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Abstract

In this paper, we address the problem of fast point-to-point channel capacity estimation in the situation where
the receiver undergoes unknown colored interference from multiple sources, whereas the channel with the transmitter
is perfectly known. We consider the scenario where the number of observations is not sufficient to guarantee high
performance of traditional estimators. Using estimation techniques associated to large random matrix theory, we
derive an estimator referred to as the G-estimator and compare its performance against the conventional estimator.
In particular, we prove that, unlike the conventional estimator, the G-estimator is consistent in the large dimensional
setting, its variance going to zero as both space and time dimensions increase simultaneously. We finally complete
the analysis by describing its fluctuations: When properly centered and rescaled, the G-estimator satisfies a central
limit theorem, hence has Gaussian fluctuations. Simulations are provided which clearly show that the G-estimator
outperforms the conventional one; simulations also strongly support the theoretical results even for small system

dimensions.

I. INTRODUCTION

The use of multiple-input-multiple-output (MIMO) technologies has the potential to achieve high data rates, since
several independent channels between the transmitter and the receiver can be exploited. However, the effectiveness
of this technology may depend on the conditions of the surrounding environment such as the availability of the
channel state information or the presence of colored interference. From a practical point of view, in a fast varying
fading channel, it is of fundamental importance for users to rapidly estimate the maximum rate that can be achieved
in the communication to other users.

Conventional methods for channel capacity estimation rely on the use of classical estimation techniques which
assume a large number of observations. In general, consider 6 the parameter we wish to estimate, and M the
number of independent and identically distributed observation vectors y1,-- -,y € C. The parameter 6 is often
a function of the covariance matrix 3 = E [yl ylH] of the received random process, i.e = f(33), for some function
f. Using the strong law of large numbers, a consistent estimate of the covariance of the random process is simply

given by the empirical covariance of Y = [yy,--- ,yu], ie. & 2 HFYYH =1L Zﬁl yiyH

. Classical estimation
methods then consist in using the empirical covariance as a good approximation of 3, thus yielding the estimator

9 of 0, where § = f (f]) Such methods provide good performance as long as the number of observations M is
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very large compared to the vector size N, a situation rarely encountered in wireless communications, especially in
fast changing environments.

To address the scenario where the number of observations M is of the same order as the dimension N of each
observation, new consistent estimation methods based on large random matrix theory have been proposed in the
context of wireless communications. They were initially applied to eigenvector and eigenvalue estimation problems
[1], which has given rise to improved subspace estimation techniques [2], [3]. Recently, the use of these methods to
estimate performance indexes has spurred the interest of many researchers. In the field of wireless communications,
the capacity estimation of MIMO systems under imperfect channel knowledge has been addressed in [4] and [5],
where methods based respectively on free probability theory and large random matrix theory have been proposed.

In this paper, we consider a different situation where the receiver perfectly knows the channel with the transmitter
but does not a priori know the experienced interference. Such a situation can be encountered in multi-cell scenarios,
where interference stemming from neighboring cell users changes fast, which is a natural assumption in packet
switch transmissions. The estimated capacity can serve first as an upper-bound for the maximum rate that could
be achieved. Indeed, this rate cannot be achieved if the channel interference is not exactly estimated and therefore
the estimator may serve only as an approximate achievable performance. Another usage is found in the context of
cognitive radios where multiple frequency bands are sensed for future transmissions. In this setting, the proposed
estimator provides the expected rate performance achievable in each frequency band. The transmitter-receiver pair
then elects the bands achieving the highest rates, for which the exact interference is then inferred for proper
transmission at the estimated rate. This approach is much more accurate than the approach consisting only in
evaluating the total noise variance in each band and much faster than the approach consisting in evaluating the
exact interference matrix for each band.

We specifically derive first a consistent estimator of the ergodic capacity in the case where the channel from
the transmitter to the receiver is assumed to be known. In a second step, we study the asymptotic performance of
the proposed estimator and compare it with that of the traditional one. In particular, we prove that both estimators
converge to Gaussian random variables and identify their theoretical variances.

Notations: In the following, boldface lower case symbols represent vectors, capital boldface characters denote
matrices (Iy is the size-N identity matrix). If A is a given matrix, A" stands for its transconjugate; if A is square,
tr(A), det(A) and ||A| respectively stand for the trace, the determinant and the spectral norm of A. We say
that the variable X has a standard complex Gaussian distribution if X = U + iV (i2 = —1) , where U,V are
independent real random variables with Gaussian distribution N(0,271). Almost sure convergence will be denoted
by %, and convergence in distribution by D, Notation O will refer to Landau’s notation: un, = O(vy,) if there
exists a bounded sequence K,, such that u,, = K,v,.

Paper organization: In Section II, we present the system model and formalize mathematically the considered
problem. In Section III, we provide first order results for the conventional and the proposed estimator. We show
that while the proposed one is consistent with growing N, M, the traditional estimator is asymptotically biased.

In Section IV, we study the fluctuations of both estimators: we establish central limit theorems (CLT), hence we
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Fig. 1. System model.

prove the Gaussianity of the fluctuations, and we derive the asymptotic variances. Finally, we provide in Section
V numerical simulations that support the accuracy of the derived results. Mathematical details are provided in the

appendices.

II. SYSTEM MODEL AND PROBLEM SETTING
The system model

Consider a communication link between two users: a transmitter and a receiver equipped with ng and N antennas,
respectively. Also assume that the communication link is affected by the presence of K interferers with n; antennas
each, 1 <k < K. Figure 1 describes this scenario, in the case of two interfering users. Similar to [5], we assume
that time is slotted. We denote 7' the number of time slots and assume that the channel matrices are deterministic
and remain constant in every time slot t € {1,---,7T}. In other words, we assume that within each slot ¢, the
N x ng channel matrix H, representing the channel between the transmitter and the receiver, and the N X ny
channel matrix G j, standing for the channel between the transmitter and the k-th interferer are deterministic and
constant. Denote by M the data transmission periods in each slot. The M concatenated signal vectors received in

c (CNX]W

slot ¢ are gathered in Y, given by:

K
?t = HtXt,O + Z Gt,kxt,k + JWta
k=1

where X, o € C"*M is the concatenated matrix of the transmitted signals, X; € C™"**M represents the interfering
signal and W, € CV*M gstands for the additive noise. Their formal statistical properties are given in the following
assumption:

Assumption Al: For given ¢t and k where 1 <t < T and 1 < k < K, the entries of the matrices X, g,
X¢,x and W, are random variables, independent and identically distributed (i.i.d.) with standard complex Gaussian

distribution and independent across t, k.
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Assuming a perfect decoding of X o, initially transmitted at low rate, and a perfect knowledge of the channel

matrix Hy, the residual interference to which the receiver has access is given by:

K
Y =Y, - H:X;o= Z G Xk + oWy
k=1

This is also the received signal at slot ¢ if no transmissions occurred.
The receiver wants to evaluate the average rate that can be achieved during the 7' slots, or equivalently by
approximating the ergodic capacity (per transmit antenna). Under Assumption A1, an approximate of the ergodic

capacity is given by:

T K K
1
Cerg = ﬁ Z log det (0‘21]\[ —+ Z Gt,kGII‘jk + HtHIt—|> — log det <U2IN —+ Z Gt,kGEk>‘|
t=1 k=1 k=1
1 I
= w7 > [logdet (0°Ly + G¢GY + H/H}') — logdet (0”Iy + G,G})] (1)
t=1
where
G =[G, , G| € crN 2
with n = 25:1 Nk
In this paper, we address the problem of estimating C,,¢ based on the 1" successive observations Yi,..., Y
assuming perfect knowledge of Hy,--- ,Hr.

The conventional large-M estimator C’trad

If the number M of available observations in each slot is very large compared to the channel vector IV, the

standard estimator étradv hereafter referred to as the large-M estimator, reads:

T T
A B 1 1 H H 1 1 H
Cirad = NT tE:1 log det (MYth + H:H, > NT ;Zl log det (MYth > . 3)

However, in practice, the situation M > N is rarely encountered, especially in systems embedded with multiple
antennas and under fast fading channel conditions implying that M is of the same order of magnitude as N.

In this case, it can be proved that the large-M estimator is asymptotically biased, hence not consistent. The
objective of this work is to propose a consistent estimator of Ce;; When the number of available observations is of
the same order (although larger) than N. We will refer to this estimator as the G-estimator in reference to Girko
who introduced many estimators [6], [7] in similar contexts and coined these techniques as G-estimation techniques
(standing for general estimation techniques).

