {w;};; and the parameters T .\, b%(¢) are obtained by solving an

extremal problem which is postponed to the Appendix.
In fact the weights in (4) have further properties:
1 s 1
w;; >0, » Z wz‘fzia
1<i<j<p

1/a

sup wy; =< as ¢ — 0 and pp/* — o0.

1
i VT’
The following Proposition gives the moments of D,, under the null and their bounds under

the alternative hypothesis, respectively, as well as the asymptotic normality under the null

hypothesis.



Proposition 1 The test statistic D,, defined by (3) with parameters given by (4) and (5) has

the following moments, under the null hypothesis:

E;(Dy) =0, Var(Dy) = ~ 1 QZ Z
n =1 j=1
1<J

nyD Dn 5 N(0,1).

1/a

Moreover, under the alternative, if we assume that o — 0, py — o0 and o > 1/2, we

have, uniformly over ¥ in Q(«, L, p):

. T T
Es ;]lewgw >b(p) and Vars(D,) = m + nT?zQ’
1<J
where
Ty < p-(1+0(1)+p-Ex(Dy,) O(TVT), (6)
T, < ¥ (o(DEs(Dy)) + O(TYNEY(Dy)) +p- O(VT)Ex(Dy). (7)

Note that, under the alternative, we have the additional assumption that pgofl/ *=T/p—0,
when p grows to infinity. This is natural in order to a have a meaningful weighted statistic.
When applied to the asymptotically minimax rate, this condition becomes n = o(1)p*®.

Let us take a quick look at the extremal problem (36): for given ¢ > 0, b(¢) is the least
value that Ex (ﬁn) can take over X in the alternative set of hypotheses.

Under the alternative, we shall establish the asymptotic normality under additional con-
ditions that the underlying covariance matrix close to the border of the null set. This will be

sufficient to give upper bounds of the total error probability of Gaussian type in next Section.

Proposition 2 The test statistic D, defined by (3) with parameters given by (4) and (5),

1/a

such that ¢ — 0, pp'/® — 0o and under the aditionnal assumption that n?pb(p) = O(1), is

asymptotically normal:

ny/B(Dy — Es (D)) = N (0,1),

uniformly over  in Q(a, L, ) such that Ex(D,) = O(b(y)).

2.2 Upper bounds for the error probabilities

In order to distinguish between the two hypothesis Hy and H; defined previously, we defined

the following test procedure

A*=A*t)=1(D, >t), t>0 (8)



where D, is the estimator defined in (3).
The following theorem proves that the previously defined test procedure is minimax con-

sistent if ¢ is conveniently chosen.

Theorem 1 If n and p tend to infinity, the test procedure A* defined in (8) with t > 0 has
the following properties :

Type I error probability : if n\/p-t — 400 then n(A*) — 0.

Type II error probability : if « > 1/2 and if

o — O,pgol/a — 00 and n2pb2(4p) — 400

then, uniformly over t such thatt < c-C'/2(a, L) - 4,02"'% , for some constant ¢ in (0,1), we

have
B(A*(t),Q(a, L, p)) — 0.

If, moreover, t is such that n/p-t — +o00, then A*(t) is asymptotically minimaz consistent:

Y(A*(t), Q(a, L, p)) — 0.

In the next Theorem we give a more refined upper bound of error probabilities of Gaussian
type. The proof of this result explains the choice of the weights as solution of the extremal
problem given in the Appendix.

Recall that ® is the cumulative distribution function (cdf) of standard Gaussian random

variable and, for any w € (0,1), 21—, is defined by ®(z1_,) =1 — w.

Theorem 2 Ifn and p tend to infinity, the test procedure A* defined in (8) with t > 0 has
the following properties :

Type I error probability : we have n(A*(t)) =1 — ®(ny/p-t) 4+ o(1).

Type 11 error probability : if « > 1/2 and if

p = 0, pp!/* = 00 and n’pb?(p) = O(1), (9)
then, uniformly over t, we have

BA™(1), Qla, L, p)) < @(ny/p - (t = b(y))) + o(1).

In particular, for ¢t = t* such that n/p-t* = 21—, we have n(A*(t*)) < w+o(1) and we
also get
BA™(tY), Q(a, L, @) < (21— — na/P - b)) 4 0(1).
Another important consequence of the previous theorem, is that the test procedure A*, with
t* = b(y)/2 is such that

(&), Qe .9) <28 (-vp " ) o).

8



In particular, we get the asymptotically minimax consistent test procedure A*(¢*) if /@ —
oo, where we call sharp separation rate

pleY

G = (01/2(a, L)n\/f)>_m.

It is obtained from the relation n?pb?(%) = 1. Note that the separation rate verifies (9) when

1/« 200

p and n are such that p?®/n — oco. Indeed, pp'/® — oo implies that n = o(1)p
Proof of Theorems 1 and 2. The proof is based on the Proposition 1 and the
asymptotic normality of the weighted test statistic n\/f)ﬁ in Proposition 2. We get for the

type I error probability of A*
n(A) =P(D, >t) =1—®(ny/p-t) +o(1).
For the type II error probability of A*, uniformly in ¥ over Q(«, L, ¢), we have

Vars; (an)

Po(Dr <) < Bu(Du—En(D)| 2 Ex(Dy) 1) € (o2,

for t < c-b(e) and 0 < ¢ < 1. It implies that n,/p -t < cn,/pb(p). Therefore, we distinguish
the cases where n?pb?(ip) tends to infinity or is bounded.

We use the fact that, under the alternative, Ex(D,) > b(¢). We bound from below as
follows:

Es(D,) —t > (1 — ¢)Ex(D,).
Then, it gives

~ < T1 T2

P Dn<t = + = ::S +S .
WP s s - BBy (BB

Let us bound from above S; using (6):

1+ 0(1) N O(T3/?)
n(n—1)p(1 —¢)?6*(¢) = n(n—1)pb(p)

We have T3/2b(p) = <p2_é = o(1), for all @ > 1/2, which proves that :

S1 <

1+ 0(1)
S <
P (= Dp(1 - ¢)22(p)
which tends to 0 provided that n?pb?(¢) — +oo.
We will see using (7) that the term Sy tends to 0 as well:

o(1) O(T**b'2(p)) _o(1)

%S L) T avpble) T npbly)

= o(1) for all @ > 1/2, as soon as n?pb?(p) — +oo.



