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Abstract

Consider a nn matrix from the Gaussian Unitary Ensemble (GUE). Given a finite collection of
bounded disjoint real Borel sets (4, ,, 1 <i < p) with positive distance from one another, even-
tually included in any neighbourhood of the support of Wigner’s semi-circle law and properly
rescaled (with respective lengths n~! in the bulk and n=?/® around the edges), we prove that the
related counting measures A, (4, ,),(1 <1 < p), where A4, (A) represents the number of eigen-
values within A, are asymptotically independent as the size n goes to infinity, p being fixed.
As a consequence, we prove that the largest and smallest eigenvalues, properly centered and
rescaled, are asymptotically independent; we finally describe the fluctuations of the ratio of the
extreme eigenvalues of a matrix from the GUE.

1 Introduction and main result

Denote by %, the set of nn random Hermitian matrices endowed with the probability measure
-1 n 2
P,(dM):=Z, exp{—ETr(M) }dM,

where Z, is the normalization constant and where

dM:EIIdMii 1_[ m[dMij] l_[ j[dMiJ

1<i<j<n 1<i<j<n
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for every M = (M;;)1<; j<n in ¢, (R [z] being the real part of z € C and J [z] its imaginary
part). This set is known as the Gaussian Unitary Ensemble (GUE) and corresponds to the case
where a nn Hermitian matrix M has independent, complex, zero mean, Gaussian distributed
entries with variance E|M;; 2= % above the diagonal while the diagonal entries are independent
real Gaussian with the same variance. Much is known about the spectrum of M. Denote by

)L(l”), )Lg“), -++, A" the eigenvalues of M (all distinct with probability one), then:

o [[1]] The joint probability density function of the (unordered) eigenvalues (7L(1"), e ,A(n”))
is given by

aniz 9
pn(xlﬁ'“:xn):Cne 2 | ||xj_xk| 5
j<k
where C, is the normalization constant.

o [19] The empirical distribution of the eigenvalues ,‘1122;1 o A (6, stands for the Dirac

measure at point x) converges toward Wigner’s semi-circle law as n — oo, whose density

is:
1 —
%1(_2’2)()() 4—X2 .

Fluctuations of linear statistics of the eigenvalues of large random matrices (and of the
GUE in particular) have also been extensively addressed in the literature, see for instance
[2] 9] and the references therein; for a determinantal point of view, one can refer to [[15].

e [3]] The largest eigenvalue Agggx (resp. the smallest eigenvalue Ag:i)n) almost surely con-
verges to 2 (resp. —2), the right-end (resp. left-end) point of the support of the semi-circle
law as n — oo.

e [16]] The centered and rescaled quantity ns (Afgix — 2) converges in distribution toward
Tracy-Widom distribution function F(,,;, as n — oo, which can be defined in the following
way

Flus(s) = exp (—J (x - s)qz(x)dx) ,
S
where g solves the Painlevé II differential equation

q"(x) = xq(x) +2¢3(x) ,
q(x)~Ai(x) as x—o00,

. . . . . . . 2 2
and Ai(x) denotes the Airy function. In particular, FZ, is continuous. Similarly, ns (Afgi)n + 2) -

Four where

Foup(s)=1—Fg p(=s).
If A is a Borel set in R, denote by
N (A) = #{AE") < A},

the number of eigenvalues of M in A. The following theorem is the main result of the article.
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Theorem 1. Let M be a nn matrix from the GUE with eigenvalues (A(ln), cee Ag”)). Let p > 2 be a
fixed integer and let = (uy," -+, up) € RP be such that =2 = u; < uy < -+- < u, = 2. Denote
by A= (A4, --,A,) a collection of p bounded Borel sets in R and consider A, = (Aq,-+, Ay ;)
defined by

(edge) A1,n

I
|
N
+

A
(bulk) A, = oui+—, 2<i<p-1.
’ n

Let (£y,---,¢,) € NP, then

p
lim (P (Ma) =t M(Bp ) =1,) —HP(%(Ak,n)dk)) =0.
k=1

Remark 1. An important corollary of Theorem |1|is the asymptotic independence of the random
variables n’ (Afgi)n + 2) and ns (Ag‘gx - 2), where )Lgr';)n and Ag‘gx are the smallest and largest

. - . . I
eigenvalues of M. This in turn enables us to describe the fluctuations of the ratio .

min

Remark 2. For fluctuations of the eigenvalues within the bulk or near the spectrum edges at
various scales (different from those studied here), one can refer to [6, (7, [8].