It will be convenient in the sequel to consider the following notation:
1 1 1 « 1
~ _ H H H
Ctrad (y) = ﬁ t_zl 10g det (MYth + Yy Hth > - ﬁ t_zl log det (MYth > . (4)

With this notation at hand, Ciaq = C‘trad(l).
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The asymptotic regime, remaining assumptions

Recall that n = Zszl ny. The derivation of the G-estimator will be carried out under the following assumptions:

Assumption A2: M, N,n,ny — +oo, and:

... N . N
0 < liminf — < limsup — < +o0,
M,N—co n M,N—oco T
1 < liminf — < limsup — < 400,
N—oo N M,N—oc
ng

0 < liminf < limsup 2 < 4.
N,ng—oo N N,ng—o0

Remark 1: The constraints over N and n simply state that these quantities remain of the same order. The lower
bound for the ratio M /N accounts for the fact that that M is larger than NNV, although of the same order.
In the rest of the paper, this regime will simply be referred to as M, N,n — oo. We are now in position to formalize
the assumptions over the channel matrices:

Assumption A3: Lett € {1,---,T} (T fixed). Consider the family (G) of N xn matrices and the family (H;)
of N x ng matrices where IV, n,nq satisfy Assumption A2. Then the spectral norms of G; and H; are uniformly
bounded in the sense that:

sup sup |G| < oo, sup sup [|[Hy| < oo .
1<t<T N,n 1<t<T N,no

Assumption A4: Denote by r, the rank of H;. Then

0 < liminf -t < limsup =% < 1.

N,no—o0 N,ng—00
III. CONVERGENCE OF THE CAPACITY ESTIMATORS

In this section, we study the asymptotic behaviour of the large-A/ estimator Ciraa and prove that under the
asymptotic regime A2, this estimator is biased. We then build a consistent estimator based on G-estimation
techniques. Both results are essentially based on large random matrix theory. Let us first briefly introduce the
G-estimation techniques. G-estimation techniques can be roughly classified into two categories. The first one is
based on the Stieltjes transform (the definition of which is recalled below) and was taken up by Mestre who
developed a framework for eigenvalue and eigenvector estimation issues [1].

Let P be a probability distribution on R™, then the Stieltjes transform m(z) of P is defined as

P(d))

— +
m(z)—/R)\_Z, z€ C\R™. 3)

For example, the Stieltjes transform my v+ associated to the empirical distribution of the eigenvalues of the

Hermitian matrix Y;Y} is simply the normalized trace of the associated resolvent:

N
1 H -1 1 1
My, yh(2) = Ntr (Y. Y] —2Iy) = N ; Nz
where Aj,---, Ay denotes the eigenvalues of Y;Y}'. Since their introduction by Mar¢enko and Pastur in their

seminal paper [8], Stieltjes transforms have proved to be a highly efficient tool to study the spectrum of large
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random matrices. From an estimation point of view, Stieltjes transform are, in the large dimension regime of interest,
consistent estimates of well-identified deterministic quantities. Therefore, the approach consists in expressing the
parameters of interest as functions of the Stieltjes transform of the eigenvalue distribution of Y;Y!'. This approach
is appropriate as long as we consider estimation of parameters depending either on the eigenvalues or on the
eigenvectors of YtY,'?, but cannot be used when the dependence is on both of them; it will be illustrated in Lemma
2 below.

The second approach is based on other consistent estimators different from the Stieltjes transform 7y v+ (2).

Details will be provided in Section III-B.

A. The large-M estimator is biased

Recall the definition of the large-M estimator Cirad given in (3). Before providing the expression of the asymptotic
bias for Ciraq, we shall define some deterministic quantities and also study their properties under the appropriate
asymptotic regime M, N,n — oo.

Lemma 1: Let Assumptions A1-A4 hold true. Denote I'y = GthH + 0%y and let y > 0. Then:

1) The functional equation:

_La(r It +HHH71 6)
Ht(y)—Ml" t m yr Iy (

admits a unique positive solution x(y).

Denote by T;(y) and Q. (y) the following quantities:

It )1 Q()—(HHH+1YYH)
) ) t\y) = | gy i, ittt

-1

Ti(y) = (yHth' + TT rm)

2) Then, for any deterministic family (Sy) of N x N complex matrices with uniformly bounded spectral norm,

we have:
1 1
A7 TSN Qi) — g rSNTu(y) om0,
3) Let
Vi(y) = —logdet(T¢(y)) + M log(1 + ki(y)) — MM 7
1 + Ht(y)

then, the following convergence holds true:

1 1
fﬁlogdetQt(y) - ﬁw(y) m 0.

Proof of Lemma 1 is postponed to Appendix A.

Remark 2: Note that items 2) and 3) provide deterministic equivalents of various random quantities under the
asymptotic regime of interest.

In the next lemma, we show how the Stieltjes transform method can be used to compute a consistent estimate
of % Zil logdet(o?Iy + G;GH). This term only depends on the eigenvalues of G; which are not directly

observable. The idea underlying G-estimation is to use advanced random matrix theory tools to link the asymptotic
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non-observable Stieltjes transform of Gy to that of the observable covariance matrix ﬁYthH. More precisely, we
prove the following:
Lemma 2: Let Assumptions A1-A4 hold true. Then, the following convergence holds true:

M_N>—1 = 0.

%log det(G,GH + o21y) — %log det(Y, YH) + N J_\/_M log ( 7 N
Proof of Lemma 2 is postponed to Appendix B.

Remark 3: As a consequence of this lemma, it turns out that a consistent estimate of 3; log det(G;G¥ +0%Iy) is
simply the traditionnal large-M estimator (recall that ﬁ]EYthfl = G;GH +62Iy) up to a term of bias depending
on the time and space dimensions.

We now derive the bias of the estimator C’trad. Prior to that, define the deterministic quantity V(y) as :

T

V(y) = -~ <1ogdet(Tt(y))+ Mlog(1 + r(y)) Mr(y)

— Y ogdet(G,GH + 021 )
14+ ke(y) 0g det(G Gy’ + o°Iy)

+

M-N _(M-N
© M

~ ) +1. (D

where k(y) is the unique solution of (6).

Theorem 1 (Bias of the large-M estimator): Let Assumptions A1-A4 hold true. Then,

A Ny _ 1 a.s. )
Ct ad V( ) M,N,n—oo 0
Proof: Gathering items 3) and 4) in Lemma 1 yields the desired result. [ ]

B. A G-estimator for the capacity

The term + logdet(o?Iy + G,G¥ + H,H}') in the definition of the capacity depends on the eigenvalues of
G;GH + H,;H". Since matrix H; is assumed to be known and to not necessarily share the same eigenvector space
as Gy, the capacity depends simultaneously on the eigenvalues and the eigenvectors of the unobservable matrix
G;. Hence, the use of the Stieltjes transform cannot be applied. A similar situation was successfully addressed in
[5], by using a novel approach based on deterministic equivalents as developed in [9]. In the sequel, we follow the
same approach in [5].

Theorem 2 (a G-estimator for the capacity): Assume that A1 and A3 hold true; consider the quantity:

T -1
- 1 . 1
CG = ﬁ t:E - log det (IN + yj\/"thHlt—| (MYtY?> )

L= M) +1] =2
N 0g M — NN NNt

where 9, is the unique real positive solution of the following equation:

) 1
y]\A}t tr FL, HY (g)m HHY + —

M- N
N .

M

-1
UNgt = YtYP> +
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Then,

C’G — Cerg 25 0.

M,N,n— o0

In the sequel, we will refer to C’G as the G-estimator.

Remark 4: Note that C‘G writes:

N M —N

N N M—N
CG = Ctrad(gN,t) + ! |:10g ( N

. M .
gnt | +1| — —=0Un¢ »
a relation that sheds some light on the difference between CG and C’trad.

In order to prove Theorem 2, it is sufficient to provide a consistent estimate of each quantity in the sum of the

expression of the ergodic capacity. Denote by C; the capacity at time ¢ given by:

Ct

1 1
N log det(o’Iy + G, G + HH) — N log det(o’Iy + G,GH) |
2 Cii—Cia .

As a consistent estimate ét,g of Cy 2 has already been provided by Lemma 2, it remains to build a consistent
estimate for Cy ;.

The proof of Theorem 2 is postponed to Appendix C. Although technical, this proof is very illustrative on how to
build consistent estimators based on deterministic equivalents. We therefore provide below an outline of the proof.