Now, if we are close to the separation rate: n’pb?(¢) = O(1), we see that whenever
Ex;(D,)/b(¢) tends to infinity, the bound is trivial (S; + S5 — 0).
The nontrivial bound is obtained when ¥ under the alternative is close to the null hy-

pothesis in the sense that Ex(D,,) = O(b(p)) together with the fact that ¢ is close to the
separation rate: n?pb?(¢) = O(1). We apply Proposition 2 to get the asymptotic normality

~ o~

ny/p(Dy, — Ex(Dy)) — N(0,1).

Thus,

~

sup  Py(Dp<t) <  sup  D(nyp-(t—Ex(Dn))) +o(1)

2eQ(a,L,p)) YeQ(a,L,p))
< O(nyp-(t— inf ]Elsn + o(1).
(B (= inf  Ex(Du))) + o)
At this point, choosing optimal weights translates into
inf sup Py (ﬁn <t)
wij>0:27;75j w?j=1/2 2€Q(Q7L’4p))
< ®(nyp-(t— sup inf  Ex(D,)))+ o(1)

wi;>0:37, w?j:1/2 ZeQ(a,L,p))
< @(nyp- (E—bp)) +o(1),

after solving the extremal problem in the Appendix, which ends the proof of the Theorem.

3 Asymptotic optimality

The next theorem shows sharp lower bounds for the maximal type II error probability and

deduces the lower bounds for the total error probability.

Theorem 3 Suppose a > 1/2 and, moreover, that n and p tend to infinity and that ¢ — 0.
Then,

a8 BB, Q0 L) 2 @z1 = nyBb()) + (1),

where the infimum is taken over all test statistics /A with type I error probability less than or

equal to w. Moreover,
(A, Qo Ly ) > 20(—nyp 1P
v =fy(A, Qa, L, p)) 2 22(=ny/p =) + o).
Theorems 2 and 3 imply that the sharp separation rate for minimax testing is

5= (nvpC2(a, 1)) ™7,

10



where the constant C(«, L) is given by (5).
As a corollary, we get that if ¢ is such that /@ — 0, we can not distinguish between the

null and the alternative hypotheses.

Corollary 4 Suppose o > 1/2 and, moreover, that n and p tend to infinity. If o — 0 such
that
n’pb*(p) — 0

then
7= inf (A, Qe L.g)) = 1,

where the infimum is taken over all test statistics A.

Together with Theorem 1, this Corollary shows that the separation rates are asymptotically
minimax.

The proof of the lower bounds is postponed to Section 5. We construct a family of n
large centered Gaussian vectors with covariance matrices based on ¥* given by the extremal
problem in the Appendix and a prior measure on these covariance matrices. We prove that
the likelihood under the null and the average likelihood under the alternative hypothesis tend
to the same limit asymptotically.

The log of the ratio of the likelihoods associated to an arbitrary > with respect to I under
the null hypothesis is known to drift away to infinity (see [1], who corrected this ratio to get
a proper limit). However, the log of the Bayesian likelihood ratio with our prior measure
is asymptotically normally distributed. This property is highly surprising and essential in

proving sharp asymptotic lower bounds for testing in our setup.

11



4 Testing the inverse of the covariance matrix
Let us consider the same model, but the following test problem
Hy:2'=1
against the alternative
Hi:% € G(a, L, \) such that 21p||z1 ST > R

where G(a, L, \) is the class of covariance matrices ¥ in F(«, L) with the additional constraint
that the eigenvalues \;(X) are bounded from below by some A € (0,1) for all ¢ from 1 to p
and all ¥ in the set.

We prove here that previous results apply to this setup and we get the same rates, but
not the sharp asymptotics. Note that, the additional hypothesis is the mildest one that does
not change the rates for testing. Indeed, we see this case as a well-posed inverse problem.
The cases of ill-posed inverse problem where the smallest eigenvalue can be allowed to tend

to 0 will most certainly imply a loss in the rate and is beyond the scope of this paper.

Theorem 5 Suppose o > 1/2, L >0 and A € (0,1). If n and p tend to infinity and 1) tends

to 0, such that pp'/* — oo, then @ is the asymptotically minimaz rate for the previous test.

Proof. Note that ¥~! = I if and only if ¥ = I. Moreover, if ¥ belongs to G(«, L, \) such
that iHZ_l — I||% > 92, then ¥ obviously belongs to F(a, L) and is such that

Lo s Xpm > a2
2p F= 9 F= ’

Thus we can proceed with our former test procedure, with ¢ replaced by Ay and we obtain
the upper bounds in the definition of the separation rates.

The lower bounds in the previous Section will also remain valid. Indeed, this proof is
based on the construction of a subfamily {¥}; : u € U} on the set of alternatives. We have

proven in Proposition 3, that
min \;(X7,) > 1 — O(tpl_l/(m)),
7

and we have o > 1/2 and ¢ = M) — 0 as ¢» — 0 and therefore, 1 — O(p!~1/20) > X for
1 > 0 small enough. Thus, this family belongs to the set of alternatives we consider here, as

well. m

12



5 Proofs

Proof of Theorem 3. Recall that v = inf,e(o1)(w + infaqa)<w) B(A, Q(a, L, ¢))).
Therefore it is sufficient to deal with the maximal type II error.

The first step of the proof is to reduce the set of parameters to a convenient parametric
family. Let ¥* = [0/;]1<ij<p be the matrix which has 1 on the diagonal and off-diagonal

entries o7; where

=

o_:j:\f)\<1_(|i;j|)2a) for i # 7, (10)
+

with A\ and T are given by (4) and (5).
Let us define Q* a subset of Q(«, L, ) as follows

Q" = {3y : Byl = (i = J) + uijoii (i # j)hi<ij<p » U €U,
where
U= {U = [uij]lgid‘gp DU = O,Vi and Ujj = Ujq = +1- I(‘Z —j‘ < T), for ¢ 75 j}

The cardinality of U is p(T — 1)/2.

Using Proposition 3 hereafter we have that for all ¥7; € Q*, ¥}, is non-negative definite,
for ¢ > 0 small enough.

