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Abstract—This paper adresses the behavior of the mutual in-
formation of correlated multiple-input multiple-output (MIMO)
Rayleigh channels when the numbers of transmit and receive an-
tennas converge to oo at the same rate. Using a new and simple
approach based on Poincaré-Nash inequality and on an integra-
tion by parts formula, it is rigorously established that the mutual
information when properly centered and rescaled converges to a
standard Gaussian random variable. Simple expressions for the
centering and scaling parameters are provided. These results con-
firm previous evaluations based on the powerful but nonrigorous
replica method. It is believed that the tools that are used in this
paper are simple, robust, and of interest for the communications
engineering community.

Index Terms—Central limit theorem (CLT), correlated mul-

tiple-input multiple-output (MIMO) channels, large random
matrix theory, mutual information, Poincaré-Nash inequality.

I. INTRODUCTION

T is widely known that high spectral efficiencies are at-
I tained when multiple antennas are used at both the trans-
mitter and the receiver of a wireless communication system. In-
deed, consider the classical transmission model y = Gx + z,
where y is the received signal, x is the vector of transmitted
symbols, z is a complex white Gaussian noise, and G is the
N x n multiple-input multiple-output (MIMO) channel ma-
trix with N antennas at the receiver’s site and n antennas at the
transmitter’s. Due to the mobility and to the presence of a large
number of reflected and scattered signal paths, the elements of
the channel matrix G are often modeled as random variables.
Assuming a random model for this matrix, Telatar [1] and Fos-
chini [2] realized in the mid-1990s that Shannon’s mutual infor-
mation of such channels increases at the rate of min(N, n) fora
fixed transmission power [1]. The authors of [1] and [2] assumed
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that the elements of the channel matrix G are centered, indepen-
dent and identically distributed (i.i.d.) elements. In this context,
a well-known result in Random Matrix Theory (RMT) [3] states
that the eigenvalue distribution of the Gram matrix GG™ where
G* is the Hermitian adjoint of G converges to a deterministic
probability distribution as n goes to infinity and N/n converges
to a constant ¢ > 0. Denote by I(p) = logdet (2GG* + Iy)
the mutual information of channel G for a signal-to-noise ratio
at a receiver antenna equal to p/n. One consequence of [3] is
that the mutual information per transmit antenna I(p)/n, being
an integral of a log function with respect to the empirical eigen-
value distribution of GG”, converges to a constant. This fact al-
ready observed in [1] sustains the assertion of a linear increase
of mutual information with the number of antennas. In addition,
this convergence proves to be sufficiently fast. As a matter of
fact, the asymptotic results predicted by the RMT remain rele-
vant for systems with a moderate number of antennas.

The next step was to apply this theory to channel models that
include a correlation between paths (or entries of G). One of the
main purposes of this generalization is to better understand the
impact of these correlations on Shannon’s mutual information.
Let us cite in this context the contributions [4]-[8], all devoted
to the study of the mutual information in the case where the el-
ements of channel’s matrix are centered and correlated random
variables. In [9], a deterministic equivalent is computed under
broad conditions for the mutual information based on Rice chan-
nels modeled by noncentered matrices with independent but not
identically distributed random variables. The link between ma-
trices with correlated entries and matrices with independent en-
tries and a variance profile is studied in [10].

One of the most popular correlated channel models used for
these mutual information evaluations is the so-called Kronecker
model G = UWW where W is a N X n matrix with Gaussian
centered i.i.d. entries, and ¥ and ¥ are N x N and n X n ma-
trices that capture the path correlations at the receiver and at the
transmitter sides, respectively, [11], [12]. This model has been
studied by Chuah e al. in [5]. With some assumptions on ma-
trices ¥ and W, these authors showed that I(p)/n converges to
a deterministic quantity defined as the fixed point of an integral
equation. Later on, Tulino et al. [8] obtained the limit of I(p)/n
for a correlation model more general than the Kronecker model.
Both these works rely on a result of Girko describing the eigen-
value distribution of the Gram matrix associated with a matrix
with independent but not necessarily identically distributed en-
tries, a close model as we shall see in a moment.

In [7], Moustakas et al. studied the mutual information for the
Kronecker model by using the so-called replica method. They
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found an approximation V' (p) of E [I(p)] accurate to the order
1/n in the large n regime. Using this same method, they also
showed that the variance of I(p) — V(p) is of order one and
were able to derive this variance for large n.

