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Consider a N x n random matrix Y, = (Y;}) where the entries
are given by

Y= oi(n) .
Vn
the X/ being centered, independent and identically distributed ran-
dom variables with unit variance and (o4;(n);1 <i < N,1<j <n)
being an array of numbers we shall refer to as a variance profile. We
study in this article the fluctuations of the random variable

logdet (Y,,Y,, + pIn)

where Y™ is the Hermitian adjoint of Y and p > 0 is an additional
parameter. We prove that when centered and properly rescaled, this
random variable satisfies a Central Limit Theorem (CLT) and has a
Gaussian limit whose parameters are identified whenever NV goes to
infinity and % — ¢ € (0,00). A complete description of the scaling
parameter is given; in particular it is shown that an additional term
appears in this parameter in the case where the 4*® moment of the
Xi;’s differs from the 4™ moment of a Gaussian random variable.
Such a CLT is of interest in the field of wireless communications.

1. Introduction.

The model and the statistics. Consider a N xn random matrix Y,, = (V;})
whose entries are given by

aij(1)
(1.1) Y= N XD,
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where (oi;(n), 1 < i < N, 1 < j < n)is a uniformly bounded sequence
of real numbers, and the random variables X;; are complex, centered, inde-
pendent and identically distributed (i.i.d.) with unit variance and finite 8"
moment. Consider the following linear statistics of the eigenvalues:

Zn(p) = —logdet(YY + ply) = Zlog i +p)

where Iy is the N x N identity matrix, p > 0 is a given parameter and
the \;’s are the eigenvalues of matrix Y,,Y,". This functional known as the
mutual information for multiple antenna radio channels is very popular in
wireless communication. Understanding its fluctuations and in particular
being able to approximate its standard deviation is of major interest for
various purposes such as for instance the computation of the so-called outage
probability.

Presentation of the results. The purpose of this article is to establish a
Central Limit Theorem (CLT) for Z,(p) whenever n — oo and & — ¢ €
(0, 00).

The centering procedure. It the companion paper [17], it has been proved
that there exists a sequence of deterministic probability measures (7,) such
that the mathematical expectation EZ,(p) satisfies:

/log (A4 p)mp(dN) —= 0.

Moreover, [log(A 4+ p)m,(d)) has a closed form formula (see Section 2.3)
and is easier to compute! than EZ,, (whose evaluation would rely on massive
Monte-Carlo simulations). Accordingly, we study in this article the fluctua-
tions of

1
Nlog det(Y,Y, + pln) — /log(p + t)m,(dt)

and prove that this quantity properly rescaled converges in distribution to-
ward a Gaussian random variable. Although phrased differently, such a cen-
tering procedure relying on a deterministic equivalent is used in [1] and [3].

In order to prove the CLT, we study separately the quantity N(Z,(p) —
EZ,.(p)) from which the fluctuations arise and the quantity N(EZ,(p) —
[ log(A + p)mn(dXN)) which yields a bias.

Lespecially in the important case where the variance profile is separable, i.e. where
o;(n) writes o7;(n) = di(n)d;(n).
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The fluctuations. We shall prove in this paper that the variance ©2 of
N(Z,(p)—EZ,(p)) takes a remarkably simple closed-form expression. In fact,
there exists a n X n deterministic matrix A, (described in Theorem 3.1)
whose entries depend on the variance profile (o;;) such that the variance
takes the form:

02 = —logdet(I, — A,) + KTrA,,

where £ = E|X11|* — 2 in the fourth cumulant of the complex variable X1
and the CLT expresses as:
é)\; (Tn — BZ,) —=— N(0,1).

The presence in the variance of a term directly depending on the cumulant of
the variable X1; (k = EX{, — 3EX? if Xy is real; k = E|X11|* — 2E| X1 |?
if X3 is complex) can be traced back to the article by Khorunzhy et al.
[21, Formula (I.15)] and also appears in the recent paper by Anderson and
Zeitouni [1]. In the case where x = 0 (which happens if Xj;; is a complex
Gaussian random variable for instance), the variance has the log-form 02 =
log det(l,, — Ay). This has already been noticed for different models in the
engineering literature by Moustakas et al. [23], Taricco [30]. See also Hachem
et al. in [14].

The bias. It is proved in this paper that there exists a deterministic
quantity B, (p) (described in Theorem 3.3) such that:

N (EZn(p) _ / log(A+ o) dA)) CBu(p) —— 0 .

n—oo

If k =0, then B,(p) = 0 and there is no bias in the CLT.

About the literature. Central limit theorems have been widely studied for
various models of random matrices and for various classes of linear statistics
of the eigenvalues in the physics, engineering and mathematical literature.

In the mathematical literature, CLTs for Wigner matrices can be traced
back to Girko [9] (see also [12]). Results for this class of matrices have also
been obtained by Khorunzhy et al. [21], Johansson [19], Sinai and Sochnikov
[27], Soshnikov [29], Cabanal-Duvillard [7]. For band matrices, let us mention
the paper by Khorunzhy et al. [21], Boutet de Monvel and Khorunzhy [5],
Guionnet [13], Anderson and Zeitouni [1]. The case of Gram matrices has
been studied in Jonsson [20] and Bai and Silverstein [3]. Fluctuations for
Wigner and Wishart matrices have also been studied by Mingo and Speicher
in [22] with the help of free probability tools. For a more detailed overview,
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the reader is referred to the introduction in [1]. In the physics literature,
so-called replica methods as well as saddle-point methods have long been a
popular tool to compute the moments of the limiting distributions related
to the fluctuations of the statistics of the eigenvalues.

Previous results and methods have recently been exploited in the engi-
neering literature, with the growing interest in random matrix models for
wireless communications (see the seminal paper by Telatar [31] and the sub-
sequent papers of Tse and co-workers [32], [33] - see also the monograph by
Tulino and Verdu [34] and the references therein). One main interest lies
in the study of the convergence and the fluctuations of the mutual infor-
mation - logdet (Y,,Y,; + pIy) for various models of matrices Y,,. General
convergence results have been established by the authors in [15-17] while
fluctuation results based on Bai and Silverstein [3] have been developed in
Debbah and Miiller [8] and Tulino and Verdu [35]. Other fluctuation results
either based on the replica method or on saddle-point analysis have been
developed by Moustakas, Sengupta and coauthors [23, 24|, Taricco [30]. In
a different fashion and extensively based on the Gaussianity of the entries,
a CLT has been proved in Hachem et al. [14].

Comparison with existing work. There are many overlaps between this
work and other works in the literature, in particular with the paper by Bai
and Silverstein [3] and the paper by Anderson and Zeitouni [1] (although
this last paper is primarily devoted to band matrix models, .e. symmetric
matrices with a symmetric variance profile). The computation of the variance
and the obtention of a closed-form formula significantly extend the results
obtained in [14].

In this paper, we deal with complex variables which are more relevant
for wireless communication applications. The case of real random variables
would have led to very similar computation, the cumulant £ = E|X|[* — 2
being replaced by # = EX? — 3. In [1], Anderson and Zeitouni deal with
band matrices with real variables. Due to the complex nature of the variables
herein, the standard trick of considering the symmetric matrix ( R ) to
study the spectral distribution of X X™* does not help and one cannot rely on
the CLT in [1]. Moreover, we substantially relax the moment assumptions
concerning the entries with respect to [1] where the existence of moments
of all order is required 2. In this paper, we shall only assume the finiteness

2However, provided one is willing to make strong moment and distribution assumptions
and consider real rather than complex random variables, one can in principle get a CLT
for Z from [1] although the closed-form formula for the variance obtained here would still
require a specific effort.
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of the 8" moment. Bai and Silverstein [3] consider the model T;? X, X*T;2
where the entries of X,, are i.i.d. and have Gaussian fourth moment. This
assumption can be skipped in our framework, where a good understanding
of the behaviour of the diagonal individual entries of the resolvent (—z1I,, +
Y, Y,¥)~! enables us to deal with non-Gaussian entries.

On the other hand, it must be noticed that we establish the CLT for
the single functional logdet(Y,,Y,* + pIn) and do not provide results for a
general class of functionals as in [1] and [3]. We do believe however that
all the computations performed in this article are a good starting point to
address this issue.

Outline of the article.

Non-asymptotic vs asymptotic results. As one may check in Theorems
3.1, 3.2 and 3.3, we have deliberately chosen to provide non-asymptotic (i.e.
depending on n) deterministic formulas for the variance and the bias that
appear in the fluctuations of Z,,(p). This approach has at least two virtues:
Non-asymptotic formulas exist for very general variance profiles (o;;(n)) and
provide a natural discretization which can easily be implemented. In the case
where the variance profile is the sampling of some continuous function , i.e.
oij(n) = o(i/N,j/n) (we shall refer to this as the existence of a limiting
variance profile), the deterministic formulas converge as n goes to infinity
(see Section 4) and one has to consider Fredholm determinants in order to
express the results.

The general approach. The approach developed in this article is concep-
tually simple. The quantity Z,(p) — EZ,(p) is decomposed into a sum of
martingale differences; we then systematically approximate random quanti-
ties such as quadratic forms x? Ax where x is some random vector and A is
some deterministic matrix, by their deterministic counterparts %Trace A (in
the case where the entries of x are i.i.d. with variance %) as the size of the
vectors and the matrices goes to infinity. A careful study of the determin-
istic quantities that arise, mainly based on (deterministic) matrix analysis
is carried out and yields the closed-form formula for the variance. The mar-
tingale method which is used to establish the fluctuations of Z,(p) can be
traced back to Girko’'s REFORM (REsolvent, FORmula and Martingale)
method (see [9, 12]) and is close to the one developed in [3].

Contents. In Section 2, we introduce the main notations, we provide the
main assumptions and we recall all the first order results (deterministic ap-
proximation of EZ,(p)) needed in the expression of the CLT. In Section 3, we
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state the main results of the paper: Definition of the variance ©2 (Theorem
3.1), asymptotic behaviour (fluctuations) of N (Zn(p) — EZ,(p)) (Theorem
3.2), asymptotic behaviour (bias) of N (EZ,(p) — [log(p + t)mn(dt)) (The-
orem 3.3). Section 5 is devoted to the proof of Theorem 3.1, Section 6, to
the proof of Theorem 3.2 and Section 7, to the proof of Theorem 3.3.

Acknowlegment. This work was partially supported by the Fonds Na-
tional de la Science (France) via the ACI program “Nouvelles Interfaces des
Mathématiques”, project MALCOM n° 205.

2. Notations, assumptions and first order results.

1. Notations and assumptions. Let N = N(n) be a sequence of integers

such that N
lim (n) =c€ (0,00) .

n—oo n

In the sequel, we shall consider a N x n random matrix Y,, with individual
entries: (n)
o;
Vi = 1\JF XZTJL )

where X7 are complex centered i.i.d random variables with unit variance and
(oij(n); 1 <i < N,1<j<n)isa triangular array of real numbers. Denote
by var(Z) the variance of the random variable Z. Since var(Y}}) = o7;(n)/n,
the family (o;;(n)) will be referred to as a variance profile.

The main assumptions.

ASSUMPTION A-1.  The random wvariables (Xj; ; 1 <4 < N,1 <j <
n,n > 1) are complex, independent and identically distributed. They satisfy

EX? =E(X]})?=0, EX}P=1 and E|X}}®<oc.

ASSUMPTION A-2. There exists a finite positive real number omayx such
that the family of real numbers (o;j(n), 1 <1 < N, 1 <j<mn, n>1)
satisfies:

sup max |o3;(n)| < omax -

1<i<N
n21 1<j<n

ASSUMPTION A-3. There exists a real number o2. > 0 such that

min

liminf min —Zo .
n>l 1<j<nn £ ” m‘n
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Sometimes we shall assume that the variance profile is obtained by sam-
pling a function on the unit square of R2. This helps to get limiting expres-
sions and limiting behaviours (cf. Theorem 2.5):

ASSUMPTION A4. There exists a continuous function o? : [0,1]x[0,1] —
(0,00) such that Jgj(n) = 02(i/N,j/n).

Remarks related to the assumptions.

1. One may readily relax the assumption % — ¢ € (0,00) and assume
instead:
N N
0 < liminf — < limsup — < oo,
non n o n
as done in [14]. We stick to the initial assumption to remain coherent
with the companion paper [17].
2. Using truncation arguments & la Bai and Silverstein [2, 25, 26], one
may lower the moment assumption related to the Xj;’s in A-1.
3. Obviously, assumption A-3 holds if a - is uniformly lower bounded by
some nonnegative quantity.
4. Obviously, assumption A-4 implies both A-2 and A-3. When A-4
holds, we shall say that there exists a limiting variance profile.
5. If necessary, assumption A-3 can be slightly improved by stating:

max | liminf min Zaw , liminf min 720’11
n>1 1<5<nn n>1 1<i<N N

In the case where the first liminf is zero, one may notice that log det(Y,,Y,"+
pIn) =logdet(Y,)Y, + pl,) + (n— N)log p and consider Y,'Y,, instead.

Notations. The indicator function of the set A will be denoted by 1 4(x),
its cardinality by #.A4. As usual, R" = {r € R : 2 > 0} and C* = {2z €
C : Im(z) > 0}.

We denote by P, the convergence in probability of random variables and
by L, the convergence in distribution of probability measures.

Denote by diag(a;; 1 < ¢ < k) the k x k diagonal matrix whose diagonal
entries are the a;’s. Element (4, j) of matrix M will be either denoted m;;
or [M];; depending on the notational context. Denote by M7 the matrix
transpose of M, by M* its Hermitian adjoint, by Tr(M) its trace and det(M )
its determinant (if M is square), and by FMM" the empirical distribution
function of the eigenvalues of M M™*, i.e.

FMM (g) = Z#{i: n <}
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where M M* has dimensions N x N and the \;’s are the eigenvalues of
M M*.

When dealing with vectors, || - | will refer to the Euclidean norm, and
| ||oos to the max (or ) norm. In the case of matrices, | - || will refer to the
spectral norm and ||-||,, to the maximum row sum norm (referred to as the
max-row norm), i.e., | M|, = maxi<;<n Zé\;l |[M]i;| when M is a N x N
matrix. We shall denote by (M) the spectral radius of matrix M.

When no confusion can occur, we shall often drop subscripts and super-
scripts n for readability.

2.2. Stieltjes Transforms and Resolvents. In this paper, Stieltjes trans-
forms of probability measures play a fundamental role. Let v be a bounded
non-negative measure over R. Its Stieltjes transform f is defined as:

fe) = [ K2z e c\supptn)

where supp(v) is the support of the measure v. We shall denote by S(R™)
the set of Stieltjes transforms of probability measures with support in R¥.