Assume that Xi,...,X,, ~ N(0,I) under the null hypothesis and denote by P; the
likelihood of these random variables. We assume that Xi,..., X, ~ N(0,%};), under the

alternative, and we denote Py the associated likelihood. In addition let
P, = _ P,
T op(T-1)/2 Z U
veld

be the average likelihood over @Q*.
The problem can be reduced to the test Hy : Xi,...,X,, ~ Pr against the averaged
distribution H;i : X1, ..., X;, ~ Py, in the sense that

A:ni(rif)gwﬁ(ﬁ(t), Qa, L, ) = A:Ui&f)gwﬂ(ﬁ(t)fn) +o(1)

and that
inf (A, Qo Ly ¢)) = inf (A, Pr) + o(1).

It is, therefore, sufficient to show that

o0 BA®)P) 2 (- (= b)) +ol1) (11)
and that
il&fq/(A, Pr) > 2®(—ny/p b(;p)) + o(1). (12)

13



In order to obtain (11) and (12), we apply results in Section 4.3.1 of [14] giving the sufficient
condition that, in P; probability:

2
log‘?(Xl,...,Xn) = wnZy — (L4 0p(1)), (13)
where u, = n,/pb(p) and Z, is asymptotically distributed as a standard Gaussian distribu-
tion. Let us finish by proving (13).

Proposition 3 For o > 1/2, the symmetric matriz X7, = [uij07;]1<i j<p, with of; =1, for
all i from 1 to p, and o7; defined in (10) is non-negative definite, for ¢ > 0 small enough,
and for allU € U.

Moreover, denote by My, ..., \pu the eigenvalues of £f;, then [Ny —1| < O(1)p!—1/(2a)
for all i from 1 to p.

We deduce that
IS5l < 14 O(p!~3) and | — || < O(p' "), (14)

Indeed, [|X}| = maxj—1,..p v <1+ O(cpHi) and X7; — I has eigenvalues \; y — 1.
Proof of Pr0p051t10n 3 . Let us check the case where u;; = 1 for all ¢, j such that
|i — j| < T and the generalization to all U in U will be obvious. Using Gershgorin’s Theorem

we get that each eigenvalue of ¥, = [u,-ja;‘j]lgmgp lies in one of the disks centered in o;; = 1

P
and radius R; = E luzjo;| = E o;;- We have,

j=1 j=1

i#i i#i

- * - - ¢ ]| 2c0 % k 2a 2
S = A3 (1) <2y (1 )
j=1 j=1 +
J#i jsﬁiT 1

< 2A(Y0- (%)20‘)>§T% — 0(1)TVA
k=1

< O(l)cplfi — 0 provided that o > 1/2.
We deduce that the smallest eigenvalue is bounded from below by

1

rrlnn Xiv > IIllIl{O'“ E 1 ot =1~ max E o >1— O(1)p' ™2
j=

J#i j;éz

which is strictly positive for ¢ > 0 small enough. =

Let us continue the proof of (13). More explicitly,

fr

log —
1

1 n
(X1, Xn) = logEyexp (—QZX;I <<E*U>1—I)Xk—glogdet<2’&>>,
=1

14



where U is seen as a randomly chosen matrix with uniform distribution over the set U. Let us

denote Ay = ¥j; — I and write the following approximations obtained by Taylor expansion:
En) =1 = —Au+ A1 +o(1))
1 1
logdet(X}) = tr(Ay — 5A%,(l +o(1))) = —5tr(Z" - N2(1+0(1)).

Indeed, tr(Ay) = 0 and tr(A}) does not depend on U and equals the Frobenius norm of
>* — I. This gives

lOg 7(X1) 7Xn)
f1
1 — n
~ logEy exp <2 S X (Au - A} (L + o)X + (2 - 1)1+ o<1>>)
k=1
n
= log | Eyexp Ujj0; Z XiiXk,j — (14 0o( Z Ui U030 h; Z Xii Xk j
1<i<j<p k=1 h&{i,j}
1 + O - - * \2
- exp Z Z 24 Z Z (07)°(1+0o(1))

k=11i=1 JigFi 1<i#j<p
Now, we compute the expected value with respect to the ii.d. Rademacher variables u;, j,,

Uiy B UR,j, TOr all 4y < j1, @2 < jp and h different from iy and jo. Denote Wi = > )| X i Xy j

and get
log L“);W(Xl,...,X) = log H cosh(a7;Wij) H cosh(a7,05,;Wij (1 +0(1)))
1<i<j<p hg{i.j}
1+0 - n
DS XL S+ S (o)
k=11i=1 JijFi 1<i#j<p
1
=3 log cosh(o;;Wi;) + Z log cosh(a7, 07, Wi (1 + o(1)))
1<i#j<p he{i.j}
nop
o *
R R DML I WAL

k=11=1 Jiy# 1<i#j<p
Now, we study the last expression as a random variable under the null hypothesis. Recall
the Taylor expansion of log cosh( ) =u?/2 —u*/12 4+ O(u) for small u. See also that, under
2a+1 2a+1

the null hypothesis, [o7;W;;| = Op(VAn). Or, vV An = QT2 /p = o(1)n~ 4a+1+2p lotl =

0(1). We use the expansion for

1 *
E(Uijw ) + O((o7; Wii)®)

and, similarly, for log cosh(a7,07,;Wi;(1+0(1))). We can check that, for all i # j, 0 iy 0504 =

1
log COSh(O’;}Wij) = §(Uz>‘kjWij)2 -

o(c};). Indeed, on the one hand, |j — [ is at most 7' — 1 and we have

(07;)* = M1 = (1 = 1/T)*) = O(N/T) = O(p* /).

15



On the other hand,

Z TinThj < Z (07)% = O(¢%)

h#{ij} hg{i,j}
and % = o(p' /) for all & > 0 and ¢ — 0.

Thus, we get
1fXX—1 1W2i W+ O((0)° W
1<i#j<p
1+0 N g2 )2 n £)2
XE @S > P+ o(1)
k=1 1i=1 JijFi 1<i#5<p
- *Z Z Qszng Z Z XkZXk,]Xlle]
k=11<i#j<p 1<k7él<n1<z<j<p
1
- X (Gl s+ o)
1<i<j<p
1+0 oS )2 n 12
ZZX/”Z o+t Y (0n)P+o).  (15)

JiF 1<i#j<p

With our definition: o7; = w;1/2b(¢) and we see that

Z Z Xk sz ]Xl zXl] - n\[b( ) n\/ﬁﬁn
1<k7él<n 1<i<j<p
and we can put Z, = n\/ﬁﬁn which is asymptotically standard Gaussian under the null
hypothesis, by Proposition 1.