Although the replica technique is powerful and has a wide
range of applications, the rigorous justification of some of its
parts remains to be done. In this paper, we propose a new method
to study the convergence of EI(p) and the fluctuations of I(p).
Beside recovering the results in [7] and especially the strik-
ingly simple form of the variance, we establish the Central Limit
Theorem (CLT) for I(p) — V(p) (for a related CLT in a non-
Gaussian context, see [13]). The practical interest of such a re-
sult is of importance since the CLT leads to an evaluation of the
outage probability, i.e., the probability that I(p) lies beneath a
given threshold, by means of the Gaussian approximation. Many
other works have been devoted to CLT for random matrices.
Close to our present article are [14]-[16].

In this article, we also would like to advocate the method used
to establish both the approximation of I(p) in the large » regime
and the CLT. Due to the Gaussian nature of the entries of Matrix
G, two simple ingredients are available. The first one is an In-
tegration by parts formula (17) that provides an expression for
the expectation of certain functionals of Gaussian vectors. This
formula has been widely used in RMT [17]-[19]. The second in-
gredient is Poincaré—Nash inequality (18) that bounds the vari-
ance of functionals of Gaussian vectors. Although well known
[20], [21], its application to RMT is fairly recent [19], [22] (see
also [23] and [24] where general concentration inequalities are
derived for functions of random matrices). This inequality en-
ables us to control the decrease rate of the approximation er-
rors such as the order 1/n error E [I(p)] — V(p) (note that the
Gaussian structure enters in two places: First the reduction to
matrices with independent entries and varying variance and then
integration by part and Poincaré—Nash bounds for the variance
of relevant spectral characteristics!). We believe that these tools
of rigorous and explicit analysis might be of great interest for
the communications engineering community (see, for instance,
the estimates obtained in [25] in the context of Ricean MIMO
channels).

The paper is organized as follows. In Section II, we introduce
the main notations; we also state the two main results of the
article. In Section III, we recall general matrix results and the
two aforementioned Gaussian tools. Section IV is devoted to
the proof of the first order result, that is the approximation of
E[(p)]. The CLT, also refered to as the second order result,
is established in Section V. Proof details are postponed to the
Appendix.

II. NOTATIONS AND STATEMENT OF THE MAIN RESULTS

A. From a Kronecker Model to a Separable Variance Model

Consider a MIMO system represented by a N X n matrix
G where n is the number of antennas at the transmitter and N

1Tt is interesting to note that once the first reduction has been made, others
techniques are available without assuming the Gaussian character—see for in-
stance [19].
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is the number of antennas at the receiver and where N (n) is a
sequence of integers such that

= lim inf N(»)

n—oo n

= limsup M <oo (1)
n

n—oo

0< ™ </t

a condition we shall refer to by writing n, N — oc0. As-
suming the transmitted signal is a Gaussian signal with a
covariance matrix equal to %In (and thus, a total power equal
to one), Shannon’s mutual information of this channel is
IL.(p) = logdet (%GntL +IN), where p > 0 is the in-
verse of the additive white Gaussian noise variance at each
receive antenna. The general problem we address in this paper
concerns the behavior of the mutual information for large
values of N and n in the case where the channel matrix G,,,
assumed to be random, is described by the Kronecker model
G, = ¥, W, ¥, . In this model, ¥,, and ¥,, are, respectively,
N x N and n x n deterministic matrices and W,, is random
with independent entries distributed acccording to the com-
plex circular Gaussian law with mean zero and variance one
CN(0,1).

Itis well known that this model can be replaced with a simpler
Kronecker model involving a matrix with Gaussian independent
(but not necessarlly 1dentlcally dlstrlbuted) entries. Indeed, let
¥, =U,DZV? (resp., v, =0, D V*)be a Singular Value
Decomposition (SVD) of ¥,, (resp., ¥,,), where D,, (resl) P*")
is the diagonal matrix of eigenvalues of ¥,, ¥ (resp., ¥,,¥,),
then I,,(p) writes

I,(p) = logdet (gYnYZ + IN)

1 ~ 1 ~
where Y,, = D2X,,D2 isa N x n matrix, D,, and D,, are,
respectively, N X N and n x n diagonal matrices, i.e.

D, =diag (&",1<i < N)
and
D, =diag (Jg") 1<j5< n)

and X,, = V;“LanJn has i.i.d. entries with distribution
CN(0,1) since V,, and U, are deterministic unitary ma-
trices. Since every individual entry of Y, has the form

YLgn) = d(n)d(")X”, we call Y,, a random matrix with a
separable variance profile.

