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Consider the empirical autocovariance matrices at given non-zero time lags, based on
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work in the field of the spectral analysis of large random non-Hermitian matrices, at first
the probabilistic behavior of the small singular values of a shifted version of the autoco-
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empirical spectral measure of the autocovariance matrices at any lag. Matrix orthogonal
polynomials on the unit circle play a crucial role in our study.
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1. Background, assumptions and results
1.1. Background

Consider a multivariate time-series sequence (a:(N )) N=1,2,..., where for each N €
N\{0}, the process x(V) = (:B,(CN))keZ is a CN-valued centered Gaussian stationary
process in the discrete time parameter k. Let

Ry = Bai) ()"

be the autocovariance matriz of N) at lag L (throughout this paper, * stands for
the conjugate transpose). Let (ny)ny be an increasing sequence of positive integers

such that
N N
0 < liminf — < limsup — < oc. (1.1)
N—oo Ny N—oo NN
Assume that for each N, we have the sample :B(()N), e ,:ijill of the process ™).

Fixing an integer L > 0, the empirical autocovariance matriz of order L is given by

~ 1 et .
R = LS e e,
N =0
where the sum ¢ + L will be taken modulo—ny. For any matrix M € C™*" let
{M(M),....;Am—1(M)} be its eigenvalues. The spectral measure of R(LN) is then
defined as
| N1
Y = D Oy
(=0

We are interested in studying this measure as N — oo. In the field of multivariate
time series analysis, it is classically assumed that N is fixed while the observation
window length increases to oo, in which case, under standard sets of assumptions,
un converges weakly to the spectral measure of R(LN)
is no more true in the asymptotic regime that we consider in this paper, where the
time series dimension and the window length are both large and of the same order
of magnitude.

Note that for L = 0, E(LN) is Hermitian and several results are known for this
case under different assumptions. Our aim is to consider the cases L > 1 in which
case ]’%(LN) are non-Hermitian. Generally speaking, the study of the spectral measure
of non-Hermitian matrices is much harder than that for Hermitian matrices. See for
example [I8, 23, B1]. As an example, it took a tremendous amount of effort from
researchers over a long period of time to establish the limit of the empirical spectral

in the almost sure sense. This

measure of the matrix all whose elements are real-valued iid with mean zero and
variance 1 (see [38]).

In 7], using the ideas from [23] 3] [40], we identified the limit spectral measure of
E(LN) in the particular case when the time series is a (complex) white noise process.
The same setting is considered in [42], but they relax the modulo-ny summation
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when constructing IQ(LN). However, when the time series is not a white noise, no

such result appears to exist in the literature.

Spectral properties of the sample autocovariance matrices in a stationary time
series carry information on the process and hence potentially, can be used for sta-
tistical inference. Some work in this area were initiated by [2, [B]. See also [6] for a
book-level exposition. For example, plots of the empirical spectral measure of the
sample autocovariance matrices for different lags can serve as graphical tests for
white noise, or for the order of dependence in the time series. Some first results in
this vein were proposed in [7]. The nature of the empirical spectral measure of }AB(LN)
for different values of L reflect the degree of dependence that exists in the under-
lying process. Theoretical support for these tests rests on the asymptotic behavior
of the empirical spectral measure. Moreover, once this behavior is identified, it can
potentially be used to develop significance tests for other statistical hypothesis too.
This issue will be taken up elsewhere.

For any matrix M € CN*N_let so(M) > s1(M) > --- > sy_1(M) be its
singular values arranged in a non-increasing order. It is well known that for a non-
Hermitian matrix, say My € CV*N as N — oo, the behavior of its spectral
measure is connected to the probabilistic behavior of the small singular values of
the related matrix My —z = My — zIy for z € C\{0}. With this in mind, we shall
seek solutions to the following problems:

e The behavior of the smallest singular value sN_l(ﬁ(LN) — z) for an arbitrary
z € C\{0}.

e For an arbitrary S € (0,1), the behavior of the “small” singular values
sN_g(EgN) —z) for £ € {|N?],...,|[N/2]} and z € C\{0}. Later this will help
in controlling the magnitude of the singular values sy_, when the indices ¢ are
close to N9,

e The behavior of uy as N — oo via the existence of a deterministic equivalent.

1.2. Assumptions

We shall assume that for every N, (:13,(61\]));C is a stationary Gaussian process whose

spectral density exists and satisfies some reasonable regularity conditions. As we
shall see, this provides the opportunity to use a variety of technical tools. If the
time series are not Gaussian, then the situation is way more involved technically
but results similar to those in this paper are expected to hold under suitable restric-
tions on the time series. Let T denote the unit circle of the complex plane. Let
Hf be the set of N x N Hermitian non-negative matrices. Suppose that for each
positive integer N, there is an integrable function SOV : T — Hf such that for
each L € Z,

1 2m
RM = — / e LOSM (1) dp. (1.2)
2 0
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This S is called the spectral density of {R(LN),L > 0} or of the corresponding

stationary process [30, Chap. 1;[9]. We assume that for each N, S¥) is nontrivial
in the sense that for each non-zero C"-valued polynomial p(z)

2m
/ p(e?)* SN (e?)p(e)dh > 0 (that is, the matrix is positive definite).
0

We now turn to the more substantial assumptions on SV). The first assumption is
akin to uniform equicontinuity of {S™)}. For h > 0, let

(W), h) = sup sup SO CH) - SN ()|
0 [pI<h

be the modulus of continuity of S(V) with respect to the spectral norm || - ||.
Assumption 1.1. (i) For any € > 0, there exists h > 0 such that

sup w(SWN) h) < e.
NeN

(if) With [|S™]Z, = maxo |S™ ()],

M :=sup ||SM|T < .
N

(iii) ian SN_1(R(()N)) > 0.

Regarding the last assumption, note that

1 2m
SN_1(R((JN)) = SN—-1 (E/ S(N)(ele) d9) .
0

We allow the spectral density SV )(6“9) to be singular or close to singular at some
points of T, but within the restrictions provided by the two following assumptions.
Assumption [ stipulates that SV) (€*?) can be close to being singular only on a set
of frequencies with a small Lebesgue measure and it implies Assumption [L1] (iii).
Assumption puts additional constraint on sy_1(S™)(e?)). Examples where
Assumptions [ and [[3] are satisfied are provided in Sec. 2l Let Leb(-) denote the
Lebesgue measure.

Assumption 1.2. Suppose that for any x € (0, 1), there exists 6 > 0 such that

supLeb{z € T: sy_1(S™)(2)) <4} < k.
N
Assumption 1.3.

21
i/ log sy_1(S™)(e))d) —— 0.
N 0

N—o0
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1.3. Results

Before we state our results, we wish to recall that we have used modulo-ny summa-
tion to construct EEN). This is for convenience and helps in the details of the proofs.
We believe that the results we establish continue to hold for the sample autocovari-
ance matrices when we define them via the usual summation over all indices that
maintain a lag L. See for instance [42] who relax the modulo-ny summation in the
context of the model with i.i.d. processes considered in [7]. These results can be
adapted to our model with some work.

The first result is on a probabilistic bound on the magnitude of the smallest
singular value of (E(LN) — 2). In problems similar to ours, often the optimal factor
at the left-hand side of the bound given below is N~'t instead of our N~3/2t when
€ > 0 is fixed. Our weaker bound will serve our purpose. We shall elaborate on this
issue during the course of the proof.

Theorem 1.1. Suppose AssumptionsIIHL.3| hold. Then, for each z # 0 and arbi-
trarily small € > 0, there exists a constant qrg) such that for all small t > 0 and
for all large N,

Plsy_1(RYY) — 2) < N=3/21] < et + exp(—q e N).

The behavior of the small singular values is handled by Theorem [[.21 The behav-
ior of SN_k(R(LN) — z) for values of k which are close to N” is more important. The
theorem implies that sy_pys (E(LN) — 2z) > NP/2-1 with large probability. Again,
though the rate is not optimal, it will be sufficient for our needs. Further comments
on this issue will be provided in the course of the proof, see Remark 311

Theorem 1.2. Suppose Assumptions [LIHL3 hold. Let § € (0,1). Then, for
each z # 0, there exist two positive constants qrg and (g such that for all
k€ [[N®|,|N/2]], and for N > No, where Ny is independent of k,

Plsn—_r—1 (R —2) < GraVk/N] < exp(—qrgh)-

We now turn to the large- N behavior of py. For this we rely on the well-known
Hermitization technique due to Girko [I6] (see [5] for a comprehensive exposition).
Let u be a probability measure on C that integrates log| - | near infinity. Then
its log-potential U,(-) : C — (—o0,00] is defined below. The measure p can be
recovered from U, (z)

Uu(z) = —/(Clog|w — z| p(dw).

For the empirical spectral measure puy, we can write
1= 1
BN SN SV *
U (2) = =5 D logMe(REY) = 2] = — g log det (R — 2)(RL - 2)
£=0

= f/logt vy n(dt),
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where v, n, the empirical measure (on R) of the singular values of the matrix
E(LN) — z given by

N—
VaN = %7 Z Stz(R( ) —z)°

=0

Given a matrix M € CN*¥N | denote its so-called Hermitized version as

M
H(M) = [M*

As is well known, the spectral measure o, y (on R) of H (E(LN) — z) is given by

1 N-1

VaN = 9N : (O —2) T 0 sy )
=0

The measure 7, y is clearly symmetric in the sense that o, n(B) = v, n(—B) for

each Borel set B C R, and it is the symmetrized version of v, . Observe that

Jlogt v, n(dt) = [loglt] . n(dt).

Note that all of these are random measures. To study the behavior of uy, we will
find it more convenient to study 7, n instead of v, y, since the matrix H (R(N) —z)is
Hermitian. This approach is formalized in the following general proposition which
provides conditions under which the sequence of random measures (uy) can be
approximated by some sequence (py) of deterministic measures.

Proposition 1.1. Assume that for almost every z € C, the following two conditions
hold:

(1) With probability one,log| - | is uniformly integrable with respect to {v; n}n.
(2) There exists a tight sequence of deterministic symmetric probability measures
(D.,n)n on R such that for each bounded and continuous function f:R — R

N —o0

/dezN /fduzN—>O

Then, there exists a tight sequence of deterministic probability measure () on C
such that for each bounded and continuous function f: C — C, we have

/f dpn — /f dpn ———

Moreover, the logarithmic potential of pn is

Ui (2) = = [ Tog 1 5-.v(dt).

This proposition is very close to [5, Lemma 4.3] (see also [I1]). The proof of this
lemma can be adapted to our situation by considering converging subsequences of
(D2 N)N-
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The uniform integrability condition needed in Proposition [[1] is ensured by
Theorems [T and [[L2] (again, see [3], Sec. 4.2] for the proof details). We are thus left
to consider the asymptotic properties of 7, y with a goal to comply with Condition 2
of Proposition[I.1] Classically, the central object that is used for this is the resolvent
(in what follows z € C is arbitrary)

QM (z,n) = (HRY — 2) — nloy) ™!

of H(]T?(LN) — z) in the complex variable n € C; £ {w € C : Sw > 0}. The resolvent

QW) (2,-) is a typical example of a so-called matrix Stieltjes transform. Before we
recall its nature, let us recall that the Stieltjes transform of any probability measure
v on R is given by

a) = [ T, neC\R

The real and imaginary parts of a square matrix M are, respectively, given as

M+ M* M — M*
mMziz and SM ==
A

Given an integer m > 0, we let M’ denote the set of matrices M € C™*™ such
that M > 0.

The following result can be found in the literature dealing with the moment
problem and related topics, see, e.g. [4, pp. 64-65; [15; 19, Proposition 2.2 and
Appendix A].

Proposition 1.2 (Matrix Stieltjes transform). Let F' : C. — C™ ™ be a
matriz-valued function. Then, the following facts are equivalent:

(1) F is the Stieltjes transform of an H7J-valued measure p on R such
that p(R) = I,,.
(2) F is analytic, F(n) € M7 forn e Cy, and —itF(it) converges to I, ast — oo.

Such an F' is called a matriz Stieltjes transform. Let &™ denote the set of all
such m x m matrix Stieltjes transforms. It is known that if F' € &™, then

(W) [EmI < 1/Sn.
(2) m~ttr F(n) = g,(n) for some probability measure v on R.

An illustration of (2) is provided by the resolvent we just defined: it can be checked
that

QM(z,) € &N and gy, (n) = 2N) " trQ™ (z,n).

In the remainder of this paper, whenever we write M € C*N*2N a5 M =
[%?2 %‘1’1], it is understood that the blocks M, belong to CN*N. With this
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notation, we define the linear operator .7 : C2VX2N _, C2%2 g5

7 (lMoo Mm]) _ ltrMoo/nN thm/”N] .

M10 M11 tI‘Ml()/TLN tI‘Mll/TLN

Given an integer L > 0, we also define the 2 x 2 Hermitian unitary matrix function
Urp onT as
e—zLO
1 LO ‘| :
The next technical result is on the existence of a unique solution for a functional

equation. It will be used to show that (7, n)n approximates (7, x)n. Denote as ®
the Kronecker product between matrices.

Ur(e’) = [

e

Theorem 1.3. Let ¥ : T — Hf be a continuous function, and let z € C. Given a
function M(n) € &2V, the function displayed below is well-defined and belongs to
G2V as a function of 1.

1 ’r 20 20\\—1
Fe . (M(n),n) = (— | @z + i)

27
—1
® IN> .
Moreover, the functional equation in the parameter n € C

P(Zﬂ?) = fE,z(P(Zvn)vn) (13)

z

©5(e) dj — [77
Z.m

admits a unique solution in the class P(z,-) € &2N. Write

Aoo(dt) Aol(dt)
Ato(dt)  Aqq(dt)|’

Poo(Z, ) P01 (Z, )

P<Z7) - Pl()(Z,') Pll(Z,')

1 and A(dt) =

where A(dt) is the matriz measure whose matrixz Stieltjes transform is P(z,-), where
Pii(z,-) is the Stieltjes transform of N;;(dt). The positive matriz measures Moo and
Aq1 are symmetric.