Proof of Theorem [1|is postponed to Section [3| In Section |2} we prove the asymptotic indepen-

dence of the rescaled smallest and largest eigenvalues of M; we then describe the asymptotic
. LA .. . . .

fluctuations of the ratio O Remaining proofs are provided in Sectlon

‘min
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2 Asymptotic independence of extreme eigenvalues

In this section, we prove that the random variables ns (Agl‘gx - 2) and n’ (Agr';)n + 2) are asymp-

totically independent as the size of matrix M goes to infinity. We then apply this result to describe
. A . . .

the fluctuations of O For a nice and short operator-theoretic proof of this result (subsequent

to the present article, although previously published), one can also refer to [[5]. In the sequel,

we drop the superscript ™ to lighten the notations.

2.1 Asymptotic independence

Specifying p = 2, u; = —2, U, = 2 and getting rid of the boundedness condition over A; and
A, in Theorem [1]yields the following
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Corollary 1. Let M be a nn matrix from the GUE. Denote by A, and A, its smallest and largest
eigenvalues, then the following holds true
P (n§ (Amin +2) <x, ns (Amax —2) < y)
2 2

-P (ns (Amin +2) < x) P (ns (Amax —2) < y) —=0.

Thus Y
1 Qi+ 20,1 Qe = 2) ) = (3, 22,

where A_ and A, are independent random variables with distribution functions F,, and Flop

Proof. Denote by (A;)) the ordered eigenvalues of M Ai, = A1) < A2) < **+ < A¢n) = Amay- Let
(x,y) € R? and take a > max(|x|,|y|). Let A; = (—a,x) and A, = (y, a) so that

a X y a
Al,n = (_2__2,_2"‘_2) and Az’n = (2“—_2,2"__2) .
ns ns ns ns
We have
2
{(Ha)=0} = {ni(mn+2)>x}

a X
U{Hie{l’m’n}; Ap=—2-—7, 1(i+1)2_2+_} ,
ns

=
w it

= {nf G +2) > x} U {T(—a,0)}, e

2
with the convention that if i = n, the condition simply becomes A,,, < —2 — an” 5. Note that
both sets in the right-hand side of the equation are disjoint. Similarly

{JV(AZn):O} = {ng(lmax_2)<y}
. Y @
U{HIE{L'”,H}; A(i1)§2+—2,l(i)22+—2}, 2
ns ns
= {1 O —2 <y} ULTIG, @}, ®

with the convention that if i = 1, the condition simply becomes A_;, > 2+ an™ :. Gathering the
two previous equalities enables to write {4 (A;,) = 0,4 (A,,) = 0} as the following union of
disjoint events

{Ha=0, #(a,,)=0}
= {H(—a,x) , 13 (Ao — 2) < y} u {H(—a,x) , Ty, a)} u {ng(kmin +2) > x ,M(y, a)}
Ui Oin 42> 0, 0 Q=D <y} . @
Define
ty, = P{ni O +2)> %, 13 Q=2 <y }
—p{n%(amm +2)> x}p{n%(am —2)< y} ,
= P{H(A,)=0, #(Ay,)=0}
—P{N (A1) =0} P{N(A,,) =0} +¢,(a), (5)
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where by equations (I), (3) and

en(@) = —P{N(=a,x), 15 gy = 2) <y } =B {TI(=a, %), Ti(y, @)}
— P} Qi +2) > x Ty, @)} +P{N(A,,) = 0} P {Ti(y, @)}
+P{II(—a, )} P {A(A,,) = 0} — P{II(—a, x)} P {T(y,a)} .
Using the triangular inequality, we obtain:
lex(@)] < 6max (P{TI(—a,x)},P{Mi(y,a)}) .
As {TI(—a,x)} C {n5 (A, +2) < —a}, we have

PTI(—at, %) } < P{s (Aysy +2) < —a} — Fgp(—a) — 0.

We can apply the same arguments to {[1(y,a)} C {ng (Amax — 2) > a}. We thus obtain:

lim limsup|e,(a)| =0. (6)

The difference P {W(Aljn) =0, H(Ay,)= 0}—1?’ {K/V(Al)n) = 0} P {W(Az,n) = 0} in the rightcy-
hand side of converges to zero as n — oo by Theorem |1 for every a large enough. We
therefore obtain

limsup [u,,| = limsup |e,(a)] .
The lefthand side of the above equation is a constant w.r.t. a while the second term (whose
behaviour for small a is unknown) converges to zero as &« — oo by (6). Thus, lim,_,, u, = 0.
The mere definition of u, together with Tracy and Widom fluctuation results yields

Tim P {1 Qi +2) > X, 1 ey = 2) < ¥ } = (1= Fp (00) Py ().
This completes the proof of Corollary[1]
O

2.2 Application: Fluctuations of the ratio of the extreme eigenvalues in
the GUE

As a simple consequence of Corollary (1, we can easily describe the fluctuations of the ratio

Joe, The counterpart of such a result to Gaussian Wishart matrices is of interest in digital

communication (see [[4] for an application in digital signal detection).