Note also that W;; are non correlated, identically distributed for all ¢ < j and that W;;/y/n
is asymptotically standard Gaussian. Therefore, IE(VVé /n?) = 3(1 + o(1)) and E(Wé /n? —
3)2 = o(1), for all given i < j and n large. We deduce that,

Lo wyagra _ Lop(1) 5 aya _ L+op(1) 5 9 up
Z E(Uij) Wij=——0—""3n Z (05)" = ————n"pb*(p) = ?(1 +op(1)).

— 12 — 4 2
1<i<j<p 1<i<j<p

Moreover, > 1 «; <l 13)6W3 = op(u?) since

> (o5) W = OP(SEP(US}W%)Q) > (05)' Wi = op(ul).
i<j

1<i<j<p 1<i<j<p

Remaining terms in (15) can be grouped as follows:

LoD S S (0B — DX, — 1) = Op(Va Y (o))

k=11<i#j<p 1<i<j<p
= Op(l)(nPbQ(w))l/2 = op(un),

16



which concludes the proof of (13). |
Proof of Proposition 1. We recall that under the null hypothesis the coordinates of

the vector X}, are independent, so using this fact we have :

Var;(D,) = 2~ Var ZZZ ZwUXka]Xz iX1;)

=1 j=11=1 k=1

1<j k#l
. *2 4 —
= n—l QZZw EY(XT,) _nn 222 = n—l)
=1 j=1 =1 j=1
i<j 1<j

For $ € Q(a, L, p),

Ez(ﬁn) ZZZ ZleE Xk sz,]Xl 1Xl,])

zl]lllkl

i<j  k#l
1 p p
*Z D W B X0 B ) = 23w
z 1 =1 i=1 j=1
1<j 1<j

Remark that an —Ex (an) can be written as the following form

Dy —Ex(D,) = n(n—1)p ZZZZ% XniXng = 0ij) (XX — 0ij)

llklzl]l

k#l 1<J
9 n p P .
+n7p Z Z Zwij(Xk,iXk,j - Uij)gij (16)
k=11i=1 j=1
1<j

Then the variance of the estimator an is a sum of two uncorrelated terms

- 9 p p i}
Varsy(D,) = SES{) ) whi(X1iX1; — o) (X2 X — 03)}

n(n—1)p po et
» (17)
+ —]Eg{z sz] XXk j— 0i)045 1

i=1 j=1
1<J

17



Now we will give an upper bound for the first term on the right-hand side of (17). Denote by

P P
i = 2Es{) ) wi(X1:X1; — 0i) (X2 Xaj — 0ij)}
i=1 j=1
1<j

P p p P
- %Z ZZ wajw;leZE{(Xqu’j — o)) (X0 X1 5 — o)}

i=1 j=1i=1j'=1
i#j ’#J

2
- 72222“@” (0i0jj + 04103 5)

i=1 j=1i'=1j/=1
i A

We shall distinguish three terms in the previous sum, that is (7,j,7,j") € A3 U Ay U As,
where Ay, Ag, A3 form a partition of the set{(i,7,4’,j/) € {1,...,p}* such that i # j, 7' # j'}.
More precisely in Ay we have (i,5) = (¢, 4') or (i,7) = (§/,7), in A2 we have three different
indices (1 = and j # j') or (j =7 and i #i) or (i =7 and j #4) or (j =4 and i # j')
and finally in Ajz the indices are pairewise distinct. First, when (7, 7,4, ) € A1, we use that
Vary (X7 ,;X: ;) = (1 + U%)Q, to get

PP PP
Ty = ZZU}: +O’2J —ZZM +ZZw 20 + ol )
i=1 j=1 i=1 j=1 i=1 j=1
i#] i#] i#]
PP
< p-i-SZZw;"]?a?j §p+6-p~L-supw;"j2 (18)
i=1 j=1 &
i#]

and this is p(1+40(1)) since sup wff = (1/T) — 0. When the indices are in Ay, we have three
i?j
indices out of four which are equal. We assume 7 = ¢/, therefore it is sufficient to check that,

P P D
Tio = 2 Z Z wajwfj'(gjj’ + Uijgij’)Q
i=1 j=1j'=1
J#U §' i
J#J
p
< 422 waw /J 1% +4ZZ Zw Wy ,Ul]a”,
i=1j=1j'=1 i=1j=1;'=1
JF# § i JF# § i
J#J J#

Now let us bound from above the first term of T o,

p p p p | - |2a p
Tiop=) > D wiwioy, < Y >, waw o5y + Z Z : Té]a Ty D Wiy
i=1 j=1 j'=1 i=1 j=1 j'=1 j=14'=1 i=1
JF §I# JF j# J# §'#i
J#y li—=3'I<T li—=3'1=T

(19)

18



Again we will treat each term of 71 o1 separately. We recall that the weights w;‘j verify the

following properties

P
for |i —j| <|i' —4|) and Zw%xﬁ.

i=1

* *
(’LUU > wi/j/

In the rest of the proof we denote by ko(a, L), k1(c, L), . .. different constants that dependent
only on o and/or on L. We have for o > 1/2,

p p
CBTEED ) 3) SIAEED S D WRTTIES S 9 oI
=1 j= 1]—1 i=1 ]1]—1 i=1 Jlj—l
J#T § i J#L %4 JF#L §' i
Ij*j’|<T |J’*J”\<|i*j|<T li—j|<li—Jj'|<T
wiwiyli =3P,
< XY wp Yy Yy Wi
Jj=14'=1 =1 Jj=14'=1
J?ﬁl 3 J?ﬁl]] £
li—J'I<|i—=3|<T |i—j\<|j—j’\<T
< ko(e, L) - VT - p-Es(Dn) + supwzg ZZU—] [P0, Z |2a
Jj=1j=1
J#3’
< ko(a, L) - VT - p-Es(Dy) + ki(a, L) - L-p- (supwj;)?
,J

< p Ex(B) (0T +0(7)) (20)

For the second term in (19), where |j — j/| > T', we use the following bound:

p

i#5.5" 2;&],]
then we prove that,
=3P 5 < L-p p
Ti212 = Z Z T2 J]’ Z wjjw;kj' < T2 = O(2T2a) o(p)- (21)
j=1j'=1 i=1
Ve )
li—3'1>T