Outline of the proof: The proof is divided into 4 steps:

1) In the first step, we exploit the convergence of parametrized quantities of interest. Denote f(y) = % log det(%YtYf'—i—
yH,H!) and recall the definition of r(y) as given in Lemma 1-1). By Lemma 1-3), we have:

GthH + O'QIN M Ht(y) a.s

-~ 0.
1+ K/t(y) N1 + K}t(y) M,N,n—oco

1 M
—f(y) + N log det < + yHtH?> + N log(1 + s¢(y)) —

Clearly, the deterministic quantity to which f(y) converges differs from Cy ;.
2) In the second step, we find a specific value of y to enforce the desired quantity C ; to appear: one can readily
check that if yx ; is the solution of the following equation:

1

— - 8
T+ ) ®)

Y

then one would immediately obtain:

M a.s.
log(yN,t) + ﬁ(l - ZUN,t) m 0.

1 1
Ct,l — |:N logdet (MYtY:' + yN,thH|t-|> =+

Based on the definition of x;(y), one can prove that there exists a unique positive yx ; solution of (8), given

by the following closed-form expression:
1
vy =1=tr (GG} + o’Iy)(HH + GG} + 0°Iy) 7] . (10)

Unfortunately, the value of yn ; depends upon the unknown matrix Gy.
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3) In the third step, we provide a consistent estimator §n ; of ¥ ;. Based on an analysis of x;(y), and on finding
a consistent estimate for this quantity, one can prove that there exists a unique positive solution ¢y to the
following equation:

- N

. 1 e b1 M
Ine = — tryn, HeHY' | g, HHG +MYth + — (11)

M M
Moreover, §y,; satisfies:

g y a.s. 0
N,t — YNt ’ .
’ " M,N,n—o0

4) Finally, it remains to check that one can replace yn; by 4y in the convergence (9). This will immediately
yield a consistent estimate CA’m for C% ;. For the proof of the theorem to be complete, it remains to gather

the estimates of Cy; and C} . This yields :

R 1< /. R
Co = T;(Cm—cm) ,

which is the announced result.

IV. FLUCTUATIONS FOR THE CAPACITY ESTIMATORS

We develop in this section fluctuation results for the capacity estimators Ciraa and Cgq already introduced. More
precisely, we establish CLTs, provide explicit expressions for the variance, and prove that these estimators when
correctly centered and rescaled converge in distribution toward a Gaussian random variable.

While the entries of the matrices X; and W, (cf. Assumption A1) could have easily been taken non Gaussian to
establish first order results in Section III, the Gaussian property of the entries is a central assumption to establish
fluctuation results. This assumption is natural in the current wireless communications context.

The Gaussianity of the entries allows one to use the powerful Gaussian methods adapted along the years to the
study of large random matrices by Pastur and co-authors (see e.g. [10] - for application to wireless communication,
see [11], etc.). The Gaussian calculus heavily relies (but not exclusively) on the integration by parts formula and

the Poincaré-Nash inequality, recalled in Appendix D.

A. Fluctuations of the large-M estimator

In the previous section, we have shown that the large-M estimator is asymptotically biased, in the sense that it
converges to a deterministic equivalent which is different from the theoretical ergodic capacity.

In the sequel, we shall study its fluctuations around this deterministic equivalent. We will prove that when properly
centered and rescaled, the large-M estimator converges to a standard Gaussian random variable.

This result is an important first step to the study of the fluctuations of the G-estimator.

Theorem 3: Let Assumptions A1-A4 hold true and recall the definition (4) of C’trad(y). Then,
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1) the sequence of real numbers (an(y)):

_ 2log(M

axly) = 2B S tog ((M - ) (M) + 1 o SUHHEIGG! 4 o1 ) )
t=1

N
ki(y) +1
is well-defined. Furthermore:
0 < liminf any(y) < limsup an(y) < +oo.
M,N,n—oo M,N,n—o0
2) The following convergence holds true:
N N
—— (Ciraaly) ~ V)
ey (Gmna) = V()
where V(y) is defined in (7).

D
N,M,n— oo

N(0,1) ,

Proof: See Appendix D. [ ]

B. Fluctuations of the G-estimator

As opposed to the large-M estimator, the G-estimator has no closed-form expression, as the §;’s are solutions
of implicit equations (easily solved through numerical computations, though). Establishing the CLT might seem
more difficult since the randomness comes from both the received matrix Y, and the quantity ;.

In the following lemma, we shall prove that the fluctuations of g+ — yn ¢ are of order O(M ~2), a rate which
is sufficient, as we will see later, to discard the randomness stemming from ¢ . in the study of the fluctuations.

Lemma 3: For t € {1,---,T}, the following estimates hold true, as M, N,n — oc:

1) var(gn,:) = O(M~?) ,

2) Egne =y~ +0O(M?) .

Proof: See Appendix E. [ |

We are now in position to state the CLT for the G-estimator.

Theorem 4: Let Assumptions A1-A3 hold true. Then,

D
%(CG — Cerg) m N(O, 1)7

where 6y given by:

T
0 = 73 3 og(Myw) g (0 = ) (31 = o (0 + MGG+ o°1) ™) 7)) 12

is well-defined and satisfies

0 < liminf 6y < limsup Oy < +oo.
M,N,n—o0 M ,N,n— o0

Proof: Consider the function C;(y) defined for y > 0 as:

1 Y, YH M—-N M M Y, YH
Ciy) = Nlogdet <yHtH't"+ ;Wt ) + N [log(M_Ny> —|—1] — Wy — logdet< ;\4t)
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Then C = % Zthl Ct(gn,¢). Since all the random variables (C;(¢n ), 1 < ¢ < T) are independent, it is sufficient
to prove a CLT for C,(¢n ), for a given ¢t € {1,---,T}. In order to handle the randomness of §x ;, we shall

perform a Taylor expansion of €, around gy ;. Recall the following differentiation formula:
d
o logdet A(x) = tr A'(z) A~ (x)
x

(see for instance [12, Section 15]). A direct application of this formula, together with the mere definition of §n ¢

yields:

dC; . _
Ty (ZUN,t) =0.

Hence, the Taylor expansion writes:

(yN,t - QN,t)B dget

PSERY 2
(YNt — UNyt) y d“C; "
6 dy3

2 dy?

NCi(ynst) = NC:(gnse) + N (gn,e) + N (Ene) 13)

where &y lies between yn ; and ;. The mere definition (11) of §x; yields:

M—N<A <1_|_M—N
M S YNt > Vi .

In particular, §n ; uniformly belongs to a fixed compact interval, so does yy ¢ for similar reasons. One can easily
prove that the second and third derivatives of C;(y) are uniformly bounded on the union of these intervals. This
result combined with the fact that NE(jn: — yn.+)? = O(M 1) implies that the last two terms in the right hand
side (r.h.s.) of (13) converge to zero in probability. By Slutsky’s Theorem [13], it suffices to establish the CLT for
NC(yn,) instead of NC(Jn ) = N C (gn.¢)- This is extremely helpful since unlike ¢y ¢ whih is random, yx ¢ is

deterministic. The result is thus obtained by applying Theorem 3 and noticing that x(yn¢) + 1 = -+ [ |

YNt

V. SIMULATIONS

In the simulations, we consider the case where a mobile terminal with NV = 4 antennas receives during M = 15
slots, data stemming from an ny = 4 antenna secondary transmitter. We assume that the communication link is
interfered by K = 8 mono-antenna users. For each ¢t € {1,--- ,T}, matrices H; and G; are randomly chosen as
standard Gaussian matrices and remain constant during the Monte Carlo averaging. In a first experiment we set T’
to 10 and represent in Fig. 2 the theoretical and empirical normalized variances for the G-estimator with respect
to SNR = % We also display in the same graph the empirical variance of the large-)M estimator. We note that
the G-estimator exhibits better performance for all SNR range. We study in a second experiment the effect of 7'
when the SNR is set to 10 dB. Fig. 3 represents the obtained results. We note that since the large-M estimator is
biased, its mean square error does not significantly decrease with 7' and remains almost unchanged, whereas the
G-estimator exhibits a low variance which drops linearly with 7". Finally, to assess the Gaussian behaviour of both

estimators, we represent in Fig. 4 and Fig. 5 their corresponding histograms. We note a good fit between theoretical

and empirical results although the system dimensions are small.
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Fig. 2. Empirical and theoretical variances with respect to the SNR.