We list in the following proposition the main properties of the Stieltjes
transforms that will be needed in the paper:

PropoOSITION 2.1.  The following properties hold true:

1. Let f be the Stieltjes transform of a probability measure v on R, then:
- The function f is analytic over C\ supp(v).

- If f(2) € S(RT), then |f(2)| < (d(z,RT))~! where d(z,RT) de-
notes the distance from z to R,

2. Let P, and P be probability measures over R and denote by f, and f
their Stieltjes transforms. Then

(vz €Ct, fulz) — f(z)) = P,-2.P

n—o0 n—oo

There are very close ties between the Stieltjes transform of the empirical
distribution of the eigenvalues of a matrix and the resolvent of this matrix.
Let M be a N x n matrix. The resolvent of M M* is defined as:

Q(z) - (MM* - ZIN)_l - (qij(z))lgi,jé]va ze€C—-R".

The following properties are straightforward.
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PROPOSITION 2.2. Let Q(z) be the resolvent of M M*, then:

1.

The function h,(z) = +Tr Q(2) is the Stieltjes transform of the em-
pirical distribution of the eigenvalues of MM*. Since the eigenvalues
of this matriz are non-negative, h,(z) € S(RT).

For every z € C—R*, |Q(2)|| < (d(z,RT)) ", In particular, if p > 0,
lQ(=p)Il < p~*.

2.3. First Order Results: A primer. Recall that Z,,(p) = + log det(Y,, Y, +
pI) and let p > 0. We remind below some results related to the asymptotic
behaviour of EZ,(p). As

1 Y o0 .
Tn(p) = 3 D_log (N +p) = /D log(A+ p) dF™ 7 ()
i=1

where the \;’s are the eigenvalues of YY™, the approximation of EZ,(p) is
closely related to the “first order” approximation of FY"¥n» as n — oo and
N/n —c¢>0.

The following theorem summarizes the first order results needed in the
sequel. It is a direct consequence of [17, Sections 2 and 4] (see also [11]):

THEOREM 2.3 ([17], [11]).  Consider the family of random matrices (Y,,Y,)
and assume that A-1 and A-2 hold. Then, the following hold true:

1.

The system of N functional equations:
1

4 1 Zn afj(n)
TR S TS 52 (ytee)

(2.1) ti(z) =

admits a unique solution (t1(z),--- ,tn(2)) in S(RT)N. In particular,
my(2) = % SN ti(2) belongs to S(RT) and there exists a probability
measure m, on RT such that:

mp(z) = /OOO ﬂ;\l(_d);) .

2. For every continuous and bounded function g on RT,

/ g(\) dFY" Y (\) — / g\ T (dX) —— 0 a.e.
R+ R+

n—oo
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3. The function Vy,(p) = g+ log(A + p)mn(dX) is finite for every p > 0

and

1
EZ,.(p)—Vn(p) —— 0 where  ZIp(p) = N]ogdet (YY) + ply) .

n—oo

Moreover, V,,(p) admits the following closed form formula:

1 Y 1 & 1 X,
Va(p) = N > logti(—p) + N > log (14 - > ati(n)te(—p)
i=1 =1 =1
1 o5 (n)ti(—p)
N L+ 3 520y o (n)te(—p)

i=1:N,j=1:n

where the t;’s are defined above.

Theorem 2.3 partly follows from the following lemma which will be often
invoked later on and whose statement emphasizes the symmetry between
the study of Y,,Y," and Y,'Y,,. Denote by Q,(z) and Q,(z) the resolvents of

YY" and Y'Y, i.e.
z€C—-RY,

Qu(2) = (YaY; —zIn)"" = (4(2)1< j<n »
z€C—-R".

Qn(z) = (Y, Y, - an)_l = (qij(z))lgi,jgn’

Consider the family of random matrices (Y;,Y,Y) and assume

LEMMA 2.4.
that A-1 and A-2 hold. Consider the following system of N + n equations:
A _ -1 .
tz’n(z) o Z(l“r%T\fﬁi,nTn(z)) for 1<i<N
£ — -1 .
t]’n(z) - z(1+%TrDj,nTn(z)) for 1<j<n
where
T,(2) = diag(t zn( ), 1<i<N), Tn(z) =diag(fjn(z),1<j<n),
Dj, =diag(c}(n), 1<i<N), Din =diag(o};(n),1<j<n)

Then the following holds true:
(a) [17, Theorem 2.4] This system admits a unique solution

(tl,ru e 7tN,n7 fl,'nn e fnm) € S(R+)N+n
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(b) [17, Lemmas 6.1 and 6.6] For every sequence Uy, of N x N diagonal
matrices and every sequence U, of n X n diagonal matrices such as
sup,, max <||UnH, Hf]nH) < o0, the following limits hold true almost

surely:

lim %Tr(Un(Qn(z)—Tn(z))) _ 0 VzeC—RY

n—oo0,N/n—c

lim lTlr (Un (Qn(z) - Tn(z))> = 0 VzeC—-R*".

n—oo,N/n—c 1

In the case where there exists a limiting variance profile, the results can
be expressed in the following manner:

THEOREM 2.5 ([6], [10], [16] ). Consider the family of random matrices
(YY) and assume that A-1 and A-4 hold. Then:

1. The functional equation

_ ! o () o
(2.2) 7(u, z) = <_Z * /0 1+cf) o2(z,v)7(z, 2) d$dv>

admits a unique solution among the class of functions ® : [0,1] x C\
R — C such that u — ®(u, z) is continuous over [0,1] and z — ®(u, z)
belongs to S(R™).

2. The function f(z) = fol 7(u, z) du where 7(u, z) is defined above is the
Stieltjes transform of a probability measure P. Moreover, we have

REMARK 2.1. If one is interested in the Stieltjes function related to the
limit of FY»Y» then one must introduce the following function 7, which is
the counterpart of 7:

~ (. 1 a(t,v) !
Fv.2) = < z+c/0 1+ [ o2(t, s)7 (s, 2) dsdt> '

Functions 7 and 7 are related via the following equations:

09 = [+ (14 P )|

2.3 )
SR A e e
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REMARK 2.2.  We briefly indicate here how Theorems 2.3 and 2.5 above
can be deduced from Lemma 2.4. As £ TrQy(z) is the Stieltjes transform of
FY»Yn' Theorem 2.4-(b) with U, = Iy yields +TrQn(z) — 3 TtTa(2) — 0
almost surely. When a limit variance profile exists as described by A-4, one
can easily show that +Tr7T,(z) converges to the Stieltjes transform f(z)
given by Theorem 2.5 (Equation (2.2) is the “continuous equivalent” of
Equations (2.1)). Thanks to Proposition 2.1-(2), we then obtain the almost
sure weak convergence of FYn¥n to F. In the case where A-4 is not satisfied,
one can prove similarly that FY»Yn is approximated by m, as stated in
Theorem 2.3-(2).

3. The Central Limit Theorem for Z,,(p). When given a variance
profile, one can consider the ¢;’s defined in Theorem 2.3-(1). Recall that
T(z) = diag(ti(2),1 <i < N) and D;= diag(a?j, 1<i<N).
We shall first define in Theorem 3.1 a non-negative real number that will

play the role of the variance in the CLT. We then state the CLT in Theorem
3.2. Theorem 3.3 deals with the bias term N(EZ — V).

THEOREM 3.1 (Definition of the variance). Consider a variance profile
(0ij) which fulfills assumptions A-2 and A-3 and the related t;’s defined in
Theorem 2.53-(1). Let p > 0.

1. Let Ay, = (ag,m) be the matriz defined by:

1 2
~TrD,D,,T(—
a&m:lnrem(p) , 1<tm<n,

"1+ %TngT(—p))Q

then the quantity V, = —logdet(I, — Ay) is well-defined.

2. Denote by W,, = TrA,, and let k be a real number® satisfying k > —1.
The sequence (Vy, + kW,,) satisfies

0 < liminf (Vn+6Wy,) < limsup (V, +6W,) < o
asn — oo and N/n — ¢ > 0. We shall denote by:

02 2 _logdet(I — Ay,) + KTrA, .

3In the sequel,  is defined as k = E|X11|* — 2.
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Proof of Theorem 3.1 is postponed to Section 5.

In the sequel and for obvious reasons, we shall refer to matrix A, as the
variance matrix. In order to study the CLT for N(Z,(p) — Va(p)), we
decompose it into a random term from which the fluctuations arise:

N (Z,(p) —EZ,(p)) = logdet(Y,,Y,  + pIn) — Elogdet(Y, Y,  + pIn) ,
and into a deterministic one which yields a bias in the CLT:
N (EZu(p) — Va(p)) = Elog det(Y, Y + pIy) — N / log(A + p)mn(dA) .
We can now state the CLT.
THEOREM 3.2 (The CLT). Consider the family of random matrices (Y, Y,")

and assume that A-1, A-2 and A-3 hold true. Let p > 0, let k = E|X11]|*—2,
and let ©2 be given by Theorem 3.1. Then

05! (log det(Y, Y, +ply)~Elog det(¥, Y, +pl) ) P N(0,1) .

n—00, %Hc

Proof of Theorem 3.2 is postponed to Section 6.
The asymptotic bias is described in the following theorem:

THEOREM 3.3 (The bias). Assume that the setting of Theorem 3.2 holds
true. Then

1. For every w € [p, +00), the system of n linear equations with unknown
parameters (wep(w);1 < €< n):

1 & iTrDeDyT(—w)?

(B1) wen) =0 3 G e @)+ Peal)

m=1

with
(82) Pyn(w) = K whi(—w)x

(w%(Uzgti(_w)gT@?T(—wz) - 49 TrD%T<—w>2)

n i n n

admits a unique solution for n large enough. In particular if kK = 0,
then py,, =0 and wy, = 0.
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(3.3) Bulw) = S wie)
/=1

Then By, (p) 2 fpoo Bn(w) dw is well-defined, moreover,

(3.4) limsup/oo |Bn(w)|dw < oo.
n p

Furthermore,

(3.5) N (EZ(p) = Va(p)) = Bu(p) ——F— 0.

n—o0, %Hc
Proof of Theorem 3.3 is postponed to Section 7.

REMARK 3.1 (The Gaussian case). In the case where the entries X;; are
complex Gaussian (i.e. with independent normal real and imaginary parts,
each of them centered with variance 271) then k = 0 and the CLT writes:

N[ logdet(I — Ap)]"% (Zu(p) — Va(p)) — N(0,1) .

n—00, %—w

4. The CLT for a limiting variance profile. In this section, we

shall assume that Assumption A-4 holds, i.e. o7;(n) = o*(i/N,j/n) for

some continuous nonnegative function o%(z,y). Recall the definitions (2.2)
of function 7 and of the ¢;’s (defined in Theorem 2.3-(1)). In the sequel, we

take p > 0, z = —p and denote 7(t) 2 7(t, —p). We first gather convergence
results relating the ¢;’s and 7.

LeEMMA 4.1.  Consider a variance profile (0;5) which fulfills assumption
A-4. Recall the definitions of the t;’s and 7. Let p > 0 and let z = —p be
fixed. Then, the following convergences hold true:

1. % Zf;l t;0: —=— 7(u) du , where = stands for the weak convergence
N nNn—00

of measures.
2. sup;j<y [ti — 7(i/N))| o U

1 N w
3. N Zi:l t?éﬁ m 7'2('LL) d'LL y
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PROOF. The first item of the lemma follows from Lemma 2.4-(b) together
with Theorem 2.3-(3) in [16].
In order to prove item (2), one has to compute

-1
_ 7(i/N) = 15 o*(i/N,j/n)
ti = 7(i/N) (“ nj211+;zévlo?(£/zv,j/n>tf)

1 o?(u,v -
—|p+ / T (u,9) dv
0 1+cfyo?(z,v)r(x)dr
and use the convergence proved in the first part of the lemma. In order to
prove the uniformity over i < N, one may recall that C[0,1]?> = C[0,1] ®
C[0,1] which in particular implies that Ve > 0, there exist g, and hy such

that sup, , lo2(x,y) — S F | go(x)he(y)| < e. Details are left to the reader.
The convergence stated in item (3) is a direct consequence of item (2). [

4.1. A continuous kernel and its Fredholm determinant. Let K : [0,1]* —
R be some non-negative continuous function we shall refer to as a kernel.
Consider the associated operator (similarly denoted with a slight abuse of
notations):

K:C[0,1] — C[0,1]
o Kf@ = [ K@y f@dy.
[0,1]

Then one can define (see for instance [28, Theorem 5.3.1]) the Fredholm
determinant det(1 + AK), where 1: f — f is the identity operator, as

s (—1)k)\k/ T T\ ok
4.1 1-)AK) = E - K . i
(4.1)  det(l — AK) = K [0,1]* o e oay ) O de

where

v Yk

for every A € C. One can define the trace of the iterated kernel as:

TrK* = o K(z1,22) - K(zg_1,28) K (xk, ©1)d21 - - - dogs

In the sequel, we shall focus on the following kernel:
B ¢ Jioq o2 (u, x)o?(u,y)m%(u) du

(42) Koo(l'a y) = 2
(1 + ¢ i1 0% (uw, 2)7(w) du)
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THEOREM 4.2 (The variance). Assume that assumptions A-1 and A-4
hold. Let p > 0 and recall the definition of matriz Ay, :

Then:
1. TrA4,, —— TrK
n—oo

2. det(I, — Ay,) — det(1 — K ) and det(1 — K) # 0.
3. Let k = E|X11|* — 2, then
0< —logdet(l — Ky) + kKTrKo < 00 .