Corollary 2. Let M be a nn matrix from the GUE. Denote by A, and A, its smallest and largest
eigenvalues, then

2 Amax 2 1
ns ( +1) ——>—§(7L_+7L+),

Amin n—00

where — denotes convergence in distribution, A_ and A, are independent random variable with
respective distribution F;, and F .
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Proof. The proof is a mere application of Slutsky’s lemma (see for instance [[18, Lemma 2.8]).
Write

2 A’max 1) = 1 2 2 2 2 2 2
ns Amin + _Amin |:n3( max )+n3( min+ ):I . (7)

Now, ()lmin)_l goes almost surely to -2 as n — oo, and ng(lmax —-2)+ ng(kmin + 2) converges

in distribution to the convolution of F;,, and FgUE by Corollary Thus, Slutsky’s lemma yields

the convergence (in distribution) of the right-hand side of (7] to —%(l_ + A*) with A~ and A

independent and distributed according to F;,, and F;UE. Proof of Corollary is completed. O

3 Proof of Theorem

3.1 Useful results
3.1.1 Kernels

2 k 2
Let {H (x)};>o be the classical Hermite polynomials Hy(x) := e* (—%) e ™ and consider the
function w;")(x) defined for 0 <k <n-—1 by:

() 1= (f)i N ( Ex) ,
¢ 2) (@2kiym): 2
Denote by K, (x, y) the following kernel on R?
n—1
K(x,y) = D P0oyP(), ®)
k=0

POE)PD, () = PO, (x)
x—y '

9

Equation (9) is obtained from by the Christoffel-Darboux formula. We recall the two well-
known asymptotic results

Proposition 1.  a) Bulk of the spectrum. Let u € (—2,2).

y) _ sinmp(u)(x — ¥) (10)

1 x
V(x,y) € R%, lim -K, (M + o u+
n—oo N n n 7'E(X _ _)’)

Vi

—y2
where p(u) = ;{“ . Furthermore, the convergence (10) is uniform on every compact set of
R2.
b) Edge of the spectrum.

1 X y Ai(x)Ai'(y) — Ai(y)AT (x)
2 1 — — — fr
V(x,y)eR ,nhm 2/3Kn (2+ 2/3,2+ 2/3)— 5 ,  an

where Ai(x) is the Airy function. Furthermore, the convergence (1)) is uniform on every
compact set of R2.



382 Electronic Communications in Probability

We will need as well the following result on the asymptotic behavior of functions 1/)5(”).

Proposition 2. Let u € (—2,2), k € {0, 1} and denote by K a compact set of R.

a) Bulk of the spectrum. There exists a constant C such that

@) x
sup wn_k u+ <C. (12)
xekK n

b) Edge of the spectrum. There exists a constant C such that

o2 (55)

The proof of these results can be found in [[11} Chapter 7], see also [[1}, Chapter 3].

sup <nllec. (13)

xeK

3.1.2 Determinantal representations, Fredholm determinants

There are determinantal representations using kernel K,(x,y) for the joint density p, of the
eigenvalues (AE”) ;1 <i < n), and for its marginals (see for instance [[10, Chapter 6]):

(14)

1
pn(xly'” ;xn) n_!det{Kn(xi:xj }

_ (-m)!
Pu(X1, s x)dX g o dx, = —det{K (x;,x 1)}1<11<m (m<n). (15

1<ij<n ’

n!

Definition 1. Consider a linear operator S defined for any bounded integrable function f : R — R
by

Sf:ix HJ S(x,y)f (y)dy,
R

where S(x,y) is a bounded integrable Kernel on R* — R with compact support. The Fredholm
determinant D(z) associated with operator S is defined as follows

k
VzeC, D(z) := det(1—32S) = 1+Z =) J det{S(xl, ])}1<11<kd 1odxy . (16)
Rk

It is in particular an entire function and its logarithmic derivative has a simple expression [17,
Section 2.5] given by

D (z)
e ZT(k+ 1z* (17)
where
T(k)= f S(x1,x2)8(x9,x3) -+ S(xg, x1)dxy -+ - dxy . (18)
Rk

For details related to Fredholm determinants, see for instance [[14, [17].
The following kernel will be of constant use in the sequel

P
Sn(x’y;l’A) :ZZA‘ilAi(x)Kn(X:y): (19)
i=1
where 4 = (44,---,4,) € R or A € CP, depending on the need, and A = (Ay,---,A,) is a
collection of p bounded Borel sets in R.
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Remark 3. The kernel K,,(x, y) is unbounded and one cannot consider its Fredholm determinant
without caution. The kernel S,,(x, y) is bounded in x since the kernel is zero if x is outside the
compact closure of the set UleAi, but a priori unbounded in y. In all the forthcoming compu-
tations, one may replace S, with the bounded kernel S, (x,y) = Zie=1 Ai1p, ()15, (K, (x, ¥)
and get exactly the same results. For notational convenience, we keep on working with S,,.