—»— Theoretical normalized variance (G-estimator)

—6— Empirical normalized variance (G-estimator)

—&— Empirical normalized variance (large-M estimator)

T L T T
or h

=)
=
5 s
g
5]
[0}
3
=
g -10f}
=
<
Q
=)
v -15f
N
|
g 20
2 —

—925 | 1 L Lol L))

10° 10!
T
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VI. CONCLUSION

In this paper, we have proposed a novel G-estimator for fast estimation of the ergodic capacity in presence of
unknown interference in the case where the number of available observations is of the same order as the dimension
of each observation. In particular, we have shown that the conventional estimator, based on the replacement of
the unknown covariance matrix of the observations by the empirical covariance matrix, is biased. Based on large

random matrix theory, we have introduced a novel G-estimator which is unbiased and consistent. We then have
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Fig. 4. Histogram of %(I)(C'tmd —V(1)).
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Fig. 5. Histogram of %(C’G — Coerg)-
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studied the fluctuations of the two estimators and established CLTs for both of them. Numerical simulations have

been provided and strongly support the accuracy of our derived results even for usual system dimensions.
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APPENDIX A

PROOF OF LEMMA 1

Define for p > 0:

1 -1
Qilp,y) = (,oIN + yHH + MYtY?) ,
1

=|

1 -1
gi(pyy) = log det <PIN +yHH + MYtY?> .

Denote by X, = [X!,---, X" ]", and Z, = [WH XH" then Y, = [0In Gy|Z;. Denote by [oIy G| =
U;X; V! the singular value decomposition of [cIy G¢] where 3; = [Dt% 0 Nm}, D, being the diagonal matrix
of eigenvalues of GtGlf' + 02Iy; in particular, D,’s entries are nonnegative and bounded away from zero. Let
Z = V,'{' [W,'{' X';']H. Since the entries of Z; are i.i.d. and Gaussian, Zt has the same entry distribution as Z;.
Writing Z; = [VV? iﬂH, g¢(p, y) becomes:

1 1 1~ ~ 1
9:(p,y) = N log det (PIN + yH,H + MUtD; W, Wi'D;? U?) )

1 1 1~ ~, 1
= logdet (pIN +yU'H,AYU, + 2707 wtwyDg> .

Obviously, we have —+- log det(Q;(y)) = g:(0,y) and < tr Q;(y) = 7 tr Q¢(0, y). Deterministic equivalents for
g+(p,y) and Q:(p,y) have been derived in [9] and are recalled in the lemma below.

Lemma 4 (cf. [9]): Let p > 0.

1) Denote by Ty = G;GH + %Iy and let y > 0. The following functional equation:

1 T, !
=—tr|Ty(pl HH'+ ———
K (0, y) Mr(t<PN+y t t+1+f€t(p,y)) )
admits a unique positive solution x;(p, y).

2) Define

T, -1
T.p,y) = | pIn +yHH! + ——L ) .
t(p,y) (pN yH,H; 1+mt(p,y)>

Then, for any sequence of deterministic matrices Sy € CV*¥ with uniformly bounded spectral norm:

1 1 a.s.
27 W8N Qilpyy) — e SNTelpy) = 0.

In particular, setting Sy = I', we get:

1 .S.
MtrFtQt(P»y) - Ht(p’y) ]MJ\?,ﬁ> 0.

3) Let
M ri(p,y)

1 M
Vi(p,y) = —Nlogdet(Tt(p, y)) + — log(1 + ki (p,y)) — N1ty

N

then

9(p.y) = Vilp,y) —=—0.

M ,N,n— oo
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The general idea of the proof of Lemma 1 is to transfer these determinitic equivalents to the case p \, 0; we will
proceed by taking advantage from from the fact that all the diagonal elements of D, are positive and uniformly
bounded away from zero.

We first prove the existence and uniqueness of r¢(y). Consider the function f defined on [0, co[ by:

1 D, \ "
frx—x— MtrDt (yU:'HthHUt + . +tx> .

An easy computation yields the derivative of f with respect to x:
D; \*' D,
1+ (1+x)?

1 D, \ '
flx)=1- -7 D (yUtHHtHEUt + <yU$HtH:jUt + — )

14+
which is obviously always positive. Function f is thus always increasing and thus establishes a bijection from
[0, 00[ to [f(0),+oc[. Since f(0) is negative, we conclude that f has a single zero. This proves the existence and
uniqueness of k¢(y). It remains to extend the asymptotic convergence results to the case p = 0.

In the sequel, we only prove item 2) for S = D as it captures the key arguments of the proof; the extension

to general sequences (Sy) will then be straightforward. Write 2 tr T'vQq(y) — £ (y) as:

T TQ) — Re(y) = 77 0 TQuY) — 1 6 TiQuery)

1
+ M trI‘tQt(e,y) - Ht(eay)

+ K6, y) — ke(y)

where € > 0. We now handle sequentially each of the differences of the r.h.s. of the previous decomposition. We
first prove that there exists a fixed constant K > 0 (which only depends on limsup N M 1) such that for every
€ > 0, there exists N7 (which depends on the realization and hence is random) such that for every N > Ny, we

have:
€

< (14)

1 1
i tr Qe (y) — Vi tr Ty Qy (e, y)‘

This can be proved by noting that from the resolvent identity, we have:

1 1 €
M tr FtQt(y) - M tr FtQt(€7 y) = M tr FtQt(07 y)Qt(67 ZU) )
1 -1
€ 1= 1
< 47T <MD; WWHD5>

Recall that \7\7} is a N x M matrix and that by Assumption A2, limsup,; y NM ~1 < 1. Therefore the spectrum

of {7\7,‘\’7\7{' is almost surely eventually bounded away from zero'. In particular, there exists a constant K such that
1~ ~ 1\ 1

(#Di WW"D})

eventually, we have < K~ hence:

€

1 1
ANy, VN > Ny, 'MtrFtQt(y) - MtrrtQt(eay)‘ < I

IRecall that if im NM~1 = ¢ < 1, then the smallest eigenvalue )\min(wt\’ﬁ?) converges to (1 — \/c)? > 0; it remains to argue on

subsequences to conclude in the case where limsup; n NM~-l<1.
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The second step consists in proving that for some constant K (depending on lim sup NM 1) there exists N

(depending on the realization) such that for all N > N:

|ke(e,y) — re(y)| < Ke . (15)

The proof of (17) relies on the following identity:

ke(y) — re(e,y) = ean + By (ke(y) — Ke(e,y)) (16)
where

1
an =37 tr Ty T (e, y)T':Te(y)

i tr ( LTy (e, y)FtTt(y) >
M\ (L+re(y) X+ re(e,y) )

It is clear that S < 1 and one can prove that there exists K > 0 such that lim supay < K.In fact, oy satisfies:

Bn =

N
an < 3 IT0P [T 0+ mi) (0 + reley) - a7

One can prove that x;(y) and x.(e,y) are lower than m In fact, k¢ (y) writes:

) = MOER)  04m@), (QHH (yHtH“Hl;i(y))_)’
_ N (tm() H TS VA
M- 1\4(1_%)t (yHth (yHth +1+m(y)) ) ’
< N
T oMOA-5y

Similar arguments hold for r¢(e,y), thus proving that limsup ay < K. From (16), we conclude that there exists

N3 such that for all N > N3,
[re(ey) = me(y)] < Ke .

We are now in position to prove the almost sure convergence of ﬁ tr ' Q¢ (y) — k¢ (y). Consider the constants K

and K as defined previously and let € > 0. According to (14), there exists /N7 such that:

€
< —.

1 1
VN > Ny, ’MtrFtQt(y) - MtTFtQt(Qy) K

Using the almost sure convergence result of ﬁ tr 'y Q¢ (¢, y) stated in Lemma 4, there exists Ny such that:

VN > Ny , tr 'y Qq (e, y) — Ht(@y)’ Se.

1
M
Finally from (15), there exists N3 such that for all N > Nj:
ke (e, y) — me(y)| < Ke .
Combining all these results, we have, for N > max(Ny, N3, N3):

31 0T )| < (14 |
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hence proving that:

i tr Ty Qq(y) — ke(y) m 0,
which is the desired result.
APPENDIX B

PROOF OF LEMMA 2

Using the same eigenvalue decomposition as in Appendix A, we can prove that Y; = UtDt% Wt where Wt is a
N x M standard Gaussian matrix, and where D, is a diagonal matrix with the same eigenvalues as Gy G'{' +0%Iy.
In the sequel, if A is a p x p hermitian matrix, denote by F” the empirical distribution of its eigenvalues, i.e.
FA = %Zg’zl dx.(A)> and by ma the associated Stieltjes transform.

Denote by mY?Yt(z) the Stieltjes transform corresponding to the empirical eigenvalue distribution of Y'Y/,
ie.,

1 -1
myhy, (2) = i tr (Y'Y, —2In) .

