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ABSTRACT. Approximate Message Passing (AMP) algorithms have recently
gathered significant attention across disciplines such as statistical physics, ma-
chine learning, and communication systems. This study aims to extend AMP
algorithms to non-symmetric (elliptic) matrices, motivated by analyzing equi-
librium properties in ecological systems featuring elliptic interaction matrices.

In this article, we provide the general form of an AMP algorithm associated
to a random elliptic matrix, the main change lying in a modification of the
corrective (Onsager) term. In order to establish the statistical properties of
this algorithm, we use and prove a generalized form of Bolthausen conditioning
argument, pivotal to proceed by a Gaussian-based induction.

We address the initial motivating question from theoretical ecology. Large
food webs are often described by Lotka-Volterra systems of coupled differen-
tial equations, where the interaction matrix is elliptic random. In this con-
text, we design an AMP algorithm to analyze the statistical properties of
the equilibrium point in a high-dimensional regime, following and extending
[AHMNZ24]. We rigorously recover the results established by Bunin [Bunl7]
and Galla [Gall8] who used techniques from theoretical physics.

Combining a local AMP algorithm and Propagation of chaos type argu-
ments, we describe the distribution of a single species (truncated Gaussian)
and prove that the distribution of the equilibrium is a mixture of such laws.

1. INTRODUCTION

Approximate Message Passing (AMP) is a class of versatile and configurable iter-
ative algorithms. The output is a sequence of high-dimensional R"-valued random
vectors (u”)y>1 based on n x n (usually symmetric) random matrices, see (1). An
important feature of AMP is a precise description of the (u*)’s statistical properties
as n goes to infinity, mainly via the so-called Density Evolution (DE) equations (3).

Initially used in statistics for solving compressed sensing and sparse signal recov-
ery problems [DMMO09, BM11], AMP algorithms found numerous applications in
the fields of high-dimensional estimation [DAM17, LM19], communication theory
[BK17, RGV17], or statistical physics [Mon21], and beyond.

The goal of this article is to extend the AMP procedure to a non-Hermitian
setting and to consider large elliptic random matrices. This new setting is mainly
motivated by the study of equilibria in large random Lotka-Volterra systems of dif-
ferential equations, a popular model in theoretical ecology. Interestingly, modifying
the matrix nature in the AMP algorithm changes the iteration equation (modifica~
tion of the Onsager term), necessitates extra mathematical developments but does
not modify the DE equations.

1.1. A primer on Approximate Message Passing. Recall the definition of the
Gaussian Orthogonal Ensemble (GOE), a n x n random matrix with representation
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(X + X T)/v/2 where X € R™ ™ has n? independent N (0,1) elements. Consider
the following AMP iterative algorithm :

(1) ul = A, ho (uo, b)
uFtl = A, hy (uk,b) — <81hk (uk,b)>n hi_1 (uk_l,b) , fork>1

where u° € R” is an initialization vector that can be either random or deterministic,
b = (b;)ic[n) is a parameter vector and u® = (ul);cf,) € R™ is the iterate at step
k. Matrix A, is n X n random such that /nA,, is drawn from GOE. Functions
hi : R? — R (k > 0 with the convention that h_; = 0) are the so-called activation
functions and applied componentwise to vectors u* = (u¥) and b = (b;):

hi(u®,b) = (hi(uf,b;)) € R™.
These functions are assumed to be differentiable with respect to the first parameter.
We denote the partial derivative %(u, b) by d1h(u,b), and introduce the notation:
1
<81hk (uk’b)>n = E Z O hy, (Uf,bz) € R.

1€[n]

The Onsager term. In the AMP literature, the so-called Onsager term defined
by

— (D1 (b)), i (w2, 0)
plays a pivotal role to describe the (high dimensional) statistical properties of
(u®,--- juP). Tt is designed to asymptotically remove (n — oo) the non-Gaussian

component from A, hy (uk, b).

The joint empirical distribution of (u',--- ,u*). It is defined as
w1
z == D Ot by
i€[n]
where 0(y, ...q,) is the Dirac distribution at point (uy,- -+ ,ux). The design of AMP

enables to describe the limit of this joint empirical distribution as n — oo, which
turns out to be the distribution of a centered k-dimensional Gaussian vector whose
covariance matrix is defined recursively by the Density Evolution equations.

Density Fvolution (DE) equations. These equations recursively characterize a fam-
ily of covariance matrices R* € RF>*F with k > 1 defined as follows.

- Initialization: Let (@,b) be a random vector in R2. Set
(2) R' =E [h] (u,b)]
and let Z; ~ N(0, R') be a random variable independent from (4, b).
- Recursion: Suppose that R¥~*is given. Let (Z1,- -+, Zi—1) ~ Nj—1(0, R*~1)
be a vector independent from (@, b). Let RF = (Rfj) be a k x k matrix de-
fined by

R! ifi=1,j=1
k B )
(3) Rij = {IE [hie1 (Zi-1,0) hj—1 (Zj-1,b)] ifi>1,5>1

with the convention that Zy £ 4.
Notice that R*~! represents the upper-left corner of matrix R*. Thus we can also
define an operator R as follows which encodes all matrices R*:
(1) R : N*xN* — R,
(i,)  ~— R where k> 1,7,
We will simply denote R(i,j) by R;; for all (i,7) € N* x N*.
We now (informally) state the main result of the AMP for a GOE matrix:
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Theorem ([BM11, FVRS22)). Let A,, be a n x n matriz such that \/nA,, is drawn

from the GOE. Let u°,b € R" independent from A, and (u*)1<i<y be defined by

(1). Suppose that u”g’b ——— L(@,b) and let R* be defined by the DE equations
n—oo

(2)-(3). Then almost surely (in fact completely, see Section 2.1),
,uul’”' wt L(Zy,- , Zk) where (Zy,--- , Zy) ~ Nip(0, RF) .

n— oo

0 1 k.
The nature of the convergence of measures p* *® and p® =% is stronger than

the weak convergence and it will be specified for the main theorem of the article.

1.2. About the literature. Numerous studies have extended AMP algorithms to
more complex and general scenarios [JM13, BLM15, Han24]. For instance, Vector
AMP [RSF19] broadens AMP to handle vector observations, considering u* as a
matrix rather than a vector. This adaptation is suited for multi-channel and multi-
dimensional signal processing tasks. Fan [Fan22] generalizes AMP algorithms to
encompass a wide range of matrices, particularly rotationally invariant ones, Dudeja
et al. [DMLS23, DSL24] and Wang et al. [WZF24] explore universality properties
of AMP is various other contexts, etc.

Another important generalization known as “Asymmetric AMP” is discussed in
Feng' et al. [FVRS22, section 2.2]. Given a rectangular matrix A with i.i.d. Gauss-
ian entries, the form of this AMP algorithm can be summarized as the following:

Cl = A g (uf, @) — Brhir—1 (v"1,b)
ubtl = AThy (vF,b) — brgr (u”, @) ’

which is a two-step algorithm that involves both matrices A and AT.
None of these extensions cover our model of interest.

1.3. Non-Hermitian AMP. In the sequel we will consider an AMP algorithm
based on an elliptic matrix instead of a GOE matrix. For the sake of our application,

we shall also enable multiple parameter vectors (bl, .-+, b") instead of a single one
(p fixed). These vectors will be stacked into a n x p matrix B,, = (B;;) where
(5) Bn:(bl""vbp)

and for h: RP*1 — R, u € R" | h(u, B,) will denote the vector
h(ua Bn) = (h(uzv Bila e 7Bip) )

i€[n] -

Definition 1.1 (Gaussian elliptic matrix model). A random matriz M,, = (M;;) €
R™ ™ s said to follow the Gaussian elliptic distribution with parameter p € [—1,1]
if the entries’ distributions are given by

M;; ~N(0,1+p) forie[n] and {%;J] ~ N (07 [; T]) fori<jy.

Moreover, all the elements of the following set are independent:
{Miia s [TL]} U {(Mijani)a Z,] S [n] ,i < j} .

We write M,, ~ Elliptic(n, p) for such matrices. We will also call a normalized
(Gaussian) elliptic matriz A, € R™*™ a matrix that verifies \/nA,, ~ Elliptic(n, p).
Notice that a normalized elliptic matrix A,, is no longer symmetric. Its spectral
distribution has been studied in depth [Gir86, Naul2, OR14] and it is well-known

LAll the references to the paper [FVRS22] (lemmas, theorems, etc.) follow the numbering in
the arXiv:2105.02180 version.
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that it almost surely converges as n — oo to the uniform law over the compact set
bounded by the ellipse defined for |p| < 1 by

e O A=y R E

hence the name of the model. This model interpolates from antisymmetric matrices
(p = —1) to GOE matrices (p = 1) with the important case of matrices with i.i.d.
entries (p = 0).

Elliptic AMP. For a normalized elliptic matrix A,,, the AMP recursion takes the
form:

(6) ufth = A, by (u¥, By) — p (i, (uF, Bp)), hi—y (' By)

and we shall prove in Theorem 1 the counterpart of Theorem in Section 1.1 with
the same DE equations, vector b being replaced by matrix B,,.

Notice however the modified Onsager term, multiplied by the correlation coef-
ficient p. If p = 0, matrix v/nA has i.i.d. AN(0,1) entries and the Onsager term
vanishes. For p = 1 we recover the GOE model.

Bolthausen’s conditioning argument. In the framework of the GOE, the challenge
for rigorously proving Theorem in Section 1.1 by induction lies in an essential
ingredient often called Bolthausen’s conditioning argument [Bol14]. This technique
provides a convenient representation of the conditional distribution of the new
iterate u**! given the past (ul, e ,uk). In the course of the proof, we establish
a generalized version of Bolthausen’s technique suited to handle elliptic matrix
models.

1.4. Application to theoretical ecology. An important challenge in theoretical
ecology is to build and analyze mathematical models to describe trophic networks
and food webs [LHM™04] of large dimension. In this regard, Lotka-Volterra (LV)
systems of coupled differential equations is a popular model to describe the evolution
of the various species’ abundances in a food web. It is often seen as a good trade-off
between complexity of modelization and tractability. The LV system of equations
is written:

™) 1) =)0 (r— (LS a(t), 2(0) € (0,00)"

where ® stands for the Hadamard product, z(t) € R™ is the vector of abundances
of the n species at time ¢, » € R™ is the vector of intrinsic growth rates of the
species and X,, = (X;;) is the n x n interaction matrix, ¥;; representing the effect
of species j on the growth of species 3.

In large dimension, a key feature of LV systems is the use of random matrices?,
see for instance [AT15, ABC"24], to model the interactions between the different
species. This choice of a random matrix model is motivated in particular because
the estimation of the real interactions is often out of reach.

An elliptic interaction matrix %,,, more precisely x+/nX%, ~ Elliptic(n, p) (here
k > 0 is an extra degree of freedom), covers the case where the reciprocal interac-
tions ¥;; and ¥,;; between species are correlated. The elliptic model encompasses
the cases of independent and equal reciprocal ecological interactions, and is widely
considered in theoretical ecology [AT12, AT15, Bunl7, Gallg].