PROOF. The convergence of TrA, toward TrK. follows from Lemma
4.1-(1),(3). Details of the proof are left to the reader.
Let us introduce the following kernel:

Ly o4, 37)02(%79)22
<+ Y o4 fﬁ)tz’)Q

Ky(z,y) =

One may notice in particular that az,, = 1K, (5, W) Denote by || - [loc th
= [l0*[lsc, then:

supremum norm for a function over [0, 1]? and by o2, =

N 0 O
(4.3) ol € 57255 and Kol < 7

The following facts (whose proof is omitted) can be established:

1. The family (K,),>1 is uniformly equicontinuous,
2. For every (z,y), Ky(z,y) = Kx(z,y) as n — oc.

In particular, Ascoli’s theorem implies the uniform convergence of K, toward
K. It is now a matter of routine to extend these results and to get the
following convergence:

(4.4) Kn<$1 xk) Koo<m1 l‘k)
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uniformly over [0, 1]%*. Using the uniform convergence (4.4) and a dominated
convergence argument, we obtain:

SR Y L ST

" 1<iy iksn u/m /T
— Ko “0 77 "% ) @k da; .
n—00 [0,1]% xr1 0 Tk

Now, writing the determinant det(I,, + A\A,) explicitly and expanding it as
a polynomial in A, we obtain:

C(—1)RAR 1 ii/n -+ ig/n
det(I, — \A,) = —— | = K, | . )
et ) kZ:;J k! nk 1§1;1,-Z;ik§n ih/n - ig/n

Applying Hadamard’s inequality ([28, Theorem 5.2.1]) to the determinants
K, (-) and Koo (-) yields:

—

1 ) .. y a
o < i i ) < kKR < kEME,
n 1§i1,~~~,ik§n ’Ll/n /lk/n

=

where (a) follows from (4.3). Similarly,

Kol ™ 77 " )@k de; < kiMF.
[0,1]% ry -0 Tk

k
. . MFES .
Since the series ), k{” IA|* converges, a dominated convergence argument

yields the convergence

and item (2) of the theorem is proved. Item (3) follows from Theorem 3.1-(2)
and the proof of the theorem is completed.
0

4.2. The CLT: Fluctuations and bias .

COROLLARY 4.3 (Fluctuations). Assume that A-1 and A-4 hold. De-
note by
02, = —logdet(l — Ku) + kTrK o |
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then
N
o (Zn(p) — EZn(p))
oo
= 03! (logdet (Y,Y;; + pl) — Elogdet (Y, ;s + ply)) —— N(0,1) .
PRrROOF. follows easily from Theorem 3.2 and Theorem 4.2. O

Recall the definition of 7 (cf. Remark 2.1).

THEOREM 4.4 (The bias). Assume that the setting of Corollary 4.3 holds
true. Let w € [p,00) and denote by p : [0,1] — R the quantity:

plr,w) = kw? 72 (2, —w)
X {wc/ol o?(u, x)7(u) (/01 o?(s,u)7%(s) ds) du
- %(ac)c/o1 o?(u, )72 (u) du} .

The following functional equation admits a unique solution:

(o w) = 1cfoloz(u,x)JQ(u,y)Tz(u)duw W) du - plaw)
o=, (1+ ¢ fi o?(u,2)r(w) du)” iR

Let Boo(w) = [y w(z,w)dz . Then S0 1B (w)] dw < 0o. Moreover,

(45)  N(EL(p) - Valp) ———— Bulp) 2 /pwﬁww)dw.

n—00, %Hc

Proof of Theorem 4.4, although technical, follows closely the classical
Fredholm theory as presented for instance in [28, Chapter 5]. We sketch it
below.

SKETCH OF PROOF. The existence and uniqueness of the functional equa-
tion follows from the fact that the Fredholm determinant det(1— K ) differs
from zero. In order to prove the convergence (4.5), one may prove the con-
vergence [ B, — [° Boc (Where B, is defined in Theorem 3.3) by using an
explicit representation for [, relying on the explicit representation of the
solution w via the resolvent kernel associated to Ko, (see for instance [28,
Section 5.4]) and then approximate the resolvent kernel as done in the proof
of Theorem 4.2. O
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4.3. The case of a separable variance profile. 'We now state a consequence
of Corollary 4.3 in the case where the variance profile is separable. Recall
the definitions of 7 and 7 given in (2.3).

COROLLARY 4.5 (Separable variance profile). Assume that A-1 and A-4
hold. Assume moreover that p > 0 and that o? is separable, i.e. that

o?(z,y) = d(z)d(y) ,

where both d : [0,1] — (0,00) and d: [0,1] — (0,00) are continuous func-
tions. Denote by

1 1
y=c / Sty dt and A= / P21 dt .
0 0
Then
(4.6) 0%, = —log (1 — p27’?) + KPPV

REMARK 4.1. In the case where the random variables X;; are standard
complex circular Gaussian (i.e. X;; = U;;+iV;; with U;; and V;; independent
real centered Gaussian random variables with variance 271) and where the
variance profile is separable, then

L ~
N(Zu(p) = Valp)) —— N (0,—log (1 - p*7) ) -
This result is in accordance with those in [23] and in [14].

PROOF. Recall the definitions of 7 and 7 given in (2.3). In the case where
the variance profile is separable, the kernel K, writes:

cd(x)d A2 ()72 () du 5 -
Koo(z,y) = ()fy)f”’” ) 5 = pd(@)d(y)F () .
(1+ cd() fjo,y d(u)r(u) du)

In particular, one can readily prove that TrK., = p?y7. Since the kernel

Koo(x,y) is itself a product of a function depending on x times a function
depending on y, the determinant Koo( O ) is equal to zero for k > 2

and the Fredholm determinant writes det(1 — Koo) = 1— [jg 1] Koo(2, z)dz =
1 — p?y% . This yields

—logdet(l — Ay) + kTrKy = —log(l — p*y7) + kp*y7 ,

which ends the proof. ]
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5. Proof of Theorem 3.1. Recall the definition of the n x n variance
matrix A,,:

1 TrD¢D,,T(—p)?
2 2
" (14 YD1 (~p))

pm = , 1<{¢,m<n.

In the course of the proof of the CLT (Theorem 3.2), the quantity that will
naturally pop up as a variance will turn out to be:

(5.1) 02 =V, + W,

(recall that W,, = TrA,,) where V,, is introduced in the following lemma:

LEMMA 5.1.  Consider a variance profile (o5) which fulfills assumptions
A-2 and A-3 and the related t;’s defined in Theorem 2.53-(1). Let p > 0 and
consider the matriz A, as defined above.

1. For 1 < j <mn, the system of (n—j+1) linear equations with unknown
parameters (yé’],?b, j<t<n):

. n 3
(5.2) yh = > apm v, +ag
m=j+1

admits a unique solution for n large enough.

Denote by V,, the sum of the first components of vectors (ygr)” j<i{<n),
1.e.:
S N )
j=1

2. Let k be a real number satisfying kK > —1. The sequence (f/n + KWn)
satisfies
0 < liminf (fin + KWn> < limsup (971 + mWn) <
n n
asn — oo and N/n — ¢ > 0.
3. The following holds true:

Vo + log det(I,, — A,) —— 0.

n—oo
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Obviously, Theorem 3.1 is a by-product of Lemma 5.1. The remainder of
the section is devoted to the proof of this lemma.
We cast the linear system (5.2) into a matrix framework and we denote

by AY the (n—j+1)x (n—j+1) submatrix AY = (at,m) i m=js DY AL
the (n —j+ 1) x (n — j + 1) matrix AY) where the first column is replaced
by zeros. Denote by dgf) the (n —j+ 1) x 1 vector :

n

1 2TeDyD;T(—p)?

d) —
" (1 + %TngT(—p))2

n

t=j
These notations being introduced, the system can be rewritten as:

(53) Y9 = A0yD a0 & (1— ALY — 4O

The key issue that appears is to study the invertibility of matrix (I — A%’(j ))
and to get some bounds on its inverse.

5.1. Results related to matrices with nonnegative entries . The purpose
of the next lemma is to state some of the properties of matrices with non-

negative entries that will appear to be satisfied by matrices A%’(j ). We shall
use the following notations. Assume that M is a real matrix. By M > 0
(resp. M = 0) we mean m;; > 0 (resp. m;; > 0) for every element m;; of M.
We shall write M > M’ (resp. M = M') if M — M’ >~ 0 (resp. M — M’ = 0).
If = and y are vectors, we denote similarly x = 0, z = 0 and = = y.

LEMMA 5.2. Let A= (aé,m)?,m:l be a nxn real matriz and u = (up, 1 <
< n),v=(v,1 <Ll <n) be two real n x 1 vectors. Assume that A = 0,
u =0, and v = 0. Assume furthermore that equation

u=Au-+v

is satisfied. Then:
1. The spectral radius r(A) of A satisfies r(A) <1 — min(v) ¢

max(ug)
2. Matriz I, — A is invertible and its inverse (I,, — A)™" satisfies:

(L= A4)"" =0 and [(I, - A)—l]u > 1

for every 1 < /£ <n.

3. The maz-row norm of the inverse is bounded: ‘H(In — A ‘HOO
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4. Consider the (n—j+1)x (n—j+1) submatriz AY) = (agy,) and

denote by A®U) matriz AU) whenever the first column is replaced by
zeros. Then properties (1) and (2) are valid for A%G) gnd

H (L1 = AD)
min(vy)

PROOF. Let a =1 — max(ug)" Since u > 0 and v > 0, « readily satisfies
a < 1 and au %= u — v = Au which in turn implies that r(4) < a < 1
[18, Corollary 8.1.29] and (1) is proved. In order to prove (2), first note that
Ym > 1, A™ = 0. As r(A) < 1, the series >, ~9A™ converges, matrix
I, — A is invertible and (I, — A)~' = °,,~0 A™ = I, %= 0. This in particular
implies that [(I, — A) g > 1 for every 1 < £ < n and (2) is proved. Now
u = (I, — A)~'v implies that for every 1 < k < n,

n
lm=j

-1 < maXnggn(Uf) .

s Minj<e<n(ve)

n n

up = [(I” B A)_l}k;e ve 2 min(ve) 3 [(I" B A>_1}

/=1 /=1

9

kt

hence (3).

We shall first prove (4) for matrix AU), then show how A%U) inherits
AU)’s properties. As A = 0, one readily has AY) = 0. In [18], matrix
AU) is called a principal submatrix of A. In particular, r(AY)) < r(4)
by [18, Corollary 8.1.20] which implies property (2) for AW, Let AW be
the matrix AY) augmented with zeros to reach the size of A. The inverse
(In—j+1 — AU)~1 is a principal submatrix of (I, — AU))~1 = 0. There-

o\ 1 AN y
(Fngeny — AD) (1. — 49) H . Since A™ 3 (AU)™
for every m, one has },,~o A™ = mzo(fl(j))m; equivalently (I — A)~1 3=
< ~ ooy —1
(I = A@)~1 which yields ||(I - AD) ’ <[l a7 Finaily (4) is

fore, <

proved for matrix AU,
We now prove (4) for A%(). By [18, Corollary 8.1.18], 7(A%0)) < r(AW)) <
1 as AU) = A%, Therefore, (I — A%Y)) is invertible and

(I — A%0))-1 = i[AO’(j’]"‘ ,
k=0

This in particular yields (I — A%@)~1 = 0 and (I — AO’(]')),;,ﬁ1 > 1. Finally,
as AU = A%0) one has

(- ]2 ooy

Item (4) is proved and so is Lemma 5.2. O

o0
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5.2. Proof of Lemma 5.1: Some preparation. The following bounds will
be needed:

PROPOSITION 5.3. Let p > 0, consider a variance profile (o;;) which
fulfills assumption A-2 and consider the related t;’s defined in Theorem 2.3-
(1). The following holds true:

1 1

- = tl=p) = -
p P+ O

PROOF. Recall that t;(z) € S(RT) by Theorem 2.3. In particular, t,(—p) =

Jp+ & f\(f;)\) for some probability measure . This yields the upper bound

te(—p) < p~! and the fact that t,(—p) > 0. Now the lower bound readily
follows from Eq. (2.1). O

PROPOSITION 5.4.  Let p > 0. Consider a variance profile (o;;) which ful-

fills assumptions A-2 and A-3; consider the related t;’s defined in Theorem
2.3-(1). Then:

lim inf min JI‘rD i Tn(—p)? >0 and liminf min fTrDQT (=p)? > 0.
n>1 1<5<nn n>1 1<j<nn

PROOF. Applying Proposition 5.3 yields:

(5.4) NTrD T(— Zo—w :

2 QNZUU’

(p + Umax

which is bounded away from zero by Assumption A-3. Similarly,

2
1 1 1Y, @ 1 1Y
—TD2T(—p)2 > — Sk > [ N2

N ! ( ) (p+0r2nax)2 N ; “ (p+ar2nax)2 N ; Y
which is bounded away from zero (notice that (a) follows from the elemen-
tary inequality (n=!' 3" 2;)? <n~ !y z?). O

We are now in position to study matrix A, = Ag).

PROPOSITION 5.5. Let p > 0. Consider a variance profile (o;;) which
fulfills assumptions A-2 and A-3; consider the related t;’s defined in Theo-
rem 2.3-(1) and let A, be the variance matriz. Then there exist two n x 1
real vectors u, = (ug,) = 0 and v, = (vg,) > 0 such that u, = Apu, + vy.
Moreover,

sup max (ug,) < oo and liminf min (vg,) >0 .
nplgegn( tn) n 1§e§n( n)
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PROOF. Let z = —p+0i with § € R—{0}. An equation involving matrix
A,, will show up by developing the expression of Im(7'(z)) = (T(z) — T*(2)) /2i
and by using the expression of the t;(z)’s given by Theorem 2.3-(1). We first
rewrite the system (2.1) as:

1 & D -
T() = -2y +-5 ——m )
) <ZN nr;11+1lzﬁDmT>

We then have

_ *\ 1 * x—1 —1
Im(T) = (T %) = TT (7t =171,
D, TT*

1
2i
1 1 .
— sIm | =TrD,,, T') + 0TT™ .
"=t 14 LTeD T’ n
This yields in particular, for any 1 < ¢ < n:
1 1
1 < TrD,D,TT* 1

1 1
=¥ S<Im (TrDmT> + “TeD,TT* .
ns 1 ) n n

=1 ]1 + ETrDmT‘

Recall that for every 1 < i < N, tz( ) € S(R™T). Denote by p; the probability

measure associated with t; i.e. t;(z) = [pi 5 1(d)‘) . Then

1 1 wi(dX) ul (dX)

~Im ( -TxD,T

5m(n St ) Z ’e/ — 2|2 5-0 nz Zz/ )\—l—p
Denote by g, the right handside of the previous limit and let ug, = Uin

(1+1TeD,T(—p

Plugging this expression into (5.5) and letting § — 0, we end up with equa-
tion:

Up = Aply + vy
A, = 0 is given in the statement of the lemma, u, = (uzn;1 < £ < n) and
Up = (vgn; 1 < € < n) are the n x 1 vectors with elements

oo pi(dA
Lyl od f i) ITYD,T(~p)
(5.6)  wen = 5 and v, = 5 -
(1 + lTYDgT(—p)) (1 + lTngT(—p))

For n large enough, the numerator of uy,, is lower than (No2,,)/(np?) and
its denominator is bounded away from zero (uniformly in n) due to A-3
and Propositions 5.3 and 5.4. Similar arguments hold to prove u, > 0 and
v, > 0 and to get a uniform lower bound for vy ,. This concludes the proof
of Proposition 5.5. O

)?
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5.3. Proof of Lemma 5.1: End of proof.