B. Assumptions and Notations

The centered random variable X — E[X] will be denoted by
X. Element (i, j) of a matrix A will be either denoted [A];; or
A;;. Element i of vector a will be denoted a; or [a];. Column
j of matrix A will be denoted a;. The transpose, the Hermitian
adjoint (conjugate transpose) of A, and the matrix obtained by
conjugating its elements are denoted, respectively, AT, A*, and
A. The spectral norm of a matrix A will be denoted || A||. If
A is square, trA refers to its trace. Let i = /—1, then the

operators 0/Jz and 9/ 9Z where z = x+iy is a complex number

o _1(9 _ 19 9 _1(0 44790
are defined by 5~ = 3 (81C lay) and o= = 5 (am—|—18y)
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where % and aa—y are the standard partial derivatives with respect
to x and y.

Throughout the paper, notation K will denote a generic con-
stant whose main feature is not to depend on n. In particular,
the value of K might change from a line to another as long as
it never depends upon n. Constant K might depend on ¢t € R
and whenever needed, this dependence will be made more ex-
plicit. As usual, notation a,, = O(f3,,) is a flexible shortcut for
lan| < KB, and o, = 0o(fy), for o, = €, 8, withe, — 0 as
n, N — oo (in the sense of (1)).

In order to study a deterministic approximation of I,,(p) and
its fluctuations, the following mild assumptions are required

over the two triangular arrays (d,gn), 1<:<N,n>1) and
(J§">,1gjgn,nz 1).
A1) The real numbers dE") and d'™ are nonnegative and
the sequences (dl(-")> and (Jgn)> are uniformly bounded,

i.e., there exist constants d,,,x and Jmax such that

sup ||Dyp|| < dmax and sup ||]5n|| < -
n n

where ||D,,|| and |D.,|| are the spectral norms of D,, and
D.,.
A2) The normalized traces of D,, and D,, satisfy

inf Ltr (D,) > 0 and inf ~tr (f)n) > 0.
n n n n

In the sequel, we shall frequently omit the subscript n and the
superscript (n).

The resolvent associated with %YnY;; isthe N x N matrix
H,(t) = (LYY} —|—IN)_1. Of prime importance is the
random variable 3(t) = L1trD,H,(t) and its expectation
a(t) = 14D, EH, (t). We furthermore introduce the n X n
deterministic matrix defined by

Ro(t) = (I+ta(t)]5n)_1
=diag (7;(t),1 < j < n)
where f] (t) = m

and the related quantity &(t) = %trﬁnﬁn(t). In a symmetric
fashion, the N x N matrix R,,(¢) is defined by

1

R, (t) = (I+ta(t)D,) *
‘ T 1+ talt)d;

=diag (r;i(¢),1 < i < N) where r;(t)

We finally introduce the solutions of a deterministic 2 x 2
system.

Proposition 1: For every n, the system of equations in (9, 6)
{ = LD, (I + t6D,) !

~ - 2
= 1ttD, (I+t5D,) ! )

e O
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admits a unique solution (5n(t)7 Sn(t)) satisfying 6,,(t) > 0,

5n(t) > 0. Moreover, there exist nonnegative measures f,, and
fin, over R such that

_ lffn(d/\) IS _ ﬁn(d/\)
6n(t)_/ﬂ+ TSy and5n(t)—/RJr T+ 0 3)

where 11,(RT) = 1trD,, and ji,,(RT) = %trf)n.

Proof of Proposition 1 is postponed to the Appendix.

With § and 6 properly defined, we introduce the following
N x N and n x n diagonal matrices:

T, = (Iy + t6D,) "' and T,, = (I, + t§D,,) "

Notice in particular that § = 1trD,T,, and 5 = Lt D, T,
by (2). We finally introduce the following quantities which are
required to express the fluctuations of I,,(p):

T (t) = LtrD2T2(t) @

n(t) = 2trD2TE(8).

Proposition 2: Assume that Assumptions A1) and A2) hold
and denote by

o2 (t) = —log (1 — Py (t)Fn(t)), t>0 5)
where 7, (t) and 7, (t) are given by (4). Then o2 (t) is well de-
fined, i.e., 1 — 27, (t)¥,(t) > 0 fort > 0. Moreover, there exist
nonnegative real numbers m; and M; such that

0 <m? <info?(t) <supo?(t) < M? < oofort > 0. (6)

Finally, o2 (t) is upper bounded uniformly in n and ¢ for ¢t €
[0, p], i.e., sup,, M} < oo,

Proof of Proposition 2 is postponed to the Appendix .

1) Summary of the Main Notations: In order to improve the
readability of the paper, we gather all the notations in Table I.
As expressed there, there are three kinds of quantities:

1) Random quantities,

2) Deterministic quantities depending on the law of Y, Y
via the expectation E with respect to the entries of Y,,,

3) Deterministic quantities which only depend on the ma-
trices D,, and D,,, sometimes via § and ¢ (as defined in
Proposition 1) which are easily computable.