One consequence of this theorem is that the probability measure ¢ on R such
that g¢(n) = (2N)~ ' tr P(z,n) is symmetric. In fact, it can be proved that

gc(n) = N1 tr Poo(z,m) = N1 tr Pi1(z,n).

The first part of the next theorem claims the tightness of (7, n)n. Later we shall
need the behavior of the difference (QN)(z,1) — GN)(z,7)). This is captured in
the second part. The extra generality obtained by including the matrix D is not
necessary for the purposes of this work in which we use only the specific choice of
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D = I. However this will be useful to derive convergence and related properties of
(un)n and (py )N that we wish to pursue in future.

Theorem 1.4. Suppose Assumption [T holds. Let GN)(z,n) be the solution in
G&2N | of the equation

G(N)(Zﬂ?) = FS(N),z(G(N) (75777)’77)»

as specified by Theorem [L3l Let U, n be the symmetric probability measure on R
whose Stieltjes transform is

1
g, n(1) = N tr G (z, 7).

Then, the sequence (D, N)N is tight.

Let DIN) € C?N*2N be an arbitrary deterministic matriz such that ||[DW)|| = 1.
Then,
1 a.s.
WneCy, o tr DVQW(z,n) = GV (z,m) = 0. (1.4)
Taking DW) = I, this theorem shows in particular that gy, () —

g, () N:—:()» 0. Since (P, n)n is tight, we have the following corollary, whose

proof employs well-known facts about scalar Stieltjes transforms (see, e.g. [27 [19]
Sec. 2]), and is omitted.

Corollary 1.1. The sequence (U, n)n of probability measures is tight with proba-
bility one. Furthermore, for each bounded and continuous function f : R — R, we
have

/fdﬂz,N — fd’)z,N Na._s.} 0.

We can now conclude by characterizing the asymptotic behavior of (ux). The-
orems [I.1] and provide the uniform integrability condition stated in Propo-
sition [IT] (1), see, e.g. the derivations made in [5, Sec. 4.2]. Condition (2) in the
statement of Proposition[[Ilis ensured by Theorem [[4] via its Corollary [Tl There-
fore, thanks to Proposition [[.1], we obtain the following theorem.

Theorem 1.5. Suppose Assumptions [LIHL3l hold. Then, there ewists a tight
sequence of deterministic probability measures (pun) on C such that, for each
bounded and continuous function f:C — C,

/wa— Fuy 220,

The function log|-| is integrable with respect to U, n for each z # 0, and the measure
un is defined by its logarithmic potential through the identity

U (2) = — / log |t] 5. (dt).

2250053-9
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A natural issue is if can we say anything further about the behavior of (uy). In
particular, its weak convergence in turn would ensure the weak convergence of (uy ).
An idea that goes back to [I3] and which has been frequently used in the literature of
non-Hermitian matrices, connects the behavior of (px) to that of N1 tr nglv) (z,1t)
as t \, 0. In the present context the details need some significant efforts. Since this
is outside the focus of this work, it will be pursued separately.

Incidentally, the above idea was applied in [7] to the particular case where
SN (e*) = Iy. The connection of this paper with [7] is provided by the fol-
lowing corollary to Theorem This corollary will be proved by showing that
N~ 1tr Gézlv)(z, 1t) coincides with the analogue of this quantity that was computed

in [7].

Corollary 1.2. Assume that S™)(e?) = In,N/ny — v > 0 as N — oo, and
L = 1. Then the random sequence (un) converges weakly in the almost sure sense
to the deterministic probability measure p on C described by [7, Theorem 2].

The remainder of the paper is organized as follows. Examples where Assump-
tions and hold, are provided in Sec. 2l Theorems [[LT] and are proved in
Sec. Bl The results related to the behavior of the singular values, i.e. Theorems
and [[4] are proved in Sec. @l The proof of Corollary [[.2 will be sketched in this
section as well.

Notation. The indices of the elements of a vector or a matrix start from zero.
Given two integers k and m, we write [k : m| = {k,k+1,...,m — 1}, this set being
empty if k& > m. We also write [m] = [0 : m]. Assume m > 0. For k € [m], we denote
as ey,  the kth canonical basis vector of C"”*. When there is no ambiguity, we write
e for e, . Given a matrix M € C™*", and two sets Z C [m] and J C [n], we
denote as Mz 7 the |Z| x |J| sub-matrix of M that is obtained by retaining the
rows of M whose indices belong to Z and the columns whose indices belong to 7.
We also write M. 7 = M, 7 and Mz . = Mz (). Given a vector v € C"™, we denote
by vz the C! sub-vector obtained by keeping the elements of v whose indices are
in 7.

For any matrix M, M > 0 means that it is positive definite. The column span
of a matrix M is denoted by span(M). The orthogonal projection matrix onto
span(M) (respectively, onto the subspace orthogonal to span(M)) is denoted by
Iy (respectively, I13;). The spectral norm of a matrix and the Euclidean norm of
a vector are denoted by || - ||. The Hilbert—-Schmidt norm of an operator will be
denoted || - ||zs. The notation M > G where M and G are Hermitian matrices refers
to the semi-definite ordering of such matrices.

We write R, = [0,00). Suppose B is a Borel set of R?. Then Leb(B) denotes
its Lebesgue measure. For any z € R?, dist(z, B) = infyecp ||z — y||. For B in a
metric space F, Vf (B) denotes its closed p-neighborhood. If the underlying space
E is clear, we simply write V,(B).

2250053-10
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The unit-sphere of C™ will be denoted as S™~!. The set of vectors of S™~! that
are supported by the (index) set Z C [m] will be denoted by ST .

The probability and the expectation with respect to the law of the vector z will
be denoted by P, and .. The centered and circularly symmetric complex Gaussian
distribution with covariance matrix ¥ will be denoted by Ng(0,X).

2. Examples where Assumptions and are satisfied

In this section, we provide examples where the spectral density satisfies Assump-
tions [[2] and Consider the moving average M A(co) model:

N N N N
e =M+ AN, (2.1)
0>1

where £WV) = (E/&N))kez is an i.i.d. process with S,(CN) ~ Nc(0,Iy) and (AéN))gzl
is a sequence of deterministic matrices which satisfy the minimal requirement
D> HA;N) || < co. The spectral density for this model is

S(N)(ezﬁ) — | Iy + 26160A§N) In + Zeﬂee(/QN))*
>1 >1

Let us look at some particular cases:

(i) First suppose that

hmsupz HAgN)H <L
>1

Then it is obvious that both Assumptions and are satisfied and
sn_1(S™)(2)) remains bounded away from zero when z runs through T.
(ii) Now consider the MA(1) case, so that A§N) = 0 for £ > 2, and suppose that we

only have sup ||A§N)|| < oo. In this case, Assumptions and [[3] written
in terms of AgN) are, respectively, (the log in the second expression is always
integrable),
Vi € (0,1),36 > 0,supLeb{z € T: ||(z — AN)" 1| > 1/6} <k, and
N

(2.2a)

1 2 . N B
N/o log (e — A()~ do —— 0. (2.2b)

These conditions are closely connected with the pseudospectrum of AgN) [39].
The Toeplitz matrices are among the matrices for which the pseudospectra are

well-understood. Suppose that AgN) = [agg]ogk,gggv,l is a Toeplitz matrix

2250053-11
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with the so-called symbol

—1

In(z) = Z a,(CN)zk.

k=1-N

Then, by the Brown and Halmos theorem [8, Theorem 4.29], Assumptions
and [[3 are, respectively, satisfied if

Vr € (0,1), 38>0, limsupLeb{z € T :dist(e’?,conv fx(T)) <6} < #,
N

2
and i/ log dist(e*?, conv fn(T)) d§ —— 0,
N 0 N—o0
where conv denotes the convex hull of a set.
(iii) Another particular case of the model in (2 is the following. Assume that
N = M K where M and K are two positive integers. Assume that the matrices
AéN) are block-diagonal matrices of the form

AN = 1y @ BY,

where BéK) € CE*K_ We also assume that b = supy D1 HB;K)H < 0.
The process £N) consists of M i.i.d. streams of stationary processes each of
dimension K. Let us show that if M — oo, then Assumption [[3]is satisfied for
this process. Further if K is upper bounded, then Assumption [[2] is satisfied.

The spectral density of each stream is X5 () = CU) (?)C ) (e0)*,
with CH) (2) = Ix +3° 5, zéBéK) on the unit-disk. It is well known that (see,
e.g. [30, Theorem 6.1]),

1 [ ;
%/0 |log | det O ()| % |db

2m

(det SF) (e9)) % d — log | det CF) (0)| %

IN

27 Jo

1 [ .
=— [ (det ) ()% dp.
27T 0

By Hadamard’s inequality, the right-hand side is bounded by (1 + b)2. Thus,

[log s -1 (£ ()] < +log(1 + b)*

K-—1
Z log s¢(S) (€)1, (50 (er0))<1
=0

K-1

Z log Sg(E(K) (6“9))

£=0

= 2|log| det C) ()| | + (K + 1) log(1 + b)?,

< + (K +1)log(1 + b)?

2250053-12
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and we deduce from the last display that

2m

Py |log si—1 (25 ()] df < 2K (1 + b)? + (K + 1) log(1 + b)2.
™ Jo
Since SV (") = Iy @ L) (e?), Assumption [ is satisfied when M — oco.
Furthermore, given a small § > 0, we have

1 [ 1 1

27
Lo, (s (o)) <5 48 < / log sxe_1 (25 ()] df
0

o = |logd| 27
0 g

_2K(L+ 6)% 4 (K + 1) log(1 + b)?
- | log 4 '

This shows that Assumption is satisfied if K is bounded.

3. Small Singular Values: Proofs of Theorems [I1.1] and
3.1. Outline of the proofs

In the sequel, we shall most often omit the dependency on N in the notation for
simplicity. Writing n = ny, define the matrix

X = [:L'O :En—l] :n_1/2[m0 wn—l] c CNXW’
with 2 € CV being the kth column of X, and consider the n x n circulant matrix

0 1

1 0

Then, the sample autocovariance matrix ﬁL can be rewritten as EL = XJLx*.
Let the so-called n x n Fourier matriz F be defined as

1
F= ﬁ[exp@mkf/n)];;io. (3.1)
Then J = FQF*, where
Q = diag(w®)}Z) and w = exp(—2u7/n).

Furthermore, for k € [n], let
1 n—1
2kl
Yk = —= Z em g
v =0

2250053-13
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be the discrete Fourier transform of the finite sequence (xq,...,2,—1), and define
the N x n matrix

Y=[yo - Yn1]=XFeCV*"
Then, we obviously have
Ry = YQEY™

Note that the columns y; of Y are “almost” independent, since they are the discrete
Fourier transforms applied to a time window of a Gaussian stationary process. This
is why we shall heavily rely on the above expression of EL. Let us elaborate on this
point before entering the core of the proof. Write

Yk = Tk + Uk, Uk = Elyr|Yal],

the latter being the conditional expectation with respect to the o-field o(Y}) gen-
erated by the elements of the matrix Y = [yo - Yr—1 Yk+1 " Yn—1] € CNx(n=1),
Write Sy, = S(e™%/™) for brevity, where we recall that S(e*?) is the matrix spectral
density. Due to the Gaussianity, g, and Y will be independent, and we shall prove
that

Elgrvi] ~ Elyryy] ~ Sk-

For this, as is frequently done in estimation theory for stationary processes, we shall
make use of the orthogonal matrix polynomial theory with respect to the matrix
measure (27)"15(e)df on T. Assumption [[3] which is reminiscent of the notion
of regular measures found in this literature [35] [36], will play a major role in our
analysis that will be presented in Sec.

We now consider the proof of Theorem [[T] starting with a well-known lineariza-
tion trick. Write
QfL Y*

H = c (C(N-i-n)x(N-&-n)'

z

By using the well-known formula for the inverse of a partitioned matrix that involves
the Schur complements (see [20} §0.7.3]), it follows that ||(YQLY™* —2)~1| < ||H Y.
Hence

SN+n_1(H) S Sn_l(YQLy* — Z), (32)

and the problem then is to control s x4,—1(H ). A similar problem, considered in [40],
was that of the smallest singular value of a symmetric random matrix with iid
elements above the diagonal, see also [25]. Even though our matrix is quite different
from theirs, we borrow many of their ideas as well of their predecessors, such as [31].

First, it can be shown that for C' > 0 large enough, P[||Y|| > C] is exponentially
small (Lemma[B7) by using some standard Gaussian calculations. Then, as in these
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articles, the control over sy ,—1(H) will be provided on the event [||Y]| < C] . More
specifically, we will prove that, for some constant ¢ > 0,

Pllsn+n-1(H) < NN Y] < C) < et + exp(—cen).

The smallest singular value of H can be obtained from the variational charac-
terization
sSN+n—1(H) = ueslhr’lfm ([ Houl|.
A well-established method to control the smallest singular value of a random matrix
is to study the action of this matrix on the so-called compressible and incompressible
vectors [23 [B1]. Let 6, p € (0,1) be fixed. A vector in S™~1 is called 6-sparse if it

does not have more than |#m| non-zero elements. Given 6, p € (0,1), we define the
set of (6, p)-compressible vectors as

comp(#, p) =S™"1 N U Vf,:m (SEh).
ZC[m]
|Z|=[0m]

In other words, this is the set of all unit vectors at a distance less or equal to p from
the set of the f-sparse unit vectors. The set incomp(f, p) of (6, p)-incompressible
vectors is the complementary set S™~\comp(0, p).

Getting back to the variational characterization, and writing v = [vT w']" with
v € C", we (roughly) define the set

S={uecsSVt" 1. ||v|| < a constant or v/||v|| is compressible},
and we write

swinoa(H) = inf | Hull A __inf | [Hul. (33)
For the first infimum, we focus on the component v of the vector u because v
impacts the first n columns of H which are nearly independent. Relying on the
decomposition yx = g + Uk, we first show that P[||Hu|| < ¢] is exponentially small
when v/||v|| is a sparse vector, and then we complete the analysis by an e-net
argument.