Note that supo;; < 1. The second term of 17 2, is bounded as follows:

i.J
p p p
Tiae = D05 Swjuiobol =3 (S uie) (X wised)
i=1 j=1j'=1 =1 gj=1 i'=1
J#L § i J#i §'#i
J#i
p p p
< Gwwpsw (D oh) (XD wiel)
bl ¢ j=1 i=1 j/=1
1<]j—i|<T J'#
< 2L-(supw}j)-T-p-Ex(Dy) <p-Ex(Dy)  OVT) (22)
2%



As a consequence of (20) to (22),
Ti2 <p-Es(Dn) - O(VT) + o(p) (23)
The last case, where (i, ,4, j') vary in As, the indices are pairwise distinct,

_ * 0k 2
T173 = E Wi Wi o (O’iilajj/ + O-ij’o-i’j)
(4,3,7,3')EAs

E x 2 2 E * g0 2 ;2
(i:jzilzj/)EA?) (izjzilzj/)EA?)

IN

As the two previous terms have the same upper bound, let us deal with the first one say 77 3 1.
We should distinguish two cases, the first when |i — /| < T and the second when |i —i'| > T.

We begin by the first case, which in turn will be decomposed into three terms. First,

o 2 : * ok 2 2 2 : *2 2 2
T173,171 -— wwwz/j/O'“/O']j/ S wl-l-/O'ii/Ujj/
(i7j7i/7j/)eA3 (7/7]77//7]/)6143
li—g|>|i—a'| |5 —j"|>]i—i’| limg|>[i=a'|,|¢/ =3’ |>]i—i’|
* * 2 2 * 2 N
< (supwjy) Y whiod > ojy < (supwy;) - T° - p- Ex(Dn) (24)
" 1<ii'<p 1<5,5/<p "

I<li=g],|¢" =5'|<T

Then,
L * %k 2 2 * ook 22
Tizi2 = E Wi Wi s O O < E Wi Wiy G310 g0
(i7jai/’j/)€A3 (i7jvi/7j/)€A3
li—j|<|i—d'|<T,|é! =5 |>|i—i'| li—gl<|i—d|<T,|é! 5" |>15—5"|
* 2 S N
< (supwj;)-T? - p-Ex(Dn) < ko(a, L) - TVT - p - Ex (D) (25)

ij
Finally, using Cauchy-Schwarz inequality, we have,

*

— § * 2 2
T1’371,3 = wwwi/j/O—ii/O—jj/

(i7j77f'/7j/)€A3
li—j|<|i—i/|<T,|i! —j'|<|i—i|<T

o * ok |7“ B Z./|204 2 2
- Z WijWirjr - i — je]i — '] "0 95
(iijuilvj,)EAS
li—jl<|i—d'|<T,|i! 5 |<|j—3"I<T
p P o2,
< (sup wfj)2 Z Z i — i/,ZanZi/ Z L a]?/ i
iv.j =1 /=1 1< 4.4 < ‘Z_j’ |1’ _-]‘
i 1<[i—jl.|i'—j'|<T

1

< k3(o, L) -T7'-2pL-max{1, 772"} = o(p) for a > 3 (26)

20



Now we suppose that we have |i — 4’| > T, then,

1200
— 2 2 _ i =77 5
T1’372 = Z ijw /j/O' /O-]]/ = Z U)ZJU] /J/Wg /U]J
( 2,51 7_]/)6143 (ivjvilvj/)eAd
li—i!|>T li—i!|>T
(sup wy;)?
i,J .
< —m— X li-iPeh > o
1<i,i’<p 1<5,5'<p
1< i=j],l" =5"|<T
(sup wy;)?
o ka(a, L) - 1
7 4 ) p
Finally we obtain, from (24) to (27) :
Tis < p-Ex(Dy) - O(TVT) + olp). (28)

Put together (18), (23) and (28) to obtain (6). Let us give an upper bound for the second
term of (17),

p p
=1 j=1
z<]

P P
ZZZ waw 01000y Bx (X1, X0, — 035) (X100 X150 — o)

i=1 j=1i=1j'=1
'#j ’#J

P
* * *
g g g g Wi W} 0300 (07,07 + 07507)

i=1 j=1¢'=15'=1
it A
Proceeding similarly, we shall distinguish three kind of terms. Let us begin by the case when

the indices belong to Aq,

PP PP
Toa = 2) 3 wifolBsl(X1iXe; —0y)] =233 wifoh(1+of)
=1 j=1 i=1 j=1
1#] i#]
PP
< 4(supw; )Z wajafj =8(supw;;) - p-Ex(Dyn) = 0(1) - p-Ex(Dy). (29
,J i=1 j=1 2y

Next, when (i, 7,4, j') € As,

To Wiw;5 03045 (050 + 0ijosg)

|
W
(7=
(7=
S =
<L
: M*ﬂ

-
Il
—_

LS.

el

Nl
S

,awauxaj]/+4g E E w;;w; /O’ZJ(TU/

=1 j=1j'=1
J# 54

Il
1
NE
NE

S

~
Il

—_

..
il

S0

QLS.

AN

Sl
S =
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We bound from each term of T3 o separately. Using Cauchy-Schwarz inequality two times we

obtain,
p p D p P P 12, P 1/2
2 2 2
Toox = D03 D whwipoyoiyoyy < 35D whoy( Y witel) (D o)
i=1 j=1 j'=1 i=1 j=1 j'=1 j'=1
JF j# J#i §'#i J'#i
p P 221/2ppp ) 1/2
< (XX wiel) (X wiiel > )
i=1 j=1 i=1 j=1 j/=1 j'=1
J#i J#L 44 G
< (suwpwjj)-p-Es(Dy) - O(WT) = O(1) -p-Ex(Dn)
Z?]
The second term in 73 2 is 7122 and therefore,
Ty = o(1) - p*2 - Exy(Dy). (30)
Finally, when (4, j,4,j’) € Az, we have to bound from above
Thg = Z Wy W 51 030010y 0 ir + ZZ Wy W 1 O3 0010500

(ivjvilvjl)EAS (izjzilzj/)EAS

These last two terms, in 75 3, are treated similarly, so let us deal with :