The question we shall address is the description of the statistical properties of
an equilibrium x* € R™ to (7), as n goes to infinity, whenever such an equilibrium
exists (sufficient conditions for the existence of a unique and stable equilibrium have
been provided in [CEFN22]). More specifically, we will be interested in the number

2In theoretical ecology, the use of random matrices goes back to May [May72].
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of surviving species at equilibrium, the distribution of the surviving species, the
individual distribution of a species, etc.

Based on Theorem 1 and following the strategy developed in [AHMN24] in the
context of a symmetric interaction matrix, we design an AMP algorithm which
captures the equilibrium’s statistical properties, see Theorem 3. This question
has already been addressed by Bunin [Bunl7] and Galla [Gall8] who provided
the same asymptotic description of *’s statistical properties via a system of non-
linear equations at a physical level of rigor. We recover their equations, cf. (13),
and provide a rigorous analysis of this system, substantially more demanding than
in the symmetric case [AHMN24].

The statistical properties of the equilibrium a* = (z}) are captured by the
empirical measure p** which aggregates all the components (zF,i € [n]). A natural
question is to describe the individual distribution of x7. We obtain new results
in this direction. Combining a local AMP result (see Corollary 2) with arguments
from the propagation of chaos theory, we describe £(x}) under local exchangeability
assumptions and prove that asymptotically, /ﬂ* is a mixture of the L(z})’s, see
Corollary 4, Theorem 5 and the simulations in Fig. 2.

1.5. Outline of the article. In Section 2, we present the elliptic AMP algorithm
and state the main corresponding results, Theorem 1 (global AMP) and Corollary
2 (blockwise AMP). In Section 3, we present an application of AMP to theoretical
ecology and design a specific AMP algorithm to describe the statistical properties
of an equilibrium to a large LV system, see Theorem 3. Relying on propagation of
chaos arguments, we describe the limiting behaviour of individual species’ abun-
dances in Corollary 4 (global exchangeability assumption) and Theorem 5 (block-
wise exchangeability assumption). Proofs of AMP results are provided in Section
4. Proofs related to LV equilibria are provided in Section 5.

Technical results of special interest are Lemma 3.4 (description of the key equi-
librium parameters via a deterministic system), Propositions 4.7 and 4.8 (extension
of Bolthausen conditioning argument to elliptic random matrices) and Proposition
5.2 (chaos propagation for blockwise exchangeable vectors).

1.6. Main notations and definitions. For a positive integer n, denote [n] =
{1,---n}. Forx € R, let x; = max(x,0) and x_ = —min(z,0) sothat x = x4 —x_.
Vectors will be denoted by lowercase bold letters @ = (x;) € R™ and matrices by
capital letters. For a matrix A = (A4;;) € R"*", we denote by A; . its i-th row
and by A, ; its j-th column; we also denote by Ay ; the first i elements of the j-th
column of A. We denote by AT the transpose matrix of A.

For a vector & € R™ (respectively a n x n matrix B), ||| (resp. || B]|) denotes
its euclidean norm (resp. spectral norm) and (z), = 13"  z; the arithmetic
mean of its coordinates. For two matrices A, B with identical dimensions, denote
by A® B = (A;jB;j) their Hadamard product. The notation also applies for two
R™-vectors & © y = (x;y;).

For f: R - R, g : RPFF! — R and z,y!,--- ,y? € R", denote by f(x) and
g(x,y', -+, yP) the n-dimensional vectors

f(iB) = (f(xl))le[n] and g(m? y17 T ’yp) = (g(xia yzla o ayf))ze[n] .

In particular, = ([z;]+). The indicator function of the set A is denoted 1 4.
Denote by £(X) the law of a random variable X. The equality in law between

X and Y will be either denoted X £ Y or L(X)=L(Y). If L(X) = P, we also
write X ~ P. Independence is denoted by 1. For matrices A,, and vectors x,,, we
will often remove the subscript n and write A, & for notational simplicity when the
context is clear.
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2. AMP FOR RANDOM ELLIPTIC MATRICES

We first introduce the notions of complete convergence and Wasserstein spaces.
These concepts are crucial for the precise formulation of our main theorem.

2.1. Background.

Complete convergence (see [HRA7]). Given a sequence of random variables (X,,),
we say that X, converges completely to a constant x if for any other sequence (Y;,),,

such that X, £ Y, for all n, Y,, converges almost surely to x, that is

X, ——uz, .
If n—+00 then Y, —— x.

r n—-4o0o
Y, =X,, foralln
We denote this mode of convergence as

X, ———z or X, —— = (completely).
n—-+o0o n—oo

It is worth noticing that the complete convergence of (X,,), to x is equivalent to
the condition } _ P(||X,, — 2| > ¢) < oo for all € > 0, as per Borel-Cantelli’s
lemma. One advantage of this convergence mode is that it is transmissible through
equality in law, a property that is shared by convergence in probability but not by
almost sure convergence.

Wasserstein spaces. The Wasserstein space of order » > 2 denoted by P, (Rd) is
the set of probability distributions x on R? with finite moments of order r:

P @) = {ne @), [ Jalldnte) <o}

The Wasserstein distance between u,v € P, (]Rd), denoted by W(u,v), is defined
as:

1/r
W)= inf (/ |x—y|’”d7r<m,y>) ,
R2 xRd

m€ll(p,v)

where II(u,v) is the set of probability measures on R? x R? having p and v as
marginals. Given a sequence of probability measures (u,) C Py (Rd) we will say
that this sequence converges in the Wasserstein space to u € P, (Rd) if

W(pin, ) —— 0.
n—0o0

)
We use the notation: p,, ——= p.
n—-+o0o

Convergence of measures in the Wasserstein space can be characterized using
pseudo-Lipschitz functions. We say that f : R — R is a pseudo-Lipschitz function
of degree r > 2 if there exists a constant L such that for every x,y € R? the
following inequality holds:

[f(@) = f)l < Llz -yl 1+ [z + llyl") -

We denote the set of pseudo-Lipschitz functions by PL, (Rd). The following clas-
sical lemma which can be found in [AHMN24, Lemma 1] summarizes the charac-
terizations of the convergence in the Wasserstein space.

Lemma 2.1. Let pi,, p € Py (Rd) for v > 2. The following conditions are equiva-

lent:
’ Pr(R7)
(1) tin S

(2) for all ¢ € PL, (RY), [ dpn — [ @dpu,
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(3) o~ 0 and [ @] (da) > [|l2l] p(de).

2.2. Assumptions. We define an AMP algorithm by a triplet (An, H, (uo, Bn)),
where A,, is a random matrix of size n x n, H = {hp(.,.)},cy is a sequence of
functions from RP*! to R, u® € R™ is an initialization point and B,, € R"*P is a
matrix parameter. For our main theorem, the following assumptions are needed.

Assumption 1. Matriz A,, is a normalized elliptic n X n matrixz with correlation
coefficient p € [—1,1].

Assumption 2. The random vector (u°, B,,) € R+ s independent of A,, and

there exists a vector (i, by, -+ ,b,) whose distribution belongs to P.(RPTY) such that
0 0 pl .. Pr(RPT! _ =
NumBn = Nun’b'rw by ﬁ L ((u,bl, e ,bp)) (completely) .

We denote b= (by, -+ ,by).
Assumption 3. For all k > 0, the function hy, : RPT1 — R is Lipschitz.
Assumption 4. For every k >0, P (The function x — hy, (x, B) 18 constant) <1.

Assumption 5. The functions O1hy are continuous A @ P%- almost everywhere,
where X\ is the Lebesgue measure on R.

Remark 2.2. Assumption 4 ensures that the covariance matrices R¥ defined by the
Density Evolution equations in (3) are positive definite, and in particular invertible.
This is an important assumption used in the proof of Theorem 1 - see [FVRS22,
Lemma 2.2].

Assumption 5 is a technicality needed to ensure the convergence 0f<81 hi (ufm Bn)>
to a deterministic limat.

n

2.3. Main result. Recall that p is fixed. We first update the DE equations associ-
ated to a matrix parameter B,, € R™"*P. This simply amounts to replace the scalar
b in (2)-(3) by the vector b = (by,---,by). Let h; : RPF! — R, consider vector
(@,b) € RPF! then Eq. (2) and (3) write

(8)

R —E [ (@) | Rz-z-{

We can now state the main result of this section.

R! ifi=1,j=1
E [hi—1 (Zi—1,b) hj—1 (Z;—1,b)] ifi>1,j>1

Theorem 1. Let k > 1, let Assumptions 1-5 hold and consider a sequence of
vectors (uk)k that satisfies the AMP scheme, i.e.

ul = A, ho (u’,B,),
uftl = A, hy (uk,Bn) — p<61h;C (uk,Bn)>n hi_1 (uk_l,Bn) )

Let (Zy,--- , Zx) be a centered Gaussian vector independent of (4, b) with covariance
matriz R* given by the updated DE equations (8). Then the following convergence
of the iterates holds:

P (RPFTF -
(9) MB’“l’“""k (—Q L((b, VATRER ,Zk)) (completely) .

n—4oo

Proof of Theorem 1 is provided in Section 4.

Remark 2.3. Proof of Theorem 1 crucially relies on the Gaussianity of matriz
A, ’s entries and an important question would be how to relax this assumption. In
Bayati et al. [BLM15], AMP is extended from a GOE model to a general Wigner
matriz (symmetric matric with i.i.d. entries on and above the diagonal) using an
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alternative strategy based on combinatorial methods (see also [DMLS23, DSL24,
WZF24] for further generalizations). Adaptation of this combinatorial strategy to
an elliptic framework will be the subject of a future work [GHN25].

Remark 2.4. Using Lemma 2.1 the convergence result can also be expressed as

Vo € PL, (RP*F), Z(p Wb ) ——= E o by, by 2y, Z)]

) Z) Uy s
n—r oo

Notice that the sum is over all integers from 1 to n, and thus each iterate vector u’

(1 < ¢ < k) is flattened. One may want to get a more local information, say the

convergence of
1 1 p k
W Z w(bza abz7 za"' ,’Z,sz) 5
ieC(n)
where O™ is a subset of [n].
Corollary 2 generalizes Theorem 1 in this direction. It relies on the following
assumption.
Assumption 6. Let ¢ > 1 be fized and consider the following partition of [n]:
fed
(10) [n)=CPU---UCY  where oo G € (0,1) foralljelq].

There exist q vectors (ﬁj,l_)j,l, e ,Bj,p) with j € [q] such that:
]_ = RP+1) —— —
— Z 6(u§’,b},-~,bf) (—> L (uj,bj,l, e ,bj_,p) (completely) .

|O7(1])| iecgg') T—00

Corollary 2 (blockwise AMP). Let Assumption 6 hold and consider the framework
of Theorem 1 except for Assumption 2 (replaced by Assumption 6). Then for all

J€ldl

1 P (RPTF) _ _
W Z 6(%7.“,})?7“}7..'7”?) — L(bj1, - bjp Z1,-+, Zx) (completely)
n |¢ec(”
where vector (Z1,--- ,Zk) is defined as in Theorem 1 and is independent from
(bJ»h T bJ,p)

Proof of Corollary 2 is postponed to Section 4.5.