The second infimum requires other arguments. Let hy be the kth column of H,
and so Hy = [ho - hp—1 byt hnpn_1] € CVHX(N+2=1) Following a by now
well-known idea of [31l Lemma 3.5], the infimum over the incompressible vectors
can be controlled by managing the distances dist(hg, Hx) between hy and span(Hy).
Given k € [n], let Q = diag(w®) ez € C=DX=1) Let

NG

c C(N+n71)><(N+n71)
Yk z '

Gy =

2250053-15
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and partition G;l as

E, Iy

, E, € (C(n—l)x(’n—l)7 Dy € CNXN_
P, Dy

G, =

Then, after some algebra, we get the following equation (similar to what was
obtained in [40]):

—kL _ * )
dist(hy, Hy) = ——1 i ky’:' _.
\/1 + ”ykPk” + ||ykaH

Let us assume temporarily that the i are equal to zero. Restricting ourselves to
the indices k for which sy_1(Sk) ~ 1 (which is allowed), we can show that for these
indices

* * 1/2 1/2
V1 Wi P2 + [y Del2 ~ 115> DiSy? s (34)

Consequently, the control of dist(hy, Hi) can be reduced to the control of the prob-
ability (with respect to the law of y;) that, y,tDkyk/HS;/szS;ﬂHHs lies in a small
ball. Due to the Gaussian nature of gy, this task is easy and leads to a rate of N1t
in the statement of Theorem [l

Now consider the term that involves 5. Even though E||9x||? is small, its inter-
dependence with (Py, D) prevents us from obtaining an approximation similar
to (B4). Its presence in fact is responsible for the N=3/2t term (instead of N~'¢)
in the statement of Theorem [l

The proof of Theorem [ s laid out on a similar canvas. Let k € [|[ N?], | N/2]].
In Lemma 312, we show that the smallest singular value of H. [N+n—Fk], 18 a lower
bound for sy__1(YQFY* — 2). As in the proof of Theorem [} this value can be
characterized through the action of H. [, on the compressible and incompress-
ible vectors. The former can be handled exactly as for H. The latter can also be
reduced to a distance problem, and indeed this term is easier to tackle than earlier,
thanks to the rectangular nature of H. [n,—4-

3.2. Statistical analysis of the process (yi)

Recall the decomposition yx = g + 9, with gx = Elyk | Yi]. We now derive approx-
imations for nE[y,y;] and nE[g,y;]. Let R denote the Nn x Nn block-Toeplitz

matrix
Ry R, R_n1
% 1 Rl n—1
R =Evec X (vecX)" = - = E[Rk—f]kj:()'
T . T R—l
R, Ry Ry
(3.5)
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We also write the Fourier matrix F as

fo

f:n—l
with f;, € C1*" being the kth row of F, and we define the function
a(e?) = 1 e ... 6_1("_1)9]T eCcn.

From Eq. (L2), we have

1 27
R=— [ (ae?)@In)S(e¥)(a(e?)* @ Iy) db.
2m™n 0
Observe that R is invertible, since the spectral density S(e*’) is nontrivial, as is
well known. Indeed, the equation Ru = 0 with u = [ul,...,u]_;]T being a non-

zero vector with uy € CV would lead to the identity fo% p(e)*S(e?)p(e?)dh = 0
where p(z) = Z?;OI z*uy is a non-zero polynomial. We also have that |[nR| < M

from Assumption [[LT[(ii) by a similar argument.

Lemma 3.1. Let Assumption 1] hold true. Then,

eka/n)” 0 )

N —o0

Elypy;] — SO
kme?ﬁlln ki) (

Proof. Let k € [n]. Since F = FT, we have y, = XFep = Xf] = (f, ® Iy) vec X.
Hence,

1 2m

~ on o ((fka(ew)) ®IN)S(€10)((3(610)*]C;) ® Iy) df

1 2
_ %/O IFea(e'?)2S(c) d
2

_ L[ B0 = 2mk ) S () b, (3.6)
27T 0

where F),_; is the Fejér kernel, defined as

2
1 sin(n@/2)?

n—1

1
F,_1(0)=— woy = 2 ) 3.7
1(6) n ;e n sin(6/2)? (37)
This kernel satisfies
1 (2 2 2
o /. F,1(0)dd =1, and F,1(0)<n <n292 A , ) for 0 € [—m, 7]
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see, e.g. [35, p. 136]. For an arbitrarily small number n > 0, we know by
Assumption [[I[i) that there exists § > 0 independent of k£ and N such that
|S(e?) — S(e®m+/™)|| < nif |§ — 2wk /n| < 6. Splitting the integral that appears on
the right side of (0] as 0—2rk/n|<6 T f\9—2ﬂk/n|>6 and using the properties of the
Fejér kernel provided above, along with Assumption [[.T[(ii), we obtain the result of
the lemma after some routine derivations. |

The handling of nE[y,7;] is more involved.
Proposition 3.1. Let Assumptions[1l and [L3] hold true. Then,

Vo > O,gl?x] HnE[ngZ] _ S(N)(e2l7l'k7/n)”]]_S(N)(e27,7rk/n)>é'IN N—> 0.
S - —00

Proof of Proposition B.11

The first step is to provide a single letter expression for E[g,y;]. This expression is
reminiscent of the formula to calculate the partial covariance of real-valued random
variables.

Lemma 3.2. For any given k € n],E[gx7;] = (fr @ YR (ff @ 1))~ L.

Proof. The covariance matrix E[g,7;] coincides with the conditional covariance
matrix cov(yg | Yi) of yr with respect to o(Yy). Let Zy and Z; be two random
square integrable vectors with arbitrary dimensions. Writing

Yoo o1
Yo X

ZO * *
E [Zo Zl] =

Z

with the block dimensions at the right-hand side being compatible with the dimen-
sions of Zy and Z, it is well known that cov(Zy | Z1) = Zgp — 20121_11210 when
Y11 is invertible. Observe that

EvecY (vecY)* = Evec(XF)(vec(XF))* = (F® IN)R(F* ® In).

Let Fj, € C»=DXn he the matrix that remains after taking the row fj out of F, and
let R'/2 be the Hermitian square root of R. Then

Eljedi] = (fr ® IN)RY?(Ig—1yv — RY?(Fj. @ In)((F ® In)
x R(Ff @ In)) " (Fr @ In)RYHRY2(f} @ Iy)
= (fk ® IN)RV T o pr g1, RV (@ ).

Let C be a positively oriented circle with center zero and a radius small enough so
that R has no eigenvalue in the closed disk delineated by C. This implies that the
positive definite matrix (Fx ® I)R(F} ® I) does not have eigenvalues in this closed
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disk either. With this choice, the projection IT%
contour integral, which leads us to write

RU2(Frely) CA1 be expressed as a

_ . 1 . -
Effii] = 5, § (e ® IRV (RY2(F @ In) (Fr © )R — 2)7

x RY2(ff @ Iy) dz

—1
=0 (fk @ IN)RYA(R — RY2(ff @ In)(fr @ IN)RY? — 2)71

X R1/2(f;g ®Iy) dz.
Let Q(z) = (R — 2)~! when 2z € C is not an eigenvalue of R, and let
(2) = (fr @ IN)RY2Q(2)RY2(ff @ In) = In + 2(fr @ In)Q(2)(ff @ Iy).

Now, using the Sherman—Morrison—Woodbury formula, we get

E[grgr] = % C(E(Z) + X(2)(In — £(2))”'5(2))dz
_ % Cz_l((fk®IN)Q(z)(f,j®IN))_1dz

= ((fe @ IN)R M @ In)) 71,

where the last equality is obtained by expressing Q( ) in terms of the spectral
decomposition of R and by using that (2um)~* §, 2~ )7tdz = A7 when \ is
outside the closed disk enclosed by C. O

We now reinterpret the expression provided by this lemma in the light of the
matrix orthogonal polynomial theory. Let us quickly review some of the basic results
of this theory. For the proofs of these results, the reader may consult [12].

For each N, consider the N x N matrix-valued measure oy defined on T as

1
don(0) = ZS<N>(e“’)de.

Given two CN*N matrix-valued polynomials F,G, we define the N x N matrix
sesquilinear function ((F, G)),, with respect to gn as

«waéﬂﬂwwW@mM»

We now define the sequence (®7V)¢—o,1,2,... of matrix orthogonal polynomials with
respect to ((-,-))oy. The following conditions, which are analogous to a Gram-
Schmidt orthogonalization, are enough to define this sequence:

o ®IV(z) is a CNV*N_valued monic matrix polynomial of degree ¢, and is thus
written as ®¢~ (z) = z*Iy + lower order coefficients.
e For each ¢ > 1, the relation (@5~ z%),, = 0 holds for k =0,1,...,¢— 1.

2250053-19



200 Reading

August 7, 2022 17:8 WSPC/S2010-3263 RMTA 2250053

A. Bose & W. Hachem

Since S™V) is nontrivial, the matrix (@5, ®¢V)), . is positive definite for each
¢ € N. Thus, one can define the sequence (p7" )sen of the normalized versions of
the polynomials 7~ as

pit (2) = OV (2)mEN,

where the matrices (k7" )¢en are chosen in such a way that (7™, PV ) on = Le=¢In.
This identity determines the matrices k7™ up to a right multiplication by a unitary
matrix, the convenient choice of which is specified in [12] § 3.2] and is not relevant
here.

The Christoffel-Darbouz (CD) kernel of order ¢ for the measure gy is defined
for z,u € C as

14
K™ (z,u) = Y o™ (2) @™ (u)" (3.8)
k=0

This function is a reproducing kernel, in the sense that for each matrix polynomial
P(z) with degree less or equal to ¢, the following equation holds and defines the
kernel K7V:

2
; KN (z, e don (0)P(e?) = P(2).

The CD kernel K¢V (e, e*) is invertible, and it satisfies the following variational
formula: for each 6 € [0,27) and for each N x N matrix polynomial P(z) of degree
at most ¢, with

P(e?) = Iy,
it holds that
(P.P)ox = K§™ (e, e)7, (3.9)
with equality if and only if P(z) = PV?(2), with
PN (z) = K§Y (2, ) KE¥ (e, e?) 7. (3.10)

Getting back to our problem, it turns out that our covariance matrix E[g;y)] can
be very simply expressed in terms of a CD kernel:

Lemma 3.3. E[j5;] = K2, (e*mk/n e2mk/n)—1,

Proof. With Lemma [3:2] at hand, this result is an instance of a well-known result,
see, e.g. [2I] for the scalar measure case. We reproduce its proof for completeness.
Let P(z) = ZZ;& 2P, be an arbitrary N x N matrix polynomial of degree at
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most n — 1. Stack the coefficients of P in the matrix P = [P} --- PT ,]T, so that
P(e¥?) = (a(e??)* ® In)P. We have

ﬁ ; 7T(a(ew)* @ In)R ™ Ha(e™) @ In)S(e®)P(e™) dip
— ey e )R (50 [ @) @ st ale) @ 1y v ) P

= (a(e")* @ In)R™'"RP
= P(e").

From the uniqueness of the CD kernel as a reproducing kernel, we thus obtain that
n~Ha(e?) @ IR (a(e™) @ In) = Ky (e, e').

The result follows upon observing that f, = n~1/2a(e2m*k/m)*, O

Now, Proposition 3] will be obtained by studying the asymptotics of the CD
kernel, a subject with a rich history in the literature of orthogonal polynomials.
These asymptotics are well understood in the case where the underlying measure
has a so-called regularity property a la Stahl and Totik [36] (see [35] for an extensive
treatment of these ideas). We adapt the approach detailed in [35] §2.15 and §2.16],
to the matrix measure case. This will consist of two main steps:

e We show that the polynomial P~ Y for which the variational inequality (3.9)

n—1-
for £ = n — 1 is an equality, satisfies

,0 .
 ma [P () < e with 0 < ey — 0. (3.11)

This is where Assumption comes into play.

e With the help of the variational characterization of the CD kernel, and by
making use of the previous result coupled with a matrix version of the so-
called Nevai’s trial polynomial technique [24, [35], we show that

Ve, 8 > 0,3Ny € N,YN > Ny, ¥, € [0,27), SN (&%) > §Ix
= nK& (e, e%) ! > (1 — ) s (er). (3.12)
In the following derivations, the sequence ey — 0 can change from one display to

another.
For a given N € N\{0}, consider the scalar measure (v on T defined as

dC (0) = %SN_l(S(N)(ew)) o,
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Consider the sesquilinear form on the scalar polynomials

(f.9)en = f( N g(e?) din(e?),

0

and denote as (bﬁN )een the sequence of monic orthogonal polynomials with respect
to (-, )¢y, which are the analogues of the ®7~ above. Let 7,V = <b§N,b§N><N, and
consider the orthonormal polynomials (ﬁgN)geN defined as ;" (z) = bg” (2)/+/ TN
(these are the analogues of the ¢7"). To establish (BI1]), we first show that

max max |f CN( W) < e N withenx >0, ey — 0. (3.13)
Le[n] 6€[0,27)
Write
2 1 2m
0% =75 :/ den () = 2—/ sn-1 (SN (1)) db.
0 T Jo
The sequence (TECN)g satisfies the recursion Tecill = (1- |Oég|2)TZ<N, thus, Tﬁ’l =

o3 Hi:o(l — |ak|?), where (ay)32, is the sequence of the so-called Verblunsky’s
coefficients associated to the measure (y [35, §1.7 and §1.8]. Moreover, by the
celebrated Szegd’s theorem [35] Theorem 1.8.6], the non-increasing sequence (TECN )e
converges as ¢ — oo towards exp((2m)~ fo log sy_1(SWN) (') db).