PROOF OF LEMMA 5.1-(1). Proposition 5.5 together with Lemma 5.2-
(4) yield that I — A%U) is invertible, therefore the system (5.3) admits a
unique solution given by:

W = (1= A4
and (1) is proved. O

PROOF OF LEMMA 5.1-(2). Let us first prove the upper bound. Propo-
sition 5.5 together with Lemma 5.2 yield

, a
lim sup max W(I — AO’O))A‘H < hmsupw < 00.
n J o0 n>1 mlnlgégn( En)
Each component of vector dJ) satisfies d(J) <X I;a" i.e. SUP1<j<p 1dP) || <
5 . Therefore, vector yﬁf) satisfies:
4) 0.6 -1p_1d@| . < K
wup [y oo < sp (7 = A0) AP < T
j

Consequently,
n n
0< V=>4 Z 159 |oc
j=1 =1

satisfies lim sup,, V,, < 0o. Moreover, Proposition 5.3 yields W,, < n—2 ” TrD2T2
ot N (p?n)~L. In particular, W, is also bounded and lim supn(f/n—i—FaW ) <

limsup,,(Vn + |&|Wp) < 00
We now prove the lower bound.

Vo + kW, = Zy(a) + Iﬁ?d(J) > Zy(”) (J)
7=1

Recall that y() = (I — A%0))~1d{). We therefore have:

= ], — [0 )],

75

- [(I—Agr(ﬂ)—lA?;(f)dﬁf)L
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As (I — Ag’(‘j))*1 »= I, we have:

)] (9)
yj’n - dﬂyn

IV
S
o
S
Y
3Q
|
M=
| =

—

a) "1 /1 2
> K > = (TngDj> :
~ n°\n
l=j+1
where (a) follows from Proposition 5.3, which is used both to get a lower
bound for the numerator and an upper bound for the denominator: (1 +
1TeD;T)* < (14 Nn~lo2,,p~1)% Some computations remain to be done
in order to take advantage of A-3 to get the lower bound. Recall that

2
% S x> <% Sy a:k) . We have:

@) 6) ~ - (1] ’
Syfi-dfl = > > o (Snom,)
j=1

j=10=j+1

1 nn-1) 2 1 2
- —TrD¢D;

nz " 2 Xn(n—l);g(n ¢ ])
(@) ’
a) 1 2 1
> - —TrDyD
-3 n(n—l)ané]>

<t
2

1 1 1
@ - S STDD; | +o(1)

3 \n(n—1) 1<5,0<n

vV

LW =
A
'MZ

Vv
=
2=
—
2=
1=
NE
N
L)
+
S
=

v
| =
2=
~
NE
2|~
.MZ
~
(o)

_|._

S

=

where (a) follows from the bound n(;n_gl) > 1 valid for n large enough. The

term o(1) at step (b) goes to zero as n — oo and takes into account the
diagonal terms in the formula 237, ,ajr + >, o = 325, aje. It remains
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now to take the liminf to obtain:
G )| < Comi
M 3 min
liminf | > il +rdjfy | = —5m .
j=1
Item (2) is proved. O

PRrROOF OF LEMMA 5.1-(3). We first introduce the following block-matrix
notations:

@ -0 = (j)
; d; a ; 0 a
() — n n 0,(4) — n
Ay = ( J%J') {G+1) ) and AV = ( 0 AUHD ) '

We can now express the inverse of

~(9) ~(9) (G+1)y—1
_ A0,(9)y — _ A0,(h)\—1 _
(I-AD) = ( 0 (I— AG*D) ) as  (I-ARW)~ = ( 0 (1— AYtD)-1 > :

This in turn yields y(-j) = dg?,)L + dg)(l — A%‘]H))_lcﬁ({) and one can easily

J,m

check that ygf% < %, where K does not depend on j and n, as
@) < g9 ~(4) T — A% d)
Yjml < gl +nlla; [l ||( W) 1 oo
Remark that

log det(I — AY)) — log det(I — AUTD)

n

1-d¥) gy 1 0
— J,m n‘ .
S (i ) | ER )
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and write logdet(I — A,,) as:

n—1

logdet(I — A,) = > (log det(I — AY)) —logdet(I — A,(fﬂ))) +log(1l — ann)

=1

n_l . . . [
= Y log(1—df) — a1 — AGH)THAD) + log(1 — ann)
j=1

= =3 (d9) + a1 — A1) + o (1)

j=1
=G " G)

= S yho) = -y o)
j=1 j=1

= —V,+o(1).

This concludes the proof of Lemma 5.1.

6.

Proof of Theorem 3.2.

6.1. More notations; outline of the proof; key lemmas.

More notations. Recall that Y;, = (Y7) is a N x n matrix where Y} =

2

% X,; and that Q,(2) = (¢ij(2)) = (Y Y,* — 2In)~!. We denote

/n

1.
. by y; the column number j of ¥,,,

by Qu(2) = (Gij(2)) = (VYo — 2In) ",

by Y/ the N x (n — 1) matrix that remains after deleting column
number j from Y,
by Q;jn(2) (or Q;(z) for short when there is no confusion with Q,(z))
the N x N matrix

Q;(2) = (YIYI* — 2In)71,

by &; the row number i of Y,

by Y;  (or Y; for short when there is no confusion with Y;,) the (N —
1) x n matrix that remains after deleting row 4 from Y,

by Qin(z) (or Qi(2)) the n x n matrix

Qi(z) = (V;'Y; — zL,) "
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Recall that we use both notations g;; or [Q];; for the individual element
of Q(z) depending on the context (same for other matrices). The following
formulas are well-known (see for instance Sections 0.7.3 and 0.7.4 in [18]):

_0. QJ%%QJ 5 _ 5, QiEEGQi
62 g = ——— D p—
’ v aQg) Y T A0y

For 1 < j < n, denote by F; the o-field F; = o(y;,--- ,yn) generated by
the random vectors (y;,--- ,yn). Denote by E; the conditional expectation
with respect to Fj, i.e. E; = E(- | F;). By convention, F, 41 is the trivial
o-field; in particular, E, 1 = E.

Outline of the proof. In order to prove the convergence of O ! (log det(Y,,Y,*+
pIn) — Elogdet(Y,Y,* 4+ pIy)) toward the standard Gaussian law AN(0, 1),
we shall rely on the following CLT for martingales:

THEOREM 6.1 (CLT for martingales, Th. 35.12in [4]). Let 'y?(mn),'ygl_)l, e ,’yin)
be a martingale difference sequence with respect to the increasing filtration
(n)

Ry ,.7-"1(”). Assume that there exists a sequence of real positive numbers
©2 such that

n

P
(6.3) Z J+17j m L.

Assume further that the Lindeberg condition holds:

2
Ve > 0, @2ZE( ‘<n)

— 0.
noj=1 2€0n | M0

Then ©,; Z] 17 (n) converges in distribution to N'(0,1).

REMARK 6.1. The following condition:

n—oo

n )|2+8
(6.4) 35 >0, 2(1+5Z’ ]+_>0,

known as Lyapounov’s condition implies Lindeberg’s condition and is easier
to establish (see for instance [4], Section 27, page 362).
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The proof of the CLT will be carried out following three steps:

1. We first show that logdet(Y,,Y,s + pI) — Elogdet(Y,Y,’ + pI) can be
written as Y 7 7;, where (v;) is a martingale difference sequence.

2. We then prove that (v;) satisfies Lyapounov’s condition (6.4) where
©? is given by Theorem 3.1.

3. We finally prove (6.3) which implies the CLT.

Key Lemmas. The two lemmas stated below will be of constant use in
the sequel. The first lemma describes the asymptotic behaviour of quadratic
forms related to random matrices.

LEMMA 6.2. Let x = (x1,---,2zy) be a n x 1 vector where the z; are
centered i.i.d. complex random wvariables with unit variance. Let M be a
n X n deterministic complex matriz.

1. (Bai and Silverstein, Lemma 2.7 in [2]) Then, for any p > 2, there
exists a constant K, for which

2
Elz*Mx—TrM P < K, ((E]w1|4TrMM*)p/ + E|$1|2pTr(MM*)p/2> '
2. (see also Eq. (1.15) in [3]) Assume moreover that Ex? = 0, then

n
E(z*Mzx — TrM)* = TtM? + kY _m3, |
=1

where k = E|zy|* — 2.

As a consequence of the first part of this lemma, there exists a constant
K independent of j and n for which
S anp/ 2

p
(65 E|y;Qs(~p)ys — ~TeD;Q;(~p)

for p < 4.
We introduce here various intermediate quantities, where 1 <7 < N and
I1<y<n

- [z (1 + 1T DEQ(2) )}

= [z (1+ ITeDEQ(2) )} C = diag
2 (14 2rDiC(2) } B = diag

= — [z (1 + %TrDjC(z))} . B = diag(b;

Q
Il
&
)
0
S

(6.6)

The following lemma provides various bounds and approximation results.
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LEMMA 6.3. Consider the family of random matrices (Y,,Y,F) and assume
that A-1 and A-2 hold true. Let z = —p where p > 0. Then,

1. Matrices Cy, satisfy ||Cp|| < % and 0<¢ <

< % . These inequalities

remain true when C is replaced with B or C.

2. Let U, and U, be two sequences of real diagonal deterministic N x N
and n X n matrices. Assume that sup,,~; max (HUnH, ||17n\|) < 00, then
the following hold true:

(a) yTUEQ ~T) —— 0 and ;TUEQ-T) ——0,

n—oo

) ‘U(B-T) ——0,

n—o0

(c) sup, E(TrU (Q — EQ))* < o0,
(d) sup, HE(TrU (Q — EQ))* < .

3. [Rank-one perturbation inequality] The resolvent Q; satisfies |[TrM (Q — Q;)| <
% for any N x N matriz M (see Lemma 2.6 in [26]).

Proof of Lemma 6.3 is postponed to Appendix A.
Finally, we shall frequently use the following identities which are obtained
from the definitions of ¢; and ¢; together with Equations (6.2):

(6.7) Q)] = ¢+ 2¢[Qli (&Qiﬁf - :LTrDiEQ)

©8) QN = &+ 25Ql (4w - T TDEQ)
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6.2. Proof of Step 1: The sum of a martingale difference sequence. Recall
that E; = E(- | ;) where F; = o(yp, j < ¢ <n). We have:

logdet(YY™ + pIny) — Elogdet(YY™ + ply)

= Z(EJ — Ej+1) log det(YY* + pIN)

j=1
(@) i( det (YY" 4 pIy)
= — 1) log "

= Bt det (YY* + ply)

=
|
(=
A

)1
Ervi)log | —q v 5 o)

=
M:

(Ej —Ej+1)log

= V)
(e )
o

)
J]

Il
—

(7
<.

(E; —Ej+1) 10g<1+1/]QJ( p) j)
1

<.
Il

where (a) follows from the fact that Y7 does not depend upon Yj, in par-
ticular ; log det (YIY7" + ply ) = ;11 logdet (YIY3™ + ply ) ; (b) follows
from the fact that det(Y7/*Y7 + pl,,_1) = det(YIY7* + pIy) x p" 1=V (and
a similar expression for det(Y*Y + pl,,)); (¢) follows from the equality
~ det(Y7*Y7 + pI,,—
[Q<_P)]jj = d(et(Y*Y +ZI:) 1)

which is a consequence of the general inverse formula A~! = det( N adj(A)

where adj(A) is the transposed matrix of cofactors of A (see [18, Section
0.8.2]); and (d) follows from (6.2). We therefore have

logdet(YY™ + pIy) — Elogdet(YY™ + pIn)

= D (B —Ej) log( +y§fQj(—p)yj)

j=1

1>

Z Vi
j=1
As the following identity holds true,

E;log (1 + —TrD; QJ> J+1log< + TrD Q) >

one can express 7y; as:

yiQjy; — 2TrD;Q;
6.9 = (E; —E; | 1 J
(6.9) Vg (E; j+1) 0g< + 1+%TrD]QJ

= (Ej —Ej41)log(1+Ty) .
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Y3 Qsyi— 5 TrD;Q;
1+1TrD;Q;
ence sequence with respect to the increasing filtration F,,...,F; and Step

1 is established.

where I'; = . The sequence vy, ..., is a martingale differ-

6.3. Proof of Step 2: Validation of Lyapounov’s condition (6.4). In the
remainder of this section, z = —p. Let § > 0 be a fixed positive number that
will be specified below. As liminf ©2 > 0 by Theorem 3.1, we only need to
prove that > E|;|**% —,, 0. We have E|v;[**° = E |[(E; — Ej11) log(1 + r;)[**;
Minkowski and Jensen inequalities yield:

1 o N
(Bl )77 < (E[E;log(1+1y)*) 7 + (E [Ejpalog(1 +Tj)[***) ™

IN

2 (E [log(1 + I'y)|**) =8

Otherwise stated,

(6.10) Ely[**° < Ko E Jlog(1 + T)[**

where Ky = 2219, Since Y;Qjy; >0, T (defined in (6.9)) is lower bounded:

1
o D0,
jZ 1 :
1 + ETI‘D]'Q]‘
Now, since
1 D; 2 N
n n P n AN
and since z — 7 is non-decreasing, we have:
1
=TrD;Q, K
(6.11) %JQJ <K= L
1+ ETI‘D]‘Q]‘ 1+K1

log(1+x)
T

In particular, I'; > —K3 > —1. The function (—1,00) 3 z — is non-

log(14=x) < log(1—K2)
T — Ko

negative, non-increasing. Therefore, for z € [—K3, 00).