Notice that mp,(z) = mg,gn(z — 0?). Using this fact, and the result in [14], on can easily prove that Myhy,
satisfies:

vz € C\RY myty, (2) —

as.
—_—
m(z) M ,N,n— o0 0’

where m(z) is the unique Stieltjes transform of a probability distribution F, solution of the following functional

equation:

N A+ o2 Rel\ -t
M(Z) = <_Z+ M/ 1+ ()\+O_2)m(z)dFG G(/\)> . (18)

Moreover, m(z) is analytical on C* = {z € C,3(z) > 0} where J(z) stands for the imaginary part of z € C.
Using (18), one can prove that mg,gn(2) satisfies:

1
ma,GY <_m(2) - ‘72> =m(z)(1 - ﬁ) N zm?(z) . 19)

The link between the unobservable Stieltjes transform mg, g and the deterministic equivalent m(z) being es-

tablished, it remains to express N~ !'logdet(Iy + 0 2G;G!) in terms of mg,g, which follows easily by

differentiation:
o 1 G,GH 1 o ooe -1 1
@Nlogdet (IN + 0_2 = Ntr (Gth + 0o IN) - ﬁ .
Hence:
1 G,GH o1 b1\t
Nlogdet (IN+ ) = /;2 g—NtI‘ Gth “F;IN dt s
1
o2 1 1 1

We shall now perform a change of variables within the integral in order to substitute m for ma,GH with the help

of (19). It has been proved in [15] that m(z) is continuous and increasing on R* ; in particular, the application

(s <m1u) + 02) -
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establishes a bijection from R* to (0,1/0%). Considering the change of variable 1 = + 02, (20) writes:

t m(u)
1 G,GH
N log det ( 2 >

o [ 2 /
1 2 1 2 1 2 m/ (u)
= | —= — - d
[ mwte (e ) meer (cam =) | aommmr
0 r ! !
= —(1-— — d
/m Lm(u)(1 + o?m(u)) < N> m N wm(u)] du
0 r l 2,7
M m/(u) o*m/(u) M,
= —= — —= du.
[m | N m(u) 14+ 02m(u) + N () | du
We shall now compute this integral, denoted by I in the sequel. Write | = limz— oo I, Where
y—0
YITMm/(u) a?m/ (u) M
Iy = —= — — — d
i /T {N m(u) 1+ oc2m(u) + Num( u)| du.
Straightforward computations yield:
(m(y) ¥ (m()¥ | M M /” M
Iy, =log| —"——| — — |+ = - = - — du . 21
Y 0 1+ o2m(y) 1+ o2m(z) + Nym(y) NxM(x) . Nm(u) u 20

As our objective is to compute the limit of I, , as z — —oo and y — 0, we need to obtain equivalents for m at 0

and —oo. A direct application of the dominated convergence theorem yields:

m(z) et 3

Recall that F is the probability distribution associated to m. Then, F({0}) = M ~!(M — N). Although this property
is not easy to write down properly, it is quite intuitive if one sees F' as close to FYiY: (the empirical distribution
of the eigenvalues of Y}Y,) which clearly satisfies F ! Y:({0}) = M~*(M — N) by Assumption A2: This

assumption implies in fact that zero is an eigenvalue of Y'Y, of order M — N. Hence,

) M —N
B ] My
Using these relations, we can derive equivalents for the first four terms in the right-hand side of (21). In particular,
we obtain:
(m(y)) ™ M M—N ) M
1 ~ ——1]1 — ] -1 1——1 22
BT+ otmly)| o \N Y () + |1 =5 ) loglyl - 2
(m(z)) ¥ M
-1 ~ —1 23
og 1 + O'2m I) oo N og |x| ) ( )
M M
— ~ —(=-1 24
Numy) o~ ( N ) , (24)
M M
Tyome) Ll N 2

Let us now handle the last term in the. of (21). Denote by F' the probability distribution defined by

(M — N)

E(dz) = —

do(dz) + %F(dx) :
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If m is the Stietjes transform associated to F’, then:

m(z) = %m(z) + W% % .

Note in particular that my y# —m — 0, hence that F" is a deterministic approximation of FY+Y¢ the empirical

distribution of the eigenvalues of Y;Y!. Now,

Y M B Y [ dF(t) M-N
/wﬁm(u)du = L/t_udu— Na du ,

/(—log [t —y| +log |t — z|)d F(t) +

(log |z —log|yl) - (26)
Using the dominated convergence theorem, one can provethat the r.h.s. of (26) is equivalent to:

Y M M M- N

— ~ — 1 F —1 —

| Fmw =, [1ox(ar(e) + T logla
y;)

Plugging (22), (23), (24), (25) and (27) into (21) yields:

M—-N M- N
lim I,, = log< i ) —logo? —l—/log(t)dF(t).

log |y| - (27)

r——00 N
y—0

Since the spectrum of ﬁYtY? is almost surely eventually bounded away from zero and upper-bounded, uniformly

along N, we have:

N
%Zlog()\i) - /log(t)dF(t) _as g

M ,N,n—+o0
where (A;,1 < i < N) are the eigenvalues of 7Y, Y. A consistent estimator of + logdet(c?Iy + G;G!) is
thus given by:

N
M- N M —-N 1
C, = ~ 1og( 7 ) +1+ Nizzllog()\i)

M- N M- N 1 1
= 1 14+ =1 —Y, Y}
N og( i )+ +Nogdet<M t t>7

which concludes the proof.

APPENDIX C

PROOF OF THEOREM 2
As previously mentionned, the proof of Theorem 2 relies on the existence of a consistent estimate for
Ci1 = %logdet(UQIN + GG + H;HY) .
Denote by f(y) the parametrized quantity:
fly) = % log det(Y, Y} + yH,H{) .

Then by Lemma 1-3), we obtain:

GtG!;I + O'QIN
1+ ke(y)

. % Kt(y) as.
N 1+ k(y) M,Nn—oo

—f(y) + E log det ( 0. (28)

M
N +3/HtH:£-|> + Nlog(1+nt(y))
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Obviously, if y is replaced by yn ¢, solution of:

1
1+ miynye)

then the term C}; appears in (28). The existence and uniqueness of y ; immediatly follows from the fact that the

YNt (29)

function g defined as:

1
9w (1+2)4 tr(G,GH + oIy)(HHY + G, G + o215) 7!

is a contraction. Moreover, straightforward computations yield:
1
yne=1- 57 tr(G: G} + o’In)(HH' + GG} + 0’Iy) " . (30)

Unfortunately, yn : depends on the unobservable matrix G;. One need therefore to provide a consistent estimate

9w, of yn 4. In order to proceed, we shall study the asymptotics of x;(y). By Lemma 1-2), we have:

Y Yy a.s.
MtrHtH?Qt(y) i tr H,HY T (y) By R 0. (31

On the other hand, we have:

1 G,GH + 02Ty "
% tr HtH,'jTt(y) = tryHthH (yHtH't" + tt+0N> ,

1+ ke(y)
N 1 G,GH 4 02T\ !
= -t G,GH+0% (HHH—&-H) ,
M M) 1) 1"(( G+ oL (yHUHE + =
N _mly)
M 1+ k(y)’
N 1
=— 14 —F--. 32
M 1+ ke(y) (32)
Substituting (32) into (31), we obtain:
1 N 1
— tryH,H! - — 41— .
M ryry th(y) ]\4+ K;t(y)“v_l M, N, n— o0 O (33)

Intuitively, a consistent estimate of g+ of yn + should satisfy gn+ = M 'y, tr H,HY Q:(9n,¢). This intuition
is confirmed by the following lemma:

Lemma 5: There exists a unique positive solution §jy ; to the equation:

Un,t N N X
—t - —+1- =0.
i r Q:(9n,e) Vi + YNt
Moreover, the following convergence holds true:
~ a.s.
IN =N N oo

where yn; is defined by (29) (see also (30)).
Proof: The existence and uniqueness of ¢y ; follows from the fact that y :— ﬁtr Qi(y) — % +1is a
contraction. Moreover, using Assumption A2, it is straightforward to check that §y ; is eventually lower than 1.

Using (33), we get that:

YNt N —
Mf trHtH?Qt(yN,t) M t1l-yne m 0
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Beware that in (33), the convergence holds true for a fixed y while yy ; depends upon IN. A way to circumvent
this issue is to merge yn,; into H; and to consider the slightly different model based on I~{t = JUN,tHq.

Therefore, the mere definition of . and the previous convergence yield:

y]\]\/}’t tr(HHP Qi (n0)) — N + Une — y]\A}t

tr(HH] Qi(yn 1) ————0.