3. APPLICATION TO THEORETICAL ECOLOGY: EQUILIBRIA OF LARGE LV
SYSTEMS

3.1. Large Lotka-Volterra systems. In an ecological system where there are
interactions between n species, the dynamics of these species can be modeled by a
set of coupled differential equations called a Lotka-Volterra (LV) system.

Denote by z;(t) the abundance of species i at time ¢ for ¢ € [n] and by x(t) =
(wi(t))ign) the vector of abundances of all the species. Denote by r = (7;);e[n) the
vector of intrinsic growth rates of all the species, and by 3,, the n X n interaction
matrix between the species.

The LV system is written

dx
dt
or equivalently

(t) = () © (r — (In — Xn) x(t)),  (0) € (0,00)",

dz; )
Ui ) =ai(t) | ri — i + Z Yizi(t) |, x:i(0) >0 for all ¢ € [n].

J€[n]
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Here X;; represents the effect of species j on the growth of species i. Notice that
if ¥,, = 0 (no interactions), then each species is described by a logistic differential
equation. The general properties of a LV system are well-known, see for instance
[Tak96, Chapter 3], notice in particular that x,(t) > 0 (componentwise) for all
t>0if 2(0) € (0,00)™.

We are interested in the regime where n is large and ¥, is random. Often, the real
values of ¥, are out of reach and an alternative is to choose a random model which
statistical properties would reflect a partial knowledge on the ecological interaction
network. Among the various matrix models, the Elliptic(n, p) model represents a
good trade-off between complexity and tractability, see [AT12, AT15, ABCT24].
We will therefore assume that

(11) kv/nY, ~ Elliptic(n, p),
Otherwise stated, X, = ,4}: where A,, is a normalized elliptic matrix and xk > 0
is an extra parameter. In this case, ||X,| = O(1) as n — oo and the interaction

matrix Y, will have a macroscopic effect on the LV system as n — oc.

3.2. Existence of a stable and unique equilibrium. In [CEFN22], sufficient
conditions are provided so that system (7) eventually admits a unique and stable
equilibrium.

Proposition 3.1 (Prop. 2.3 in [CEFN22]). Consider system (7) where ky/n¥, ~
Elliptic(n, p) and suppose that k > \/2(1 + p). Then almost surely (a.s.) eventually
there exists a unique and stable equilibrium x™ = (x7%(n));e[n). Otherwise stated,
with probability one there exists N such that for all n > N, there exists a unique
x"? € R™ such that

z(t) —— a2,
t—o0

where x(t) solves (7).

Remark 3.2. The fact that =(t) > 0 for all t > 0 only implies that " > 0.
A vanishing component of £ represents a vanishing species (whose abundance is
zero) at equilibrium.

Remark 3.3 (extension of the definition of &®?). Notice that in Proposition 3.1,
the equilibrium x™® is eventually defined. In fact, standard arguments yield

An a.s. 2(1
4ul (47 _

K n—00 K

by assumption over k. If the condition w < 1 is met, which happens a.s. even-

tually, then the existence of x*? is granted by Takeuchi’s result [Tak96, Th. 3.2].
We extend the definition of " by setting

(12) w* B mEQ Zf ”A,,;'H < 17
]o else.

1

With a slight abuse of notation, one may denote ** = " 1A, /x < 1}-

3.3. Statistical properties of the LV equilibrium x*. Once the existence of
the equilibrium is granted, we shall explore its statistical properties and address
questions such as: What is the proportion of surviving species at equilibrium?
What is the distribution of surviving species? etc. In this regard, a key device will
be the study of the empirical probability measure

* 1
D IR
i€[n]

and the design of an appropriate AMP algorithm.
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We first introduce a system of three equations whose solutions will play a key
role in describing the statistical properties of the equilibrium.

Lemma 3.4. Let p € [~1,1] and suppose that k > (1 + p)/V2. Consider two
independent real random variables Z and T where Z ~ N(0,1) and 7 > 0 with finite
second moment and L(T) # 0. Then the system of equations

(13a) R=0+p%,

1 N
(13b) o? = 5—21}3 [(UZ + 7“)+} )
(13¢) y=PloZ+7>0],

admits an unique solution (8, 0,7) in (1/v/2,00) x (0,00) x (0,1).

Proof of Lemma 3.4 is deferred to Appendix A. We follow the lines of the corre-
sponding proof for the symmetric matrix case [ABCT24, Section 3.2] but the case
p < 0 requires new arguments.

Remark 3.5. Notice that condition r > (14 p)/v/2 in Lemma 3.4 is weaker than

condition k > +/2(1 + p) provided in Proposition 3.1 unless p = —1. Otherwise
stated if k satisfies the condition
1+p

W<'f§ V2(L+p), (p>-1)

the system may admit a unique solution but the existence of a stable equilibrium is
not granted.

We can now state the main result of this section.

Theorem 3. Let A, be a normalized elliptic matriz, r € R™ a random vector
independent from A,, satisfying:
u” KiclloN L(T) (completely),
n—oo

where 7 > 0 is a real valued random variable with finite second moment and L() #
8. Let Z be a N(0,1) random variable independent from 7.

Let k > /2(1 + p) and consider the LV system (7) where ¥,, = AT Let x* be
defined by (12) and (8,0,7) € (1/v/2,00) x (0,00) x (0,1) be the solution of (13)
in Lemma 3.4, then

o P2(R) S
(14) 1 n:—oo> mi=L ((1 + p’y/(SQ) (cZ + 7“)+> (completely) .

Proof of Theorem 3 is outlined in Section 5.1. It closely follows the strategy
developed in [AHMN24] in the context of a symmetric interaction matrix (see in
particular the outline of the proof in [AHMN24, Section 3.1]). This strategy is
adapted to the elliptic case with the help of Theorem 1 and the existence of a

unique solution to (13).
Remark 3.6 (Proportion of surviving species). Strictly speaking, the proportion of
surviving species at equilibrium is given by:

* 1
M:c (O, OO) = E Z[] ]l((),oo) (Z’:) .
1e|n

As a consequence, convergence (14) in Theorem 3 does not apply for x — 19 oc)(7)
is not continuous at zero, a discontinuity point of the limiting cumulative function.
However for any continuous function f. satisfying

fa(x):{o forxz <0

1 forxz>c¢
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for a small € > 0, one has £ >, f-(xF) — Ef. [(1 + p’y/éz) (O'Z + f)+} and

Ef. {(l—kpv/ég) (JZ-H?)J —7=PZ+7>0).

Hence v appears as a good approximation of the proportion of surviving species.
This is confirmed by simulations, see Figure 1a.

Unfortunately a formal proof of this fact seems currently out of reach. One may
want to sandwich

0 forx<—¢

1 o oo 1 1
52‘]‘5(3@) < Egl(o,m)(fﬁ) < ﬁ;us(mf) where ug(z) = {1 forxz >0

is continuous nonnegative. Unfortunately, the asymptotic behaviour of % Do ue(x))
is trivial as
1
n Zua (x7) =1
2
and we only get a.s.
5 | N . 1 N
PleZ +7>0) < hmnmf - Z 10,00)(77) < hmnsup - Z Lioo0)(2}) < 1.
1 1

Remark 3.7 (Distribution of surviving species). Denote by s(x*) the subvector of
x* with the positive components of *. Its dimension |s(x*)| is random and the
distribution of the surviving species is given by:

* ].
,uS(w ) — — — Z §[S(m*)]i :
i€[[s(z)]]

A formal convergence of u®®») is out of reach (see the arguments in Remark 3.6)
but a good proxy should be

(15) c ((1 o /8) (0217,

UZ+7“>0> ,

the density of which is explicit. Let

(y=r)?
e 202 Y K
oirry) = | ——Pr(dr) and 14+p==—,
f Z+ (y) " mo_ ( ) p62 5

then the density of (15) denoted by feurm is written

(5 5 y 1(y>0)
16 SUTY = —JeZ+7 |\ — ) —/— -
(16) Fsuro(y) Kf Z+ < m) ~y
One can now easily express the relation between w as defined in (14) and fsury:

(17) 7(dy) = ¥ fsuro(y) dy + (1 —7)do(dy) -

Notice that if the r.v. T is constant then fs,, is the density of a truncated Gaussian
distribution.

Simulations show a very good fit between this distribution and the histogram
associated to p*®") for large n, see Fig. 1b.
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FiGURE 1. Comparison between the theoretical solution of the
fixed point equations (13) and their empirical Monte Carlo coun-
terpart obtained by computing equilibria &* for various realizations
of matrix A. Every x* is the solution of a Linear Complementar-
ity Problem (see (44)) and is thus computed by Lemke algorithm.
For Figure la and Figure 1b we chose a matrix of size 200 and
we fixed the number of Monte Carlo experiments to 100 and 500
respectively.

3.4. Propagation of chaos. Combining Theorem 3 with propagation of chaos
type results [Szn91], we are able, with extra exchangeability assumptions on the
vector r € R", to describe the limiting behaviour of individual abundances.

Recall that a vector (X1, -+, X,,) is exchangeable if for any permutation o € S,,:

(Xo(l)v"' 7XU(n)) é (X17"' 7Xn) .

We obtain two kinds of results. If r is exchangeable, then the distribution of
every individual abundance converges toward the same limit given by 7 in (14), see
Corollary 4. If r is blockwise exchangeable (see Definition 3.11), then within each
block each abundance can have a specific limit, see Theorem 5, which may differ
from 7.
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Corollary 4. Consider the framework of Theorem 3 and assume moreover that vec-
tor v is exchangeable. Let x* = (x}(n)) be defined by (12) and recall the definition
of the distribution m:

m=L((1+p1/8%) (0Z+7),) -

Then (z3(n),--- ,x5(n)) is an exchangeable sequence and for any fited K > 1,
(#1(n), - @ (n) 2w
n—oo

Proof of Corollary 4 is postponed to Section 5.2.

Remark 3.8. This result should be compared to Geman and Hwang [GH82, The-
orem 3.

Remark 3.9. It is worth mentionning that results describing the asymptotic en-
trywise distribution of the recursion vector can be found in [Han24] in the context
of (symmetric) AMP and even in the more general context of General First Order
Methods, for activation and test functions of class C3. Beware that the equilibrium
vector * in Corollary 4 is different from the (non-symmetric) AMP recursion vec-
tor, and is obtained via the convergence of the recursion vector for some specific
non-smooth activation function (translated ReLu function x — (x 4+ a)y ).

For the next result, we need some extra definitions. Let ¢ > 1 be a fixed integer.