From this, we first deduce with the help of Assumption [[LT[ii) that there is a
constant C' > 0 such that

1 2m
C>o%>7N, >exp (2—/ log sy 1 (S (e ))d9>
T Jo
Furthermore, by inspecting the proof of [35, Theorem 2.15.3], in particular,

Inequality (2.15.21) of that proof, and by using in addition Inequalities (2.15.13)
then (2.15.15) of [35], we get that for |z| > 1,

n—1
166~ (2)]
max < exp 1o}
tel] |2* ,;' “

1 |1
coxp | L 1S
n n

1 1. 3
Sexp | —ElogH(1—|ak|2)
k=0

1
= exp (n\/—(logTﬁN + log a%)) .
n
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Thus, since

1 1 1 1 [
—logC > —logo% > —log " > — log sn—1(SM)(e*%))d,
n n n 2mn Jq
we obtain from Assumption that there exists a non-negative sequence ey —n 0
such that
b3 (2)]
7

max < exp(ney).

teln] |z
By the maximum principle, for any 6 € [0,27), any ¢ € [n] and any r > 1,

B () = () ) S () s Y (re)

< TZ(TEN)_1/2 exp (ney),

and by Szegd’s theorem and Assumption again, we obtain (BI3]) by choosing r
as close to one as desired.

Proceeding, we now consider the matrix measure dly(e?) ® Iy =
(2m) " tsn_1(SWM)(e))Indf, equipped with the sesquilinear function

1

27
= /0 sn_1 (SN () F* (%) G(e"?)do.

<<F’ G>>CN®IN =

It is clear that the fth normalized orthogonal polynomial for (-, )¢cyery IS
B;Y (2)In, and the associated ¢th CD kernel is

Y4
R8O (zu) = B (2)(BY (u)* In-
k=0

Obviously, for each Borel set A C [0,27), (N(A)In < on(A) in the semi-definite
ordering. Therefore, by the variational characterization of the CD kernels, we have

®IN/ 16 10 0 Ow— 0 Oy —
Kf;’il M(e”,e") > <<P'r€§1 7Pr€§1 >>g;®1N > <<P7§§1 7P7§§1 >>gz\1,

= K2 ()

for all 6 € [0,2). Recalling the definition (Z8) of the kernel K7~ (z,u), we obtain
from Inequality ([B.I3]) that

max max [|pfV (e)]| <™V with 0 <ey — 0.
Le[n] 0€[0,2m)

Also notice that
1

2
ngzl(ez(i,ew) > sOSN (elﬂ)ng (610)* _ (/0 dQN(9)> _ (R(()N))fl'

Thus, using Assumption [[L[ii) and recalling Definition BI0) of the polynomials
P¥Y we obtain the bound (FII)).
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We now prove ([312). Let § > 0 and 6 € (0,27) be such that SV)(e0) > §1y.
Consider the matrix measure

1
dsn (0) = %S(N) (e'0) db.

The CD kernels for this measure are constant and satisfy the identity
(KN (e e?)"1 = SN (o) for each integer ¢ > 0, as can be checked by the
direct calculation of the orthogonal polynomials for dsy(#), or by the applica-
tion of Lemmas and [3.3] with the blocks of the matrix R being replaced with
Ry = ]lk:OS(N) (6190).

Let 7 > 0 be an arbitrarily small number. By Assumption [[.T]i), we can choose
h > 0 small enough so that for each N > 0, w(S™N), h) < nd. Let 6 € [0 — h, 0+ h].
Then, for each vector u € CV with ||ul| = 1, we have

#( Q(N)(20) _ Q(N) (100
U*S(N)<€19)u _ u*S(N)<€160)u <1 + u (S (6 ) S (6 ))u) ’

u*SWV) (o )y
and hence,
VO € [0o — h, 0 + h], ST (&) < (1 4 217) SV (7).

The degree one polynomial ¢(z) = 0.5(ze~*% + 1) can be easily shown to satisfy
q(e'™) = supg |q(e"”)| = 1, and suPg_g ¢ r),9-00/>n |4(€")| = cos(h/2) < 1. Let
71 > 0 be arbitrarily small, and let m = n—1+|n7]. Consider the “trial polynomial”
Qum(e?) = P29 (e¥)q(e*?) ") with degree m. This polynomial has the following
features:

° Qm(ew“) =1Iy.
e By Assertion (BI1)) that we just proved, for § — 6y € [—7,m), |0 — Oo| > h, for all
large N,

1Qu (@]l < [cos(h/" [ PE ()] < | cos(h/2)|".
By the variational characterization of the CD kernels, we have

1
_ = g(N) (00 — SN (200 100\ —1
SO ) = (K5 (e, )
= <<P7§1N’007 PrszﬁO»CN
< (Qms Qm)en

< (1+20) / Qun () dow (0)Qu (€)*

0:10—00|<h

4 / Qunl)den (6)Qum ()"
0:10—00|>h
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< (1 2p)(PE¥i% PE¥Y , + | cos(h/2)|" M
= (14 2n) K2, ("%, e%)~1 4 | cos(h/2)["" M.

Since 1 and 7 are arbitrary, Assertion [3.12 holds true.

We now have all the elements to complete the proof of Proposition Let
k € [n] be such that SOV)(e27*/") > §Iy. Thanks to Lemma B3 we can replace
K2 (e, e0)~t for §y = 27wk/n with Eg,g; in Assertion This provides a
lower bound on Eg ;. To obtain an upper bound on this matrix, we recall that g
and gy are independent, resulting in Eg,g; < Eypy;, and use Lemma B.1]

This completes the proof of Proposition Bl We note for completeness that
we could have established the upper bound by using a Nevai’s polynomial trial
technique as well.

3.3. Technical results needed in the proofs of Theorems [1.1 and 1.2
The following lemma can be proved similarly to, e.g. [41, Corollary 4.2.13].
Lemma 3.4 (Covering number). Let U C C™ be a k-dimensional subspace.

Given p > 0, there exists a p-net of the Euclidean unit-ball of U with a cardinality
bounded above by (3/p)?~.

Lemma 3.5. Let ag,...,a,—1 be non-negative real numbers such that there exist
0 < c < C for which ¢ < m~ 1> ax, and maxa, < C. Given x € (0,¢], the set
Z(z) C [m] defined as

I(x) ={k € [m]:ar > x}

satisfies
c—z
Tl > m.
12 77—
Proof. We have C|Z| > >, .;ar > mc— ), 7c ar > mc — (m — |Z])z, hence the
result. |
For any random vector & = [&,...,&n_1]7 € C™, Lévy’s anti-concentration

function is defined for ¢ > 0 as
L(&,t) = sup P[l|§ —d| <1
deCm

(when the probability P above is taken with respect to some random vector z,
we denote the associated Lévy’s anti-concentration function as £,(£,t)). Assuming
that the elements & of ¢ are independent, letting k € [m], and defining k) =
[€0, - -, &]T, the following restriction result is well-known [31, Lemma 2.1].

L&, t) < LW, 1).
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We shall need the following rather standard results on Gaussian vectors.

Lemma 3.6 (Norm and anti-concentration results for Gaussian vectors).
Let &€ = [€o,...,én_1]T ~ Nc(0,1Ix), and let ¥ be an N x N covariance matriz.
Then:

(1) Fort >0, it holds that P[||S'/%¢| > V2Nt] < exp(—(t/[|Z] — 1)N).
Assume that $pm—1(X) > a for some m € [N] and some o« > 0. Then:
(2) There exists a constant qzg, > 0 such that P[|SY2¢) < am/2] <

exp(fqmyn).
(3) There exists a constant Gggs > 0 such that for each deterministic non-zero
matriz M € CN*N and each deterministic vector a € CV,

L(E+a) M+ a)/[M|[us,t) < (zqst

(4) There ezists a constant (g, = (gg,(e) > 0 such that L(ZY2¢,/mt) <

(%415)’”-

(5) For each non-zero deterministic matriz M € CN*N,
P[|ME]* > tl|M || Zs] < exp(1 —t/2).

This lemma is proved in the appendix.
The following results specifically concern our matrix model. The first one will
be needed to bound the spectral norm of our matrix Y.

Lemma 3.7 (Spectral norm of Y). Let Assumption [LIii) hold true. Then,
there are two constants B3 cl'm > 0 such that for each t > Cllﬂ’

PIIY |2 ] < exp(—qgVe?)

Proof. Since Y = XF, it is enough to prove the lemma for X. By a standard e-net
argument (see [37, Lemma 2.3.2]), we know that

PIX] >4 < Y PlIXull > /2],
ueN

where IN is a 1/2-net of S"~1. Let u € N. Observing that Xu ~ N¢(0, (u" ®
IN)R(a ® Iy)), and recalling that n||R| < M, Lemma [B:6(1) shows that

P12 1/2) < exp (- (hrs ) 1) W)

SMN

By Lemma B4l and the union bound, we thus have that

t2n
>t < — -1 .
P[| X > ] _exp( <8MN )N+(2log6)n)
Choosing t large enough and using (1), we get the result. O
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We shall need to use a discrete frequency counterpart of Assumption

Lemma 3.8. Let Assumptions [LIi) and [L2 hold true. Given N € N\{0} and
a >0, let Cgooa(x) be the subset of [n] defined as

Coood(ar) = {k € [n] : 5(621”’“/") >aly}.
Then,

Vee(0,1), FJa>0, [Cgodla)l> (1—r)n for alllarge N.

Proof. Let us identify a set Z C [n] with the discretization of the unit-circle T
given as {exp(2imk/n) : k € I}, and let us also denote any of these two sets as Z.
Given a small real number h > 0, let VI (Z) be the closed h-neighborhood of Z on
T equipped with the curvilinear distance. We shall show that

7] < % Leb(VE(T)) + % (3.14)
We first observe that VI (Z) consists of a finite number of disjoint closed arcs,
the length of each arc being greater or equal to 2h. Given ¢ € [0,27) and @1 €
[po+2h, o+ 2h+27), let {€¥ : v < ¢ < 1} be one such arc. Then, there are two
integers kmin < kmax in Z such that 2kyinm/n = @o +h and 2kgnaxm/n = @1 —h, and
all the elements of Z in this arc belong to the set {kmin, - - . , kmax }- Since there are at
most kmax—Kkmin+1 = n(w1—po)/(2m)—nh/7+1 of these elements, and furthermore,
since VI () consists of at most |7/h| arcs, we obtain the inequality (ZI4).

Fix an arbitrary x € (0,1). By Assumption [[2 there exists § > 0 such that
the set B = {z € T : sny_1(S(z)) < ¢} satisfies Leb(B) < kw. Let o = ¢/2, and
assume that the set Cpada(®) = [n]\Cgood () is non-empty (otherwise the result of the
lemma is true). Relying on Assumption [[Ii), let 2 > 0 be such that w(S,h) < «
for all N. Let k € Cpaa(a). By the Wielandt-Hoffmann theorem and the triangle
inequality, sy_1(S(e")) < & for each @ such that |6 — 27k/n| < h. In other words,
VI (Chaa(@)) C B. By inequality ([3.14)), we thus obtain that

n_ o
[Chaa ()] < Sht T
which implies that |Chad(c)| < kn for all large n. O

We now enter the proofs of Theorems [Tl and Given C > 0, we denote as
Eop(C) the event

Eop(C) = (Y] < CT.

In the remainder of this section, the constants will be referred to by the letters
¢, a, or C', possibly with primes or numerical indices that refer generally to the
statements (lemmas, propositions, ...) where these constants appear for the first
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time. These constants do not depend on N. The typical statements where they
appear are of the type

B[l < a] N Eup(C)] < C'a+ exp(—eN),

or others in the same vein. Often, such inequalities hold true for all N large enough.
This detail will not always be mentioned.

3.4. Proof of Theorem [L.1

As mentioned in Sec. Bl our starting point for proving Theorem [[[1lis the varia-
tional characterization (B3.3).

3.4.1. Compressible vectors

In the following statement and in the proof, the vectors u € SNT"~! will always
take the form u = [v" w']" with v € C".

Proposition 3.2 (Compressible vectors). There exist constants 032, ps.2,
Cs.2 € (0,1), and as.2, cs.2 > 0 such that, for the set

= {u € S o] < Cs2 orv/lv]| € comp(63.2, p3.2)}
(here v/||v]| = 0 if v = 0), we have

Pllinf [|Hul| < a3.2] N Eop(C)] < exp(—cz.2n).

Proof. For each u € S¥*"~! the inequality ||[Hu| < a for a > 0 implies
Yo+ zw| < a, (3.15a)
Qv + Y*uw| < a. (3.15b)
Take a = |z|/2. On the event &, (C), we obtain from (315al) that
|21/2 2 |z[[[wll = [V [[l[o]l = |2](1 = [[o]]) = Clv]l,
since V1 — 22 >1— 1z on [0,1]. Hence

2
PEY
ol > Coa & 2
which trivially implies that

PILinf [ Hull < |21/2] N Eap(C)] = 0.

ueSN+n=1:||v]|<C3.2

Let Z C [n] be such that |Z| = |f5.2n], where 03 5 will be chosen later. Let Vz € C"
be the set of vectors v such that ||v|| € [C5.2,1] and v/|jv]| € S3~'. Let v be a
deterministic vector in Vz, and define the random vector w = —z~'Yv. Writing
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u = [vT wT]T, we shall show that there exists a constant ¢ > 0 such that for all

t > 0 small enough,
Pl Hul| <] N Eop(C)] < (ct)™. (3.16)

On the event &, (C), we have

C [Vw| [|[V*w+ Q tv - QLo
i 2 lwll = =557 = v
2| Y] Y]
ol = [V*w + QL]
- Y]
> C39 — ||Y*w + QiL’UH
p— C .
By the choice of w, we have [||[Hul|| < t] = [||Q v + Y*w| < t]. Assume that

t < C3.2/2, and define the interval J = [C3.2/(2C), C/|z|]]. Then,
IHul| < t]N&p(C)] C [[[w]] € [(Cs.2 —1)/C,C/|2]] C [[|w]] € J].
If J = (), then the inequality (B.I6) holds trivially. Otherwise, we write
Pl Hul| < t] N0 Ep(C)] < P (Y. ze) wl| < t] N [[Jw]] € J]],
and for each ¢ € Z¢, we write
Ye="Ye +Ye where g =E[y,|Y 1].

Similarly, we write

Y,Ic = Y/.,Ic + Y,Ic where Y,Ic = E[Y7Zc|y7z].