Plugging this into (6.10) yields

E|y;] > KoK E[T;*°

<
A 246

. 1
K3EL;*™ < K3 E y; Q55 — ETTDij
By lemma 6.2-(1), the right hand side of the last inequality is lower than

Kyn~(1%9/2) a5 soon as E|X11|>T? < co. This is ensured by A-1 for § < 6.
Therefore, Lyapounov’s condition (6.4) holds and Step 2 is proved.
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6.4. Proof of Step 3: Convergence of the normalized sum of conditional
variances. This section, by far the most involved in this article, is devoted
to establish the convergence (6.3), hence the CLT. In an attempt to guide
the reader, we divide it into five stages. Recall that z = —p and

viQjy; — 5 TrD;Q;

v = (Bj —Ej41)log (1+T;) where T';j= 1+ 1TrD;Q;

In order to apply Theorem 6.1, we shall prove that 2 Z?:l Ej+1fyj2 L]
where ©2 is given by Theorem 3.1. Since liminf ©2 > 0, it is sufficient to
establish the following convergence:

n
P
(612) 'Z:IEjJrl’}/]? - @% m 0.
]:

Instead of working with ©,,, we shall work with ©,, (introduced in Section
5, see Eq. (5.1)) and prove:

n
~ P
]:

In the sequel, K will denote a constant whose value may change from line
to line but which will neither depend on n nor on 5 < n.
Here are the main steps of the proof:

1. The following convergence holds true:

n n
P
(6.14) Y Ei1v) = > Ejn (EiT))* ——0.
j=1 j=1

This convergence roughly follows from a first order approximation, as
we informally discuss: Recall that v; = (E; —E; ;1) log(1+T;) and that
I'j — 0 by Lemma 6.2-(1). A first order approximation of log(1 + z)
yields Vi~ (EJ — ]:EjJrl)Fj. As Ej+1(y;fijj) = %TrDjEjJrle, one
has E;j1['; = 0, hence v; ~ E;I'; and one may expect Ej;177 ~
E;+1(E,;I';)? and even (6.14) as we shall demonstrate.
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2. Recall that x = E|X11|* — 2. The following equality holds true

(6.15)
1

Eji1 (E;T))” =
n? (14 LTeD;EQ)

5 <TrDj (Ej+1Q5) D (E;j41Q;)

N
+ Ky o (Ej+1[Qj]z‘z‘)2> + €2,

i=1
where
E[ ‘< K
max E9 4 —
j<n 2= 32

for some given K.

A closer look to the right hand side of (6.15) yields the following comments:
By Lemma 6.3-(2a), the denominator (1+ %TrDjIEQ)2 can be approximated
by (1+ 2TrD;T)?; moreover, it is possible to prove that [Q;]i; ~ [T (some
details are given in the course of the proof of step (5) below). Hence,

N

K
ZU% (Ej+1[Qj]u)2 ~ ETTD?TQ .
=1

3=

Therefore it remains to study the asymptotic behaviour of the term 1 TrD;(E;11Q;)D;(Ej11Q;)
in order to understand (6.15). This is the purpose of step (3) below.

(3) In order to evaluate 2TrD;(E;11Q;)D;(E;j11Q);) for large n, we intro-
duce the random variables

(6.16) X = ~TDIE;1Q)D;Q. j<l<n.

Note that, up to rank-one perturbations, E]xﬁ% is very close to the

term of interest. We prove here that Xgr)z satisfies the following equa-
tion:

: " LTr(D;BD,EQ) ;
617) x§h =" w (DeBDmEQ) | ()
" mSie1 (14 116D, EQ

)2 m,n

1
-+ fTngBDjEQ + €3,05, j<t<n,
n
where B is defined in Section 6.1 and where

K
Eleg pi] < — |
max les,e5] <

NG
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(4) Recall that we have proved in Section 5 (Lemma 5.1) that the following
(deterministic) system:

yé‘?,,)l_ Z aﬁmy(g) —|—6Lg for ]Sfﬁn’
m=j+1
1 TrDyD,T?

where ag,, = ﬁm admits a unique solution. Denote by

mg% =n (1 + %TngT> yéj) then (x (J), Jj < £ < n) readily satisfies
the following system:

1 2
a:(j) _ 1 L ETI“DgDmT
Ln —

x4 TngDT j<t<n.
" mSit (14 S TeD, T

)2 mn

As one may notice, (6.17) is a perturbated version of the system above
and we shall indeed prove that:

(6.18) xﬂ = 537)1 + €41,5 1 €42,5

where max[Eleq ;| < and max|eq2,j| < Iy,
Jj<n Jj<n

K
Vn
the sequence (d,,) being deterministic with §,, — 0 as n — oo.

(5) Combining the previous results, we finally prove that

n
5 P
(6.19) ZlEjH(Eij)z -6, —— 0.
J:
This, together with (6.14), yields convergence (6.13) and (6.12) which
in turn proves (6.3), ending the proof of Theorem 3.2.

11vD;Q;
PROOF OF (6.14). Recall that +InD,q,

ticular, I'; > —Ks > —1. We first prove that

< Ky <1 by (6.11). In par-

Ejlog(1+T;) =E;T'; + €115 + €12,5

where

(6.20)
€11, =L log(1 + Fj)l\Fj\gKg - E;I; and max;<pn Esu,f < %
€125 = Ejlog(l+ 1)1z, 00)(T5) max;<, Ee1z;* < 2%



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 37

In the sequel, we shall often omit subscript j while dealing with the £’s. As
0 < K9 < 1, we have:

=~ (=D
eul = B> < — )|
k=1
i E,I'1.
k J I |<K
< Bl + LB e < Bl + = 0=0
=2
Therefore,
(a) ET41 .
2 2 J I ISKy
Esll < 2<Erj1r‘j>}(2+(1_;(2)2>

(b) 2]Er;¥ 2Er§
< +
T K} (1-Ky)?

—

) (2 2 1 4@ K

< (K% T Ao G2 K2)2> E (y;ijj - nTrDij) < =

where (a) follows from (a-+b)? < 2(a?+b?), (b) from the inequality F?lp].>K2 <
N2

F? (%) 1r;>K,, (c) from the fact that the denominator of I'; is larger than

one, and (d) from Lemma 6.2-(1) as X1; has a finite 8" moment by A-1.

Now, 0 < e12 < E;Ij1p,5k,. Thus, Ee12? < ET?1p 5k, < K5 *ET1r 5k,
Lemma 6.2-(1) yields again:
K
Eein® < —
n

and (6.20) is proved. Similarly, we can prove

K
Ejy1log(1+T;) =E; 1T +e13, with mngem,j? <=
J= n

Note that since y; and Fj41 are independent, we have E;i1(y;Q;y;) =
%TrDj]EjHQj which yields E;1I'; = 0. Gathering all the previous esti-
mates, we obtain:

o= Ejl'j+enn;+teiz; —eis;

1>

Eij + 514,3' s

where maxjgnEeM,jz < K n~? by Minkowski’s inequality. We therefore
have Ej+1(’yj)2 = Ej+1(Eij + 614,_7')2. Let

A
€15 = Ein1(7)? — Ej1(BiTy)? = Eji€1a,° + 2Ej 41 (€145 EiTy).
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Then
Ele1j| < Eeiay®+2E|e1q,; E;Ty|,

. b
< ]E€14,j2+2(E€14,j2)1/2(EF§)1/2 <

—~
Na
—~
=

n3/2

where (a) follows from Cauchy-Schwarz inequality and (E;I';)* < E;T, and
(b) follows from Lemma 6.2-(1) which yields EF? < Kn~!. Finally, we have

S EIEj1(v;)? — Ej1(E;T;)2| < Kn~3 which implies (6.14). O

PROOF OF (6.15). We have:

* 1
Y; Qsy; — n TrD;Q;
Bl = Ej( : Lt Dy, )
n )]

1 . 1
T 1+ 1TDEQ {Ej (yj Qs - nTrDij)

* 1

‘Qiy; — 1TrD;Q; /1 1

— Ej y] Q]yj i n jQJ (TI‘Dij — TI‘DﬂEQ) .
1+1TrD;Q;  \n n

Hence,

(6.21)
Ej1(E;T))?
1

x 1 2
- (1+ lTrDjEQ)QEjH <<yy (E;Qj)yj — nTrDjEij> + €215+ 522,j>

1 . 1 2
= s lTrDjEQ)2Ej“ (yj (E;Q;)y; — nTrDjEij) + €25

where
* 1 2
Ezl,j E]‘ yJ ijjl n jQ] (TI‘Dij — TI‘DjEQ) s
1+1mD;Q; \n n
N 1
E22,j = -2 ]Ej (ijjyj — nTI'DJQ]> X
* 1
“‘Q.y; — =TrD.;Q; /1 1
E; U3 @i —= i9i (TrDij - TrDjEQ) ,
1+ 1D, \n n

~ Ejia(e21,5 +€22,5)
62’j - 1 A 2
(1+ 1TrD,EQ)
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As %TrDij > 0, standard inequalities yield:

1
412

(o L00) | [o(lrme, - Lna) |

Eszl J

4
By Lemma 6.2-( (yj Qjy; — %TrDij) < Kn~2. Due to the convex
inequality (a + b) 23(a* + b*), we obtain:

1 4 1 1 4
B(L1iD,(Q; - BQ)) = E(LTD;(Q;— EQ))+ TD;(EQ; ~ EQ) )
4 4
< K{E (51:D5(Q; - EQy)) +E (S15D;(8Q; - EQ)) } ,

where the first term of the right hand side is bounded by Kn~2 by (2d) in
Lemma 6.3 and the second one is bounded by Kn~* due to the rank-one per-
turbation inequality [Lemma 6.3-(3)]. Therefore Eeaq,; < Kn~2 and similar

derivations yield Elegs j| < K n2. Gathering these two results yields the

2
bound Eley | < Kn~3.Let us now expand the term E; ¢ (y;Eijyj - %T&"DjEij)
in the right hand side of (6.21).

Recall that E;Q; = E;,1Q; and that »—D%(&-.- M)TNt 1
ecall that B;Q; = E;1Q; and that y; = DF (22, -+, 74 ). Note also
that Ejq (y;IEijyj) = %TrDj]Ej_HQj. Then Lemma 6.2-(2) immediatly

yields:

x 1 2
Ejt1 (ijijyj - nTrDjEij)

= % <T1"D (Ej+1Q5) Dj (Ej41Q;) ‘1‘/‘?20@7 j+1 Qg}%)) .

Equation (6.15) is proved. O

PROOF OF (6.17). Recall that x) = 1TrDy(E;1Q)D;Q. The outline
of the proof of (6.17) is given by the followmg set of equations, the x’s and
€’s being introduced as and when required.

()

(6.22) Xem =X1HX2—X3

(6.23) X3 = X5+€3

(6.24) X5 = Xat+ X5+€5

(6.25) X5 =X6— X7+ E6—€7
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Gathering the previous equations, we will end up with
(6.26) X%??)z =X1+tX2— X4~ XetX7+e where e=—es+es—egter.

Let us first give decomposition (6.22) and introduce X, X and x3. Recall
that B (defined in Section 6.1) is the N x N diagonal matrix B = diag(b;)

-1
where b; = (p(l + %TrDzC)) . The following identity yields:

Q = B+BB'-QHQ
= B+B <p diag (iTr[)Z-CN’) — YY*) Q.

Therefore,

. 1
Xffr)L — ETI“DZ(EjJrl Q)D;Q

1 1
~“TvD,BD;Q + 2TvD,Bdiag (TrDZ-C’) (E;41Q) D;Q
n n n

1 L N
_gTngB <Z Ej+1ymme> DjQ
m=1

X1+ X2 — X3

and (6.22) is established. We now turn to decomposition (6.23). Identities
(6.1) and (6.2) yield:

R « QmYmYnQm _ Ym@m A *
Y@ = Y Qm Ym 7 Ot 1T 0O = p[QlmmYi, Qm -

Using this equation, we have

1 " .
X3 = ETTDZB (Z Ej+1ymme> DjQ

m=1

— %TngB (Z Eji1 ([Q]mmymy;Qm)> D;Q

m=1

n
& gTngB (Z EnEjt1 (ymy;Qm)) D;Q

m=1

2
" 1vp,B (
n

m=1

>

X€’)+€37

> ekt (@l (v @t~ ~TeDEQ) ymy:;czm)) D;Q



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 41

where (a) follows directly from (6.8). We are now in position to prove that :

K
. <—
(6.27) l;gggElssl <7

Using the fact that |TrAyy*B| = |y*BAy| < ||AB||||y||* together with the
norm inequality ||AB|| < ||A]| ||B]|, we obtain:

2

M=

- A * 1
‘€3| < ; ||DjQDgB||CmEj+1 <[Q]mm ‘memym - nTrDmEQ‘ |ym”2”QmH> ’
m=1
(a) 0’4 1 n * 1
S LD Ein ()memym - nTrDmEQ) Ilymll2) )

m=1

where (a) follows from the fact that | D;QDB||én < o p™? and [Qlimm || Qum | <

p~2. Writing %TrDmIEQ = %TrDmQ + %TrDm(EQ — @) and replacing in
the previous inequality, we obtain:

. 1
2 (|45, Qum —  TDnEQ| lym?)

S(F ZF)wmmf,

1
o1
where {E’y;‘%mem — %TTDmQ‘ r < Kn~2 by Lemma 6.2-(1) combined

1
2

_l’_

1 2
y:anym - ﬁTrDmQ

E| 1D, - EQ)
n

1

o1k
with Lemma 6.3-(3), [E ‘%TrDm(Q - EQ)} ] ’ < Kn~! by Lemma 6.3-(2c)
and E|ym ||* < of . E|X711|*(Nn~1)2. This in particular yields maxy j<, Eles| <

max

Kn™2 and proves (6.27).
Recall that if m < j, then

Dy,
Ejr1(Ym¥m@m) = Ej1(Ymym)Ej+1(Qm) = TEﬁl(Qm)-
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We now turn to Equation (6.24) and introduce x4, x5 and €5.

n
Xé = gTI‘DgB <Z (~3mEj+1 (ymylem)> DjQ ’

m=1

J
p -
= ﬁTI'DgB ( 2_1 CmDmE]+lQm> D]Q

—}—gTI‘DgB ( E EmEj-i-l (ymy::an)) DJQ ’

m=j+1

J
1% ~
= ETI‘D(B ( E CmDmEj+1Q) DjQ

m=1
+§TFDZB ( Z EmEj-i—l (ymy;;sz)) DJQ ’
m=j+1

m=1

J
5 JAN
—|—%TngB (Z CmDmE 1 (Qm — Q)) D;Q = x4t+xs5+ Eé )

and decomposition (6.24) is introduced. In order to estimate &%, recall that
given two square matrices R and S, one has |TrRS| < ||R||TrS for S non-
negative and Hermitian. As matrix @,, — Q) is non-negative and hermitian
by (6.1), we obtain:

J
628 lehl < GIDBDQI Y E (D (@~ Q) <

m=1

by Lemma 6.3-(3).