Consider ¢ sequences ni(n),- - ,nq(n) satisfying
_ nj ‘ .
(18) ni+--+n,=n  and nTH—OO>c]€(O,1), je€ldq-

Consider the following partition of [n]:
(19) 07(11) :{1"" 7nl}a

CF ={m -+l o mtetn}, 1<j<g
so that

q
m=Jc¥  and CP|=n,, jeld.
i=1

Any R"-valued vector v can be decomposed into ¢ R™ -valued subvectors v7):

v=(, jelg)  whee oY = (u), -

Given a permutation o; € S,,, we denote by vU:73) the vector v) where each
component has been permuted according to o;.

Consider now o = (01,---,0,) where 0; € S,;. Given a vector v € R" we
denote by v? the vector

= (00 5 < ).

Example 3.10. Consider n = 6 and a number of blocks ¢ = 2 such that ny = 4
T . .
and ng = 2. Let v = (v1,v2,v3,04,U5,06) and consider two permutations

1 2 3 4 1 2
0'1—(3 4 1 2)684 and 02—<2 1)682.

Then v1:o1) = (’Ug,’l)47’()1,1)2)—r and v272) = (1)6,115)T. Let 0 = (01,032), then
v = (v3, V4,01, V2, V5, V5)

Definition 3.11. A random R™-valued vector v is blockwise exchangeable with
respect to the partition defined in (19) if for any o = (01,--+ ,04) € Spy X -+ X S,

c
v’ = w.
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Otherwise stated, for any bounded continuous test functions ¢; : R — R with
J € ldl,

E (wl (vu)) X X g (v<q))) -F (<p1 <,U(1,<71)> XX g (v(q,aq>)) .

If there is no confusion, we simply say that v is blockwise exchangeable.
We are now in position to state our final result.

Theorem 5. Consider the framework of Theorem 3 and let ¢ > 1 be a fived integer.
Let (n;,j € [q]) and (C’éj),j € [q]) be given by (18)-(19). Let x* be defined in (12).
Assume that v is blockwise exchangeable and that for all j € [q]
r@ PaB), 7;  (completely)
n—oo
where 7; > 0 is a random variable with finite second moment.
Then for any sequence i, € cY ) where j € lq] is fized,
* L o 2 7 =
T T L ((1 + p7/6°) (O’Z+’I”j)+) .

Moreover, let ki,--- ,kq > 1 be fized integers and consider subsets
KO c Y with |[KY|=k; and k=k + - +kg,
then the R¥-valued vector
T gy = (705 LERD U UK
satisfies

q
e L ®k;
R | L
j=1
Proof of Theorem 5 is postponed to Section 5.3.
Remark 3.12 (Global versus local distributions). Unlike the case where the in-
trinsic growth rates vector r is exchangeable (see Corollary 4), notice now that each
block of the equilibrium vector * converges to a different law which locally depends
on the structure of r. In particular the j-th block of ** converges to

mi =L (L4 p7/0%) (02 +75),, )
which is different from the overall asymptotic behaviour of x*,
m=L((1+p/8) (cZ+7), ).

Simulations based on a three-block piece-wise constant vector r = (r(l),r(Q),r(S))
are provided in Figure 2.

Remark 3.13 (Distribution 7 is a mixture of the m;’s). Recall the definitions of
the ¢ random variables (7;) je[q in Theorem 5 and the definition of ¥ in Theorem 3,
we can notice that the law of T is the mizture the laws of (T;);e[q with coefficients

(Cj)je[q]; i.€.
q
L(r) = ¢;L(r)).
j=1
This also means that the limiting distribution of the whole equilibrium vector x* is
a mizture of laws, i.e.

q
z* P2(R) e

I n:—oo> E 1 c;mi where w; =1L ((1 +p7/8%) (02 + rj)+> .

‘7:
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Remark 3.14 (surviving species within block j). From an empirical point of view,
simulations easily provide the number of surviving species within a block j of size
n;, that is
#{x; > 0,0 € Cr(ij)}
nj

)

and the value of their positive abundance. Following Remarks 3.6 and 3.7, Theorem
5 provides their analytical counterparts. The quantity

v; =P(cZ +7; >0)

is a good approximation for the proportion of surviving species within block j and
the density

s 5y 1 e_(y;g)Q
gu'r"u(y) = Ef0'2+1*j <,€) % where fg—ZJrfj(y) = Rmﬁbﬂ(er

for the distribution of the surviving species in block j.

One can notice that fsure is a mixture of the f1,.,7s:

q q
CiVj pj . Ci7Yyj
fsurv(y) = E L s]um(y) with E L =1,
=1 v =1 v

Based on a three-block piece-wise constant vector r = (r(l), r®, r(S)), the densities

L s [2 and f3,.. are compared to the corresponding simulation based histograms
in Figure 2.

4. PROOFS OF THEOREM 1 AND COROLLARY 2

In Section 4.1 we provide various results related to elliptic random matrices.
Sections 4.2-4.4 are devoted to the proof of Theorem 1. After introducing new
notations in Section 4.2, we provide an adaptation of Bolthausen conditioning ar-
gument to elliptic random matrices in Section 4.3, see Propositions 4.7 and 4.8.
This represents the crux of the proof of Theorem 1 and our main contribution to
this section. Section 4.4 is devoted to the end of proof of Theorem 1 and closely
follows [FVRS22]. Proof of Corollary 2 is established in Section 4.5.

4.1. Preliminary results on elliptic matrices. Let X be a n X n matrix with
independent A/(0,1) entries. If the n X n matrices G and G satisfy

X+XT ~ X-XT
¢ X+XT 4 gL XX

V2 V2

then we say that G is a GOE matrix and G an antisymmetric GOE matrix.

From the definition 1.1 of an elliptic matrix, it is easy to check that a matrix
M ~ Elliptic(n, p) for p € [—1,1] can be characterized as

(20) Mé\/I;pGJr\/l;pé,

where G is a GOE matrix, G is an antisymmetric GOE matrix, and G 1L G.
We begin by two elementary results on GOE matrices:

G

Lemma 4.1. Let G and G be respectively a symmetric and an antisymmetric n xXn
GOE matriz. Consider two deterministic vectors u,v € R™, then:

(i) EGuv' G =@ wl,+vu' and EGuv' G=—(v' u)l, +vu',
(i)) Gu~N (0,1, + uuT) and Gu ~N (0,1, — uuT) .
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FiGURE 2. The vector r is decomposed into three consecutive
blocks, for each block we fix a constant value r{,r5,73 = 1,3,6
respectively, we also choose different sizes of the blocks to be
n/2,3n/10,n/5. We then solve the Linear Complementarity Prob-
lem problem (see (44)) with the help of Lemke algorithm for p = 0
and kK = 2.

Proof. We prove the two statements for GG, the corresponding results for G can be
shown similarly. For (i), we start by writing E[Guv " G, = Zij EG:Grjuv; =
YL EGZuiv; = upvp + v'u, and E[Guv Gy = > EGriGiiuv; = wuy for
k # 1. Thus, EGuv'G = (v'u)I, +vu'. We now prove (ii). As in the proof of
[FVRS22, Lemma 6.14], let us complete the vector u in a deterministic orthogonal

matrix U = [u (ﬂ . By the orthogonal invariance of GOE matrices, we have
GuEUGU w=UGe; ~N (0,U(ere] +1,)UT) =N (0,1, + uu') ,
hence the desired result.
Using these results, we now state two propositions on elliptic matrices.

Proposition 4.2. Let M ~ Elliptic(n, p). Let ¢ € R™ and U € R™¥* be determin-
istic with q"'U = 0. Let P € R™ ™ be a deterministic matriz such that PU = 0.
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Then
(M—pPMT)q i |:(M—pMT)U:|

UTMT™U

Proof. Since the considered quantities form a Gaussian vector, it is enough to show
that (M — pPMT)q is decorrelated from all columns of the two matrices (M —
pM YU and UT M TU. To this end, we use the characterization (20) and write

M } c \/%pGJr 152G,

M7 —
[M M (1= P/ 152G + (1+ )/ 152G

Let u be any column of U. We first show that (M —pPM ")q and (M —pM ")u are
decorrelated. To compute E(M —pPM ")qu™ (M —pM )T, we use Lemma 4.1-(i),

noticing that the cross terms involving G and G in the previous characterization
are zero, and that g"w = 0. This leads to

1 — p? 1—p?
B — P T yguT (01 = o0t T)T = (S5 = pP) = S o)) T

= —p(1—-p*)Pugq’ =0,

by noticing that Pug' = 0.

To obtain that (M — pPM ")q and UT M "u are decorrelated for each column
u of U, we easily notice that E (M — pPM ") qu' M = scalar x uq' from the
structures of M — pM T and M provided above and from Lemma 4.1-(i). Thus,
E(M—pPMT) qu'" MU = 0 since ¢ U = 0. (|

Proposition 4.3. Let M ~ Elliptic(n, p). Let ¢ € R™ be a unit-norm deterministic
vector, and let P be a deterministic orthogonal projection matriz on a subspace of
R"™ such that Pq = 0. Then,

(M —pPM")g~N (0,1 —p*P+pqq").

Proof. Using the same principle as in the previous proof, we write

1 = -
M—ppMT £ #(prp)cw V52U +pP)G,

By Lemma 4.1-(ii), we then have that
(I-pP)Gq~N (0,(I —pP)*+qq") and (I+pP)Gq~N (0,(I+pP)*—qq").
Finally, we get (M — pPM ")q ~ N(0,%) with

1+p 1-—
o= - (U=-pP)+ qu)+?p (I+pP)—qq") = I-p°P+pqq’,
which yields the desired result. O

4.2. Proof of Theorem 1: notations and some preparation. We introduce
hereafter notations used throughout the proof.

Conditioning. The conditional equality in distribution of two random variables X
and Y given a o-field F will be denoted as X é‘ 7 Y. Formally

XE£7Y iff  E[p(X)|F] = Elp(Y)|F] (as)

for every non-negative measurable function .
The conditional independence of X and Y given F will be denoted by X 1l |rY.
Formally,

XUy it Elp(X)(Y)|F] = E[p(X)| FIE[$(Y)][F] (as.)

for all non-negative measurable functions ¢ and .
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The following lemma will be of use later.

Lemma 4.4. Let F, G be two o-fields and Y, X, X be random variables. Suppose

that (i) Y is F-measurable, (i) X £X and (iii) X 1L F. Suppose moreover that
for some measurable function ¢:

(iv) ¢ (X,Y) £z 9 (XY) and (0) p(X,Y) L|7G.

Let H = o (FUG), then there exists a random wvariable X such that X £ X,
X 1L H and B B

Proof. We skip all the integrability issues. Let Z be an H-measurable random
variable, and 1) any measurable function. Let ® = ¢ o , we have

E[Z3(X,Y)] = E[E[Z0(X,Y)|F]] ¢ E[E[Z|FE[®(X,Y)]|F],
© EEiZ|AE[RXY)]|F],

—~
I

9 & [ki7| A [0 (X.7)]]
where (a) follows from the fact that ¢(X,Y) 1L |# G implies o(X,Y") 1L| = H, hence
©(X,Y) U|£Z (see for instance [Kal02, Corollary 6.7]), (b) follows from assumption
(i) and (c) from (iii).