Since w is o(Y. z) measurable, the variables }7,710 and w are independent, and we
get from the last inequality that

Pll[[Hul|l < t]N&p(C)] < ﬁuﬁ) JE? Ic((?,ﬂ)*w’t)'
w:||wl| € ’

For each deterministic vector w such that ||w| € J, we thus need to consider
the probability law of the Gaussian vector (}N/I)*w by studying its covariance
matrix ¥ = nE(}A}.,Ic)*ww*i}.)Ic. We first bound the spectral norm of ¥. Writing
(Y. ze)*w = (Ij7¢| ® wT)W(}?)zc), we have

S = n(lize| @ w"EveE(Y. 7<) vec(Y. z¢) (I jze| @ @),
thus,
2T =n(lize @ w*)E Vec(}ZZC)Vec(ff.lc)*(lm‘ ® w)

< n(lize) @ w*)Evec(Y. z¢) vee(Y. z¢)* (Ijze] @ w)

2250053-29



200 Reading

August 7, 2022 17:8 WSPC/S2010-3263 RMTA 2250053

A. Bose & W. Hachem

in the semidefinite ordering. Using that Y = XF, we have vec(Y. zc) = ((F.zc)T ®
Iy)vec(X), thus,

¥ <n((F.zo)" @ w)R(F. 7z @ w),
which shows that
2] < M[w[|? < Cnax = MC?/|2[*.

Recall that y, = g¢+7¢, and observe that o(Y. 7) C o(Y%) for each £ € Z°. Therefore,
for an arbitrary deterministic vector v € CV, we have by Jensen’s inequality

Ellu*ge*] = E[[E[u*ye|Y. 1]*] = E[[E[E[u*ye | V2]V 1][?]
< E[|E[u*ye| Y]]
= E[|u*e/’]
for such /. Since
Eyey; = Eget; + Egey; = Ege; + Eyegy,
we get from the previous inequality that
Egey; < Egey;.

Choosing 652 < 1/4, we have that |Z°| > 3n/4. By Lemma [38 there exists o > 0
such that |Z¢ N Cgooa(@)| > n/2. With this, we have

tryY = nw*E)N/.,Ic (}N/.)Ic)*w =n Z w* Eyrgrw > n Z w* By w.
keZe k€Z°NCgo0d

By Proposition 3.1l we thus obtain that for all large IV,
Qe 2 .
tr > §|I N Cood|[|w]|* > n——25.

Write Cin = aC3 4n/(16C%|Z¢|), and let k be the largest integer in [|Z¢|] such that
$k—1(2) > Cimin/2. Then, we obtain from Lemma [35] that

C’min 3n

Cmin
k> | > .
2Cmax - C'min 4

ZC
- 2Cma,x - C'min|

With this at hand, we can deduce Inequality (B16) from Lemma [3.6[4).
Now, still fixing Z and ¢ as above, set p3.2 as

t
3+ )220+ 1)

3.2

2250053-30



200 Reading

August 7, 2022 17:8 WSPC/S2010-3263 RMTA 2250053

Spectral measure of large empirical autocovariance matrices

Set az.2 = (|2]/2) A p3.2, and let u = [T w']T € S¥*+7~1 be such that v € VC'_(V7)

P3.2
and ||Hul| < az.2. Let K, , be a pso-net of Vz. By Lemma B4 we can choose
ICP3,2

in such a way that |K,, ,| < (3/ps.2)?%>2". By the triangle inequality, there is
v € K, , such that |[v — v|| < 2p32. Let w = —2~'Yv, and write u = [T w']T.
Since ||Yv + zwl|| < p3.2 by (BI5al), we have
[Y (v =v) + 2(w —w)|| < ps.2.
Thus, on the event &y (C'),
lw—w| < |2| " (p3.2 + 2032[Y]]) < 2| (ps.2 + 203.2C).
From the inequality |Q~%v 4+ Y*w]|| < p3.2 (see (BI5D)), we get
19 2o+ Y'w + QL (v —v) + Y*(w —w)| < pso.
Thus,
19 Lv + Y*w| < 3+ Clz| 1 (1 +2C))pz.2 = L.
This implies that ||Hu| < t. As a consequence,
[FueSVNTliveV,, ,(Vr), |Hu|| <ass] C [FveK,,, :
|HT, —= (Vo)) < ).

Applying the union bound and using Inequality ([BI0]), we therefore get that

dl inf 0l < 22| 0 € (O)] < (3/pm2) " ct)"

u€SNFT=1:|v[|>C5.2,0E V5 , (V1)
Now, considering all the sets Z C [n] such that |Z| = |05.2n], and using the bound

(:1) < (en/m)™ along with the union bound again, we get that

]P’H inf ([Hul| < a3.2} N 5op(c)]
weSN+n=1:||v||>C3.2,v€Ecomp(03.2,p3.2)

< (e/03.2)%527(3/ ps.2)?P**" (ct)".

The proof is completed by choosing 035 small enough. O

3.4.2. Incompressible vectors

We now consider the action of H on the vectors v € S¥+"~1 that belong to the
complement of the set S of Proposition [3.2] in the unit-sphere.

Proposition 3.3 (Incompressible vectors for the smallest singular value).
There exists a constant c3.3 > 0 such that for € > 0 arbitrarily small,

P inf Hul| < n =32t N &, (C)| < et —c3362N).
[{ueSNl}rlnl\S| UH_TL p( ) =€ Jrexp( €3.3¢ )

2250053-31



200 Reading

August 7, 2022 17:8 WSPC/S2010-3263 RMTA 2250053

A. Bose & W. Hachem

The remainder of this subsection is devoted to the proof of this proposition. As

in the proof of Proposition B2, a vector u € S¥*"~! will be written u = [vT w"]T
with v = [vg,...,vn—1]7 € C*. When u € SN*"~1\S, the vector o = v/|v|| =
[T0, ..., Tn_1]" belongs now to incomp(#3 2, p3.2). Associate with any such vector u,
the set

Ju=A{k € [n]:|vk| > p3.2C5.2/v2n}.

Then, |J.| > 0sn. Indeed, the set J, = {k € [n] : |0k] > ps.2/v/2n} satisfies
|._7v| > f03on. To see this, denote as va the orthogonal projector on the vectors
supported by J,, and check that || 117 (@)/|[1L7 @)l < ps.2. If | To| < 05.9m, we
get a contradiction to the fact that © € incomp(03.2, p3.2). It remains to check that
if u € SN*T"=1\S, then To C T

Now, choose a3 3 > 0 small enough so that the set Cgooa() from Lemma [38sat-
isfies |Cgood(@3.3)] > (1—05.2/2)n. Observe that with this choice, |7, NCgood (e3.3)| >
93.277,/2.

We now use the canvas of the proof of [31, Lemma 3.5] to relate the infimum
over the incompressible vectors with the distance between column subspaces of H.
Specifically, for each u € SNT"~1\S, we have

|Hul| > pe g, 18X |vk|dist(hk,Hk)
Ju mcgood (O‘B 3

p3.2C3.2 .
> — max dist(hg, Hy).
T V/2n  k€JuNCgooalas.s) ( i k)

Thus,

p3.2C3.9t

Hu
Il < P2

|: ESN+71 ns

C inf max dist(hy, Hy) < —
UGSN+7”71\S kGJuﬂcgood(ag_g)

Denoting as £ the event at the right-hand side of this inclusion, we have from what
precedes that

2
1e < Boan Z Ldist(hy, Hy)<t/n]»
k€Cgo0d(a3.3)

which implies that

p3.2C3.01
P Hu —= == | N&,(C
|t Sl < 2252 g, )

2 S Pfdist(he, He) <t/n]NER(C). (3.17)

93 2n
: kecgood (a3.3)
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A workable formula for dist(hy, Hy) is provided by the following lemma.

Lemma 3.9. Let M € C™*™  and partition this matriz as
Moo Mot
M = [mo M_O] = 5
mio M

where myg s the first column of M, M_q is the submatriz that remains after extract-
ing mo, and mog s the first element of the vector mqg. Assume that My is invertible.
Then,

_ [moo — moy My mao|

V1 + [mor M2

Proof. Write dist(mg, M_g)? = mi(I — M_o(M*yM_o)~1M*,)mg, and observe
that M* M_o = M;j,Mi1 + mi;mor. Letting v = M{7"mg,, we obtain by the
Sherman—Morrison—-Woodbury identity that

M M)t = M (1 2 )
( -0 0) 11 < 1+||UH2 11 >

diSt(mo, M_O)

thus,

mo1

[ Mo A = 1 [ NN

— vv* — %k * *
] Mlll (I 7) M, [m01 Mi]
11

1 1 -0 1 1
=— =— 0 1 —v*].
L+[ol]2 v wv* L+ (]2 | —v

T [moo] ’
mio

which is the required result. O

This leads to

1

dist(mo, M70)2 = W

)

For convenience, let is recall the matrices Gy and G,;l from Sec. 3.1}
—L *
P 6%
Yk z

E, Iy
P, Dy

—1

Gy = p=

Applying the above lemma on the matrix H with the column k being used instead
of Column zero, we get that
—kL __ *D —kL * )
dist(hy, Hy) = —2 vileysl & ky’:' ~. (3.18)
VIHI0 gt VU TPl + TyiDil

We shall use the notation

Numy, = |w™** — yiDryr|, and Deny = \/1 + |y Pell? + |lyi D |2
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Lemma 3.10. The following facts hold true:
(1) Assume that k € Cgooa(s.3). Then, there exist qz7g, Ciggg > 0 such that
P[0 y7)G | < Ggam N Eop(C)] < exp(—qzpV)-
(2) On Ewp(C), for cach k € [n], we have | Pyllus < C|Dylls.
Proof. (1) Consider
lyll = 1[0 y7lGL Gl < 0 wi)G |G-

On &,,(C), we have |Gi|| < C' 4+ |z| + 1. Moreover, since k € Cgooa(@3.3), and since
[nEyry; — S(e?™/™)|| is small by Lemma B} there exist two constants ¢/, C’ > 0
such that

Plllykll < C] < exp(—¢'N)

by Lemma B.6(2). The proof of Item (1) is complete.
(2) We show that for each constant non-zero vector u € CV,

[ Pel| < Clju” Dy ||-

The result follows then from the identity [|[M|%s = >, [lef M|, valid for each
matrix M. The vectors v* = u* P, and w* = u* Dy, satisfy

v w =00 u]G.',
and hence,
o vy
0 w= wl
Yk z

In particular, v*Q % + w*Y}, = 0, and this shows that ||v]| < C|jw|| on Ep(C). O

Lemma will be used to control the value of Deny. Fix an arbitrary small
real number € > 0, and define the event

Epen(e) = [Deni; > €| Dllfys]-

Lemma 3.11 (Denominator not too large). Assume that k € Cgooa(z.3
Then, there exists cg11 > 0 such that for all large n,P[Epen(e) N Eop(C)]
exp(—cs.11€n).

).
<

Proof. Defining the event £ = [Den} > (Cigjzﬂ—l— D)0 yi]G %], we have
PIE N Eop(O)] = PG > 10 571G 7] N Eep(O)] < exp(—qzpn)
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by Lemma BI0(1). Writing £'(e) = [0 y; G ' ||? > €| Dill4s], we have
P[E'(€) N Eop(O)] = P([llyiPell* + 1y Dull* = ]| D llfis] N Eop(C)]
< PlllyiPell* > el Pellfis/ (2C%)) + Py D 1?
> ¢|| Dy ||is /2],

where we used Lemma BI0(2). in the first inequality.
Note that

Iy Dicll* < 2015 Dill? + 21|95 Dill* and |9 Dxll < [|gxl1?[| Drluss-
Hence there exists ¢y — 0o such that
P(l|yi Dk lI* > el Dillfis/2] < P[|gsDrll” > €l Dillfis /8] + Plllgill* > €/8]
< P[|5; Dil|* > €l|S,/* Dellfis/ (8M)] + e~o¥"

< 6lfsn/(IGM) +€7an7

where we used Lemma [B6(1) along with Proposition Bl in the second inequality,
and Lemma [B6(5) in the third one. We have a similar bound for P[||y;Py||* >
e|| Prll%s/(2C?)]. Consequently, there exists ¢ > 0 such that P[E'(e) N &Ep(C)] <
e~ ™ for all large N.

Observing that Epen(e) NEC C 5’(&/(%+ 1)), we obtain as a consequence
of these inequalities that there exists c3.11 > 0 such that for all large N,

PEpen(€) NEep(C)] < Plpen(e) NEC N Ep(C)] +P[E N Ep(C)]
< PIE/(¢/ (Gl + 1)) N Ean(C)] + PIE N E0p(C)]
< exp(—c3.11€n).

The proof of the lemma is now complete. |

Now, we get back to the expression in (B.IT). As in Sec.BT], we use the shorthand
notation Sy = S(e?7*/™). Given k € Csood(t3.3), we have

P[[dist(hg, H) < t/n] N Ep(C)]
= P[[Numy/Deny, < t/n] N Ep(C)]

TN
<P { e t/n] A Epen(€)° N 50p<0)] + PEben(€) N Eup(C)]
L Denk
[ nNumy,
<P |——— <tye| +exp(—c311€n)
| Dx |ls
<]P>- nNumy, <tJe/ + exp( en)
= 3.3 XP(—C3.11EN).
11552 Di Syl
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Writing Numy, = |w™*% + (§x + 9x)* Dk (G + Ux)|, we obtain from Lemma [B.6(3)
and Proposition [3.]] that for some constant ¢ > 0,
(T + k)" Di (G + 9) tVeE

|55* DSy llns @33

P{[dist (hy, Hi) < t/n] N Eop(C)] < Ey, L3, (

+ exp(fc&uen)

< cty/e + exp(—c3.11€n).

Proposition B3 is obtained by combining the last inequality with Inequality (BI7).

Theorem [IL1t End of proof.
The proof is now completed by combining Propositions B.2] and Lemma 3.7

3.5. Proof of Theorem [1.2]

Throughout the proof, we fix k € [[N?|,|N/2]]. None of the constants that will
appear in the course of the proof will depend on k.
The following lemma refines Inequality (B:2]).

Lemma 3.12. For any k € [N], we have

SN4n—k—1(H. (Npn-1) < sn—p—1(YQIY* = 2).