Proposition 3. Let p > 1 be a fixed integer, £ = (£1,--,£,) € NP and denote A = (Aq,---,Ap),
where every A, is a bounded Borel set. Assume that the A;’s are pairwise disjoint. Then the following
identity holds true

PN (D) =by, -, N (D) =0, }

__ 1 2\" 2 )" gert 5,4, A)) 20)
_ell---ep!(axl) o2, et(1-5:(%, N ’

==2,=1

where S, (A, A) is the operator associated to the kernel defined in (19).
Proof of Proposition [3]is postponed to Section [4.1

3.1.3 Useful estimates for kernel S,,(x, y; A4, A) and its iterations

Consider u, A and A, as in Theorem [l Assume moreover that n is large enough so that the
Borel sets (A; ,;1 < i < p) are pairwise disjoint. For i € {1,---,p}, define «; as

S
Otherwise stated, k; = K, = 2andk; =1for1<i<p.
Let A € CP. With a slight abuse of notation, denote by S,,(x, y; 4) the kernel
Sa(x, ;5 4) = S,(x, 54, A,) . (22)
For 1 <m,{ < p and A C CP, define
Mpin(A) = sup  sup [S,(x,y:A)| (23)

A€EA (x:y)eAm,nA[,n

where S, (x, y; A) is given by (22)).

Proposition 4. Let A C CP be a compact set. There exist two constants R := R(A) > 0 and
C := C(A) > 0, independent from n, such that for n large enough,

{/ﬂii,n(A) < R'n%, 1<i<p

. (24)
Mij 1 (N) cn'""z , 1<i,j<p,i#j

IA

Proposition [4]is proved in Section
Consider the iterated kernel |S,|®)(x, y; A) defined by

{ 1S,V x, y; 4) = [S,(x, y; )|

1,190, y3 ) = [y 18,0615 WIS, E Dy A du k=2 (25)
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where S,(x,y;A) is given by (22). The next estimates will be stated with A € CP fixed. Note
that |S, | is nonnegative and write

J 1S (e, uq; A)S, (g, ug; A) -+ Sp(uge—q, ¥ A)duy -+ - dug_q -
Rk—l

As previously, define for 1 <m,{ <p

/ﬂ(k)

mé,n

(A= sup [S,|®(x,¥;4).

(X:.y)EAm,nAé,n
The following estimates hold true

Proposition 5. Consider the compact set A = {A} and the associated constants R = R(A) and
C = C(A) as given by Prop. EhLet B > 0 be such that 8 > R™! and consider € € (0, %). There exists
an integer Ny := Ny(f3, €) such that for every n > N, and for every k > 1,

ME D) < pratn, o l=ms=p 26)
Myl (B < CpHT At <me<p mAe

Proposition [5]is proved in Section

3.2 End of proof

Consider u, A and A, as in Theorem[I} Assume moreover that n is large enough so that the Borel
sets (A; ;1 <i < p) are pairwise disjoint. As previously, denote S, (x,y;A) = S,(x,y;4,A,);
denote also S;,(x,y;4;) = S,(x,¥; A1, A ) = A1, (0)K,(x,y), for 1 < i < p. Note that
S, y;4) =S, ,(x,y; ) if x €A .

For every z € C and A € CP, we use the following notations

D,(z,A) :=det(1—-2S,(4,A,)) and D,;(z,4;):=det(1—2S,(A;,4;,)). 27
The following controls will be of constant use in the sequel.
Proposition 6. 1. Let A € CP be fixed. The sequences of functions
z— D, (z,A) and z2—D;,(2,4;), 1<i<p
are uniformly bounded in n on every compact subset of C.
2. Let z = 1. The sequences of functions
A—D,(1,1) and A—Dy,(1,4), 1<i<p
are uniformly bounded in n on every compact subset of CP.
3. Let A € CP be fixed. For every 6 > 0, there exists r > 0 such that
sup sup |D,(z,A)—1] < &,
n zeB(0,r)
sup sup D,(s2)~1 < &, 1<i<p,
n zeB(0,r)

where B(0,r)={z€C, |z| <r}.
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The proof of Proposition [6]is provided in Section
We introduce the following functions

P
dy:(2,4) — det(1-2S,(4,4,)— ]_[det (1-28,(A,0:0)) (28)
i=1
D/ (z,A) & le’n(z, Ai)

R Y DI ErE

(29)

where ’ denotes the derivative with respect to z € C. We first prove that f, goes to zero as
n— oo.
3.2.1 Asymptotic study of f, in a neighbourhood of z =0

In this section, we mainly consider the dependence of f, in z € C while 4 € C? is kept fixed. We
therefore drop the dependence in A for readability. Equality yields

D) _ & LD & o
D) —;Tn(k+ 1)z* and D) = —;Ti’n(k+ 1)z (1<i<p), (30)

where * denotes the derivative with respect to z € C and T,(k) and T;,(k) are as in (I8),
respectively defined by

T (k)

J Sn(xl’XZ)Sn(XZ:XS) o 'Sn(xkaxl)dxl e dxk > (31)
Rk

Ti,n(k) J Si,n(xla x2)Si,n(x2; X3)- e Si,n(xk’xl)dxl coodxy . (32)
Rk

/ /
Recall that D, and D, ,, are entire functions (of z € C). The functions D—" and —= admit a power
n l n

series expansion around zero given by ([30). Therefore, the same holds true for f,(z). Moreover

Lemma 1. Define R as in Proposition 4] For n large enough, f,(z) defined by (29) is holomorphic
on B(O,R) := {z € C, |z| <R}, and converges uniformly to zero as n — 0o on each compact subset
of B(O,R).