Consider now a r.v. X such that X £ X and X I H then E+®(X,Y) =
E;®(X,Y) and

E[Z®(X,Y)] = E[E(Z | F)Ex® ()?Y)] - E[ZIEXcIJ (XY)] @ E[Z(IJ ()?Y)} :

where (d) follows from Fubini’s theorem. This completes the proof. O
Notational shortcuts. The following notations, related to the AMP iterations, will
be of constant use in the sequel.

q* £ hy (ufi,Bn) e R" fork>0 andg !'=0,,

Qké [qoa'”vqkil] GRnXk fOYkZL

Uké[ul,--~,uk} € Rxk fork>1,

di 2 (0hy (uh,B,)) €R  fork>1, anddy=0.

Using these notations, Eq. (6) can be written in the following compact form
(21) ubtt = AgF — pdrg™t, k>0.

Projections. Denote by Ilsp.n g the orthogonal projection matrix on the column
span of the matrix @, and as Ilg,,, o+ the orthogonal projection matrix on the
orthogonal of the latter subspace. It is well-known that

Hspan Qr — Qk (Q];er)T Qg )

where A represents a pseudo-inverse of matrix A.
For k > 1, we introduce the notations
: (@lew) @l K
Py =lspange = Qk (R Q) k& (ATo T ATk
and a = =

n
span Qp OZE

By convention, Py = 0px,, and Py = I,,.

e R”.
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Filtration. We define the filtration (Fy)g>1 by
Fip 2o (Bul - ub)

Preparing the induction. Recall the definitions of ¢¥, Qx, Ui, P, and o introduced
above. The first step of the proof is to establish the following structural result.

Proposition 4.5. Let k,¢ > 1 and define the vectors
P2 U g —dQl ¢t and Tp(A) 2 (A—pPAT)Plq".
Then u' = Aq0 =7p(A) and

uttt = Zazu +pQr (@1 Q1) ( Zak o 1>+Ik<A), (k>1).

=1
Proof of Proposition 4.5 is postponed to Appendix C.

Remark 4.6 (mesurability issues). Consider the decomposition of u**1 in Propo-
sition 4.5 then

k

Zakuupczk(czkczk (v Za’f kit )

is Fr—measurable while in general the term Iy (A) is not. The strategy developed by
Bolthausen amounts to replace matriz A in I, (A) by some matriz A 1|z, A before
proceeding to the induction. This is the goal of next section.

4.3. Proof of Theorem 1: adaptation of Bolthausen conditioning argu-
ment.

Proposition 4.7. For k > 1, there exists a n X n matriz A such that A = A,
A1l Fp and
r ~ ~
(A= pP, AP =5 (A—pPAT)P;-.
In particular,

Ti(A) £ Tu(A).

Proposition 4.7, the proof of which is postponed to the end of Section 4.3, is a
consequence of a more general result stated in Proposition 4.8.

Recall that Qx = [¢° -+ ,¢" 1] and that Py = Igpang, = Qk (QZQ;.C)TQ;—.
Denote by

(22) i 2 Plgt .

Notice that t']k is Fr-measurable. Let i be the rank of the matrix @)y, - notice that ry,
is F—1—measurable. Let Oy a Fi_i-measurable n X (n —ry) matrix which columns
form an orthonormal basis of span Qé‘. Such a matrix exists: for instance, consider
q°,---,¢" ! and the deterministic canonical base (e“)e[,) of R™ and construct by
Gram-Schmidt procedure an orthonormal basis of R™ whose first r; vectors span
Q. Build Oy out of the remaining n — r vectors. In particular,

0,0) =P and O]O,=1,_,,.
Proposition 4.8. For every k > 1, it holds that

{(A - PAT)Ok] £ [(A=pAT)Ox
OFATO, | Vx| oTATo,

)

where A= A and A is independent of F.
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Proof. For A € R™™ and O € R (n/ > 1), let

(A - pAT)O}

’C(A7O) = [ OTATO

We prove the statement by induction on & > 1 and begin by proving it for k = 1.
Notice that Q; = [¢°], O; has dimension n x (n — 1) and (q°) TO; = 0. Recall that
Fi =0 (B,u’ u') and u' = Aq’. Taking into account the fact that A 1L F; and
applying Proposition 4.2 with P (in the proposition) equal to zero, we have:

K(A,01) Ll u'.
Now consider A independent from all the considered quantities, then
E J—
K(A,0) =7, K(A,0)

We can now apply Lemma 4.4 to prove the existence of A independent of F; =
o (Fo, {us}) satisfying
r ~
K(A,01) =17 K(A,01).

The statement is proved for £ = 1. Suppose now that
r ~
(23) K(A,Ok-1) =7, K(A,Ok-1)

where A is independent of Fj_1, and let us prove that this equality holds for k.
Notice that one can assume that A is independent of Fy, since this does not change
the conditional distribution of K(A, Oy_1) in (23).

Recall that (ﬁk = P,g-q’C , and observe that the event

Eké{rk:rk,l—i-l}e]:k,l

coincides with the event {¢*”' # 0}. Define the matrix W, such that Wj £
[f]k71 | Ok] on E and W, £ Oy, on Ef. The random matrix W}, is F_;-measurable,
S0 is O,Lka. Moreover, P,f;IWk = Wy. Write

(A—pAT)Wy
W ATW,

_ (A_PAT)PkL—ka
B (Pkl—1Wk)TATPk£1Wk
(a) (A= pAT)O—1 (O] _,Wy) 1

(Ol—cr—IWk) ! O;——lATOk—l (Ol—cr—ka)

where equality (a) holds because P,j-_lwk = W}, then using the induction hypoth-
esis (23), we get

(A= pAYWyi] ¢
W, ATW, | e

(A—pAT)W;,
W, ATW, |’

Substituting by the expression of W}, we have proved that:

(24)
(A—pAT)g"' (A= pAT)O4 . (A—pAT)g" ™" (A= pAT)Oy
(6" )7TAT¢" (¢ )TATON e Fpm, (@) AT (@) ATo,
OfAT¢" ! O] ATOy OfATg" ! O AT Oy
and
(25) (A pATO g 2, |A—pAD0k
OfATO, | P T | Ol AT O, e’

]lEka
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Recall that F, = o (]—'k,l, {uk}), let us study the quantity u.
ub = Ag" ! — dy_1q"2
= AP,_1q" '+ AP 1" — di_1g" 2
= AP, 1d" 4 p(AP) T —d1dP R (A pPe o AT) L

We can re-write this expression as

with
2h & (A - PPk—lAT) ék_l and mF!is F._;-measurable.

We now want to prove that

(26) ub |z, K(A,Oy),
which is equivalent to
(27) 28 1L|x,  K(A, O),

which can also be reduced into two smaller problems (see, e.g., [FVRS22, Lemma
7.9.a]),

(28) 2"1p, U7 K(A Op)lEg,,

(29) Zk]lE,g JJ-|.7'—1@71,C(‘4a Ok)]lE,f

Let us begin by showing (28). By Equation (24) we have the following equality of
joint laws,

(Zk]lEk, K(A,Ok)]lEk) é|]:,qf1 (ZkﬂEk, IC(/I, Ok)]lEk) y
so in order to show (28), it suffices to show that
ZIC]IE,c JJ_|]:k71’C(1/4v, Ok)]lEk

But since A is independent of Fj_1, this is a direct consequence of Proposition 4.2.
Similarly, by noticing that z*1 ge = 0 and using Equation (25) and the fact that
0 is independent of any gaussian vector we can prove (29). Now using (26) and
the induction hypothesis (23) we can finally apply Lemma 4.4 to complete the
proof. O

We are now in position to prove Proposition 4.7.

Proof of Proposition 4.7. To prove Proposition 4.7 using Proposition 4.8, we write
(A=pPyAT)P = (A—pAT)0LO) +pO,O; ATO,O]l, and we use Proposition 4.8
along with the following well-known result (see, e.g., [FVRS22, Lemma 7.6.c]): If
X, X', and Y are random vectors on a probability space, and F is a o—field on this

space such that X é| # X’ and that Y is F—measurable, then, for each measurable
function ¢, it holds that ¢(X,Y) é‘}- e(X")Y). O

Taking advantage of Proposition 4.7, we can improve Proposition 4.5 by replacing
Zi(A) by Zr(A). We also replace some random quantities by their deterministic
equivalents.

Recall the definition of matrices R¥ given by the Density Evolution equations

(3), we define three related quantities o7 € R, o, € RT and a&* € R¥, such as
(30) or = Ry,

(31) éiﬂ = ai_ﬂ — (ngk-—ﬁﬂ)—r (Rk)—l (Rm‘}ﬁl) ,

(32) at = (RM) T REL
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Remark 4.9. Notice that 5i+1 is the Schur complement of R* in the matriz RF*1.

ok
One should think of o), and & as the deterministic equivalents of ”q—\ﬁ” and o

respectively when n is large.

Proposition 4.10. Using the previous notations we have the following decomposi-
tion of uF*1t.

ubtt £ 7 Zaeu + Qs (Qr Q) ( Zaev“ 1) +(A—pPAT)g"

(=1
,ak-‘rl +Ak+17

| Fr
where

k
(33) a2y Capul + ot
=1

and A s defined on the events Ey 2 {q" # 0} and E{ = {¢" = 0} by

k
AR+ 2 Z F—af)u —|—ka(@ka ( ZO‘E’U“ 1)
=1
lg"l ) o H*’“II — d@)"
+ +(V1=p2—1) 2 lpe Vitp-1 ¢
( ( ) v +{ )\/ﬁllq’“ll
and
k
AHléZ(O‘Iz—%)u + pQk (Qr Qr) ( Zak ot~ 1),
=1
respectively.

A very similar result is obtained in [FVRS22, Section 6.4].

Remark 4.11. The aim of this proposition is to approximate the asymptotic be-
havior of the distribution of the iterates u**' with the distribution of w**' which
is easier to handle provided that 545 and oy, are deterministic quantities. This is
achieved by proving that the difference A**1 is asymptotically negligible.

Proof. We only address the case where (jk # 0. In the other case, the term (/i —
pPk/IT)ék = 0 does not need to be handled. The starting point is the decomposition
of u*+! in Proposition 4.5. By Proposition 4.3, the conditional distribution of
(A— pPkAT)Pl k= (A- pPkAT)q given Fj, is

£ (A= R AN |72) = (02117 (1= P+ o @ 141E) ).