We now turn to x5 and provide decomposition (6.25). Recall that TrAyy*B =

y*BAy. Combining (6.1) and (6.2), we get Q = Qm — p[Q]mm @mYmY,,@m -
Plugging this expression into the definition x5 and using the fact that y,, is
measurable with respect to Fj41 (since m > j + 1), we obtain:

n
Xs = UneDB (Y EnEi (ymyi@m) | DiQ
n m=j+1

n

- Z 6my:(n (Ej—i-lQm) DijDZBym
m=j+1

2 n

14 ~ 2 * *
_g Z Cm[Q]mmym (EjJrlQm) DijymmemDﬁBym .

m=j+1
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In order to understand the forthcoming decomposition, recall that asymp-
totically v, Apmym ~ %TrDmAm as long as y,,, and A,,, are independent, and
that %TrDmAm ~ %TrDmA if A,, is a rank-one perturbation of A. We can
now introduce xg and x:

-
C

Xs = g Y ETeDyBDy, (Bj1Q) D;Q
m=j+1

2 n 2
1
S D, (B1Q) D,Q ¢ L TH(DnQDB) + € — &1
m=j+1

1>

X6 — X7+ €6~ €7,

where
p n
€& = > em yp (Bj31Qm) DjQmDy By,

é
- ?mT&"DgBDm (E;+1Q) D,;Q

n
P z: = 1A * *
€7 = n Em[Qmm ym(Ej-i-lQm)Dijym YmQmDeBYm
—j+

2 n %n, 1
2y ““1vp,, (E;11Q) D;Q x ~Tx(DwQDB) .
mejr1 T n

It is now a matter of routine to check that:

(6.29) Eleg| < and Eler] <
\f
Let us provide some details.

Recall that y,, is independent from E;1(Qpm). To obtain the bound on
Eles|, we use the facts that E(y;, (Ej+1Qm) DijDgBym—%TngBDm (Ej+1Qm) DjQm)*
Kn~! by Lemma 6.2-(1), |1 TrDyBDyy, (Ej41Qm) D;j(Qm — Q)] < Kn~! by
Lemma 6.3-(3), etc.

In order to prove that Ele;| < K n_%, we use similar arguments but
we also need two additional estimates. The control [Q]mm — ¢y, which has
already been done while estimating e3 relies on (6.8). The bounded character
of E(y¥, Amym)? where A,, is independent of y,,, and of finite spectral norm.
This is a by-product of Lemma 6.2-(1).

f



44 HACHEM ET AL.

We now put the pieces together and provide Eq. (6.26) satisfied by Xj-
Recall that

1
Xy = pTngB dlag( C’ (E;+1Q) D;Q
- 21pB
Xs = TDB (Y énDi | (Bjn1Q)D
n
m<j
X¢ = %TI‘D(B Z cmDm (]+1Q) ]Q
n m=j+1
pz noooa2 1
xr = — 3. mTrD (Ej+1Q) D;Q x —Tr(DmQ@D:B)
m:j+1

1 Z”: 1Tr(DyBD,,Q)
= — Xm,j -
5 (L4 3 TeDREQ) ™

As % =1 CmDm = diag (%Trf)lé’, ce %TrBNC'), we have X9 —X4— X6 =
0, and (6.26) becomes

n 1
= T DyBD; 7
Xen T Q—i—n :zj:ﬂ( o TrD EQ)? Xom t €

where Ele| < Kn™2 thanks to Inequalities (6.27), (6.28), and (6.29). Small
adjustments need to be done in order to obtain (6.17). Now replace %TngBDpQ
by 1TrDyBD,EQ (use Lemma 6.3-(2c)). The new error term e3,¢; still sat-

isfies maxy j<, Eles e | < Kn™s. Eq. (6.17) is proved. O

PROOF OF (6.18). Recall that x¢ ; and e3 ¢; have been introduced above.

Following the matrix framework introduced to express the system satisfied
by the y’s (matrices A,, A%j) and A%(j)), we introduce matrix G,, = AT =
(9em)7 =1, its (n—3j+1) x (n—j+1) principal submatrix GY = (9e,m)7
and the matrix G’%’(j ) which differs from matrix G,(lj ) by its first column, equal

to zero. Denoting by 51(13') = (%TngDsz; j<I< n), we have:
20 — GO0 g) | 5

Define here the (n — j 4+ 1) x 1 vector s(g) (€3,65; j < ¢ < n) and the
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(n—741) x 1 vectors:
X9 = (<<,
50 = (nTngBDjEQ; j<t< n) .

Define now the (n —j + 1) x (n — j + 1) matrix:

n

S0 5 TrDyBDp,EQ
- 5 :
(1+ i1xD,EQ)

{m=j

and G%U) which is egal to G exept for its first column equal to zero. With
these notations, Eq. (6.17), valid for for j < ¢ < n, can take the following
matrix form:

VORI IONEI 0NN

We will heavily rely on the following:

- 0) | <o

lim sup
n 00

which can be proved as in Lemma 5.2-(4) and Lemma 5.5. We drop super-
script ©U) in the equation below for the sake of readability.

(6.30)
X = éx—|—5+53
& x=Gx+0+es+(G-G)x+(6-9),
s x=1-G)” 15+(1 G les+(I-G) (G-Q)x+T-a)"Y-9),
& x=2+I-G)les+(I-G) G-G)x+(I-G) ' (d-10)

The first component of the previous equation writes:

Xy = &) +[(1-G"0) ey,
+[(I = GOUHYH(GO0) — GOy 4 (I — GO 7§ — §)]

1 )

A J
= ( ) + €41,5 + €42,5 -

Due to Lemma 5.2-(4) which applies to G%) and to the fact that maxy j<, E|eg o] <
Kn™3 , we have:
n—j+1 K

Eleqr 5] < I— GO, Elegei| < — .
€415 mZ::l[( )" im Eles,g] NG
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The second error term €42 5 is the sum of the following terms:
eing = (- GM) NGO — GOy + (T - GOV (B - 9)

Let us first prove that [(I — GOW))~1(G%0) — G%U))x]; is dominated by
a sequence independent of j that converges to zero as n — oo. The mere
definition ofx(g) (see (6.16)) yields [|[ x D) ||oo < (Nok ) (np?) =1, where ||| oo

stands for the E -norm. Hence
(I = G~ L(GOL) — GOV(J‘)) Ih ‘
< [Ju-e [l - O ixdle < K |00 -0y

Let us prove that

(6.31) m(éom

uniformly in j. To this end, let us evaluate the (¢, m)-element of matrix
(6.32)

1TrDyBD,,EQ B iTvD,D,, T?

(14 iTrD,,EQ)? (14 2TrD,T)?

GO0 = GO = |

1 1 1 1
< ‘(1 + =TrD,, T)*~TrDyBD,,EQ — (1 + TrDmEQ)zTngDmTQ‘
n n n n

IN

1 1
(1+ —TrD,,T)>~TrD;BD,,(EQ — T)‘
n n

1 1
+|(1+ -TrD,,T)*~TrD,TD,,(B — T)‘
n n

1 1 1
+ ((1 + ~TrD,,T)* - (1 + TrDmEQ)2> —TrD,;D,, T?
n n n

The first term of the right hand side of (6.33) satisfies:

2

2
1 21TTDgBD (IEQ—T)‘ < <1+ ma") lT&U(EQ—T) ,
P n

(1+ ~TD,T)*~

where U is the N x N diagonal matrix U = of . p~diag (sign (E[Q]:; — t;),1 < i < N).
By Lemma 6.3-(2a), the right hand side of this inequality converges to zero
as n — oo.
The second and third terms of the right hand side of (6.33) can be han-
dled similarly with the help of Lemma 6.3 and one can prove that elements
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of n(éo’(j) — GO’U)) are dominated by a sequence independent of j that

converges to zero. This implies that m (éo’(j) —GoU ))T‘H converges to zero
oo

uniformly in j and (6.31) is proved. As a consequence, [(I —G%))=1(GO) —

GYU) )x]1 is dominated by a sequence independent of j that converges to

zero. The other term [(I — G%))~1(§ — §)]; in the expression of 42 ; is
handled similarly. Eq. (6.18) is proved. O

PROOF OF (6.19). We rewrite Equation (6.15) as E; (EjI‘j)Q =+
KM2,; + €2, with

1 1
m; = — 2TrDj (Ej+1Qj) D; (Ej-i-le) )
" (1+ iTeDEQ)
1 ol 2
5 >0y (Bja[Qjli)”
n? (1+ 1TeD,;EQ) i

772 7j

and we prove that Z}l:l M — Yy, 2,0 and 2?21 n2,; — Wh P, 0 where Vo
and W, are defined in Section 5. To prove the first assertion, we first notice
that

TrD;(E;j+1Q;)Dj(Ej11Q;) = Ej1(TrD;(Ej41Q;) D;jQ5) = Eja (TrDj(Ej11Q) D;Q)+e
with |e| < 20% . p~2 by Lemma 6.3-(3). Therefore,
Ej+1X§-f,)l €

(1+ %TrDj]EQf (1+ %TrDjIEQ)Q '

nl:j =

-2 -2
It remains to control the difference (1 + %TrDjEQ) — (1 + %TrDjT) ,
to plug (6.18) and one easily obtains > 7 n1; — Vo 25 0.
We now sketch the proof of 3°7_1 12 j— Wi, 2,0, Asin (6.2), [Q]i; satisfies
T /
(Qjlii = —(2(1 + & Q1¢)) ! where & is the row & without element j, and

Ql = (YZ] *Yij + pl,—1)~1 where Y;j is matrix Y without row ¢ and column

j. Using this identity and Lemmas 6.2-(1) and 6.3, we can show that [Q;]
is approximated by t;, which is key to prove > ; m2j — W, 0. O

7. Proof of Theorem 3.3. We first provide an expression of the bias
that involves the Stieltjes transforms %Tr @ and %Tr T. By writing log det(Y,, Y, +
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pIn) = Nlogp + logdet(%YnY; + In) and by taking the derivative of
log det(%YnY,ff + Iv) with respect to p, we obtain

log det(Y,,Y,  + pIn) = Nlogp+ N/
p

(1 dnac)e

Since +TrQ(z) € S(RT), we have 1 — LTrQ(—w) > 0 for w > 0. In fact,
recall that ||Q(—w)|| < w™! by Proposition 2.2. Therefore, by Fubini’s The-
orem,

o0

Elogdet(Y,Y, + pIn) = Nlogp + N/
p

1 1
Similarly,

NV,(p) = N/log()\ + p)mn(dX) = Nlog p+ N/pOO (1 — &TrT(—w)) dw.

w

Hence the bias term is given by:

(7.1) Bu(p) 2 Elogdet(Y,Y; + pIx) — NViu(p)
_ /°° Tr (T(~w) — EQ(—w)) du .
P
In Appendix B, we prove that:
(7.2) T(T - Q) = T(T' - Q) .

Therefore, we can also write the bias as:
(7.3) Bo(p) = / T (T(~w) ~ BQ(~w) ) d
P

For technical reasons (and in order to rely on results of Section 5), we use
representation (7.3) of the bias instead of (7.1). The proof of Theorem 3.3
will rely on the study of the asymptotic behaviour of the integrand in the
right hand side of this equation.

As a by-product of Section 5, the existence and uniqueness of the solution
of the system of equations (3.1) is straightforward. Indeed, define the n x 1
vectors w and p as

(wj,n; 1< .]

IN

n)

IN

p = (pj,n;l an)
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Then the system (3.1) can be written in a matrix form as
(7.4) w=Aw+p.

Since (I — A) is invertible for n large enough, this proves Theorem 3.3—(1).
The rest of the proof will be carried out into four steps:

1. We first introduce a perturbated version of the system (7.4). For the
reader’s convenience, we recall the following notations:

1 . 1
T (1+imD,T) S (1+ imepyT)’
1 o 1
“ - w (1 + %Tr[)zEQ) ’ - w (1 + %TrDjEQ) ’
b; L — b; = 1 ,
w (14 1TrDiC) w (14 1TrD,C)

where z is equal to —w with w > 0. Write the integrand in (7.3) as

(15) T (T(-w) - EQ(-w)) = - 3 ,0)
j=1

n(tj(~w) — E[Q(-w)]j;) -

Let ) (w) 2 n(bj(—w) — E[Q(~w)]j;) and define the n x 1 vectors ¢
and v and the n X n matrix A as

1>

p = (cpj;léjén) :
p = (p91<j<n),
Fas ( L TvD;D,,CT )"
(1+ 3 TD; )+ 5 TeD;C) )y
We first prove that
(7.6) p=Ap+1 .
2. We prove that
(7.7)
; - w 1 & ~ é A
o9 =ity (23 (et 32 ot mQUn ) - 25 otmi e

with |€)| < Kn~=1/2 where K is a constant that does not depend on
n nor on j (but may depend on w).
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3. Matrix A readily approximates A and vector v approximates p for

large n by Step 2. Therefore, by inspecting Equations (7.4) and (7.6),
one may expect ¢ to be close to w. We prove here that

(7.8) lp = Wllog ———0.
n—oo,N/n—c

. Let B (w) = 1 i1 wjn(w). Eq. (7.8) yields 1 1pj(w) = Bn(w) —

0 . In order to prove (3.5), it remains to integrate and to provide
a Dominated Convergence Theorem argument. To this end, we shall
prove that:

(79) Bl <

for n large enough. This will establish (3.4). We will also prove that

(7.10)

for w € [p,+00), where K’ does not to depend on n nor on w. This
will yield (3.5) and the proof of Theorem 3.3 will be completed.

7.1. Proof of step 1: Equation (7.6). Recall that ) = n(b; — E[Q];;).

Using these expressions, we have for 1 < j < n:

= ijijrDj (C—-T) + W

N
= ngfj Zafjciti (t;l — C;l) + w(])

i=1
w2bit; L&
- n; . Z Z Uzzjgzmcltl Pm + pV)
i=1m=1
n
= WG Y L T(D;D,CT) o + V)
T3 2 im m )
m=1

which yields Eq. (7.6).
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7.2. Proof of step 2: Expression of 't,b(j ). We shall develop 't,b(j ) as

(7.11) PV =+ gy — 4y

(7.12) Y=Y, +er

(7.13) hy = =5+ Pg

(7.14) Y5 =Py tes
(7.15) g = Py + €6
(7.16) P =Py + €3

where the 1;’s and the e;’s will be introduced when required. We shall
furthermore prove that |eg| < Kn~'/2 for k = 1,3,5,6. This will yield

(717) ) =y — tpr 4 9pg — g + V)

with || = |e; —e3 —e5+e6] < 17 -

Let us begin with decomposition (7.11):

W = b (1QL, (@5 - 5))
nwb;E ([Qb] (y;-‘ijj B iTrDjC'>)

~ N 1
= nwbjCjE (yj ijj — nTI‘DjC)

—
S]
N

—
=

—nw?b;¢;E ([Q]jj <y}‘ijj - :LTrDjEQ> <y§ijj - :LTTDJC»
2 Wb TrDE(Qj — Q) + wb;é;TrD; (EQ — C)
—nw?b;é; R ([Q]jj (y;ijj - iTrDﬂEQ) (y;ijj - iTrDﬂ))
Y1+ Py — by

where (a) follows from (6.2) and the definition of b;, (b) follows from identity
(6.8), and (c) follows from the following equality:

—
2
~

>

. 1 1 1 1
E (ijjyj — nTI'DjC) = ETI‘D]‘ (EQJ — C) = ﬁTI‘DjE (Q] — Q)—FgTI‘Dj (EQ — C) .