Proof. Write any vector u € CN*"% as u = [vT w']T with w € CN~*. Writing
QO Vivew ) | [v] Q7o+ (Vivew,)'w
Y Z(IN)-,[N—k] w 7

Yo +Z(IN).,[N,;€]’U)
SN+n—k—1(H. [Ntn—t]) = Leeimin 5. (Nn—rull

H Nin—ku=

we have

min H. _EU
S L. )*wH [Nk

< min ||(zIy fYQLY*)_7[N_k]w|\.

T weSN-k-1
On the other hand, using the variational characterization of the singular values of

a matrix, see [20, Theorem 4.3.15], we can write

min [[(YQ'Y* — 2In). yogw|| € syopo1 (YOQIY™ — 21y),

weSN —k—1
and hence the result follows. |
Similar to what we did for controlling the smallest singular value of H, we use
the characterization 3N+n7k71(H-,[N+n—k]) = MiN,egN+n—k-1 HH-,[N-&-n—k]u”v and

we partition the set SN +"~#~1 into sets of compressible and incompressible vectors.
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So, write any vector u € SNtn=k=1 a5 4y = [uT WT]T with w € CN~*. Let the set
S € SVN+n=k=1 he as in the statement of Proposition B2l We of course have

SN+n—k—1(H (N4n—r) = WE [|H. [n4n—sjul

A inf H g 3.19

et [H. [N 4n—rul (3.19)

It can be readily checked that Proposition remains true, once we change the
values of the constants that appear in its statement as needed. So, finally, the
contribution of the term inf,cs || H. [y4n—kul has been estimated, and we are left
with the incompressible vectors. Regarding these, we have the following proposition.

Proposition 3.4 (Incompressible vectors for the small singular values).
There exist constants as.4 > 0 and c3.4 > 0 such that for all N larger than an
integer that is independent of k € [[N?], | N/2]],

]P)Huesf\fglfkl\s [ H. (N tn-rul < a3.4\/E/N} N SOP(C’)] < exp(—cs.4k).

Remember the definition of the set Cyood (@) C [n] in Lemma B8 To prove this
proposition, we begin by mimicking the argument that lead to Inequality (BI7)
above. Specifically, there exist positive constants ¢, ¢’ and a such that

. ct
P Huegz\,j?fkl\s [H [N 4n—rull < m] ﬁé‘op(C)}
¢
< o Z P[[dist(he, H.,[N+n7k]\{l}) <tn 50P<C)]’ (3.20)
LECgo0d ()

and |Cgood (cv)] is of order N.
This inequality calls for the following remark.

Remark 3.1. By checking the structure of the vector h, and the matrix
H.Nyn—i\{ey (see below), one can intuitively infer that with high probability,
dist(hg,H.)[]\;jLn,k]\{g})2 is of order codim(H. [nin—g\fe3)/N = (k —1)/N. Taking
t = \/k/N and recalling the characterization B.I19), we get that syin—k—1 =
Vk/N, which is what is predicted by Theorem However, one naturally expects
that these singular values grow linearly in k (as k/N) which would make the result
of this theorem sub-optimal. Actually, this sub-optimality is due in the first place
to Inequality ([B:20]), which is too conservative for obtaining optimal bounds on the
small singular values that we are dealing with here.

In [32], a tighter inequality is used to control the smallest singular value of a
rectangular matrix. Obtaining a corresponding inequality appears to be a quite
involved task in the present context.

Proof of Proposition 3.4l We need to bound the summands at the right-hand
side of Inequality ([320). To this end, assume for notational simplicity that ¢ = 0
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(assuming without loss of generality that 0 € Cgooa(c)). In this case,

1
hO: Onfl 5
Yo
and
i O;I;—l (yO)FNik] T
—L N
Ho i g0} = Q")) im) (VN4 [1:n)) C N (Nnmho)
2Nk
Y,[l:n] 0
L Ex(N—Fk) | |
Write
Onfl _
ﬁo = [ S CN+" 1’
Yo

and let H, be the matrix obtained by taking out the row 0 from H. [x 1, —)\ {0}, i-€-

QB ngm) (Yiv—w) 1))

HO — c (C(N-i-n—l)x(N—i-n—k—l).

Y,[l:n]

2IN_} ]
Ok (N—k)

Note that h, and H, are “almost” independent. However, this is not so for hg
and H. [Nin—g\{0}- Let a € CN+n=k=1 he the vector such that H (Nyn—kp\{oya =
HHV,[NJank]\{o}hO' Then,

dist(ho, H. (N+n—ipfo1)° = Ilho — H. (Nn—ipgoyall® = |ho — Hoall?
> dist(hg, Hp)*.
Consider again the decomposition yo = %o + %o with go = E[yo|Y. [1.,], and write

~ 0,— . On—
ho=|""'|, and ho=| " '| ecN+nL,
Yo Yo
Then, writing Go = [ho H,l, we have
dist(hg, Hy) = dist(ho + ho, Hy) > dist(ho 4 ho, Go) = dist(ho, Go).

Observe that i~L0 and Gy, are independent, and that N +n — k — 1 < rank(Gy) <
N+n—k with probability one. Let r = N+n—1—rank(Gy), andlet A = [VT WT]T €
CWN+n=1)X7 he an isometry matrix such that AA* = Héo. Here the partitioning of
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Ais such that V € C»=D*" and W € CVN*". Note that r € {k—1,k} w.p. 1. Since
AA* = Héo, it holds that HjA = 0, which can be elaborated as

0= (QL)[l:n],[lzn]V + (Y,[ln])*W
0=Y N mnunU+[ZIN-k Ov_i)xr]W. (3.21)

Assume that |W|jfs < ar with a = /(14 C?). By Eq. 321)), on the event &,,(C),
we have ||[V||#g < CZ?ar, which contradicts the identity ||V ||is + [[W%4s = 7

Thus,

P([[WllEs < ar] N &ep(C)] = 0.
Using this result, we now provide a control over dist(ho, Go) = ||[W*go||. It is clear
that gp and W are independent. On the event [||W |35 > ar], we know by Lemmal[3H]
that

S| e rJfl(W)2 >a/2.

2—a

Moreover, since 0 € Cgooa(c), Proposition B.I] with the help of Assumptions [I]]
and [[3 shows that nEgogs > («/2)In for all N large. Consequently, on the event
[[[W|%g > ar], the conditional distribution of W*§j;, with respect to the sigma-field
o(W) is Gaussian with a covariance matrix ¥ € H', such that s| o, 1(¥) >
aa/(4n) for all large N. Put * = aa| 327 /(8n) ~ r/n. By what precedes and by
Lemma B.6](2), we have
P{[dist (ho, H. [n4n—r)\(0})” < 7] N Eop(O)]
< P([dist(ho, Go)? < 2] N Eop(C)]

< P[[dist(ho, Go)* < £*] N [|W llfzs = ar]] + P[[IW Il < ar] N Eep(C)]

a
< exp <C3.6,2 {2 — GTJ) .

The proof of Proposition B4l is completed by using Inequality (3.20). O

Proof of Theorem To complete the proof, we need to just combine
LemmaBI2with the characterization ([3.19), apply PropositionsB.2and[3.4] respec-
tively, to the two terms in this characterization, and use Lemma [B.7 to bound
PlEop(C))- 0

4. Proofs Regarding the Singular Value Distribution of RéN) —
4.1. Proof of Theorem
We recall that M7 = {M € C™*™, IM > 0}.

z
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Lemma 4.1. Given an integer m > 0, let M € M. Then M is invertible, and
MY < |(SM)~Y|. Moreover,— M~ € M.
Proof. For each non-zero vector u, we have

lull|Mul| > Ju*Mu| = |u*RMu + w*SMu| > v*SMu > 0,

and hence M is invertible. For an arbitrary non-zero vector v, there is u # 0 such
that v = Mu, and we have from the former display that

1M~ o[l = (M~ o) (SM)M ™o > [[(SM) | =H[ Mol

and hence the second result follows. We finally have

L MF—M

x -1y _
M )=M 5

M~ =-M"Y(SM)M~* <0. |

The following result is well known. We provide its proof for completeness.

Lemma 4.2. A probability measure U is symmetric if and only if its Stieltjes trans-
form gz, seen as an analytic function on C\R, satisfies gz(—n) = —gs(n).

Proof. The necessity is obvious from the definition of the Stieltjes transform and
from the fact that 7(d\) = v(—d)\). To prove the sufficiency, we use the Perron
inversion formula, which says that for any function ¢ € C.(R),

/ p(z)r(dz) = lim 1 o(x)Sgp (z + 1)dx.
R |0 T R

By a simple variable change at the right-hand side, and by using the equalities

95(—=n) = —gs(n) and g5(77) = gs(n), we obtain that [ p(z)v(dz) = [p(—zx)r(dzx),
and hence the result follows. O

The operator .7 introduced before Theorem has the following properties.
Lemma 4.3. Suppose M € C*N*2N and S € Hf. Then,
1.7 (12 © S)M)[| < [|M[| tr S/n < (N/n)||S||||M]].
If SM > plon for some p > 0, then

ST ((Iy ® S)M) > pn~ ' (tr S) L.

Proof. To obtain the first result, we write

T (I ®S)M) = T (I ® SY*)M (I, @ S*/?))
*51/2 Sl/2
P T |
e;S/2 512,

n
Le[N]
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Hence,

17 (2 @ S)M)|| <~ IMI| Y- |8 2eel|? = |[M][ tr S/n.
(E[N]

To obtain the second inequality, just observe that .7 ((I205)M) = T ((1205)SM)
and follow the same derivation as above.

Proof of Theorem Given a function M (n) € &2V let
A(M(n),e) = T (I ® S(e*)) M (n)) + Ur(e”).

We shall show that A(M(n),e?)~! exists, is holomorphic as a function of 7, is
continuous as a function of 6, and satisfies IA(M (n),e?)~! < 0.

First let p > 0 be such that SM(n) > pI. By Lemma B3 SA(M(n),e?) >
pn~ttr B(e?)I,. Thus, if X(e) # 0, then A(M (n),e*?)~! exists, is holomorphic in
n, and SA(M(n),e?)~! < 0 by Lemma AT

Otherwise, A(M(n),e??) = Ug(e?), which is trivially invertible, and
SA(M(n),e?)~! = 0. In summary, A(M(n),e?)~" is holomorphic in 7 and sat-
isfies SA(M(n),e?)~t < 0, for each § € [0,27). Moreover, the continuity of
A(M(n),e*)~! follows from the continuity of A(M (n),e").

From these properties of A, it follows that

27
BOM(»)) = (2m)" / A (7). ) @ S(e)db

exists, is holomorphic as a function of 7, and satisfies SB(M(n)) < 0. Since
S[? 727] = Qnly, we get by Lemma [l that the function Fs, ,(M(n),n) is holomor-
phic in n € C4, and takes values in MiN. Furthermore, since M € &2V it holds
that [[M(n)]] < 1/(Sn), and it is easy to show that lim;_.o 1tFs (M, 1t) = —Ion.
In summary, Fx. (M (n),n) € &2V as a function of n when M € &2V,

Let us now establish the uniqueness of the solution of Eq. (I3)) in the class G2V,

Assume that P(z,-) and P’(z,-) are two such solutions. Then,

Fsz(Pon) = Fso(P'n) = Fs(P.n)(B(P') = B(P))Fx..(P',n)

2
— fg,z(P, n) X {%/0 (A(P’,ew)*lg((b ® 2(616))
x (P —P)AP, ")) ® E(e“’)de} x Fs, (P, n).

Define the domain

N N
D{n€C+:%n>4|2|m<—\/ —)}
n n

Let n € D. Using the Inequality ||P|, [|P’|| < 1/S7, along with Lemma 3] it can
be checked that [|A(P,e?)~ 1|, ||A(P’,e?)"!|| < 2 when 5 € D. Using Lemma B3
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again, we have

4 N
—IZI%NP - P

P — Pl” = [|[Fs,(Pn) _FE,Z(P/’n)H < (Sn)?

1
SIP =P, (1)

IN

which shows that P(z,n) = P'(z,n) for n € D, and hence, for n € C.
To show the existence of the solution, set Py(z,7) = —n~ 'y € &2V, and
consider the iterations

Pk+l(za77) - FE,Z(Pk(Zvn)7T’)

Then, Py(z,-) € &2V for each k, and furthermore, the sequence Pj(z,7) con-
verges on D to a function Py (z,n) which satisfies P (2,m) = Fx,2(Poo(2,1),7)
by Banach’s fixed point theorem. Furthermore, given arbitrary vectors a,b € C2V,
the sequence of holomorphic functions (a* Py(z,)b); on D is a normal family, thus,
their limit a* Ps (2, -)b is holomorphic on D by the normal family theorem. Since a
and b are arbitrary, Py (z,-) is a holomorphic matrix function on D that satisfies
the properties of a matrix Stieltjes transform stated in Proposition[[.2l This shows
that Py (2,-) is the unique solution of Eq. (3] in &2V.

It remains to establish the last result of Theorem Extending the domain
of Fx, .(P(z,m),n) in the parameter n to C\R, we show that P is the solution of
—FPo  Por ]
Py —Pn
is the solution of the equation P’ = Fx(P’,—n). This can be demonstrated by a
direct calculation: writing

the equation P = Fy, (P, n) if and only if the matrix function P’ = |

too to1
T(e,2,n) = T(T © S(e*)P(,m)) = ,
tio  t11
we have
1 t11 —(tor + e *£9)
(T(e”, z,m) + U(e)) ' = ;
A —(t10 + ezLG) too

with A = tgot11 — (t01 + eilLe)(tlo + BlLG). Thus,

[Py P,
p_ |00 Fo

[P0 P

r 1 [t 1 [(t —1L0 !
_/ﬂgfn - Wie)zfz
27 A 27 A

L/MEE 1 to_ogf

L 27 A 2w A
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Recalling the formula for the inverse of a partitioned matrix (see [20, §0.7.3])

1
Moo Moy
Mg My
- (Moo — Moy M M)t — Mt Moy (Myy — Myo Mgy Moy )~
— (M — MloM&)le)*lMloM&)l (M1 — MloMoiole)*l

we get the required result by a direct checking.