Proof. Denote by & E”)(x) := A;1,,,(x) and recall that T, (k) is defined by (31). Using the identity

k p
l_[ Z Aim = Z l_[ U(m)m: (33)

m=1 i=1 oe{l,ptkm=

where q;,, are complex numbers, T, (k) writes (k > 2)

k p
f (Hzgfn)(xm)) Kn(xl,xz)"'Kn(Xk,xl)dxl...dxk’

m=1 i=1

D ko), 34)

o&{l, p}*

T (k)
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where we define

k
jni(0) = J (]_[ g?m)(xm)) Ky (ory, xp) -+ Ky (g, X1 )doxy - doxy (35)
]Rk

m=1

We split the sum in the right-hand side of into two subsums. The first is obtained by
gathering the terms with k-tuples o = (i,i,---,i) for 1 <i < p and writes

p k p
Zf ( AilAi,n(xm)) K (31, X5) Ky (g, %)y -+ doe = T (K),
i=1 JRF \im=1 i=1

where T; ,(k) is defined by (32). The remaining sum consists of those terms for which there
exists at least one couple (m, ) € {1,---,k}? such that o(m) # o (£). Let

F={oe{l,-,pt : Im,0) e (1, k%, 0(m) #o(0)} .

We obtain T, (k) = Y._, T; (k) + s, (k) where

sa(K) 1= jui(0)

[ofSh7

for every k > 2. For each q € {1,...,k — 1}, denote by 7, the following permutation for any
k-tuple (ay,...,a;)

mg(ay, .., @) = (ag, g5+ > A, g5+ -, Ag1) -

In other words, 7, operates a circular shift of ¢ — 1 elements to the left. Clearly, any k-tuple
o € & can be written as o = 7,(m,{,5) for some q € {1,...,k — 1}, (m,{) € {1,...,p}? such
that m# ¢, and 6 € 1{1,..., p}k_z. This simply expresses the fact that if o € &, there exists two
consecutive elements that differ at some point. Thus

Do D0 ikl (m g6l

9=1 (m,0)e{1-p}* Ge{l-p}k2
m#L

k-1

ls, ()l <

From (35), function j, is invariant up to any circular shift 7., so that j, (o) coincides with
Jnx(mq(m,£,5)) for any o = 7 (m,£, &) as above. Therefore, |s, (k)| writes

k—1
SN e,

=1 (m)e{1-p}? 5€{1--p}2
m#L

I, (k)|

IA

IA

ko> D] f |EGe)EP (e)E 2, () -+ £ (i
}k—z ]R"

(m,0)e{1p}* G&{l-p
m#(

|Kn(xla XZ) e 'Kn(xk:xl)|dx1 Tt dxk .
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The latter writes

s < kS f
Am,nA[,n

1<m/{<p

m#L
J;Rk 26’6{1 p}k 2

= k> f
1<m€<p JANPAVI
J O'G{l P}kz

It remains to notice that

[ = 11

“C 5e{lpk2m=3

RN Q) Te

S n

2 Slre| [ (11X
i=1 RK2 \ m=3 i=1

= f |Sn(x2ax3)sn(x3’x4)'“Sn(xk’xl)|dx3“'dxk )
Rk-2

K (1, X2)EM (x)EM ()

EG0 Cg) - E0 2)<xk)\|Kn(x2,x3>---Kn(xk,x1)|dx3---dxk dxdx; ,

K (xl:xz)zg(n)(xl) g(n)(xz)

E;;g(xg)---55;&_2)<xk)] |K (2, %3) -+ Ky (i, x1)| dxs - dxye | dxydixy .