Therefore, letting £€¥* ~ A(0, I,,) be independent of F, it holds by Proposition 4.7
that

L L
(A= pPATIPEG Eipy M (1 Pt pd @) /14 P) 4

| Fr f||

It is clear that we can take

o N 1/2 ko ik
(1= p*Pet pd" (@) /Ia"12) = 1+ (VT2 = 1) Pt (VI 0 = 1) @) /11

The proof of the proposition is completed. O
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4.4. Proof of Theorem 1: end of proof. The remainder of the proof of The-
orem 1 follows almost verbatim the proof provided by [FVRS22, Section 6]. For
completeness, we provide here the important steps of the proof without rigorously
justifying all technical details.

We will proceed by induction on k > 1. Suppose that for any pseudo-Lipschitz
function ¢,

(%) S Bl ) = E[o(6, 21,0, 2],

n——+oo

and we want to prove this same convergence for k + 1.
To do this, fix any pseudo-Lipschitz function ¢ and consider the following random
variable

1 & 1 k k+1
- EZ¢(Bi7*7uiv"' ’uivui+ )

Recall the definition (33) of @**! and write S as follows:

k —k+1
\.FA Zd) L Uy g )

1 n )
* n (Zw(Blv*’uzlv ,u?,uerl) - E 1/](31,*,11417 ,ufvuf+1)> ’
i=1 A

where u*t1! é‘}-k w**t!t + A*T1 The idea will be then to prove that

n

1

S, & = B, ul, oo ul gkttt C SEIWb.Zy.-- . Z
1 n;w( sy Uy s Uiy Uy )m [¢(7 1, 3 k)]7
(34)
IR _ c
SQ é n(;d)(Bi’*’u'}f”? 11?5 k+1 Zﬁ} iy U 1,"',“?7U?+1)> m)O
(35)

Let us begin by proving the convergence in (34). This proof can be decomposed
into two steps, the first step is to prove that the conditional expectation E[Sy | Fy]
converges to the desired limit, and the second step (which is omitted) is to show
that S; concentrates around its conditional expectation.

In the sequel, we shall rely on the following notation. Let X a random variable
and X 1l Y. We denote by Ex the expectation with respect to the distribution of
X. In particular,

Ex/(X,Y) = / f(, Y )Py (dz) = E(f(X,Y) | V).

Let us compute the conditional expectation of S given Fy.

k
E[S: | Fe] = —]E lziﬁ( iy Ui s ,uf,zafué+5k+1§f+1>‘ ]_.k] ’
=1
1 L
i ﬁZEEf“ 1/’(31‘,*,1@7... ’“f’zanHUkﬂfflﬂ ?
= =1

(1>

fZ\II ixs U , ,uf).
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By [FVRS22, Lemma 7.23], ¥ is also a pseudo-Lipschitz function, thus using the
induction hypothesis () we can write

fZ\IJ Uiy ul) ——— B[ (b, Z1, -, Zk)].

n—-+o0o

Now, given a random variable Z ~ A (0,1) independent of Fj, we can write

k
]EZ |f7b <l_)a Z17"' aZk7ZO_/ZZ€ +6’]€+12>

E[W(b,Z1, -, Z)] =E
/=1

Put Z,1 £ Ze LQFZ¢ + 0412, and observe that (Z1,- -+, Zky1) ~ N (0, RF1),
then
E[ 21, . Z)] =E[W (b, 21, Zis1)] -
Now let us give some proof elements for the convergence in (35). The idea is to
simply use the pseudo-Lipschitz property and bound the term S by the distance

|u¥ - @F||. Thus the main ingredient of this proof is to show that
1

36 — || AR —— 0.

(36) Tlak )

Recall the expression of A**1 in Proposition 4.10 which can be written as the sum
of five terms:

(37) AR A L AG) L AG) L AG) L AG)

where
k

A :Z(Q?*QIZ) ut

{=1

- a1 (- et ).

(38) A® = (\/lﬁllé’“ —0k> &

1 L
A = (VI= g2 —1) oldt et

Lk Lk\NT
q(q")" .+
A(5):(\/1+p—1) mg +1

In order to prove (36), it suffices to show that the normalized norm of each of

{AU)] j € [5]} converges to 0. The key arguments of this proof can be summarized
in the following lemma which are direct consequences of the induction hypothesis

(9k)-

Proposition 4.12. Let k > 1 be a fized integer and suppose that the induction
hypothesis (9x) is satisfied for rank k, i.e.

Vi € PLy (RPHF) ng ottd, o uf) ——E[p(8,21,....2Z1)] |

n—-+o0o

where (Zy,--- ,Zy) is a centered gaussian vector of covariance matriz RF € RF*F
which is defined recursively using the Density Fvolution equations (3). Then we
have the following consequences

. 1 5 c
(c-1) For all j <k, +|lu|]? P E[ZZ].

. 1 c 7\ 2
(c-2) For all j <k, X|¢’|? P E [hj (Z;,b) }
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(6-3) For all 1, < k, %< i-l q] 1> —> E[h (Zifl,l_)) hj,1 (Zj,1,5>] =

n——+00
k
RE,.
(6_4) %Q;Qk = (l<q7‘71,qj71>)1<i7j<k ?i;j) Rk‘
(c-5) o = (QT QW) QT d" —— (R*) " R} 1y = &
L2
(c-6) L|q"|? ‘j‘* Op1-
(c-7) For j <k, d; = L X0, 0y (ul, By ) — S E[1(2,8)] 2 d;.

Using this proposition, we can already see that from (c-1) and (c¢-5) we have
L JAM || —5— 0 and from (c-2) we have —=||A®)| —5— 0. The quantities
vn n——+00 vn n——+00

A® and A®) are small rank projections of some gaussian vectors and thus their
normalized norms converge to 0. It remains to show that the term

t
(39) A2 — Qs (iQ/IQk) ('v Zak k0— 1) ’

has a normalized norm that converges to 0. This can be achieved by showing that

C
L ——
n n——+oo

The j-th row of %vk’e can be written as:

1oke_ 1, 1, 0
vt = —(ul,q") = —de(g’",q"")
where (u,v) = u'v. By Proposition 4.12 we have:

o dg —) dg,
n——+o0o

o @) — Ry,
o L(ul,q") = %Z? L ul g (uf) —Jr*E(Z he(Ze)).

Using Stein’s integration by parts formula and the density evolution equations we
get:

E(Zih(Z)) = E(Z;Z0)E(hi(Zy))
= E(hj—l(zj—l)he—1(ze—1))Cifz = AR},

which yields the desired result 1 'v *—+—» 0. This completes proof of Theorem 1.
n—-+oo

4.5. Proof of Corollary 2: blockwise convergence of AMP. Let Assumptions
1, 6 and 3 to 5 hold. To prove Corollary 2 for a parameter matrix B of size n X p
we will have to use Theorem 1 for an augmented parameter matrix B’ = [B | s] of
size n x (p+ 1), where s represents a “selector vector”. This motivates the use of a
multiple parameter vector (b',--- ,b") in (5) instead of a single one (as often seen
in the literature).

Recall the partition defined in (10), and let s € R™ be a blockwise constant

vector with ¢ different values 3, -- , 3, such that
(40) si=35; ifandonlyif i€ CY foric [n]andj€[q].

Put B’ = [B | s] and re-write the AMP iteration defined in (6) as
uh = Ahy, (uF, B') — p(O1hy (uk,B’)>n hy—1 (u*1, B,

where by a slight abuse of notation, hy (u’ﬂB’) is equal to hg (u’ﬂB) (that is
hi(u,-) only applies to the p first colmuns of B’). In this setting, the Density
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Evolution equations (8) remain unchanged. To use Theorem 1 we should verify
that the parameter matrix B’ satisfies Assumption 2.

Lemma 4.13. Assume that (u®, B) satisfies Assumption 6 and let s be defined by
(40). Then (u®, B') satisfies Assumption 2, i.e. there exists a vector (, by, by, 5)
whose distribution belongs to Ps (RP+2) such that

(RrPt+2 _ _
Mﬁ((a,b1,~-~ ,bp, 5)) .

u®bl . P, s

n— 00

In this case L (ﬂ,?)l? e ,BP,E) = Z‘;—:l ¢ L (ﬂj,l;j’l, ‘e ,Bj’p) ® 0s,, and in partic-
ular

a q
ENchégj ﬂchjﬁ(ﬂj), and bngcJ (bje) forall (€ [p].
j=1 j=1

Proof. Let Y be a pseudo-Lipschitz test function, we want to show the existence of

(11, 5,by,- - ,bp) such that
%ZT (ud, b, 0P s;))  —S— E[Y (@b, - ,by35)].

RRER]
n—-+4oo

The previous sum can be expressed with respect to the partition (10) as

1
EZT( ;]abzlv" 7bw ) = Z T u?’bzl"' 7bz’ ) ’

MQ
SRRS
:‘H

i=1 j=1 7 iecw
q
n; 1
_ j 1 :
= § :Zﬁj > T (g, by, B
j=1 2€C§LJ)

Thus using Assumption 6 with the test function Y (--- , 5;) yields

1 T ~
ﬁZT(uz’bzlf' 7bfa ZCJ u]7 J717”.’bj7p78j)]'

n——+00

Let (l_l,,l_)l, s ,Bp,g) ~ Z?=1 ch (Z_Lj,bjyl, e 7bj,p) (%9 (ng, we have

q
D GBI (5,050, 155, 55)] =E [T (b1, -+ by, 5)]
hence the result. [l

We can now apply Theorem 1 which gives the following convergence result

Bl ok Pr(RETETD) ,
(41) poovw ——— 5 L((B',Z1,--+,Z)) (completely)

n—oQ

Fix j to be an integer in [g], let ¢ be any pseudo-Lipschitz function on RP** and
let ¥ be a continuous bounded function defined on R such that:

(42) B(5) = {1 we=3,

0 otherwise.
Finally, consider the test function ¢ € PL, (RPT**1) defined as

¢ (z,y) = Y(x)p(y) V(z,y) € R x RPTF,
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and apply the result in (41) to get
n

(43) %qu(glabzla 7bfauzla ,’U,f) %]E [¢ (5’61’ 7Bpazlv"' aZk)]7
i=1

where (5, by, ,Bp) is defined as in Lemma 4.13 and (Z7, - - - , Zj) is an independent
gaussian vector that satisfies the Density evolution equations (8) that depend only
on (a, by, - ,Bp). The structure of ¢ in (42) implies that the left hand side of (43)
can be expressed as

i=1

nn iec)

thus

1 c 1 - -

" Z @ (bf, -+ 00l ) P gE (6 (5, b1, by, Z1,-+, Zi)]

iec{’

Now recall the law of the vector (5,b) = (5, by, ,l_)p) which is independent of
Z = (Z1,--,Zy), we have
E[¢(55617”'aBp7ZI7"'7Zk)} = E(g,l_)) [EZ [¢(§a61a"'7BpaZ17"'7Zk)jH )

q
= ZC[]E(B,Z) |:¢ (5536&17'” agl,pvzla'“ 7Zk)] )
(=1

= ¢E@g .z [SD (Bj,lv"' 757@7217"' »Zk)} .