E ij /j/01]0'23’0 /U]]
(1,31 ,5") € A3

< ZZ(Z% u>1/2<2w” U>1/2<Zw//0//>1/2<zw,,g )1/2

< (ZZ Zw” oi;) Zw, 10%,) )1/2< Z wwwlﬂ%ﬂ%l)uz
(4,5,i',5") € A3

< p-Eg(ﬁn).< S whulude 121/)1/2

(ivjvilvjl)EAii

Using the upper bound of 77 3 obtained previously, we have

Tos < pyp- (EY*(Da) - O(T%*) + Ex(Dy) - o(1)) (31)
Put together (29), (30) and (31) to get (7).
The asymptotic normality under the null hypothesis is obvious. ]

Proof of Proposition 2. We use the decomposition (16) in the proof of the Proposi-
tion 1 and we treat each term separately. Recall that, by our assumptions, n./p - Eg(@n) =
O(1). Use (7) to get

Varg( Z Z Xlle] Uij)“@‘]’)

l 1 1<i<j<p
(172 (1) (Do) + OB (D1)) +p- En(D)O(VT))

. . 3/4
— o)nvFBs(B) + (0B Bx(B)? - OV b nyp Bx(B) o) (32

IN
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This tends to 0, since 7% /n?p = (n?pb?(p))~! - p*=2/* = o(1), which is true for all o > 1/2.
It follows that, for proving the asymptotic normality, it is sufficient to prove the asymptotic

normality of

n\/ﬁ Z Z Xk i Xk — Uij)(Xl,z‘Xl,j — Jij)-

l<k:7él<n 1<i<j<p

We study V,, centered, 1-degenerate U-statistic, with symmetric kernel H,, (X7, X2) defined

as follows
Vn = Z Hn(kaXl)a
1<k£I<n
1 *
Hy(X1,X2) = ——= Y wij(XpiXp; — 05) (X1 X1 — 03)).
WP e,

We apply Theorem 1 of [13]. Therefore we check that Ex,(H2(X1, X2)) < +oc and that

EZ(G%(XL Xz)) + TZ_IEE(Hé(Xl, XQ))
E$(H3(X1, X2))

— 0,
where Gy, (z,y) = Ex(H, (X1, 2)H,(X1,y)), for x,y € RP. We compute

1
Gnlz,y) = 5 YooY wiwhwirg —0y) iy — 0i) (00 + oujoiy).
P <iTi<p 1<ir<yi<p

Since n4/p - Ex;(Dy) = O(1), and from the inequality (6), we have

Es(Hy(X1,X2)) = 55 (1 +0(1)) .

m o2
In order to prove that IEE(G2 (X1, X2))/E%(H2(X1, X2)) = o(1), it is sufficient to show that

2
_ 2
EE( > > wiwh (XX — 0i)(Xow Xojr — o) (0o + Ui'jffij')) = o(p”).
1<i<j<p 1<i1<j'<p

In fact,

2
EE( YooY whwhp (XX — 0y)(Xow Xy — 0uje)(0irayy + U"’J'Jij'))

1<i<j<p 1<¢'<j’<p

. *
B Z Z Z Z wi1]1w’13{w%232wz’3’ (Uml 04134 +011j1011]1)(01212 5255

1< <1 <p 1<if <1 <p 1<iz<ja<p 1<if<j5<p
05, 0ingty) - Bl X1 X110 — 000 (X 1,0, X1 jo — Ging)JE[(Xa i Xo g1 — 01 j1 ) (X Xo g —

f— * . . . . . .
- Z Z Z Z Wiy 5y Wi ﬁjiwlzjzwl’zjé( Tiyiy Oy + U’L’Nlallﬁ)

1<in<j1<p 1<) <ji <p 1<i2<ja<p 1<il,<jh<p

(01212 j2d% 1+ 012]2012]2)(01112032]1 + 0“]20'1231)(0'2/ 14503441 + 04,45 Tib 5, )

23
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To bound from above (33), we shall distinguish four cases. The first one is when all couples

of indices are equal,

G o= 3w (L eR )t S (wpwi) - (up(L+af )0 D0 il
1<ii<ji<p 11,J1 1,1 1<ii<ji<p
< 8- (supwy) p=o(p)=o(p?).
7417]1

The second one is when we have two different pairs of couples of indices, which can be
obtained by two different combinations of the couples of indices. When we have equal pairs

of couples of indices, as for example (i1, j1) = (i, j2), (i1, 1) = (i3, J3) and (i1, j1) # (i1, 1),

we get
Go1 = Z Z 1191w '1]1 (Uiliigjlji + Uiijlailh) (1+ 01131)(1 + 01/131)
1<i1<j1<p 1<¢/ <]£<p
S (Sup wzljl) (Sup(l + 011]1)2) ) Z Z wu]lw 4 ’( 1111 ]1]1 1+ O-illjlo-ilji)Q
11,J1 11,J1 1<i1<ji<p 1<i <j| <p
< 4-(sup wml) n?(n—1)%p% Eg(H2(X1,X2)) =4- (sup wml) -p = o(p?).
7/17.]1 117.]1

When we have three couples of indices equal, for example (i1, 1) = (i2,j2) = (ih,75) and
(i1,51) # (i1, 1), we get

Gao = E § wzljlwzllji(o-llll gy T i1 0ig; ) (1+ 01131>(1 + Ul']{)
1<in<Gi<p 1<) <41 <p

< 4-(supwyy,) - nP(n — 1)%p* - Ex(H2 (X1, X2)) = o(p?).