£ (xy) O oy ()| |Kn (e, X3) -+ Ky oty x1)| dcy -+ - d

i=1

~
Q

£ (x,)

) |Kn(X2,X3) o 'Kn(xkaxl)) dX3 Tt dxk >

|Sn|(k_l)(x2:x1) >

where (a) follows from (33)), and (b) from the mere definition of the iterated kernel (25). Thus,
for k > 2, the following inequality holds true

|Sn(k)| =< k E f |Sn(x1’x2)||sn|(k_l)(x2:xl)dxldXZ . (36)
1<mAL<p Y Bpnlipn
m#l

For k =1, let s,(1) = 0 so that equation T, (k) = Zi T; ,(k) +s,(k) holds for every k > 1.
According to (29), f,(z) writes:
o0
Falz) ==Y sk + 12k .

k=1

Let us now prove that f,,(2) is well-defined on the desired neighbourhood of zero and converges
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uniformly to zero as n — co. Let 8 > R™!, then Propositions [4/and yield

NOEENDY f 15206, 18,15V, x)dxdy
JANETAV

1<m/{<p
m#L
(k-1)
S kS Ml
1<m/<p
m#L
Km+K, Km+K,
< kp? S a0 ) woja )
1<m/<p
m#L
C?|A,LA]
< k-2 = 1Pmzel
= kP Z n2(pti—1)—e ’
1<m/{<p
m#l
(a) 2 ( _1)C2
Lk (e 1aa]) B2
1<m<p nas_¢

where (a) follows from the fact that x,,,+x,—1 > % Clearly, the power series Ziil(k+ 1)Bk1gk
converges for |z| < 871. As B! is arbitrarily lower than R, this implies that f,(z) is holomorphic
in B(0,R). Moreover, for each compact subset K included in the open disk B(0,37!) and for
each z €K,

> p(p —1)C?

2
3 €

(o) < (Z<’<+ 1B Gsup |z|)’<) (max 1201
=1 zeK =m=p

n

The right-hand side of the above inequality converges to zero as n — oco. Thus, the uniform
convergence of f,(z) to zero on K is proved; in particular, as ! <R, f,(z) converges uniformly
to zero on B(0O,R). Lemmais proved.

O

3.2.2 Convergence of d, to zero as n — 00

In this section, A € CP? is fixed. We therefore drop the dependence in A in the notations. Consider
function F, defined by
D,(2)

f:1 Di,n(z) ’

where log corresponds to the principal branch of the logarithm and D, and D, , are defined in
(30). As D,(0) = D; ,(0) = 1, there exists a neighbourhood of zero where F, is holomorphic.
Moreover, using Proposition [6}3), one can prove that there exists a neighbourhood of zero,
say B(0, p), where (F,(z)) is a uniformly compactly bounded family, hence a normal family
(see for instance [13]]). Assume that this neighbourhood is included in B(0,R), where R is
defined in Proposition@ and notice that in this neighbourhood, F;(z) = f,,(2) as defined in (29).
Consider a compactly converging subsequence Fy,) — F4 in B(0, p) (by compactly, we mean
that the convergence is uniform over any compact set K C B(0, p)), then one has in particular
F ;(n)(z) —F ;) but F(;(n)(z) = fom)(2) = 0. Therefore, F is a constant over B(0, p), in particular,
F,(2) = F4(0) = 0. We have proved that every converging subsequence of F, converges to zero

F,(z):=1log 37
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in B(0, p). This yields the convergence (uniform on every compact of B(0, p)) of F, to zero in
B(0, p). This yields the existence of a neighbourhood of zero, say B(0, p’) where

D,(2)

iz Din(2) nme

(38)

uniformly on every compact of B(0, p’). Recall that d,(z) = D,(z) — le D; ().

Combining with Proposition [6}3) yields the convergence of d,(z) to zero in a small neigh-
bourhood of zero. Now, Proposition [6}1) implies that (d,(z)) is a normal family in C. In partic-
ular, every subsequence (d,(,)) compactly converges to a holomorphic function which coincides
with 0 in a small neighbourhood of the origin, and thus is equal to 0 over C. We have proved
that

d,(z) — 0, VzeC,
n—oo

with 4 € CP fixed.

3.2.3 Convergence of the partial derivatives of A — d,(1,A) to zero

In order to establish Theorem 1] we shall rely on Proposition [3|where the probabilities of interest
are expressed in terms of partial derivatives of Fredholm determinants. We therefore need to
establish that the partial derivatives of d, (1, A) with respect to A converge to zero as well. This
is the aim of this section.
In the previous section, we have proved that V(z,4) € CP*!, d,(2,A4) —» 0 as n — co. In
particular,

d,(1,A)—0, VAeCP.

We now prove the following facts (with a slight abuse of notation, write d,(A) instead of
dn(1,2))

1. As a function of A € C?, d,(A) is holomorphic.
2. The sequence (A — d,(4)),, is a normal family on C?.
3. The convergence d,(4) — 0 is uniform over every compact set A C CP.

Proof of Fact 1) is straightforward and is thus omitted. Proof of Fact 2) follows from Proposition
@2). Let us now turn to the proof of Fact 3). As (d,,) is a normal family, one can extract from
every subsequence a compactly converging one in CP (see for instance [[12, Theorem 1.13])ﬂ
But for every A € CP, d,(A) — 0, therefore every compactly converging subsequence converges
toward 0. In particular, d,, itself compactly converges toward zero, which proves Fact 3).