Eq. (7.11) is established.
We now turn to the decomposition (7.12). Combining (6.1) and (6.2), we

obtain Q = Qj —w[@}ijjyjy;‘Qj, hence ’(ﬁl = wzngjE ([Q]jjy;’-‘Qijijj) .
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Using identity (6.8) and the fact that E(y;Q;D;Q;y;) = sE(TrD;Q;D;Q;),
we obtain:

i) (TI“DJ'QJ'DJ'QJ')

~o 8,88 (10 (5@ - 7 1D,2Q) (55QsDsQum)

P =

w
n

1>

1,[’4+€1~

We have: .
lel] < ;E (y§Qijijj le1r +e12 + 513\) ;

Wlth €11 = y]’fijj—%TrDij, €12 = %TI“D]' (Q] — EQj), and €13 = %TI‘D]E (Q] — Q)

By Lemmas 6.2-(1), 6.3—(2c), and 6.3-(3), we have E|e11]?> < Kn™1, E|e1a|? <
Kn=2 and |e13|?> < Kn~? respectively. By Cauchy-Schwarz inequality, we
therefore have:

N

K(E(y;Qijijj)Q) _ K
Vn T Vn

le1] <

and (7.12) is established.
We now establish decomposition (7.13):

W, = wE-éjTrD(]EQ—C’)
~ b z E ([l (¢! - (@1:"))
- —wQEjéj Z UngiE <[Q]“ (&Q’é: B iTrf)JEQ))
@) _ 25 C]Z% e (IE (fi@i&k> - iTrDE@)
. 1, o~ ~\2
+ W3b;é; ZawcfE < (&Qi&f - nTYDﬂQ) >

-5+ g

where (a) follows from (6.7). Equation (7.13) is established.
Let us now turn to decomposition (7.14). We have 15 = = b ©bi% SN 02 TeDE

ij-

1>

(@i -

Q

).
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By similar arguments as those used for 1), we have:
w b iC ~os o~
Y5 = Jzaic?E( vD;QiD; Qi)

3h; L
+ Cjzafjcfuz lii — ) TeD; Qi1 605

1>

Y7+ €5

where |e5] < Kn~% and (7.14) is established.
Turning to (7.15), we have

2
(7.18%ps = w’b; CJZUUCZQE< (@Qigg — :LTrDiEQ> )
B 5 A\ 2
= Wb, CJZ% c: <§iQi§;“ — iTrDJEQ)

- 1 - -\3
— wib;é Z%cg”E < (giQig; — nTrDJEQ) >

Il)6 +€61 P

1>

using again (6.7). The term e¢; satisfies:
1N

lee1] < e > 0lE len, + €612, + 6134
i=1

N
2
ﬁ > (
1=1

IN

.3>
3 )

where €611, = &Qi€f — L TrD;Q;, €612 = 1TrD; (Qz - EQz), and €613, =
%TrEiE (QZ — Q) By Lemma 6.2-(1), E ’66117i|3 < Kn=3/2, By Lemma 6.3~

3/4
(Qd), E ’5612,i|3 < (E |661272“4) / < KTL_3/2. By Lemma 6.37(3), |661372“3 <
Kn~3, hence

leg,1| <

si-
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We now handle the term ) in (7.18). We have:
- 1 -~ - 2
vy = Wb ZUUC?E (&Qiff - ETrDiQi + €612, + 5613,i)

~ 1~ 2
= wb; 5 Cj ZO'”C?E <§1QZ§ — nTrDin'> + €62

A
= g +es2,

where

T B
e62 = w’bjé; ZO’Z] ¢ (E (€612, + €613,4)° + 2E ((fi@ifi - nTrDiQi> (€612, + 5613,2’))) :

1=1
Using Lemmas 6.2-(1) and 6.3, it is easy to show that

K
<2
|€62|_\/ﬁ

Furthermore, the terms E( )? in the expression of g has a more explicit
form. Indeed, applying Lemma 6.2-(2) yields:

_ ¢ b Cj Zaw c; (E (TrDiQibiQi) tK Zn: TimE ([Ql]?nm)) :
; m=1

Decomposition (7.15) is established with eg = €61 + €62.
It remains to give decomposition (7.16). Using (6.8), we have

NV | * |
vy = ntbiiE (1 (5w - S 1DEQ) (4w - 3 1D,C))
- ) 1 ) 1
= nwgbjCJQ-E ((@IJ Qjy; — nTTDjEQ) (yj Qjy; — nTrDjC>)

—nwgbjC?E ]j ijjy] TI‘DﬂEQ) <ijjyj_nTrDjC)

1>

Py + €31 .
The term e31 satisfies

2

N 1
y; Q55 — ;TI"Dij + €311 + €312

n
lesi| < —E (
w

)

. 1
X |y;Qjy; — —TrD;Qj + €311 + €312 + €313
n



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 55

with €311 = TI“D (Q — ]EQJ) €312 = %TI"DJE (Qj — @), and €313 =
%TrDj(EQ O).
The terms €311, €312, and y;Q;y; — %TrDij can be handled by Lemmas

6.2-(1) and 6.3. The term €33 coincides with 4, (nwb;é;)~'. The derivations
made on 1, above (decompositions (7.13-7.15)) show that |thy(wb;é;) 7| <
K therefore |e313] < Kn™!

Using these results, we obtain after some standard manipulations:

K
<
!631L\/ﬁ

The term 5 can be written as:
. i} 1
1b§ = nLUijCJZE ((ijjyj — ETI“DJ'QJ' + €311 + 6312)
. 1
(yj Qjy; — ﬁTrDij + €311 + €312 + 8313))

. . 1 2
= anbjcsz (yj ijj — nTl“Dij) + €32

(1>

g +e32
with |e32| < Kn~1/2. Similarly to 1g, we can develop 14 to obtain
w?h;c} X 2
(7.19) Py = — E(TtD;Q;D;Q;) + & Z oK ([Q]]u)
i=1

Decomposition (7.16) is established with €3 = €31 + €32.
We now put the pieces together and provide Eq. (7.17) satisfied by 1)
We recall that
ij ]2
b = 2UE(TDQD5Q)) |

v, = cﬂ Zgzjcgza (0,05, .

Yo = “’”Jzaw( (1D.QDQ) 45 Y ob Q)]
m=1
27 =2

wbjcj a 4 2
Yo = E(TD;Q;D;Q;) +r Y ofE (1Qi]7) | -
i=1

When computing the right hand side of (7.17), all terms of the form ETrD;Q;D;Q);
and ETrD;Q;D;Q; cancel out and we end up with Equation (7.7). Step 2 is
established.
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7.3. Proof of step 3: || — w|looc — 0. In order to prove (7.8), we need
the following facts:

(7.20) [d-27], ==

(7.21) lim sup ]H(I - A)*lmoo < oo,

(7.22) I — A is invertible for n large enough,
(7.23) lim sup ”‘ (I — fvl)_lmoo < 00 .

The proof of (7.20) is close to the proof of (6.31) above and is therefore omit-
ted. The bound (7.21) follows from Lemma 5.2—-(3). We now prove (7.22) and
(7.23). Recall that by Lemma 5.5, there exist two vectors u, = (ug,) > 0
and v, = (vgy,) > 0 such that w, = Au, + vy, sup, |[unllx < oo and
lim inf,, ming(ve,) > 0. Matrix A satisfies the equation u, = Auy, + By,
with ¥, = (¥) = vn + (A — A)u,. Combining (7.20) with inequalities
sup,, ||tn|lec < oo and lim inf, (ming vg,) > 0, we have lim inf,, (ming 9¢,) > 0.
Therefore, Lemma 5.2 applies to matrix A for n large enough which implies
(7.22) and (7.23).

We are now in position to prove ||¢ — w||c — 0. Working out Eq. (7.6)
and (7.4), we obtain:

p=w+ (I —A) Y A-A)p+ (- A) " (¢ —p),
hence

le—wloo < || = A7 _[|(A -] _llelloo+ ]| (7 = 7| _ 16— pllos -

Thanks to (7.22), we have ¢ = (I—A)~'4p for n large enough. One can check
from (7.7) that sup,, ||[%||cc < co. Therefore, by (7.23), we have sup,, ||¢]|cc <
o0. Using (7.20) and (7.21), we then have [|(1 — 4)~1]| _ [|(4 - A)HLO oo —
0.

It remains to prove that ||% — p||cc — 0. In Step 3, it has been established
that 1 is a perturbated version of p as defined in (3.2) in the sense of Eq.
(7.7). Using the arguments developed in the course of the proof of (6.18), it
is a matter of routine to check [|9) — p|lcc — 0. Details are omitted. Hence

(=27 _ 1% =Pl —o0.

Consequently, ||¢ — w|cc — 0 and Step 3 is proved.



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 57

7.4. Proof of step 4: Dominated Convergence. In this section, constant
K’ does not depend on n neither on w but its value is allowed to change
from line to line. We first prove (7.9). We have

1Bal < wlloo < [|(7 = 47| _lIpllos

by (7.4). By inspecting (3.2) one obtains ||p|le < ]&\(N/n)(% + %) <

K'w™3. We need now to bound [|(I — A)~!||__ in terms of w € [p, 00). Lemma
5.2-(3) yield:

_ maxé(uﬁ,n)

l-7], < ey

oo T ming(w’n)
where u,, = (ug,) and v,, = (vg,) are the vectors given in the statement of
Lemma 5.5. We now inspect the expressions of ug, and vg,. Eq. (5.4) yields:
1 1
> min NTrDj’

min(v > —
4 ( @,n) (W + Umax) J

2 ) (nw?)~! by (5.6). Gathering all these estimates,
we obtain |3,| < K'w™3. and Inequality (7.9) is proved.
We now prove (7.10). We have

and max(ug,) < (No?

(7.21) Sl < el < 7= D71 19l
=1

by (7.6) and (7.22). We know that the right hand side is bounded as n — oo.
However, not much is known about the behaviour of the bound with respect
to w. Using Inequality (7.24) and relying on the derivations that lead to
(7.6-7.7), one can prove that H‘(I - fl)*lw , | loo, and therefore ||| are
bounded on the compact subsets of [p, +oooj. Therefore, in order to establish
(7.10), it is sufficient to prove that ||| is bounded by K’ w2 near infinity.
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To this end, we develop [¢p;(w)| as follows:

o) = ni[E(QL ([Q]}f—f_l))‘

= nwt; |E <[@]jj (?JfQj@/j ~TrD; T))‘
~ 1

< WwiE[Qj; | TrD;E(Q — T)| + nwi; |E (Q jj (y]Q]yj TrDﬂEQ))‘
(a)
< WiE[Qj; | TrDE(Q — T)| 4 nwi;é; E( QY5 — TrDﬂEQ)’

2

+nw?t; iCj < jj y]ijJ TrDﬂEQ) >|

® -
< wiE[Q]j; |TrD;E (Q — T)| + wt;&; [E(TrD;(Q; — Q)]

- - i 1 2
+2nw2tjch ([ij (ijjyj - nTrDjEQj> )

27 =
wt;c;

+2 E[Ql;; (TrD;E(Q; — Q))*

where (a) follows from (6.8) and (b), from the fact that
. 1 . 1 1
(y;Qjv5 — ETTDJ‘EQ)Q < 2(y;Qjyj — gTYDjEQj)Q +2(_TrD;E(Q) — Q).

Let a(w) = nmaxj<j<n [t; — E[Q];i]. Using Lemma 6.3—-(3), we obtain from
the last inequality

2 2 9 4
g g 2n * 1 20
le(@)lloo < 2= a(w) + =25% + —°E <ijjyj - nﬁDjEQj> +men

As in (7.19), we have

n2w?

* 1 2 1 al 4 2 N max( +’KVD
E(y;Qu; — S TrDEQ; ) = — | E(TrD;Q;D;Q;) + £ )_oiE[Q]5 | <
i=1
Therefore,

o2 K’
7.25 (W)l < Tmax g
( ) H (W)H = (w) w2

for w € [p,4+00). A similar derivation yields a(w) < %Htp(w)”m + u%/
Plugging this inequality into (7.25), we obtain

!

K
(1 - Ulflnax/WQ)HQO(w)”OO < Ev



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 59

hence ||@(w)|loo < K'w™? for w large enough.

We have proved that ||¢(w)||« is bounded on compact subsets of [p, 00),
and furthermore, that (7.10) is true for w large enough. Therefore, (7.10)
holds for every w € [p, +00). Step 4 is proved, and so is Theorem 3.3.

APPENDIX A: PROOF OF LEMMA 6.3

Proof of Lemma 6.3—(1). Straightforward.
Proof of Lemma 6.3-(2).

PROOF OF (2A). From [17, Lemmas 6.1 and 6.6], we get

%TrU (Q(—p) —T(—p)) —— 0 aus.

n—oo
Now since

2

%TrU(Q(—p)—T(—p)) s IThdREpl +IT(=p)) < =

the Dominated Convergence Theorem yields the first part of (2a). The sec-
ond part is proved similarly. ]

PRrROOF OF (2B). Recall from Theorem 2.3-(1) and from the mere defini-
tions of 7" and B that matrices T'(z) and B(z) can be written as

1

1 1 B 1
T=|-2l4+=Y ———=D; and B=|-zl+—-) ————+
n ]z::l 1+ 2TrD,;T n ; 1+ ~TrD;EQ

We therefore have

1 1
~TrU(B(—p) — T(—p)) = fTrUBT(T_l - B
n
1TrD;(E T
= —Tr UBTZ 1 i(EQ - T)
< (1+1TrD,T)(1 + L TrD,EQ
1 N n
= 522 T
i=1j=1
. [U]iib'ti 2 i
with 7 TrD (EQ T). It can be easily

7T 1+ imDT) (1 + TrD EQ)n

checked that |7} | < 2supn(HU 1) max/p”. Furthermore, x5 —, 0 for every

>Dj)

-1
Dj) |
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i,7 by (2a). It remains to apply the Dominated Convergence Theorem to the
integral with respect to Lebesgue measure on [0, 1]? of the staircase function
fn(z,y) defined as f,(i/N,j/n) = a7 to deduce that iTrU(B - T) — 0.
This ends the proof of (2b). O

In the sequel, K is a constant whose value might change from line to line
but which remains independent of n.