21,71

For the third case, there are three different couples of pairs of indices, for example, (i1, j1) =

(ih,7%) and (i1,51) # (¢}, 41) # (i2,j2). Using Cauchy-Schwarz inequality several times we

24



obtain,
— * 2 (g .
gs = Z Z Z Wiy 5, Wi lljiw'LQ]Q (0-111'1 95141 + oy i1 n]{)
1< <1 <p 1<) <jj <p 1<ia<ja<p

(CiriyTjajy + Ui1j2(7i2j1)(az i20 o5, T 0111202211)(1 + Uzg ]2)

IN

*2
E : E : w; /1]in2]2 (Ui'li20j2ji + Gi’ljzamj{)(l + Uzz ]2)

1<) <j1 <p 1<i2<j2<p

1/2

X 2

§ : Wiy 1 (Jiliﬁajlj{ + Ui'ljlailji) )

1<i1<j1<p
2\ 1/2
* . . . . . . . .
§ : wiljl(‘f@lzzaph + i1 j2Tigjr) )

1<i1<j1<p

1/2
* 2
< g wm2 (14 0iy5,) ( E Wy (041020 jngt + 0it 5y Tinjt) )

1<ia<ja<p 1<if <j1<p

1/2
* *
( E : § : wi’ljgwhjl( i, 010 + iy Oty ) )

1<) <1 <pl<ii<ji<p

1/2
wiljl (0Z12203231 + 021]2022]1) ) .
1<i1<j1<p

Moreover, we recognize in these bounds

2 2 2
Z Z w; lljiwlljl(o-lllllo-]ijl + O-iljio-i'ljl) =n"p - Ex(H,(X1, X2))

1 <jii1<ji

which is O(p). Thus,

1/2
2
Gs < sup(l+o7,,) ( E E wmzwzg];(%ig%ga‘{+°’z”1j20z'2j1))

12,72 1<ia<jo<pl<i| <ji<p
1/2
'(“2p-Ez(H2(X1,X2)>- Y. DL wipw ml(%af’a‘zm”w"im)Q)
1<ia<jo<pl<ii<j1<p
3/2
< 2(sup ) ntpd BYP(HA(X, Xo)) < (sup ) - p*% = o(p¥/2) = o(p?).
i1,71 11,71

Now we will treat the last case, when the pairs of indices are pairwise distinct, in this case,
we have 16 terms to handle. As all terms are treated the same way, let us deal with:
R * *
G = Z Z Z Z Wiyjr Wi ’uiwmzw b4

1<i1<j1<p 1<) <ji <p 1<i2<j2<p 1<i,<js<p

014 Ti9it 0§24 0 415, Tiria 0 jag1 O i, 0 54 !

In order to find an upper bound for G4, we decompose the previous sums, into several sums,
similarly to the upper bound of (28). That is (i1, j1,%,j1, 2, J2, 5, j5) € J1 U Jo U -+ U Jyg,
where J1, ..., Jig, form a partition of the set {(i1, j1, %}, 71,92, j2, 15, j5) € {1,...,p}3}. Let us
define,

Jl = {(ilajhillaj&aiQajZaiIQ’jé) € {17 s 7p}8; 1< |7fl - ’L,1|a |Zl - ’L.2|, ‘22 - Z/2|7 |Z/1 - Z/2| < T)}7
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J2 = {(ilvjlaillajivi%j?viéajé) S {17 s 7p}8; 1< |i1_i/1|’ |Z.1_Z.2‘a |22_Z/2| < T? and |Z/1_Z/2| > T)}7

and so on, for all J.,r =3,...,16. To bound from above the sum over J;, we partition again

Ji, J1 = J171 UJ---u J1716 such that,

Jii = {1,841 02, g2, i, 5b) € {1, B fin — | < lin — gl i) — ] < Jé) — il
i1 —d2| < liz — j2| and iz —dp| < |iy — jsl},

and so on, until we get the partition of Jj.

R * *
Gi1 = E E g g wmlwz/lj,wme b
1<i1<j1<p 1< <j| <pl<iz<ja<p 1<il<jb<p
(31,91,47,31 12,J2,35,55) €J1,1

Uzlz ]1]101212 32]2011120j2jlaz’z’20]231

IN

E E w 1112 wz’ 1l wz21’2 Oy, Tigil, Oiria O if il
1<iy,iy <p 1<iz,i5<p

E : § : 042559 4147 952519 3454

1<51,51 <p 1<52,55<p
1<lir—g1ls|¢] =71 1,lie—g2,li5 —g5|<T

4 E E w*
< T (Zsupw“]l \/ i17] mawz/lz/ngz iy, Tiniy iy Tiai2 0y il
. 1<, <p 1<, i <p
1/2
4 E § 2 2
< T (SuprUl < w /’LU z’azlzl Zgié)
o 1<in,i) <p 1<ia,ih<p

. wt o wh ot ol 12
drig ihih Y inia Y il il

1<iy,iy <p 1<i0,ib<p
< Tt (supw -p2 . E%(Dn)

11,01

Z1‘71)

Again, by our assumption that n?p - E%(f)n) = O(1), we can see that :

T3

Gt < rolay L) -T? - p? -EA(Dy) = p* - O(—) = p2 - o(1)

n2p
where, from now on, xo(«, L), k1(a, L), ..., denote constants that depend on o and L. Now,

we define JLQ = {(il,jl,ill,ji,ig,jg,ié,jé) € {1, - ,p}g, such that |Z'—Z',‘ < ’i—j|, ‘Z',—Z'll‘ <
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[i" — 7|, |i — 1| < i1 — j1| and |ix — i}| > |#} — 71|}, thus we have,

. *
g472 = § : § : § : § : wi1]1w/1]1w12]2w1/2]’0—112 04914, 0 154 O 5255 Oi1i20 5251 04! i, T 5b 54

e =
(1,J1,81,31 512,02,15,55)€J1,2

)3/2 .

< (swpwiy)P DT D0 fulgwi gy lie = b1 04y Oy a0,
1,51 1<11,zl<p 1<12,12<p
1
E E B —j’!a 042349 4151 9 52919 34 44
1<51,51 <p 1<42,55<p 2 2
1<|iv—j1],l#) =71 1:lia—gal,lih—35|<T
1/2

5/2 200 2 2

< (supwm1 ( g g m iz — 5 Tiril) ‘Tigig)

o 1<i1,i} <p 1<ia,ib,<p

1/2
( Z Z wilhwi’liéailigai’li/Q) -T° - max{1,T }
1<i1,#) <p 1<i2,i,<p

< V2L (swpw} ;)2 1% max{1, 771} . p* - EY*(Dy)

7/17]1
Therefore,
Gio < ki(a, L) - max{T7/4 T4~} . EY2(D,)
_ 1
< mi(a, L) - max {77/ T/} O(m)
= o(1) since T?/n*p — 0 (34)

Using similar arguments, we can prove that all remaining terms tend to zero. In consequence,

Ex(G3 (X1, X2))
E2(H2(X1,X2))