In order to conclude the proof, it remains to apply standard results related to the convergence
of partial derivatives of compactly converging holomorphic functions of several complex vari-
ables, as for instance [[12] Theorem 1.9]. As d,(A) compactly converges to zero, the following
convergence holds true: Let (£;,---,{,) € NP, then

A ¢
VA eCP, (i) (i) d,(A) —0.
311 alp n—oo0

This, together with Proposition [3] completes the proof of Theorem

INotice that in the case of holomorphic functions in several complex variables, the result in reference [13] does not
apply any more.
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4 Remaining proofs

4.1 Proof of Proposition

Denote by E,(£, A) the probability that for every i € {1,---,p}, the set A; contains exactly ¢;
eigenvalues
E (6, 8) =P{N (D) =ty, -, N (D) =0, } . (39)

Let &2,(m) be the set of subsets of {1,---,n} with exactly m elements. If A € 2 (m), denote by
A° its complementary subset in {1,---,n}. The mere definition of E, (£, A) yields

E,(¢, A)—J >, ﬂ [ 18, GO ] [ = 14,660 p Puley - x,)doxs -
(A,

SApE k=1 | €A, JEAL
(1) 2 (L)

Using the following formula

{ n
%(—%) [Ja-2a)= > [la]]a-2qp,

i=1 AP, (1) i€A  jeA

E,(6,A) = ! 2\ 4 gpr(;m)
e B el!---ep!( a/xl) R ’

P

we obtain

>

Ay==2,=1

where
I'(4,A)= J l_[(l = A1, () (L= A1 (i) Py - X, ) dxy -+ dx,
R =1

Expanding the inner product and using the fact that the A;’s are pairwise disjoint yields

p
(1= 2415, () (1= 2,15 () = (1 —ZxklAk(x)) .

k=1
Thus

n p
r(,A) = f ﬂ(l—ZxklAk(xi)) Palxy -+, ) dxy -+ dx
R" k=1

i=1

@ 1+f Xn](—l)m >, ]‘[(Zxkuk(x)) paCxr - x,) dox; -
R" m=1

AeZ, (m) i€A k=1
p
) HZ( " 2 J H(ZM%(’“’)) palier oo x,)dxy - dx
Ae?, (m) JR" icA \ k=1
n m p
(b) mf M

© 14 Z ( 1)m (Z AklAk(xi)) det {Kn(xi’xf)}1<ij<m dxq---dx,,,
m=1 =1 T

k=1



Asymptotic Independence in the Spectrum of the GUE 391

where (a) follows from the expansion of ]_[l. (1 — Zk Al Ak(xi)), (b) from the fact that the
inner integral in the third line of the previous equation does not depend upon E due to the in-
variance of p,, with respect to any permutation of the x;’s, and (c) follows from the determinantal
representation (I5)).

Therefore, T'(A, A) writes

n _1 m
ria,A)=1+ Z %J det {Sn(xi,xj;l, A)}lii,jSmdxl ceedxp, (40)
m=1 : R™

where S, (x,y; A, A) is the kernel defined in . As the operator S, (4, A) has finite rank n,
coincides with the Fredholm determinant det(1 — S,,(A4, A)) (see [[17] for details). Proof of
Proposition [3]is completed.

4.2 Proof of Proposition

In the sequel, C > 0 will be a constant independent from n, but whose value may change from
line to line. First consider the case i = j. Denote by S,, (x, y) the following limiting kernel

sintp(u)(x — y)

=) if —2<u; <2
S, (x,y) = Ai(x)Ai (yj :ii(y)Ai (x) =2
Ai(=x)AT(—y) —Ai(=y)Ai'(-x)
ifu; =—-2
—xX+Yy

Proposition (1| implies that n™™K,(u; + x/n"i,u; + y/n*) converges uniformly to S, (x,y) on
every compact subset of R?, where k; is defined by || Moreover, S, (x, y) being bounded on
every compact subset of R?, there exists a constant C; such that

‘//tii,n(A) = (sup Ikll) sup |Kn (X, }’) 5
AcA (x,y)ea?,
X Y
= |suplA] | sup |K, (.U'i +—,ut+ 7) ,
A€A (x,y)eAl? n-i n-i

IA

. 1 X Y
(SUPMJ) n* ( sup | —K, (ui + it —,q) —Sui(x,y)‘ + sup |Sui(x,y))) ,
AA (x,y)en? n n n (x,y)en?
< n"(C;. 41)

It remains to take R as R™* = max(Cy,---,C,) to get the desired estimate.