PROOF OF (2¢). We have
()
TU (Q —EQ) = > (Bj—Ejy1) TIUQ

(Ej —Ejp1) TrU (Q — Q5)

=

J=1
(©) L y;QiUQjy; A &
Al = _E E, —E. Zy ) wJe = Z*’”
( ) j:1( J J-‘rl) 1+y;ijj = J

where (a) follows from the fact that E;TrUQ = TrUQ and E, 1 TrUQ =
ETrUQ, (b) follows from the fact that E;TrUQ; = E;11TrUQ; since Q;
does not depend on y; and (c) follows from (6.1) and from the fact that
Tr Q;yy; QU = y; QU Q5.

Now, one can easily check that 37 ; z; (= TrU(Q — EQ)) is the sum of
a martingale difference sequence with respect to the increasing filtration
Fns-..JF1 since Epx; = 0 for £ > j. Therefore,

E(TrU (Q — EQ))* = fjm}
j=1

Write x; = ;1 + xj2 where:

y;Q;UQjy; )

Tj1 = (EjEj+1)<1+1TrD.Q
n ]

ria = —(E;—E;) y;QiUQjy;  y;QiUQ,Y;
7, j G+ 1+y;ijj 1+%TrDij .

Using the fact that y; and ;41 are independent, and the fact that @); does
not depend on y;, one easily obtains:

y; Q;UQ;y; 1 UQ,
Ej+1 23 B T 1] i = —TrDjEj_H —621] QJ .
1+ ETI‘DJ‘Q]' n 1+ ETI'Dij
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Thus z;1 and x;2 write:

Q;UQ; 1 Q;UQ;
0= B S )y CTeDR [
Tj1 YjLji+1 <1+71LTrDJQj Yj n g+ 1—|—%TrDij
y;Q;UQjy,

rjo = (Ej —Eju1)

1
Oy — —TrDs; )
(1+ +TrD;Q;) (1 + y;Q5y;) (yj Qibs n i

(Ej —Ej+1) 73 -

1>

Since matrix || D;E; (%) || < K, Lemma 6.2-(1) together with As-
n 7]

sumption A-1 yield Eacij < Kn~!. Furthermore, we have:

lzj3] <

* * 1
y; Q;UQjy; (yj Qjy; — anDij>‘
since y;Q;y; > 0 and %TrDij > 0. Cauchy-Schwarz inequality yields:

1
2

* 3 * 1 4
Ez}y < (E(ijjUijj)4) ’ (E (ijjyj - nTl"Dij> )
which in turn yields Eac?:, < % since

(A2) E(y;Q;UQjy;)' <K  and E <yj Qjy; — nTYDij> S5
where the first inequality in (A.2) follows from 0 < y3Q;UQjy; < [|Q;UQ; | lly;/?
and from Assumption A-1, and the second from Assumption A-1 and
Lemma 6.2-(1).

We are now in position to conclude.

Ezj, = E((Ej—Ejp)zj3)® < 2E <(Ejf”j73)2 + (Ej+1$jv3)2)
(a)
< 2E (Ejl'?;), + Ej+137?,3) = 4E$12}3’

where (a) follows from Jensen’s inequality. Now,

i 12 K
Ex} = E(zj1 + zj2)° < ((Exil)Q + (Em]272)2) =

and E(TrU(Q — EQ))* = Y7 Ea? < K. Inequality (2c) is proved. O
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PROOF OF (2D). We rely again on the decomposition (A.1) and follow
the lines of the computations in [3, p. 580]:

y? Q;UQjy;

T (Q — EQ) = <3
( Z Ei+1) 1+ y5Q;y;

7j=1
Thus,

4
E(NﬁU@—EQO::Nﬁ(ZX@ Eﬂﬂ%‘ﬂﬂ»

1+ y;Qjy;
(a) K < 4 iQiUQjy;
< Z( E; 1 1j+] Q] j
j=1 Y5 Qi
() " yQUQy
< NZE< i —Eji1 lj A A
j=1 +yJQ]yJ
K Y; QJUQJy]
< sup]E E; - E; J ,
N2 <( ]+1) 1 +ijij

where (a) follows from Burkholder’s inequality and (b) from the convex-
ity inequality (31, a;)? < nYI",a?. Recall now that Y;Qjy; > 0 and
|Qi(—p)|| <1/p. Standard computations yield:
4
¥;Q;UQjy; 1
E((E —Ejq)22 222 ) < KE (y'Q,UQjy;) <
(( j J+1)1_|_y;fijj = (yJQJ ijj) hS
which is uniformly bounded by Assumptions A-1 and A-2. Therefore, (2d)
is proved. O

KIIUH4
Ely;|*

Proof of Lemma 6.3—(3). Developing the difference Q) — Q; with the
help of (6.1), we obtain:

N )|

1+ y5Qjy;
_ fojMijj’ < HMH ”ijjH2 )
1+ yiQjy; 1+ y5Qjy;

Consider a spectral representation of Y7Y7*, j.e., YIYI" = Zl 1 eer. We
have

lefy;] . leXy;]? lesy;]
1Qsy511> =~ and y;Q;y el
J97 ;()\Z+p>2 J J] Z)\ +p Zl(Az+p)2

hence the result. Inequality (3) is proved.
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APPENDIX B: PROOF OF FORMULA (7.2)

Recalling that Q(z) = (YY* — zIy) ! and Q(z2) = (Y*Y — 2I,)7%, it is
easy to show that Tr(Q) — Tr(Q) = (n — N)/z. We shall show now that
Tr(T) — Te(T) = (n — N)/z. Formula (7.2) is obtained by combining these
two equations.

Equations (2.2) in the statement of Lemma 2.4 can be rewritten as

; N

By summing the first N equations over ¢ and the next n equations over j
and by eliminating the term %Zf\il > =1 Ufjtifj, we obtain 37, t; — >, t; =
(n — N)/z, which is the desired result. Equation (7.2) is proved.

References.

[1] ANDERSON, G. AND ZEITOUNI, O. (2006). A CLT for a band matrix model. Probab.
Theory Related Fields 134, 2, 283-338.

[2] BAI, Z. D. AND SILVERSTEIN, J. W. (1998). No eigenvalues outside the support of the
limiting spectral distribution of large-dimensional sample covariance matrices. Ann.
Probab. 26, 1, 316-345. MR99b:60041

[3] BAI, Z. D. AND SILVERSTEIN, J. W. (2004). CLT for linear spectral statistics of large-
dimensional sample covariance matrices. Ann. Probab. 32, 1A, 553-605. MRMR2040792
(2005b:60046)

[4] BILLINGSLEY, P. (1995). Probability and measure. Wiley Series in Probability
and Mathematical Statistics. John Wiley & Sons Inc., New York. MRMR1324786
(95k:60001)

[5] BOUTET DE MONVEL, A. AND KHORUNZHY, A. (1998). Limit theorems for random
matrices. Markov Process. Related Fields 4, 2, 175-197. MRMR1641617 (99k:60100)
[6] BOUTET DE MONVEL, A., KHORUNZHY, A., AND VASILCHUK, V. (1996). Limiting
eigenvalue distribution of random matrices with correlated entries. Markov Process.

Related Fields 2, 4, 607-636. MR98g:60060

[7] CABANAL-DUVILLARD, T. (2001). Fluctuations de la loi empirique de grandes matrices
aléatoires. Ann. Inst. H. Poincaré Probab. Statist. 37, 3, 373-402. MRMR1831988
(2002¢:15040)

[8] DEBBAH, M. AND MULLER, R. (2003). On the limiting behavior of directional mimo
models. In Proceeding of the Sixth Baiona Workshop On Signal Processing in Commu-
nication. Spain.

[9] Girko, V. L. (1975). Sluchainye matritsy (Russian) [Random Matrices]. Izdat. Ob”ed.
“Vigéa Skola” pri Kiev. Gosudarstv. Univ., Kiev. MRMR0394812 (52 #15611)

[10] GIrkO, V. L. (1990). Theory of random determinants. Mathematics and its Ap-
plications (Soviet Series), Vol. 45. Kluwer Academic Publishers Group, Dordrecht.
MRMR1080966 (91k:60001)

[11] GIrRKO, V. L. (2001). Theory of stochastic canonical equations. Vol. I. Mathematics
and its Applications, Vol. 535. Kluwer Academic Publishers, Dordrecht. MR2003f:60048

[12] GIrkO, V. L. (2003). Thirty years of the central resolvent law and three laws on
the 1/n expansion for resolvent of random matrices. Random Oper. Stochastic Equa-
tions 11, 2, 167-212. MRMR2001000 (2004h:60100)



64 HACHEM ET AL.

[13] GUIONNET, A. (2002). Large deviations upper bounds and central limit theorems
for non-commutative functionals of Gaussian large random matrices. Ann. Inst. H.
Poincaré Probab. Statist. 38, 3, 341-384. MRMR1899457 (2003a:60042)

[14] HAcHEM, W., KHORUNZHIY, O., LOUBATON, P., NAJiM, J., AND PASTUR, L. (2006).
A new approach for capacity analysis of large dimensional multi-antenna channels. sub-
mitted to IEEE trans. Inform. Theory, available at http://arxiv.org/abs/cs.IT/0612076.

[15] HACHEM, W., LOUBATON, P., AND NaJiM, J. (2005). The empirical eigenvalue dis-
tribution of a gram matrix: From independence to stationarity. Markov Process, Related
Fields. 11, 4, 629-648.

[16] HACHEM, W., LOUBATON, P., AND NaJiM, J. (2006). The empirical distribution of
the eigenvalues of a Gram matrix with a given variance profile. Ann. Inst. H. Poincaré
Probab. Statist. 42, 6, 649-670. MRMR2269232

[17] HAcHEM, W., LOUBATON, P.; AND NAJIM, J. (2007). Deterministic equivalents for
certain functionals of large random matrices. Ann. Appl. Probab. 17, 3, 875-930.

[18] HORN, R. A. AND JoHNSON, C. R. (1994). Topics in matriz analysis. Cambridge
University Press, Cambridge. MRMR 1288752 (95¢:15001)

[19] JoHANSSON, K. (1998). On fluctuations of eigenvalues of random Hermitian matrices.
Duke Math. J. 91, 1, 151-204. MRMR1487983 (2000m:82026)

[20] JonssoN, D. (1982). Some limit theorems for the eigenvalues of a sample covariance
matrix. J. Multivariate Anal. 12, 1, 1-38. MRMR650926 (83m:62085)

[21] KHORUNZHY, A., KHORUZHENKO, B., AND PASTUR, L. (1996). Asymptotic properties
of large random matrices with independent entries. J. Math. Phys. 37, 10, 5033-5060.
MR97j:82082

[22] MINGO, J. A. AND SPEICHER, R. (2006). Second order freeness and fluctuations of
random matrices. I. Gaussian and Wishart matrices and cyclic Fock spaces. J. Funct.
Anal. 235, 1, 226-270. MRMR2216446 (2007h:46080)

[23] MousTAaKAS, A. L., SIMON, S. H., AND SENGUPTA, A. M. (2003). MIMO capacity
through correlated channels in the presence of correlated interferers and noise: a (not
so) large N analysis. IEEE Trans. Inform. Theory 49, 10, 2545-2561. MRMR2028000
(2004k:94041)

[24] SENGUPTA, A. M. AND MITRA, P. (2000). Capacity of multivariate channels with
multiplicative noise: I. random matrix techniques and large-n expansions for full transfer
matrices. available at http://arxiv.org/abs/physics/0010081.

[25] SILVERSTEIN, J. W. (1995). Strong convergence of the empirical distribution of
eigenvalues of large-dimensional random matrices. J. Multivariate Anal. 55, 2, 331—
339. MR96m:60078

[26] SILVERSTEIN, J. W. AND Barl, Z. D. (1995). On the empirical distribution of eigen-
values of a class of large-dimensional random matrices. J. Multivariate Anal. 54, 2,
175-192. MR97b:60053

[27] SINAI, Y. AND SOSHNIKOV, A. (1998). Central limit theorem for traces of large
random symmetric matrices with independent matrix elements. Bol. Soc. Brasil. Mat.
(N.S.) 29, 1, 1-24. MRMR1620151 (99£:60053)

[28] SwmrtHIES, F. (1958). Integral equations. Cambridge Tracts in Mathematics and
Mathematical Physics, no. 49. Cambridge University Press, New York. MRMR0104991
(21 #3738)

[29] SosHNIKOV, A. (2000). The central limit theorem for local linear statistics in classical
compact groups and related combinatorial identities. Ann. Probab. 28, 3, 1353—1370.
MRMR1797877 (2002f:15035)

[30] Taricco, G. (2006). On the capacity of separately-correlated MIMO Rician fading
channels. In Proc. 49th Annual IEEE Globecom Conference, 2006. San Francisco (CA),



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 65

USA.

[31] TELATAR, I. (1999). Capacity of multi-antenna gaussian channel. Furopean Trans-
actions on Telecommunications.

[32] TSE, D. AND ZEITOUNI, O. (2000). Linear multiuser receivers in random environ-
ments. IEEE Trans. Inform. Theory 46, 1, 171-188.

[33] TsE, D. N. C. AND HANLY, S. V. (1999). Linear multiuser receivers: effective in-
terference, effective bandwidth and user capacity. IEEE Trans. Inform. Theory 45, 2,
641-657. MRMR1677023

[34] TuriNO, A. AND VERDU, S. (2004). Random matrix theory and wireless communica-
tions. In Foundations and Trends in Communications and Information Theory. Vol. 1.
Now Publishers, 1-182.

[35] TuLINO, A. AND VERDU, S. (2005). Asymptotic outage capacity of multiantenna
channels. In Proceedings of IEEE ICASSP ’05. Vol. 5. 828-835.

CNRS, TELECOM PARISTECH IGM LaBINro, UMR 8049, INSTITUT GASPARD MONGE,
46, RUE BARRAULT, 75013 PARIS, FRANCE. UNIVERSITE DE MARNE LA VALLEE, FRANCE.
E-MAIL: walid.hachem@enst.fr; najimQ@enst.fr 5, BD DESCARTES, CHAMPS SUR MARNE,

77454 MARNE LA VALLEE CEDEX 2, FRANCE.

E-MAIL: loubaton@Quniv-mlv.fr