Finally, we get

1 _ _

n7j Z So(bzla 7b1i)7u11a"' 7u']f) —>E(E,Z) [@ (bj,la"' 7bj,p7Z17"' 7Zk?)] )
iecy)

which ends the proof.

5. REMAINING PROOFS OF SECTION 3

5.1. Proof of Theorem 3: AMP algorithm to describe the LV equilib-
rium’s statistics. Notice that the existence of an equilibrium «} is granted by
Proposition 3.1 under the condition x > 4/2(1 4 p). The rest of the proof follows
very closely [AHMN24, Section 3.3] with Theorems 1 and 3 to handle the elliptic
case. We shall often drop subscript n to lighten the notations.

Related Linear Complementarity Problem. For a LV system, it is well-known that
the equilibrium satisfies a non-linear optimization problem called Linear Comple-
mentarity Problem (LCP), see [Tak96]. The LCP problem LCP (I — X, —r) with
parameters matrices I,% € R™*™ and vector 7 € R™ consists in finding a vector x*
satisfying

x} > 0,
(44) zf(ry — (I -¥)x*],) = 0, for i € [n].
ri — [(I —X)x*], < 0,

If such a vector exists, we write &* € LCP (I — 3, —r). The first condition follows
from the fact that x,(t) is always (component-wise) positive for a LV system, the
second condition simply expresses the nullity of the derivative at equilibrium. The
last condition is a necessary condition (see for instance [Tak96, Th. 3.2.5]) for
Lyapunov stability and has also an ecological interpretation of non-invasibility (see
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[ABC*24, Section 3(a)]). In [AHMN24, Prop. 4], it is proved that the solution of
a LCP (I — X, —7) equivalently satisfies a fixed point equation in the sense that:
(45) z=%Yzy+r, & 2z e€lCP(I-%,—-7).

Otherwise stated, in case of uniqueness, z4 = x*.

An AMP algorithm. Let (9, 0,) be the solution of System (13). Define the activa-
tion function hy by:

(uta)y
)
and consider the following AMP algorithm

 asol (87 4a),

1 ura
for k>0 with O hi(u,a) = ~(uta>0) )

hk:(ua CL) = 5

(46) ubtl = % (u* +a .

)

~—
(o2
[\

where

Notice that by Assumption

where a = (1 + pélz) 7. We can easily check that Assumptions 1-5 are satisfied and

hence can apply Theorem 1. If one is only interested in the limiting law of u”k, the
DE equations write

(47)

)

07 =HE(1+a)?
02,, = LE(0.Z+a)?
where Z ~ N(0,1) is independent from @. Theorem 1 yields
wt 2B~ N(0,62).

n—

Departing from (46), we establish a perturbed LCP with respect to (45). Denote

Ek =u"+a and 7= (L(wr+a>0))n

Taking advantage of the definition of @ and the relations between 4,0 and ~ from
(13), easy (but lengthy) computations yield

k ‘fk k ek
- =X& +r+
& 1+ p3: & 1+ pss

)

where

=L (e )+ SO e 1 (¢ -6

52
k

Defining z* £+ 1+p_“’ and &° = H_s:w , we remark that zf; = Eﬁ and end up
with the fixed-point equation z* = an+ + 7 + ", Otherwise stated
(48) 28 e LCP(I - %, —r - &),
We first focus on the asymptotic distribution of ;ﬁi. Setting

)

= —ek
K

and noticing that function (u + a)4 is Lipschitz, we obtain by Theorem 1 that

ph s:—(ﬂ% ﬁ((1+62)(ak2+f)+).
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Replacing 6, by o in the DE equations yields the equation

1 S

0—134»1 = ﬁE(UkZ + 7')3,
which by [AHMN24, Lemma 2] yields that oy == the solution of (13b). Hence
—o00
(49) E((l—i—ﬁ) (akZ+f)+) KicllON £((1+ﬂ) (JZ+F)+) .
02 k—o0 62

The arguments to establish convergence (14) in Theorem 3 from (45), (48) and (49)
follow exactly those in [AHMN24, Section 3.4] and are thus omitted.
5.2. Proof of Corollary 4. We rely on the following result, see Sznitman [Szn91]:

Proposition 5.1 (Chaos propagation, [Szn91)). Let (X1,---,X,) be a random
vector of law P, and let p, be its empirical measure p, = 3" 0x, € P(R).
Assume the following

(i) There exists an probability measure p € P(R), such that the random prob-
ability measure p, converges to p in law.

(i) The vector (X1,---,X,) is exchangeable, that is for each permutation o €
n
c
(Xoq), Xow)) = (X1, Xn) -
Under these assumptions, the probability distribution P, is u-chaotic, that is for
each fized integer K we have

L
(Xp,-, Xg) —— p®%,

n—roo

Corollary 4 is a direct consequence of Proposition 5.1, we only need to verify

that * = (a7, -+ ,a}) satisfies the two assumptions.

Proof of Assumption (i). By Theorem 3 we have the following convergence

z* P2(R) R ((1+p7/52) (UZ+F)+) (completely) ,

n—oo

which implies the convergence in probability of ;ﬁ* and thus the convergence in
law.

Proof of Assumption (ii). We now prove that &* is exchangeable. Let the permu-
tation 0 € S, be fixed and P, € R™*" its associated permutation matrix. We

introduce the set
1A
E(A) =9 — < 1;.
= {1
Suppose now that @ < 1 then * = z; where z = ¥z + r. The function
Yy— Xy, +r
is Lipschitz with parameter ||3|| < 1 hence z = lim,, z(p) where z(p) is defined by:

{ 2(0) =0,
z(p+1)=%zy(p)+r.
Consider the following notations:
A = P(:IAPC,, y° = P,y for any y € R".

At first, we consider the z(p)’s regardless of the condition ”—‘:” < 1 and prove by
induction that

(50) Vp=>0, L(z(p),Ar)=L(z(p), A%, 7).
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Since P, is orthogonal, the invariance property of elliptic matrices implies that
A £ A Forp=1, z(1) =7 and L(r?, A7) = L(r, A) (recall that 1L A) hence
the induction property. Now

L(zlp+1),Ar) = L(Azi(p)+7r A7)

W LA )+ A7) = L(27(p+1), A7, 17)

where (a) follows from the induction hypothesis. Eq.(50) is proved.
We can now transfer the exchangeability to z conditionally on £(A). Notice that
E(A) = E(A%) and take any bounded continuous test function ®, then

E®(2(p))le(a) = E@(27(p))1e(ar) -
Letting p — oo yields
(51) L(z[E(A)) = L(z7 | £(A))

Now if 120 > 1 then #* = 0 and P,* = 0. Combining this remark with (51)
finally yields that L(x*) = L(P,x*). The exchangeability of x* is proved.

5.3. Proof of Theorem 5. We follow the same strategy as in the proof of Corol-
lary 4 except that we need the blockwise form of the AMP theorem (see Corollary 2)
and a the generalized version of Proposition 5.1 stated hereafter.

Proposition 5.2. Consider the partition {07(11')} ul defined by (18)-(19). Let
JElq

X = (Xq, - ,Xn) be a random vector of law P,, and let p%l), e ,uﬁﬁ) € P (R) be
the empirical measures of the q blocks of X respectively, i.e.

- 1
L dx, 1j € [q]-
S Z x, forallj € [q]
iecy)
Assume the following:

(i) There exist ¢ probability measures p11,-- - , g € P (R) such that the random

vector
(Mg)’... wﬁf”)
converges in law to the vector p = (1, -+ , pq) in the product space P (R)?.
(i) The vector X = (X1, -+, X,) is blockwise exchangeable (see Definition 3.11),
that is for each permutations o = (01,---,04) € Sy, X -+ X Sy, we have

the following X £x.

Under these assumptions, the probability distribution P, is p-chaotic, that is for
each fized q-uplet of integers (k1,--- ,kq) € [n1] X - -+, X[ng] we have

q

L Rk;

Kby oo kg) PR Hﬂj 7
j=1

where X[y, ... ) 18 the k1 +- - -+ kg-dimensional vector obtained by concatenation of
vectors (X;) o (Xi),epcta such that K is the subset of the k; first elements
of .

iec

Proof of Proposition 5.2 is postponed to Appendix B.
Theorem 5 is a direct consequence of Proposition 5.2 and we only need to check
that vector * = (a7, - ,x}) satisfies assumptions (i) and (ii).
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Proof of Assumption (i). Consider the empirical measure of the coordinates of the

j-th block of x*
. 1
il = D O

iec)
By blockwise AMP we already have
mel P®), m; (completely) .
n—oo

If we endow the space of probability measures with the following distance

/R i - /R v
()

then we also have convergence in probability of the sequence of measures (un )
n

(s, v) = sup
P

i

(considered as random variables living in the space of probability measures) to ;,
the underlying distance is d,

the convergence in probability of the components (,u(j ))j €ld] implies the joint con-
vergence in probability

P,d
( T(’ll)7.'. 7#5{1)) h—% (M17... 7/’Lq)

n—-+oo

where the underlying distance d is a distance on the product of ¢ probability mea-
sure spaces. Finally, and in particular we have convergence in law.

Proof of Assumption (ii). The proof that &* = («7, -+ ,z}) is blockwise exchange-

able closely follows the lines of the proof of exchangeability presented in Section 5.2
and is thus omitted.

APPENDIX A. PROOF OF LEMMA 3.4

Recall the assumptions of Lemma 3.4 and system (13a)-(13c).

Notice that [AHMN24, Section 3.2] give the proof of existence and uniqueness
of a solution (4, 0,7) in the case where p = 1 and a careful reading indicates that
the proof remains true for p > 0. We thus assume p € [—1,0) in the sequel.

We remind a few facts from [AHMN24, Lemma 2] which concern Eq. (13b)-(13c)
and remain true for p < 0:

- For every § > 1/+/2, the solution o(8) of (13b) exists,
- For every § > 1/1/2, inequality +(8) < 62 holds true,
- Function 6 — ¢(8) is a decreasing function such that limg_, ;5 0(d) =
+o0.
Given § we obtain ¢ () by solving (13b) and (d) by (13c). In order to find a
solution § which satisfies (13a), we study function
]
h(6) =0+ p%
and prove that there exists a unique 0* € (1/v/2,00) such as h(6*) = x. The
existence of 0* is easy to establish. In fact, function & — h(d) is continuous,
1 12 14p

lim h(§) = +o0 >k and lim A(d)=—+ =— <K,
) sy T SVNCRRNG
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which implies the existence of some ¢* satisfying h(6*) = x. Now in order to prove
the uniqueness of ¢*, it suffices to prove that h is strictly increasing. For p < 0 and
§ > 1/4/2 we have
V(6 () 7' (9) 7' (9)
— — == 14p—2 > 1-12

5y P 2 Ty = 5
In order to prove that & is increasing, it suffices to establish the following inequality:

Lemma A.1. Let § € (1//2,+00) then v (8) < 6.