Using this result in conjunction with Lemma [£2] we obtain that for each deter-
ministic vector u € CV, the scalar measures (u*Az;u)(dt) are symmetric for i = 0, 1.
This shows at once that the measures A;; are symmetric. The proof of Theorem [I.3]
is now complete. O

4.2. Proof of Theorem [L.4l

Recall that M is the bound provided by Assumption [[I[(ii). From now on, we shall
write vg,, = supy N/n.

We first establish the tightness of the sequence (7, n)n. As is well known [I4],
this is equivalent to showing that —itgs (1) — 1 as ¢ — oo uniformly
in N.

Given M € MiN, let

AM, ) 2 T((Ia ® S(e?)) M) + Ur(e").
By Lemma 3]
17 (1> @ S(e)G(z, )| < YeupM /1.
Thus, for t > 2v,,, M, [|A(G(z,1t),e*?) || < 2. Since

G(z,1t) = Fs.(G(z,1t),1t)

z ot

—1
®IN> )

- (%/A(G(z,zt),ew)_l ® S(e)dh — llt

it is clear that

—1t
ﬁtrG(z,zt) —1

t—oo

uniformly in N, thus, the sequence (7, n)n is tight.
The remainder of the proof is devoted towards establishing the convergence ((L4).
Recalling the expression Ry = XJZX* provided at the beginning of Sec. B, we
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have
— Ly 2 -1
Q(z,n) = (H(Rp —2) —n) ' = [ n XJLX ]
XJ_LX* 3 _n
_ [QOO Q01‘|
Qo Qu .

We begin by bounding the variance of (2N)~!'tr DQ at the left-hand side
of (I4).

Proposition 4.1. Under Assumption [LIii), for each deterministic matriz B €
CN*N and each u,v € {0,1},

Var(tr BQuo(2,1)) < 87, M| B1?/(S1)*.

The proof of this proposition will be based on the well-known Poincaré-Nash
(PN) inequality [I0 [26], which is also a particular case of the Brascamp-Lieb
inequality. Let v = [vg,...,vm_1]' be a complex Gaussian random vector with
Ev = 0, Evv" = 0, and E[vv*] = . Let ¢ = p(vo, .-, Vm_1,00,---,0m_1) be a
C' complex function which is polynomially bounded together with its derivatives.
Then, writing

VDQO = [380/3’007 ceey 830/81}77171]1— and VTIQO = [380/3’507 s 7890/81_}’"171]1—7
the PN inequality is
Var(p(v)) < E[Vop(v)" £ Vop(@)] + E[(Vop(v)" = Vep(v)].  (42)

If we rewrite Q(z,7) as Q(z,1) = Q¥ to emphasize the dependence of the resolvent
on the matrix X, then, given a matrix A € CN*", the resolvent identity implies
that

QX-‘,-A o QX _ 7QX+A((QX+A)—1 o (QX)—I)QX

_ *QX+A

(X + A)JE(X + A

— XJLX* 0%

X+ ATTE(X + A

—XJLbx~
Using this equation, we can obtain the expression of da*Q.,b/0%;j, where a,b € CV,

u,v € {0,1}, i € [N], and j € [n]. Indeed, taking A = ey e;, ; in the former
expression, we get after a simple derivation that

a*Qyuypb

9. —[a*Qu1 X J;[Qovbli — [a* Quo X J"];[Q1,b]:. (4.3)
ij
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Proof of Proposition [4.3l We apply Inequality [@2) by, respectively, replacing
v and ¢ with vec X and tr BQ.,, (seen as a function of X).
Given k,i € [N], and j € [n], we have

dler BQuyo B
W = —[BQu1XJ 1 [Qoulit — [BQuoX T i [Quo]in,
ij
and thus,
0tr BQ . B
% = —[QovBQu1 X J " ij — [QuoBQuoX T ;.
ij

Let us focus on the second term at the right-hand side of Inequality (£2]). Observ-
ing that E[z;, j, Tirjo] = n 7 [Rj,—j]i1 in, and recalling the expression of the block-
Toeplitz matrix R given by Eq. (B8], we have

8tr Bqu _ 8t1‘ Bqu
> > E[?E[@’x]ai
4 - Tiy gy Liyjo
11,i2€[N] j1,j2€[n]

< 2R vec(Qoy BQui X J L) Rvec(QoyBQui XJ 1)

+ 2E vec(Q1, BQuoX JX)* R vec(Q1, BQuo X J&)

2M _
< = (E)Qu BQuX T~ H|fs + Bl Q10 BQuoX I [hs)

AM||B|?

E||X|?
= (%77)477/ H HHS
_ A7 M2 B
(Sn)*
The first term at the right-hand side of Inequality ([2]) is treated similarly, leading
to the bound given in the statement, and the proof is complete. O

In order to establish the convergence (I4]), using Proposition 1] and the Borel-
Cantelli lemma, it will be enough to show that

vn € Cy, % tr DM (EQW™) (z,1) — G (z,n)) 0 (4.4)
Following the general canvas of [28], we approximate our process ™) by a Moving
Average process with a finite memory. We shall construct from this MA process a
resolvent that will be more easily manageable than Q).
With reference to Theorem [[3] first consider a discrete analogue of the integral
within the expression of Fy .. A straightforward adaptation of its proof yields the
following proposition and we omit the details.

Proposition 4.2. Let ¥ : T — Hf be a continuous function, and let z € C. Then,
the conclusions of Theorem remain true if the function Fx , there is replaced

2250053-45



200 Reading

August 7, 2022 17:8 WSPC/S2010-3263 RMTA 2250053

A. Bose & W. Hachem

with
a 1 vl /n
FraMm = = Y (7@ 2(™/")Mn)
Len)
-1
672171'EL/71 -1 n z
+ % 621772/77, - @I
6—2171'@[//71 ( ) zZ o N
Now, given an integer constant K > 0, let us define the function SWNE) on T as
Y 1 2
S00e) = o [ B )W),
T Jo

where Fy is the Fejér kernel (see Eq. ([B7)). This function has the following
properties:

(1) By the non-negativity of the Fejér kernel, SIN.K) g g spectral density.

(2) By replacing Fx (e*®=%)) with the first expression of this kernel provided
by (37), and by developing the integrand above, we obtain that S(NV.E) ig a Lau-
rent trigonometric polynomial of the form SV-K) () = Zfzfx elw.%N’K).

(3) With Assumptions [[LT(i) and [ILii), we have

sup ||[SNE) — g T g, (4.5)
N

K—oo

Relation (@A) can be established by splitting the integral that defines
S(N,K) (10 5 : . [2T

SWNK) (%) into two pieces as [j " = fw:w—wlsﬁfw:w—ww for a properly
chosen & > 0, and by using the properties of the Fejér kernel provided after

Eq. B0).
Consider the implicit equation
GNI (z,m) = Faonre LGN (z,m),m) (in &),

From Proposition 4.2 the solution C:'(N’K)(z, -) exists and is unique. The following
three propositions will be proved in Sec.

Proposition 4.3. For each n such that In > CIE with CIE = C]E('ysup, M) >0,
lim sup Hé(N’K)(z,n) —GM(z,n)|| —— 0.
N K—oo
Let (:EECN’K));CGZ be a CN-valued stationary centered Gaussian process with the
spectral density n~'S(N-K). Define

KUK Z VE) L GNE) ang

~

QU (z,m) = (H(RWVH)JE(R WK ) )2,
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We then have the following proposition.

Proposition 4.4. Fiz K > 0. Then, for an arbitrary deterministic matriz D) e
C2NX2N yith |DWM)|| = 1, we have
1 ~ ~ CK
N' tI‘D(N) (EQ(N,K) (Za 77) - G(N,K) (Za 77))| < \/—N’

where C' > 0 depends only on n, M, and vy,

We note here that the bound provided in the statement of this proposition is
not optimal but is good enough for our purpose.

Proposition 4.5. With DY) as in the previous proposition,

K—o0

1 ~
lim sup N | tr DM(EQWM) (2, 1) — EQWN) (2, 1)) > 0.
N

Theorem [1.4): end of the proof.

We write

1 1 ~ 1
~ tr DM (EQW) — M) = ~ tr DV (EQW) — EQN-¥) + ~ tr DY)

~ ~ 1 ~
x (EQN-K — GWN-K)y ¢ ~ tr DIV (GINE) _ (V)

éXI(NaK)+X2(NaK)+X3(NaK)

Fix an arbitrarily small ¢ > 0. Let Ky, No > 0 be such that, by Propositions
and 3]

Ix1(N, Ko)l, [xa(N, Ko)| <& forall N > No and Sn > (13

By Proposition B4, x2(N,K;) —n-—oee 0. Thus, (2N)~'tr DIN)(EQW) —
GWM)) =n 0 first for Sp > (g3 and hence for each n € Cy by analyticity.
Thus (44 is established. This completes the proof of Theorem [[.4

4.3. Remaining proofs for Sec.

Proof of Proposition Let SV-E)(e0) = SIN.E)(g2imk/ny and [y () =
UL (e2™*/™) for 6 € [2rk/n,27(k + 1)/n) be the respective stepwise continuous
versions of the functions S&V-5) and U, with step size 27 /n. Within this proof,
we re-denote the function Fy . defined in the statement of Theorem as Fs ..u;
to stress the dependence on Uy. With this notation, it is obvious that fg(N,K)7z =
Fasw) 5 o, -

In the rest of the proof, we often drop the superscripts (V) and V-K) and
the subscript 1 for brevity. Given M € &V, put Asy(M,e?) & T((I, ®
S(e)M) + U(e?), where (S,U) = (S,U) or (S,U). Write Bsy(M) =
@2m) "~ 7T As (M, e?) 1 @ S(e?)d.
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We also assume that K is large enough so that

sup ||5||£O <2M.
N

By dropping the unnecessary parameters from the notations, we write

1 27 /\ B .
—Fa0(6) (55 [ (As0(G.e) o 5)
A5 (@) S())d) Fs ()

1 .
£ Fsu(G) o /(Xl +x2+ X3)d9) Fs.o(GQ).

By Lemma B3] we have that |7 ((Ix ® S(e"))G)|| < 27, M /S for any of the
possibilities for S and for G = G, G. Thus, for

2YqupM /S < 1/2,
we have ||As(G,e?)~!|| < 2. Therefore,
Ixall <2018 = SI%.
Moreover,
X2 = (A
= (As0(G) (T (12 (5 - 9))G) + U~ D)Asp(G) ) © S

oG = Asu(@)H e s

Rl

satisfies
Ixzll < AM~g,, (S) 1S = S|I%, +4M||U - U

for the same values of 7. By mimicking the calculation that lead to Inequality (1),
we obtain

4 ~
||X3|| < W’YsupM2”G - G”
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Using the inequality || Fs(G)|| < 1/(3n), we thus arrive at

475u M2 -~ 2 475u M o
Q ——l—J|G Gwmng®m2@+ y )wW“>SWM&

(Sm)4 S

+ ~—— UL - ULll%-

(S
Thus, if Sy > (8’)fsupM2)1/4 V (4Ygup M), then

AM
m)?

|G = G| < CEND — SNONZ 4 'O — U

for some constants C,C’ > 0. Now the proof can be completed by using the con-
vergence (). m|

Proof of Proposition [4.4] From now on, C' is a positive constant that depends
on 7, M, and vy, at most, and can change from line to line. Recalling Properties 1

and 2 of the density S(N.K) that were stated in Sec. 432 our first step is to apply the
well-known operator version of the Fejér—Riesz theorem (see [29] Sec. 6.6]) to 5@V-5)
This implies that for each (N, K), there exists an N x N matrix trigonometric
polynomial

K
PNV (¢ Z eleeN K)
=0

such that SV-F)(er0) = PN (10) pINK) (¢20)

Letting €V) = (5( ))kGZ be an i.i.d. process with E( )~ N@(O Iy), the process

(z ECN K))kez that we used to construct the resolvent QV+5) can be defined as

K
1 (N.K) £(N)
=— Z By
iz
Define the finite sequence of random vectors (;i,(CN’K)) ke[n] as

K
~vk) 1 (N,K) £(N)
Ly, = ﬁ ;} B, 5(k—e) mod n

(thus, :E,(CN’K) is the analogue of :%I(CN’K) obtained through a circular convolution).
Define

XWNE) _ [5(NK) (VLK) g oNxn,
and

QV(N,K)(Z’T]) _ (HQZ'(N,K)JL(X'(N,K))* —2)—nI)~L.
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Observing that rank(X — X) < K, we get
rank(H(XJ'X* — 2) — H(XJ"X* — 2)) < AK.
Thus, for each matrix D € C2V*2V | the inequality

~ ~ 4K || D
[ D(Qen) - Q)] < F AP (4.
holds (sce [34, Lemma 2.6]). We can thus work with Q in place of Q for establishing
Proposition 441

For k € [n], let

n—1
1
wl(gN7K) _ Z 621ﬂkl/ni’§N7K)
"=
be the discrete Fourier transform of the finite sequence (Zo, ..., Z,—1), and define
the matrix
WwNE) [w(()N,K) wfff’f’] — XIVK)E ¢ cNxn,

where F is the Fourier matrix defined in (). Since the &, are built through a cir-
cular convolution, the vectors wy, are independent, and wy ~ N (0, n=1S(e27*/™)),
Recalling that J = FQF* with Q = diag(w’)}—) and w = exp(—2i7/n), we can write

Qz,m) = (H(XJ'X* = 2) = nl)~! = (HWQ W™ — 2) —nI)~ ",
The remainder of the proof will be devoted towards showing that
IEQ™ (z,m) = Gz m)| < ONTY2, (4.7)

taking advantage of the independence of the columns of W. This bound, used in
conjunction with the bound (.6]), immediately leads to the result of Proposition[£.4

The proof of Inequality (7)) relies on the NP inequality that we used above,
as well as on the well-known Integration by Parts (IP) formula for Gaussian func-
tionals [I7, 22]. Recalling the definition of the vector v and the functional ¢ after
Proposition 1], the IP formula reads as

Eupp(v) = S[E]ME [880—(”)} .

ov
=0 ¢

Write @(2,17) = [%?2 %ﬁ], and W = [wi;lie[n],jen)- By reproducing verbatim the

derivation that we made to obtain the Identity (£3)), we have

W - _[G*QVU1WQ_L]j[é0vb]i - [G*QVUOWQL]J[élvb]l
2]

In the subsequent derivations, we write Sy =8 (e*7F/™). Let a,b be two constant

vectors in CN. Write b = [b, ..., by_1]T, and let oy (£) = E[[a* Quo W1 [W*b]¢]. By
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the IP formula, we have

Qun(£) = Z E[[a* Quoliwie[W*D](]

1E€[N]
i,me[N] m
= S BBl * QWO Qoo

- [a*éuOWQL]Z[élv]mi[W*b]E + [a*éuv]zbm]

/L tr QOUSE
n

- l[a*@ulw]l[W*b]lw

n

—-E l[a*@uow]e[W*b]ew“ tr Q;vSe] n ]E[G*qusgb]'

Write 8, (¢) = E tr QuuS¢/n. We shall isolate the terms Gs, (¢) and sy, (¢) in the
last display by resorting to the following lemma. O

Lemma 4.4. It holds that Vargs,,() < C/n? and Var[a*Qu,W]/[W*bl, <
Cllall?[[b]*/n.