It can be easily proved that hy : y — % tr HthH Q:(y) is a contraction on R™, i.e. that there exists 0 < ky < 1
such that:
|hn(z) — hn(y)] < knlz —yl,

whenever z,y > 0; moreover, due to Assumption A2, limsup ky < 1. On the other hand, we have:

lunt — Ont| = lyne — Ine — An(yne) + A (One) — hn(Gne) + v (yng)

<lynie— 9Nt — hn(yne) + hn (@)l + [hn(Gne) — hn(yne)|

<lynt —Yn:t — hnYne) + hn(One)| + kNN — ynel -

Hence, we get:

0< (A —kmM|gne —ynel <lyni —Ont — hyne) + h(Gne)] -

Since the r.h.s. converges to zero, yn,; — §n, converges also to zero almost surely. |

With the help of Lemma 5, the following convergences can be easily verified:

1 1 " .S.
¥ log det(Qe(yn,t)) — Nk’g det(Q¢(g.1)) m 0,
K(ine) — Klyny) ————— 0.

M,N,n—o0
Therefore:

a.s.

. 1 M — N . M N
—f(Gn.e) + 45 log det(G,G! + o1y + HHY) — N loslive) — 5 (= dna)

0,

which in turn implies that:

~ M ~ a.s.
log(9n ) — N(l —Un,t) TN 0.

Ci1 — logdet(gn HH + Y, YH) -

Using this estimate of C; ; together with the estimate of C 2 as provided in Lemma 2 immediatly yields a consistent

estimate for Cy(0?) = C;;1 — Ci 2, and the theorem is proved.

APPENDIX D

PROOF OF THEOREM 3

The proof of theorem 3 relies on the tools used in [11] suitable for dealing with Gaussian random variables.

Recall that Ciyaq (y) is given by:

T
« 1 1 1
Ciraa(y) = NT E log det (yHtH? + MYtY?) — log det (MYtY?> ;
=1
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W
where Y; = [0In Gy¢] "l and X = [Xgl, e ,X't‘I K]H. Similarly, as in Appendix A and Appendix B, we
X 7

1 = —
can prove that Y; = U;D? W, where W, is a N x M standard Gaussian matrix, and D, is the N x N diagonal

matrix containing the eigenvalues of GthfI + 0?1 Then, C’trad(y) becomes:

T
A 1 1 1~ ~ 1 1. 1~ ~ 1
Ciraa(y) = T § log det(yH,H + MUth W, WHD2UH) — log det(MDf W, WHD?2),
t=1

T
1 11~ 1 — —
7 D logdet(yD, sUHMH,HYU,D; * + W W) — log det(—- W, W),
t=1

T . a1 1 — — —1
—TZlogdet (;,Dt *UtH,HU,D, ® <MWtW?> +1Iy .
t=1

_1 1~ ~ _1 _1
Denote by D, > UNH,H'U,D, * = U;A,U! be the eigenvalue decomposition of D, > U'H,H!'U;D, >. Since
r is the rank of HtHlf', matrix A; has exactly 7 non zero entries which we denote by (A;,1 < i < r). We get

then:
. 1 KE e o\
Craa(y) = NT glogdet yAy <thwt) +1Ix].

Let A, ; = diag (A1¢,...,Ar¢). Then using theorem 3.2.11 in [16], we can prove that C’tmd(y) can be written as:

T -1

A 1 1~ ~

Ciraa(y) = NT Zlog det <yAr,t (er,twq'j,t> + IN> )
t=1

(M— N-H")A 1

where W, is a » x M — N 4 r standard Gaussian matrix. Let M = Ay ot

we finally get:

T
R 1 1 ~ ~
Ctrad(y) = E Ogdet (NMZ VthUg/rth +I ) logdet( ) 10gdet ( Lb’l‘,t ~~7|j|.t>

1

J\T M—N+r
T

Z tradt

Let s = M — N + r. By Assumption A4, we have:

(1>

S S
0 < liminf — < limsup — < +o0.
r T

Moreover, matrix M satisfies:

1
sup ||[M|| < oo and inf — trM > 0.
s

We retrieve then the same model as in [11], with the slight difference that C’trad’t(y) has an extra random term
log det (ﬁWMWTHt) As we will see next, this has no impact on the applicability of the method and one can get
the desired result by following the same lines of [11]. In particular, we consider to prove a CLT for the functional
log det(iM%VV{fVHM% +1I,) —log det(%M%WWHM%) where z > 0. The expression of the variance for this

CLT will depend on some deterministic quantities which we recall hereafter.
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A. Notations

Let Z = M2 W and define the resolvent matrix S(z) by:
21—~ -1 2 -1
S(z) = (;M%WWHM% +IT) - (gzzH —|—IT) :
Let also Is(z) be given by:
I,(z) = logdet (gM%WWHM% + IT) = —logdet S(z).
We introduce the following intermediate quantities:
B(z) = %trMS, a(z) = étrM]ES, and 5: 8 —a.

Matrix R(z) is a s x s diagonal matrix defined by:

R(z) = 1,

where 7 = . We also define R(z) the r x r matrix given by:

1
1+za(z)
R(z) = (I, 4 27 (2)M) " ".

We also define §(z) as the unique positive solution of the following equation:

1 z -t

where the existence and uniqueness of §(z) have already been proven in [11]. Let E and Etherxrandsxs
diagonal matrices defined by:

—1
z ~
2= (L+—— M dE=
( 1200 ) an

Define also 7, 4(2) and 7 as v = 1 tr M2E2, §(z) = s ad 3 = gy

B. Mathematical tools
We recall here the mathematical tools that will be used to establish theorem 3.

1) Differentiation formulas:

ISpq _ % o
0Zi; s = S]j=q Spiis
0Sp 4 z
q _ _Z 7 - q.
0Z}; s 8215 S
0I(2) _ f[ »
0Z; s b’
dlog det(1ZZ") Hy —1
GZZ-*J- o {(ZZ ) Z]i,j
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2) Integration by parts formula for Gaussian functionals: Denote by ® be a G! complex function polynomially
bounded with its derivatives, then

0(Z)
0Z;,

where m; is the i-th diagonal element of M.

3) Poincaré-Nash inequality: The variance of ®(Z) can be upper-bounded as:

var(®(Z)) < Z Z m;E

i=1j=1

2

o0(z)|”
a7,

0%(Z)

4) Deterministic approximations of some functionals:
Proposition 1: Let A, and B, be two sequences of respectively r xr and s x s diagonal deterministic matrices
with uniformly bounded spectral norm. Assume that assumptions A1-A4 hold true. Then, the following holds

true:

étrArRzétrArEJrO(s’Q), F=0+0(s?) and EétrAerétrArEqLO(s*Q).

Proposition 2: Let A,, B, and C, be three sequences of X r, s X s and r X r diagonal deterministic

matrices whose spectral norm are uniformly bounded in r. Consider the following:

H H
(Z) = 1tr (ATSZBTZ ZB,2 ) ,
s s

> L U(Z) = ta (ATSMS
S

and assume that A1-A4 hold true. Then,

a) The following estimations hold true: var(®(Z)), var(¥(Z)), var(8) are O (s~2).

b) The following approximations hold true:

-1
E[®(Z)] =6-trA,ME+ 0 (s7?), (34)
S
IE[\IJ(Z)]—# ilus ltr(A M?E?) — 2 Lo leame +0(s7?)
S 1—2295 Us "s T s "s T ’
(35)
1 _ Y —2
E|-trMSMS| = ———+0(s7%). (36)
] 1 — 2%y

C. Central limit theorem

All the notations being defined, we are now in position to show the CLT. We recall that our objective is to study
the fluctuations of C‘trad(y) = Z;‘FZI C’trad,t(y). Since (é‘trad’t(y),t =1,--- ,T) are independent, it suffices to
consider the CLT for Ciyaq,¢(y), for t € {1,---,T}. We consider thus the random quantity I,(z) —log det (1ZZ").
Before getting into the proof details, we shall first recall the CLT of g(Z) = — log det(2ZZ") whose proof can be
found in [17]. Indeed, it is shown that:

-1
log(1 — g)

1
( log det(ZZ") - bs> ﬁ» N(0,1).
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where b, = —r [(1 - %) log (1 - %) - 1]. Like in [11], define Uy (u, z) E [eJ“(IS(Z)*VS(ZHQ(Z)*”S)], where

Vi(z) is the deterministic equivalent defined by:

V,(2) = slog (1 + 20(2)) + log det <1r + 1+;<Z)1\/1> — 520(2)8(2),

and verifying:

L (1) - Vi) 20,

The principle of the proof is to establish a differential equation verified by ¥,(u, z). Writing the derivative of

W, (u, z) with respect to z, we get:

ov,
0z

On the other hand, we have:

H
E {al‘s(z)eﬂuls(Z)ﬂug(Z)} =K |:tr (SZZ ) 6Ju1s<z)+]ug(z)]
s

9z
. ; S * ul(z)+gug(Z
s Z ZE [Zi»jsp,izp,jej (2)+7ug( )} .

p,i=1j=1

=F [jualas(z)ejuls(dﬂug(z)} e IuVs(2)—gubs _ 6‘/;(2)\1,8(%2). 37)
z

Applying the integration by part formula, we get:

0

* wls(z)+gug(Z _
E {Zl—,jsp,izpvjeﬂ (2)+7ug( >} —E "G

[Sp Wz jeJuI(Z)JrJug(Z)H

= B [y i6(p — i) /)10

z * _quls(2)+yug(Z
-<E [[SZ]M miS; s 77, el Gyt )}

+ %E [mz’Sp,iZ;,j [SZ]; ; eJuIS(Z)ﬂug(Z)]

i,

+E |jum;Sy.Z; ag(z)eiufs(Z)ﬂug(Z)] )

Y2y 82:]_

After summing over index i, we obtain:
* uls(2)+ug(Z)| _ Wl () ug(Z
E|8Z],; 2, ;¢ s(@taus( )} =E [mpSpmeJ (2)+gug( )}

-ZE [1r(MS) 82, 23 ;71> C)+w02)]

J=u x oquls(2)+gug(2)
+ 20 [[SMSZ],,, Z; jer (7

— JuE HSM (zz") ™ z} _Z;yjeﬂufs@ﬂ“g(@} . (38)

p,J

Recall the relation 8 = %tr MS and =  — a where a = %tr MES. Plugging the relation 3 = a+ 3 into (39),

we get:

E [[Sz]p,j Z;7jeJuIs(2)+ju9(Z):| =K [mpSp,peJ“Is(z)ﬂ“g(z)] — K |:§ [SZ}pJ‘ Z;’jejuls(z)+jug(Z):|
pyJ

_ * wls(2)+ug(Z) & * wls(2)+ug(Z)
2k [[82],,, 2 e 19@ | 4 LUE (M7, | 25 jerds (s

— uE HSM (zz") " 2] lzg,jefufs@ﬂug(z)} . (39)

p.J
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Hence, solving this equation with respect to E [[SZ] v Z;yje]“IS(z)ﬂ“g(Z)} and using the fact that 7 = we

_1
14+za?

get:
B[S, ; 75 ;™1 0®] = B [m, 78, el t0u9@) _ o5 [ﬁ 7[SZ],, Z;,jeﬂuh(@ﬂ“g@)}

+ 2 [jur [SMSZ),,, Z; eI+ (7192
s )

D,J

s

D,J

— uE [F [SM (zz")™ z} z jeiufs<2>+ﬂ"9<z>] . (40)

Using the relation S, =1 — 2 [SZZ"]

z , we get after summing with respect to j,

b,p

E

H H
[SZZ } ol (=+me@) | _ g {mpfejuls(z)+jug(Z):| p— [SZZ } uls (2)+ug(Z)
S D,p § p,p

s

SZzZH
—zE T [

S

} uls(2)+ug(2)
b,p

+ 1k
S

H
s |:SMS 77 :| 6juls(z)Jr]ug(Z)‘|
S p,p

. )

P {SNI] eJUIs(Z)+Ju9(Z)‘| .
p,p

)

Using the relation 7, = we get:

1
1+2z7rmy°

E

S S

H o H
|:SZZ :| e]uI‘g(z)+jug(Z)‘| ) {mprpfejuls(z)—&-]ug(Z)} —:E [B 1 |:SZZ :| eJ“Is(Z)+J“9(Z)]
p,p p,p

s )

ZZ"

Juz 'F’rp |:SMS :| ej'ufs(z)+jug(Z)] —_]UE
S
p;p

+2"E
S

SM .
p,p

s

Summing over p, we finally get:

H H
E [tr <SZZ) eJuIS(Z)ﬂug(Z)} =7tr(MR)E [eJuIS(Z)-Hug(Z)} — K [E Ftr (RSZZ

S S

) eyuls(Z)ﬂug(Z)}

H
+ E]UE {f tr (RSMSZZ) ejuls(z)ﬂ“g(z)}
S n
— JufE l:tr (R'SIVI> eJUIs(Z)—O—Jug(Z):l
s

= X1+ X2+ X3+ X4-
It remains thus to deal with the terms (y;, 1 < < 4). Using proposition 1, we have:
x1 = 7tr MRE {eﬂujs(z)ﬂug(z)} = s§0FE [eJ“IS(Z)Hug(Z)} +0 (571) . (41

To deal with x3, we apply the results of proposition 2-b, with A,, = R and B, = I. In this case, x3 writes as :

X3 = zJuiEW(Z)er!+(2)+119(2) Using Cauchy-Schwartz inequality, we get:

‘E (\I/(Z)eaufs(Z)ﬂug(Z)) — EeJ“Is(Z)"rJug(Z)E(\I/(Z))‘ <.|E [

b,
where 0 (Z) =Y(Z) — E(¥(Z)). Therefore,

zjub [

BT

1 5
§— tr(M2z3) - gy MEQ} E [eﬂ’s@)ﬂ“ﬂz)} +0(s). (42)
n S
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The term 2 can be dealt with in the same way, thus proving:

x2 = —zE [E eJ“IS(Z)J”“g(Z)} Ftr(MZ?) + O (s_l) . (43)

o o
Since tr(ME?) is of order s, we shall expand E |3 eJujs(Z)‘””g(Z)] to at least the order s~!, and thus 3 and
E [e7u!:(2)+7u9(Z)] cannot be separated in the same way as above.

Indeed, we shall first take the sum over j in (40), thus yielding:

E [[szz“]w

)

D] = [ 75, o155 2[5 572
K p,p

.

e]uI8 (z)+]ug(Z):|

+2E [juf [smszz"] eﬂufs@ﬂ“g(Z)] — uE [F SM] eﬂufs@)ﬂ“g(Z)} .
. ,

)

(44)
Using the fact that:

® | W

[[SZZH} eyuls(Z)ﬂug(Z)} =F [eﬂds(z)ﬂug(z)] _E {Sp peJuIs(Z)ﬂug(Z)}
p,p > 9
(44) becomes:

o H
E dufs(z)ﬂugm} _E [ s, pejuls(Z)JrJug(Z)} _LE {mp; s, peJuls(Z)JrJug(Z)} _2E {5 . {SZZ } equS(Z)Jraug(Z)]

S

2 H
+ L) Jui |SMS 27 euls(2)+gug(2) | _ JEp {7; [SM] 6.7UI5(Z)+JUQ(Z):| )
s s o s pp
(45)
Solving E [, ,e7l=(=)+7u9(Z)] in (45) and using the relation 7, = TTamo7 We obtain:

2 o
E {SpypeJuIS(Z)-‘rJug(Z)} —F [rpejuls(Z)-&-Jug(Z)} + %E {5 T [SZZH]ILP eJuIs(Z)ﬂug(Z)}

2

YA/
-IE ljufrp {SMS
s

S

] ol (2)+ug(Z)
p,p

JUE e [~ I (2)+ug(Z)
+ . E[rrp[SM]p’pe]” Z)Tiug .

(40)
Multiplying both sides in (46) by m,, and summing over p, we get:

o 2 o r
E {ﬁ e?“fs<Z>+J"g<Z>] =E [1 tr(MR. — MES)eJ“IS(Z)”"g(Z)] +ZR {6 . tr(MRSZZH)eJ“IS(Z)J”"g(Z)]
S S S

2 1 zz"
) [juf tr(MRSMs)eﬂufs<z>+-7“9(z>] + LR [tr (RMS) 7l ()42
s s s s
Using the approximating expressions in proposition 2, we get:

o o 2~
E |5 erle+ma@ | _ 2055 |§ et rema@) | - 200 (5L gpesy o5 [eJuIS(Z)+Jug(Z)}
s(1—2249) \U s

* J;%ZHE {tr(MRSM)eJUIs(Z)Jrjug(Z)} L0 (s2).