(52) W) = 1+p

Before proceeding to the proof of Lemma A.1, we introduce auxiliary functions
that will simplify the forthcoming computations. Let

B +oo ,—t%/2 B ) o=’ /2
Q)= [ it J@) = (144 Q) —ax e
the derivative of which are given by:
, _ 6712/2 , _y 67z2/2
We consider the change of variable
1
and rewrite the system of equations (13a)-(13c) using Q, f and z(0):
(53) kK = 0+p ((5 ) ,
(54) 0% = E[f(FTz ()],
(55) 7(0) = EQ(rz(9)],

with (6,2,7) € (1/v/2,00) x (—00,0) x (0,1). In order to obtain Eq.(54), we start
from (13c) which is rewritten as

2 2

82 = E/ 2 4 20tr 47 ar = E/ t? — 27w + xﬂe_Tdt,
= g( ) o . ( (z7)7) or
_ IE(xf)QQ(xF)+E/OO(t2 —thf)‘f% dt
T \/277 ’

(56) E(1+ (27)?)Q(aF) — Exis

Vor
where the last equality follows from an integration by parts.

With notations @, f, z(d) and equation (55) at hand, notice that v depends on
0 via x. The next lemma expresses the derivatives of z and ~.

Lemma A.2. Let § > 1/v/2 then x and v’s derivatives with respect to § write:
52 (9) e B
02 —E[Q(Fx (5))] 52 —E[Q (T2 (9))] V2r '

Momentarily assuming Lemma A.2, we are now in position to prove Lemma A.1.

' (0) = v'(0) =

Proof of Lemma A.1. For 6 > %, using Lemma A.2 and Eq. (56) we get

v 1-E[(1+ 0w )?) L]
0 - 1-FE [%} .
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The inequality v/ (§) < § is equivalent to

18 [(14 e 0)) QD) <1 g [QEED) <y Q2O

the last inequality being true because L(7) # do. O
Proof of Lemma A.2. By differentiating (54) with respect to ¢ we get:
20 =" (6)E[rf (rz (9))] ,
from which we extract «’(d). Using the explicit form of f’ yields:
)
E [z (§) Q (Fx (9))] — E [(F/\/ﬁ) e—(f$(5))2/2] '
From (54) and (56), we get:

B [’"6(\/2(;”/2] _E Kx(lé) + 2 (5)) Q (rx (5))] - f;)

2 (§) =

thus
LC/ (5) — 5 _ 51‘ (5) .
E [z () Q (7z (6))] — E [(ﬁ + 2 (5)) Q (Fx (5))} + o P -EQrz())
O

Proof of Lemma 3.4 is completed.

APPENDIX B. GENERALIZED PROPAGATION OF CHAOS

In this section we prove the generalized version of Sznitman’s propagation of
chaos result presented in section 5.3 (see Proposition 5.2) to cover the case of
blockwise structured random vectors.

We provide the following proof of Proposition 5.2 that follows the same ideas of
[Szn91].

Proof of Proposition 5.2. We want to prove that for any test functions (), - -, (@)
where ¢U) is the tensor product of k; test functions go(] ). ,go,(g ) we have the fol-
lowing limit
(57)

1 1 v " @ (%
E o0 (X0) x - x 0@ (x@)] — HE[ (%)) XEE /7 (%,)]

where (X'l, e ,Xq) € R?is a random vector having the law g. The term ) (X(j))
is equal to the following product

o) (Xm) — V) (le) x oo ) (X,Ef)) .

In order to prove (57), we will consider the following intermediate term

kl ny k Ng

1 M) (x® 1 @ (x(@

B =B | [T 5 22 (x07) Ly (x|,

I (5 2 () T 5 2 (0
=1 i=1 k=1 =1

we will also denote the left hand side and the right hand side of (57) by A,, and C,,

respectively. So it is sufficient to prove that A,, — B, — 0 and B, —C,, —— 0.

n—oo

Lemma B.1. We have B,, — C,, —— 0.

n— oo
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Proof. This immediate by Assumption (i). In fact, consider the continuous bounded
test function F' : P(R)? — R defined for any g-uplet of probability measures

(V17"' 7Vl1) by

k1 kq
F(Vly"'al/q): H </ @Ei)dVl) NEERD ' H </ ng)qu)'
ir=1 R igm1 VR
Using Assumption (i) yields to the desired result. O

Lemma B.2. We have A,, — B,, —— 0

n—oo

Proof. We have

_E H sa(l)( (1)) % H A0 (X<q>>

11=1 ig=1

By Assumption (ii) we can re-write A,, as follows

1 il
A = T D > E[Te (x0) <o x H A (x0)]

01€61,,04€6, 11=1

Now observe that in the j-th factor in the formula above, the product is taken only
over the subset [k;] of [n,], thus we consider the equivalence relation ~; defined on
Gj by

Vo,v e &, [o~;v] & [o(i)=v(i), Vie k],
in other words, we will identify permutations that agree on the set [k;], this means
that for all j € [¢], if o; ~; v; then

k1 k1

1) (5@ (@) (x(@ _ (1) (1) x @
H Piy ( 01(11)> "X H (,02 ( oq( q)> H iy ( V1 ) X H (pz ( l/q(lq)> :
11=1 ig=1 11=1 ig=1

Now consider the quotient group of &,,; with respect to ~; denoted as Gj, then
we have the following:

Z H <p(l) (X((i)“)) % H (p(q) ( (q) )

gleél’...’gqee i1=1 Zq—l

=)
3

Now let us analyse the term B,,. If we develop the products inside the E symbol,
we get

1 - 1
B, =E o Z HQO (X(<11)> cee X %y Z H‘P(q) ( (q)> )

n n
1 iil)wwi;(cll)*l/ 1 ANICI ’gchlf 1
1 CONAEY (
. 9) (@)
== > H‘P X ) x XH</’ X
. n.
j=1"j 7;(11)7.,,71'5611)6[ 1] =1
iEQ),m ,ii{;) €lng)

For all j € [q], let S; be the subset of [n;]*i of k;-uplets with different elements. The
sum in B,, is over the grid [ni]* x - - - x [ny]*¢, we will decompose it into a sum over
Sy x -+ -x S, and a sum over the complementary set [rn1]% x - - x [ng]*a\ Sy x -+ - x Sy,
let us denote these two sums by B/, and B!/ respectively. We will show that

A, —B) ——0 and B ——0.
n—oo n—oo
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Let us first prove that A,, — B;, —— 0. We have

n—o0
1 SOy T @ (v@
1 1
Bi= % (el () e < T ()
=1 G L iyes, 4=
1

(0 o )5,

Observe now that we can identify each k;-uplet (z(lj), e ,z,(cjj)) of S; with an element
oj € éj, and this is because by definition of the set S; the indices {igj), e ,zg)}

are different, i.e. one can construct o; € é such that
o (0) =i vee k),

this essentially means that we can index the sum in B], using permutations

k1
1 (1) [ x( (@
I q
Bn =4 nki Z E H (Xm(f)) e H Pe (X )
Jj=1"% Uleél,m,ﬂqeéq =1
Except the multiplicative factor, the terms A,, and B, are exactly the same, so let

us consider the difference
q

4 B - H(”j—kj)!_ 1

n;! ‘1
j 17y

k;
Jj=1

x> H‘P (x5 *- XH@(Q)( B0)| -
01€61,,0,€6,

denote M an upper bound of the test functions cpgl), 7<p,(f) and notice that the
set &1 x --- x &, is of cardinal [Tj=y !/ T1]=1 (nj — kj)!, thus we get

4, — B)| < f[ o ml ﬁ I
nl = L ] 3121 n;w = (n; — k;)!
q
—[1- H oot MFtetke

k.
TLjJ (nj — kj)'

Recall that when n — co we also have n;(n) — co because ¢; > 0. As k; <n; is a
constant integer we have

N
nj:

. 1 Vjelq,
oy — )

finally we get A, — B, —— 0. It remains to show that B]] —— 0. Now, B/
n—oo n—oo
is a sum over the complementary part of Sy x - -+ x S, in [n1]% x -+ x [n,]¥e, this
complementary subset is of size
I ... !
k1 k ni: X X Ng:
nit x ... x e —
1 a (nl—kl)!x--~><(nq—kq)!’

if we upper bound the test functions by M again, we obtain the following inequality

q
n;!
Bol < (1= ][ 0 | Pt th,

ks
j=1 " (ng — k)

thus B/ —— 0. O
n— oo
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In summary, we have proved that each term of the following expression:
A, —C,=(A,—B))+ B!+ (B, —C,)

converges to 0, which ends the proof of Proposition 5.2.

APPENDIX C. PROOF OF PROPOSITION 4.5

Define the matrix

do

dy
Dy, & . for k>1,

di—1
Recall the compact form of the AMP iteration (21)
uk+1 _ Aqk o pqukfl’ k > 0.

Considering the iterates w',...,u”* provided by the previous equation and using

the notations we just introduced, it is easy to see that
AQr=Ur+p[0 Qr-1] Dp, k>1,

where Qg is by convention the empty matrix, (ie. [0 Qo] = [0] € R*!). For
k > 1, we now write

ulth = Agh — pdig* ! = A(Py, + Pi)g" — pdig" !,
= APiq" + AP q" + p(APy) Pird" — p(APy) " P q" — pdrg™ ™,
= AP.q" + p(APy) " Piq" — pdrg"™ ' + Ii(A) .
The first term at the right hand side can be rewritten as
APyq" = AQy, (Q;—Qk)T 2d"=Us+p[0 Q1] Di)at,

and the next term is rewritten as
o(AP) B g = p(AQ (@1 Qi)' QT ) Bldt.
~ (W0l Q] D) (@Q) QT Pia
= pQ, (QkTQk)T (Uz;rp;qu +pDj [0 Qkfl]T Pﬁqk) ;
= pQx (QF Qx) U Pta*,

since Plek,l = 0. This gives
(58)

k
T _
uM T =3 "afulp [0 Qroi] Draf+pQ (QF Qr)' Uy P —pdi Pug® '+ T (A)
=1

since ¢*~! € span Pj,. Developing in turn the three middle terms at the right hand
side of this equation, and observing that P,q' = ¢' for each | < k — 1, we obtain

k
p[0 Qr_1] Drat = Pzafdz—quQ,
=1

k

= phy Z afdi—1q' ™% = pQy, (QZQk)T Z ofdi—1Q) ¢
=1

=1

Ed
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(with g~ = 0),

pQx (QF Q) U PEG" = Qi (QF Qi) (U] ¢* — U] Pug) |

and

= pQi (QF Qi)' (U] g% — U] Quat) |

k
= pQi (L QW) (U =S afUld ),
=1

_ Il _
—pdPeq" ™! = —pdQr (QL Qr) QL ¢

Injecting these equations into (58), we obtain

S

k
E afu!
=1

k
+ Qi (QF QW) (U ¢ — Qi = af (U ¢ — di-1Q] ¢'?)
=1

+Ti(A)

which is the equation provided in the statement of the proposition.
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