Now let us prove that, Ex(H2 (X1, X2))/EL(H2(X1, X2)) = o(n),

Ex (H (X17X2 n4 2 Z Z Z Zwllh 12]2w13J3wZ4J4

11 <J112<J213<J3%4<J4
2
ES[( X1, X150 — 00 (X1, X1 o — Tigin) (X115 X155 — Tigs) (X104 X154 — Tigga)]

The above squared expected value is a sum of a large number of terms that are all treated

similarly. Let us consider examples of terms containing squared terms and products of terms,
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respectively. For a > 1/2,

I * * * * 2 2 2 2
Hi = Z Z Z Zwimwm‘zwz’gjswi4j40i1i2‘7j1j2Ui3i4‘7jaj4

i1<j1i2<j2i3<j3i4<j4
p p 1
< supw g g iy — ia|*Y02 E sup o2 E —_—
= ZJ L2 Q172 Jij2 j1 — j2]2@
i1=1ip=1 =1 J2 jo=1
lir—j1]<T lig—j2|<T
p p
2a 1
\z;», — 4] 1314 supajw4 7| A
i3=11i4=1 js=1 Ja Ja=1 J3 = J4
lis—j3|<T lia—ja|<T
< 16L% - (2a—1)"2%. (sup wj; N p*T? < ko(o, L) - p

7]
The terms containing no squared values are treated as, e.g.,
wiljl wigjng‘gjng’4j4 01112GJ1]2013Z4GJ3]401113 0313302214UJ2]4
11<J112<J213<j3t4<ja
We can see that Ho coincides with G4 2. Then we can deduce that ,

Ex(Ha(X1, X3))

BL(HA(0, X)) O T

Finally we can apply [13], and we obtain:
L
Z > wi(Xki Xk — 03) (X1 X1, — 015) = N(0,1). (35)
1<k7£l<n 1<i<j<p

Combining (32) and (35), we have by Slutsky theorem that:

n\/ﬁ (ﬁn - EE(ﬁn)) i> N(Ov 1)'

6 Appendix - Optimal weights and covariance matrix

We solve the following extremal problem that appears in both sharp upper and lower bounds.
Indeed, the solution of this problem defines the weights (w};)1<i,j<p that appear in the opti-
mal test procedure and the covariance matrix X* that we use to construct the subfamily of
covariance matrices in the proof of the lower bounds.

Recall that Q(«, L, ) is the class of covariance matrices in (2). We define the sequences

(w};)ij and (07;)i; as solutions of the following optimization problem :

* .
- g wy;o U = sup inf - E wijo w (36)
ij=1 (wij)ij : wi;>0; E: B=(04j)i,55 ” 1
1<j 1 P 2 ,1 YeQ(a,L,p) 1<j
1,j= 1%
1<J
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We denote by b?(p) = W Z a;f.

ij=1
1<j
the problem (36) is equivalent to

inf - E WijVij

By defining v;; = o” )

sup

. . o1 2

(wig)ig + wiz>0; (vij)ij  viz=0; 5 ” 1 li=31* v <L, ij=1

1 p 2_; 1<J 1<J

1,j= 1% 1 p )
i<j 1,j=1 Vij >
1<j
= sup llnfp o - E W;jV;j

(wig)ij + wi;>0; (vij)i; + vi;=0; Z” 1 1i=3* vy <L, D, ij=1

15w <l i<j i<j

i,j=1 Wij=2 15p
i< i,j=1 Vs 2"
1<J
p
. 1
= 11nf su - Wi;Vij,
. . 2
(ig)ig = 0205 5 357 i =g <L) ((wig)iy © wig>0,) Py
1<j 1 P w2 <1 1<j
1s~p . 1,j= 1%iS2
p ~4,5=1 vij 2 1<j

where we used Proposition 4.1 in [14]. Indeed, the set of parameters over which we take the

infimum is convex. Now using Cauchy-Schwarz inequality we obtain,

p

1 - 1/2 . 241/2 1 1/2

sup - E wijvi; < (= E wu) / ( E ;) /2 < (2* E Uzg) /
{(wig)ij = w00 328 . wi<3 LWPii= pi,j:l Piio P
J= J= J= J=
1<J 1<) 1<J 1<J

1<j

Or the sup is reached for w;; = v;(23_,; Z]/p) /2. As we denote by b*(p) = > v?j/2p, we

get wi; = v /2b(p), for all 4,j =1,....p
It follows that solving the problem (36) reduces to solve the optimization program
P

P
1
. 2 20 E 2
in - Uz’j"_)\l E |0 =" vi; = L) = Aa(= vij = %)
{(vig)ijvig 20k P o) i =1 b=
1<j 1<j (AN]

By the Lagrangian multipliers rules, one gets for A1, Ao € R the following system of equations

zvzj + AP =2 =X =0, Vi, j

7ZZ|Z*¢7‘2QU1] =L

= 17,<j

*ZZ%*

=1 i<j
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The first equation above gives for all 4,5 =1,...,p

i — 51\ Ao 2 A2
vij = A (1 — <T> >+ where T' = (/\1> , A= o and (z)+ = max(0, z)

The two other equations become
128 k L
- _ kf k,20¢ 1 _(__ 2 J——
;=) (1- =) =3
1 p/\T k‘ @2
- —k)(1-(=)2) ="
p (1= =) =4
We evaluate the solution of the previous system as 1" tends to infinity, T' < p,

20 gaer (] 1 T\ L
2a0+1 da+1 4(a+1)p

A

1 1T 2
2aT - — ) ~ ﬂ.
2a+1 4(a+1)p A
Under the assumption that 7'/p — 0, that gives

T ~ (L(da+1))2 -~ and

1
A~ ey
2% (L(4a+1)) 4

Note that the sequences (wy;);; and (v;“j)ij have a finite number 7" of non null elements, but

T — oo as ¢ — 0. It further gives

L 20 2 T 2
IR 2 N i — j ? A? k.o 4+1
75 ..:E Z1- = — 1—(=)%™ ~ L) ot a

ij=1 ij=1
i<j 1<j
where
200+ 1 1
C(a7 L) - 204(40[ 4 1)1+1/(2a)L e
Note that

3=

1 NE! (’i—j|>2a < A 2okl doctl L

Supw"zi Sup — _7\;\/('004 a :(pa:
1,3 N 2b(p) i,j;li—j|<T T n 2b(p)
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