Hence,
o 2
B [Berrnmom] - - ZR_ (5l s -2 ) e e
s(1—229%)? \'s
.]UZS’Y uls(z)+ug(Z —2
+mﬂ‘:{€] (2)+gug( ):|+O(S ) (47)
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Plugging (47) into (43), we get:

23 Uy - 1 — N p— u z U
X2 = W ('ys tr(MPE?) — z’yQé?’) tr(ME?)E |:€] s (2)+7ug(Z) (48)
Juz 753 1 M= E quls(z)+iug(Z) 0] -1 49
- =) £0(s7). )
Finally, it remains to deal with x4. Using proposition 1, we get:
5
X4 = —% tr (ME?)E [eﬂuf-*z)ﬂ“g(Z)} +0 (s, (50)

From (41), (42), (49) and (50), we then have:

szz" . Sy 1 y o1
E |tr [ 222 ) eruls(2)+oug(Z) | — | 556 4 L’YN, tr (M3EB) tr (ME.Q) + %, tr(M2=3%)
s s(1—2299)2 s 1— 2247 s

2 3 N
L L = S L ey = XE[eJuIs(Z)ﬂug(Z)} LO(s ).
(1—2297)%s 1— 229y s
(S
Hence ¥, (u, z) satisfies:
\I"s 2,322 1 1 2 1
0% | 20 Ly owes?) Lo () - Ly (e

0z (1—2299)2s s (1—2299) s

22299% 1 251
TETD i (ME?) 4 — o~ tr (ME2) | U, (u,2) + O (s7)

(1—2%v7)%s 1— 229y s

Following the same lines as in [11], one can prove that:

Cdlog (1-2%7) 1 (_ 2963t (ME?) 1 232 L g (MPE?) L tr (ME?)

+2y (M*E?) +

dz 11— 2297 1 — 22~y 1— 22v5
(52)
Moreover, from the system of equations (54) in [11], one can find that:
ldlogy 0% tr (ME?
- Ogry s ( — ) . (53)
2 dz 1— 2295
Using (52) and (53), we finally get:
ov, u? d _. dlog#
=—— |——log(1 — 22 v -
B 5 |~ ;081 = 2%97) + ——— | Wo(u,2) + 0 (s77)
Let 03 = —log (1 — 22v7) + log 7 and K, (u,z) = V,(u, z) exp ( 5 ) Therefore, K (u, z) satisfies:
0K,

2l

Ks(u,2) =E [e]“(”"gdet(%zz”*bs))} ,

o =¢(s, 2 exp<

where €(s,z) = O (s7!). On the other hand, we have:

Hence,

Ks(u,2) = Ky(u,0) + €s(u, z)dz

= eu2 T 0 (s7h).
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The characteristic function W (u, z) can be thus approximated as:

242 2log(1— ¢
U, (u,z) = exp (—UQUT—Fu g(z S)>+O(S_1). (54)
The characteristic function satisfies the same equation as in [11]. The single difference is that the variance an ¢(y)
given by:
1= r
aw(y) = —log ( ;7) ~log(1 - -) (55)

has two additive terms accounting for the variance of g(Z) and the correlation between g(Z) and I;(z). The CLT
can be thus established by using the same arguments in [11], provided that we show that lim inf oy ;(y) > 0. For

that, we need only to prove that:
12295

lim inf - > 0.

Deriving & with respect to z, one can easily see that:

1—z2fy’y_ 11

Z =2
5 T s tr (M._. )
dz
It has been shown in [11, eq.(67)] that —j—f satisfies:
do
0 <= C)\max,tv
dz s
where Apax = max (A1, -+, Ar¢). This fact combined with lim inf % tr ( EZ) implies that lim inf an ;(y) > 0.

It remains thus to express the variance oy ¢(y) using the original notations. One can easily show that:

1 My s b et Iy TN (N =) (1+6)
0= t D, *U/HH;U,D, > + — -
M—N+rr<M—N+r o Do ey T M—N+r
1 My G.GH + 02Ty \ " (N —1)(1+90)
=—————tr | (GG +0%Iy) | ————HH + —F—— -
M—N +r r<( 1o N)(MN+r TS M—N +r
-1
1 (M — N +7)(G,GH + 0%Iy) (N —7r)(1+9)
= —tr | (G;G} + o1 H,H : — 56
M r(< e +o N)(y et M(1+9) M—N+r (56)
Then, from (56), we can prove that Aﬂj@;ﬂ — 1 is solution in z of:
1 G,GH\ ™
t
v= ot <(GtG?+021N) (yHthHJr 1+£) ) (57)
Since x; is the unique solution of (57), we have:
M@ +1)
M—N+r TR
or equivalently:
5o I M
S 1+8 (M —-N+r)(ke+1)
Therefore:
- M?
F=0"= (58)
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In the same way, one can prove that y can be expressed in terms of the original notations as:

(M =N +7) u boooe =1 I NP (ke 4+ 12N =) (M =N +7)
= Ttr yHth (Gth +o IN) + m - M2 . (59)
Substituting (59) and (58) into (55), an,:(y) becomes
_ I —2
an(y) = log M? — log ((M —N) (M(Ht +1)2 —tr <yHthH (G/GY +0’1y) g i 1) )) .
Rt
APPENDIX E
PROOF OF THEOREM 3
1) Denote by R(y) and f(y) the functionals given by:
1 M- N
fly) = Mtr(yHtH?Qt(y)) t—r Y
R(y) = —logdet(Q:(y)) + (M — N)log(y) — My.
where Q;(y) = (yHHY + YtYH) . According to Poincaré-Nash inequality, we have:
o | |29 9y
. Nt Nt
var(jn¢) < K;; oYy, +E‘ oY (60)

We only deal with the first sum in the previous inequality; the second one can be handled similarly. By the implicit

function theorem, 1f 75 0 then a%/N*t writes:

) .
%N _ e ) 61)
)y %( &)

is lower

As will be shown later, to conclude that var(Jy;) = O(M~2), we need to establish that ’%(Z/J\N,t)
bounded away from zero, which is a much stronger requirement than g—i # 0. This can be proved by noticing that

OR _ MJ Hence
9y y

af (4
O’R M55 (Gn.e)
— (4 = 62
9,2 (In,t) Nt (62)
On the other hand, one can prove by straightforward calculations that ’ (yN t)‘ > M-N which, plugged into

yNt

(62), yields:

, 63
‘ a MyNt ©3)

which is eventually uniformily lower bounded away from O due to Assumption A2 and to the fact that §y, < 1

by mere definition. Therefore,

8y K NoM
Nt .
ZZE < W Z | [yN,tQthH?QtY] i |2 )
i=1j=1 i=1j=1
K YY*
< Wtr (QthHHQt QthHHQt> )
K
=
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To prove 2), we rely on the resolvent identity which states:
Q:(a) = Qu(b) = (b~ ) Qu(a)HHIQu (b) - (64)

Using (64), we obtain:

. 1. . . 1 R . M- N
Int = M(yN’t — Egn,) tr HHQq(9nv,0) + a7 E(jn, ) HyHY Qu (iv) + T
1 . . . 1 R . . R
= M(yN,t — Egn, ) HH'Qu(Ejn ) — i tr(fne — Egn,e)  HyHY Qu (9, ) HyHY Qu (B, )
M —- N

1 . . 1 R . . . .
+ M trE(yN,t)HtH?Qt(EyN,t) M trE(yN,t)(yN,t - E(yN,t))HtH?Qt(yN,t)HtH?Qt(E(yN,t)) + Vi

a) 1 . . . . .
@ (I — Bin) tr U T(E(G,0)) + - B0, HHIT(E(G )
M—-N

" " " 1 . "
—E(gn.e) (N — Ejn 1 )E {M tr HtH?Qt(yN,t)HthHQt(E(yN,t))] + i +e,

where ¢ satisfies E(¢) = O(M ~2). Note that equality (a) follows from the fact that
. 1 1 . . 1
Var(yN,t) = O (W) and var (M tr HtHlt-iQt(yN,t)HtH?Qt(E(yN,t))> = O (]\4,2> .
Both estimates can be established with the help of Poincaré-Nash inequality. Therefore:

(i e) = 3B ) tr HUHT, (B ) +
1 . _
== T a@EGe sy B(GGY + o I T (E)) + (M )

F(E(x ) "

T T G O

1 -2
= TR O “

Now recall the definition of yn; = (1 + n(yMt))_l. One can prove easily that y — r(y) is a contraction, i.e. that

+0O(M™?)

there exists ky < 1 such that
lk(y1) — K(y2)| < knlyr — 92l Yy1,52 >0,

and that limsupy ,, ky < 1. Using the mere definition of yn : and (65), we obtain:
B 1 1
L+ r(E@ne) 1+ k(YN

_ k(yn.t) — K(E(yns)) ,
(14 K&(E(yn.)) (1 + k(yn.e)) +O(M~?) .

+0(M7?),

E(gn¢) — yn.e

Hence,

E(Gn.e) — yne| < by [E(Gn,e) — ynel + O(M72)

= O(M~2), which concludes the proof.

thus proving that |E(Jn ) — yn,¢
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