Consider now the case where i # j. Using notation k;, inequalities (I2)) and (I3) can be conve-
niently merged as follows There exists a constant C such that

sup wi“_)k(x)) < n%c 42)

XEAi,n
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for 1 <i<pand k=0,1. For n large enough, we obtain, using (9)

(n) x (n) + (n) (n) x
Mijn(A) = (suPMJ) sup Wa” O DI+ 0l -, ()] ;
’ A€A (X,Y)EA A, lx — ¥l

1-x; | 1-Kj 2C2
Y |

,\
AE

~
INS

A€A inf(x,_y)eA~ A |X - yl

i,n=j,n

(C) 1_Ki+t\‘j
< Cn 2,

where (a) follows from (9), (b) from and (c) from the fact that

liminf  inf lx —y|=lu; —u;| >0.

n—=00  (x,y)EA; ,Aj,

Proposition [4]is proved.

4.3 Proof of Proposition

Let A = {A} be fixed. We drop, in the rest of the proof, the dependence in A in the notations.
The mere definition of |S, | yields

0 < 18®(x,y)

IA

J 1S, G, IS * P (w, y)du,
R

p
Zf 19,Ce, 18,15 (w, y)du .
i= Ain

From the above inequality, the following is straightforward

p
k—
V(X, )’) € Am,nAZ,n’ |Sn|(k)(x: }’) < Z |Ai,n|-/ﬂmi,n'/ﬂ'( Y .

il,n
i=1
Using Proposition (4, we obtain

_ Km+3K; _
A < RSP +ad a0 g8 (43)

mln — mé,n L,n
i#m

where a := max(C|A,|,---,C|A,|). Now take § >R~ and € € (0, %). Property holds for
k =1 since

_ KmtKyp Km+Kg )

Mypmn <R !'n*» < Bn*» and Mg 0 < Cn(1 2 ) < Cn(HE_ 2

for every m # { by Proposition [4 Assume that the same holds at step k — 1.
Consider first the case where m = {. Eq. becomes

Km _ 3Kj Km.
3 )

% < R71[5k71n;<m +acﬁk—22n(1———7)n(l+e—%— 1

mm,n

i#m
R aC o o
< ﬁan'” _+Z_Zn(2+6 2K, —2 1) ,
B ZiB
< Bknrn for n large enough ,
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where the last inequality follows from the fact that 2 4+ ¢ — 2k,,, — 2k; < 0, which implies that
n*t€=2n=2% _ 0 which in turn implies that the term inside the parentheses is lower than one
for n large enough.

Now if m # ¢, Eq. becomes

A, s Roptn(E) gt ()
_p (1=t ity
+i;eCa[5k 2, (1= (15 ’
= ¢pkln (1e-tem) (R; Co:le %i;enl—zki) |
el (g

< ﬁk 1 (1+e—m)

>

where the last inequality follows from the fact that the term inside the parentheses is lower than
one for n large enough. Therefore, holds for each k > 1 and for n large enough.
4.4 Proof of Proposition 6|

Define U,(k,4) := ka
obtain

det {Sn(xi,xj;l)}i’jzlmk‘ dx;---dx;. Using Hadamard’s inequality, we

k k
Un(kil) < J l_[ len(xi;xj;}’)lzdxl'“dxk B
RK =1 \ j=1
k p 2
= J l_[ Z Z lAm,n(Xi) |Kn(xi:xj)|2dx1”'dxk .
Rk =1 \ j=1|m=1

Therefore, we obtain

k p k
Uk, A) < f [T1D0 A, Gl 4| D 1Kl x))Pdoxy -+ - dx
i=1 [m=1 j=1
k
< f [ 112w 1a,,, () ZlK (i ) Pdoxy -+ doxy
oe{l-p}k i=1

= J Zlko(l)lAa(l)n(x )K (XU ])l dxl dxk
oefl-pik RN i j=1
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In the above equation, integral ka clearly reduces to an integral on the set Ay, - A

a(pn-
Thus

k k
supU,(k,4) < f l_[ Z '//to'(l)o‘(]) LJ(A)dxy - dxy
Aeh O'E{l'--p}k A(7(1),11"'Atr(p)n i=1 j=1
= Z l_[ Z (|A0(1) nl‘//lo(l)a(]) n(A)) (44)
oe{l--pik i=1

We now use Proposition[4]to bound the right-hand side. Clearly, when o'(i) = o'(j), Proposition[4]
implies that |A g () o | M yi)o iy n(A) < Ry Apay, Where A, = max; <;<, |A;]. This inequality still
holds when o(i) # o(j) as a simple application of Proposition[4 Therefore, we obtain

pAmaxﬁ)k

supU, (k,A) < kAksz
S

o&{l,+ p}

Using this inequality; it is straightforward to show that the series Z mp“"kw k converges for

every z € C and every compact set A C CP. Parts 1) and 2) of the proposition are proved. Based
on the definition of D, (z,4) and D; ,(z, 4;), we obtain

||k1

k!

max (|D,(2,4) = 1|, 1D, ,(z,2) — 11, 1<l<p)<|z|2 U,(k,A),

which completes the proof of Proposition [6}
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