Proof. The first bound is obtained by repeating almost word for word the proof of
Proposition 1l To obtain the second bound, we also use the NP inequality again.
We start by writing

[ qu Z 6 qu EWEe [W*b]

8w1 j - 0w

- [a*quW]lbi]].j:Z - [a*@mWQ*L]j[Qva]M [W*b]f
— [a* QuoW Q] [Qro Wi [W D).
We focus on the second term at the right-hand side of Inequality ([E2]), treating

separately the three terms at the right-hand side of the last display. Starting with
the first term, we get

SI’—‘

Z E qu Ebn [Sf]zl 12[ *@uvw]lb 2

i1,i2€[N]
1 .4  x
= ~b"SibE|fa QuoW1e* < [lal?[[b]*C/n.
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Turning to the second of these terms, we have

S S B 0" G W TR0 Tl i [QoW e

i1,i2€[N] j€[n]
M
n

lall?[lBl[*C/n?,

IN

E|[W*bel? [la* QuiW 1| [Qos W]

IN

where the last inequality can be obtained by applying, e.g. Lemma [3.7] along with
standard inequalities. The third term can be handled similarly. O

Thanks to these bounds and to Cauchy—Schwarz inequality, we obtain the
identity

uw(£) = _auO(Z)Wu(fSlu(Z) — Qul (E)W_MQNSOU(E) + n_lE[a*Qvuvgfb] +e,

with ||| < C|lal|||b||n~>/2. This leads to the system of equations

N1 (é)

n

L+ w@s10(0) o P se(t) 1 [auo(ﬂ 1 lE[a*@uogéb]] .
wtgsy, () 1+ w sy, (0) E[a*@ulé\éb] 7

with ||le|| < C||al|||b][n~3/2. The matrix at the left-hand side of this expression, that
we denote as Ty, is written as

T£212+7<(12®§é) (@Tl L w_éj)).

Assume that K is large enough so that || Sy|| < 2M for all £ € [n], and take Sn >
49gpM . Then by Lemma 3] we get that || Ty — I3[ < 1/2. Thus, the determinant

d(0) = (1 4+ w50 (0) (1 + w50, (£)) = G500(£) @511 (£)
of Ty is such that |d(¢)| is bounded away from zero uniformly in N and ¢. Solving
our system, and reusing henceforth the notations € and € at will, we get that
aw ()| 1 1 |1+ w51 (0)  —w T gsee(0)
an ()] ndl) [ —ohgs () (14w gs(0)

lE[a*équ?gb]]
X ~ + €,
Ela*Qu1Seb]

with [le] < Cllall[b]ln~?/2.
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Now, keeping in mind the identity @(H(WQLW*) — [g ;] ® IN) = I, our
purpose is to find an approximant of the matrix
QuWQ W™ QoW QL™

QHWQ'W*) = | -
QuWQEW* Qi oWQlw*

To that end, we write

Ela*QuoW QFW*b] = Zw auo(f), and
Len]

Ela Qu1WQ Ly b] = Z w” ozul
Len]

and we use Eq. (48] to obtain
[Ea*QuWQ Wb Ea*QuWQ Wt = a'E[Quo Qu1)

—q511(0) W+ @501 (€) a
1 Z ” l o i 2@+ (4.9)
" iem] W™+ g810(€) )
with [le]| < Cllal|||b|n~/? (note that we lost a factor of n~! because of the sum-
4
mation ¢ (,)- Let UL LU (2™ = L], and define the matrix

—qs11(£ Wi 4 @5, (¢ ~
aly L l‘“ ul0 - m]w
" e ) +q510(£) —@500(£)

-1
+ UL,Z) ® S

@10(6) éjsll(g

1 KZ[] (l‘ﬁoo(@ qs01(¢)

== Z (12 ® SDEQ) + UL,) "' ® S
fe[n]

Then, Eq. ([£9) can be rewritten as

Ea*@ulwg_LW*b == a*E[QVuO Qvul]c + g,

/

Ea*QuoWQW*b = a*E[Quo  Qui]C | | + ¢,

with |e|, |¢'] < C|la||||b]ln~"/2. Let @ and b be two constant vectors in C?V. Recalling
the expression of QH (WQFW*) above, the last display can be written compactly
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as
|a(EQH (WQLW™) — EQC)b| < Clal|blln™"/?,
equivalently,
|IEQH (WQEW*) —EQC|| < Cn~ /2.

Since E@ € G2V it is easy to prove, mostly by mimicking the first part of the proof
of Theorem [[.3] that the matrix function
-1
° IN>

is well defined for n € C\R, and R(z,-) € &2V. In particular, ||R(z,n)| < 1/Sn for
n € C,. We therefore have

z

zn

R<Zvn) = (C(Zﬂ?) -

IEQ — R|| = [[EQ(R™ — Q"")R| = |(EQC — EQH(WQ*W*))R||
< |(EQC — EQH(WQXW™)| | R]|
< Cn~1/2,

To complete the proof of Proposition B it remains to control the norm ||R—G|.
Remembering that G is defined through the implicit equation in Proposition 3]
we use the contraction property of F §’Z(~, 7) to gain this control. By mimicking the
derivation that led to Inequality (£IJ), we obtain that if K is large enough so that
H§HEO < 2M, and if Q7 is large enough, then

- - 1
1Fg . (M,n) = Fg (M )|l < S| M — M|
Note that R = .\7:'§ Z(E@, 7). Therefore, if Sn is large enough, we have

IR =G| = F5.(BQ.n) — Fg(R.n)+ Fg . (R,n) — Fg (G0

IN

1, .~ 1 ~

—|IEQ — R||+ =||R— G

SIEQ - Rl + 5| R -G,

leading to

IR - G| < ||EQ - Rl < Cn~ /2.

Finally, |[EQ — G|| < |EQ — R| +||R — G|| < Cn~/2. The proof of Proposition 4]
can now be completed by combining this bound with the inequality (Z86]).

Proof of Proposition We can assume that the processes (a:,(CN))k and

(i,(CN’K)) , that constitute the columns of the matrices X ™) and X (V-K) respectively,

1/2

are generated by applying the filters with Fourier transforms n~='/28®™)(¢?)1/2 and
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n~1/28(N.K)(¢0)1/2  respectively, to the same i.i.d. process €NV = ( ECN))ICGZ with
S,EN) ~ Nc(0, Iy). This being the case, we have

N)  L(NK 11 e . 3 .

Bl — "I = L on [ IS ()12 - BN )12 s,
0

Hence, by (@3, we get that

)

supElz =

For any two square matrices M; and M; of same order, by Cauchy—Schwarz inequal-
ity, | tr My Ms| < ||Mi||us||Ma|lus. Thus, by the resolvent identity,

Szt DEQ(z,m) — BQ(z, )? < 7B tr DQ(z,m)(H(XJ*X7)
~H(XTM X)) 0z

1 1 PN
< ——  _EI|H(XJ*X*) - HXJ'X)|Ae.
S G [ H ( ) ( s

Writing E||XJLX* — XJEX*|2e = E[(X — X)JEX* + XJE(X — X)*|2s,
it is enough to bound E[(X — X)JLX*||%4. Given a constant x > 0, we
have

1 o 7L 3
—EI|(X - R) T X s

1 ~
< —E[|(X = X))l X1

IN

K2 ~ 1 ~
—E[I(X - X)lls + CEl(X ~ sl X121 x >

. 1 S
< w7l — x| + —(B(IX = Xlirs) " B X' L0502,
With the help of Lemma[3.7], the second term in the last expression can be made as
small as desired, independently of N, when N is large enough, by choosing x large
enough. The first term converges to zero as K — oo as shown above. O

4.4. Corollary @2k Sketch of the proof

We have here G(z,n) = Fiy..(G(z,n),n) for n € C4. We also know from the
proof of Theorem that if we start with Py(z,7) = —n~ Iy, then the iterates
Pry1(z,m) = Fr.»(Pr(z,m),n) converge to G(z,n) uniformly on the compacts of C

P00,k Po1,k

P k] where the argument (z,7) is

in the parameter 1. Writing 7 (Py) = |
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omitted, by developing the expression of Fr, .(Px,7n), we get that

—1

1 P11,k 1L [ (porr+e ™)
- kg o [Pk O ) gy
21 | Ag(e?) 1 21 Ay (e?) -
Pk+1 - 0 & IN7
7i/ (p1ox + € )dG—Z 1 [ pook 4
o | T An(e?) o | Dp(e®)”

where Ay () = poo kp11.k — (Po1.k + €9 (p10o.k + €¥). Setting from now on 7 = 1t
with ¢ > 0, it is obvious that P00,0 = P11,0 = 1hg for hg = 1/t > 0, and Po1,0 = D10,0
(= 0 here). Assuming that poo x = p11,5 = thy for some hy, > 0 and po1 x = P1o.k, it
is not difficult to show by developing the last display that the same properties hold
for Pjy1. Passing to the limit, we obtain that goo(z,t) = g11(2,t) = th for some
h >0, and go1(z,1t) = gio(z,t), where we wrote .7 (G) = [900 901]. With this at
gio  9g11
hand, the equation G(z,1t) = Fr . (G(z,1t),1t) becomes

1
1 271 —h +e 0 iz
G-~ —— go1 do — ® Iy
2w Jo  A(e) |gor + e¥? —1h z at
th go1
= ﬁ _ ® IN?
N 1go1 h

where A(e") = h2 + |go1 + e ?|2. After some calculation, this equation can be
equivalently restated in the form of the following system of two equations:

M1 /27r h? + lgoi|* + gore*”
o E(eze)

—— d9+th72g01,
n 2w

1 2m h —0
0=— ~€ d9—zh—t901.
2mJo  A(e?)

This coincides with the system of [7, Egs. (33a) and (33b)].
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Appendix A. Proof of Lemma [3.6]

(1) Using Markov’s inequality, an obvious integration with respect to the exponen-
tial distribution, and using the inequality —log(1 —z) < 2z for = € [0,1/2], we
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have

N—1
P[|S'/%¢]| > V2Nt] = lz s0(8)|&e)* > 2Nt]
£=0

N-1 2
_ Sg( )|§g| Nt
=P |exp==0 B > exp
[ 3] P

< e N/IZIE [exp S o2rez(|)|§e|2]
Nt N1
— o B0 T (- sem)/2l20)
=0

< e*(t/HEllfl)N.

(2) We have [[£1/2¢)12 £ SN P sy (2)1€0]? > a7 €2, Thus, by a calculation
similar to above

m—1
P[|=2¢]| < am/2] <P [Z €02 < m/2] < exp(—qgg,m).
=0

(3) We obviously have that
€+ a)"M(E+a) = (§+a)" RM(§ + a) + 1§ + a)'SM (£ + a),
and both (£ + a)*RM (€ + a) and (£ + a)*IM (£ + a) are real. Furthermore,
1M s = IRM [[frs + [|SM][frs-

Let us assume that |[RM||us > ||M||las/v2, otherwise, we replace RM with
S M. From these facts, we deduce that

L((&+a)* M(&+a)/[|M|[us, t) < L((E +a) RM (€ + a)/|RM ||us, V21).
By a spectral factorization of the Hermitian matrix &M,
(€+a)"RM(E+a)/|IRM ||lus = > Bele +uel?,
LE[N]

where the uy are deterministic complex numbers, and the (3, are deterministic
reals that satisfy Y32 = 1, since they are the eigenvalues of ||RM || sRM.
The random variable |£, + u|? is non-central chi-squared with two degrees of
freedom and has the density

fe(@) = exp(—( + |ug|*) To(2lue| V)
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on Ry, where Iy is the modified Bessel function. Since these densities are
bounded by one [I], we can get the result from [33] Theorem 1.2].
By the restriction property of Lévy’s anti-concentration function

m—1
L(ZYV2¢, /mt) < sup P Z |s0(2)M2€ — d|® < mt?| .
(dosrrsdm-1)EC™ | E=8

We furthermore use the following well-known tensorization result (see [31]
Lemma 2.2]): Suppose {wp,...,wm,_1} is a collection of independent non-
negative random variables such that there is a constant ¢ > 0 such that for
each t > 0,

Plw, <] < et.

Then there exists a constant ¢/ > 0 so that
m—1
P [Z wi < mtﬂ < (dt)™.
=0

In the present case, for each £ € [m] and each dy € C, w? = [|s¢(X)"/2& — dy|]?
is a non-central chi-squared random variable with two degrees of freedom and
has a density bounded by a constant that depends only on «, as can be checked
from the previous item. Thus, the tensorization argument applies and the result
follows.

By a singular value decomposition of M, we obtain that

N—-1
P[[ME|* > t]|M]fis] =P [Z afl&l? = t] ;
=0

where " o7 = 1. Writing

P [Z oAl > t] —p [exp (Z o%|se|2/2> > exp(t/zﬂ

and following the arguments given for Item (1), we easily get the result.

Proof of Lemma is now complete.
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