The main goal of the forthcoming computations will be to ap-
proximate elements of the first and second kind by elements of
the third kind.

C. Statement of the Main Results

We now state the main results. Theorem 1 describes the first
order approximation of the mutual information I,,(p) while
Theorem 2 describes its fluctuations when centered with respect
to its first order approximation.
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TABLE 1
SUMMARY OF THE MAIN NOTATIONS

Deterministic quantities

Random quantities

depending on the law of YY* via E

only depending on the variance structure via D and D

H=(¢YY* +I)~"

8= lt:DH

T n

a = 1tD(EH)

7 =(1+ tozd})_l

R=(I+taD)™!

(1 + tad;) ™t
(

Ti
R = (I+taD)™!

5= 1trDR = %trﬁ(l + taD)™!

6= LuD(I+tD)™ = 2uDT
T = (I+tD)™*

§ = LtrD(I+t6D)™! = LtrDT

T = (I+tD)™!
vy = %trT2D2, ¥ = %tr’iaﬁz

o*(t) = —log(1 — t*7()7(t))

Theorem 1: Let X,, be a N X n matrix whose elements X;
are independent complex Gaussian variables such that

E(Xy) =E(X}) =0, E(X;)=1
I1<i<N, 1<j<n
1L~
and Y, = D72;X,D; where the diagonal matrices

D, and D, satisfy Assumptions Al) and A2). Let
L.(p) = logdet (gYnY;"L + IN). Then, we have

1
ElL (o) = V() + 0 1) )
as n, N — oo (in the sense of (1)) where

Va(p) = log det (L + pin(p)D,)
+log det (IN + pgn(p)Dn) — npb(p)bn(p)-

and where (8, (t), 6, (t)) is the unique positive solution of the

system

Theorem 2: Assume that the setting of Theorem 1 holds and
let

16D, (In + t6D,) !
LD, (I, + t6D,,) .

S O

o2(p) = —log (1 = p*vu(p)¥n(p))

where 7, (p) and 7, (p) are defined in (4). Then the following
convergence holds true:

L.(p) — Va(p)

L
o) = N(0,1)

n—oo

C T
where — stands for the convergence in distribution.

III. MATHEMATICAL TOOLS AND SOME USEFUL RESULTS

In this section, we present the tools we will use extensively all
along the paper. In Section III-A, we recall well-known matrix

results; in Section III-B, we present two fundamental proper-
ties of Gaussian models: The Integration by parts formula and
Poincaré—Nash inequality for Gaussian vectors. Section III-C
is devoted to a cornerstone approximation result which roughly
states that R and R can be replaced with T and T up to some
well-quantified error. In Section III-D, various variance esti-
mates and approximation rules are stated.

A. General Results

1) Some Matrix Inequalities: Let A and Bbetwo N X N
matrices with complex elements. Then

tr (AB)| < \/tr (AA"),/tx (BB"). ®)
Assuming A is Hermitian nonnegative, we have
ltr (AB)| < [|B]| tr (A) )

where ||.|| is the spectral norm (see [26]).

2) The Resolvent: The Resolvent matrix H,, (¢) of matrix
Y, Y} isdefined as H, (1) = (LY, Y + Iy) ~ 1tis of con-
stant use in this paper and we give here some of its properties.
The following identity, also known as the Resolvent identity:

t
H,t)=Iy - —-H,(t)YY" (10)
n
follows from the mere definition of H,,. Furthermore, the spec-
tral norm of the resolvent is readily bounded by one

L, ()] < 1fort >0, (1)
3) Bounded Character of the Mean of Some Empirical Mo-
ments: Let (Bp)nen = diag ([bgn), b ), n € N, be
a sequence of deterministic n X n diagonal matrices. Assume
(A1) and furthermore that sup,, |B,|| < oo. Then, for every
integer k, we have
k
1 1
—E [tr (—YanY;>
n n

< K. (12)




HACHEM et al.: NEW APPROACH FOR MUTUAL INFORMATION ANALYSIS

Let us give a sketch of proof. Expanding the left-hand side of
(12) yields

1
el E. bjibj, -+ bjy
11,22, =1:N
Jisje=1m

xE [th K2]1 Kz]z Ksjz -

741\ Jk 741]1\

A close look at the argument of the E operator implies that, due
to the independence of the Y;;, we only have k£ + 1 degrees of
freedom in the choice of the indices ¢) and j,. As all moments

bounded, this sum is of order 1 as n, N — oc.
4) Differentiation Formulas: Let A be a N x N complex

matrix and let Q(A) = (Iy +A)™". Let §A be a perturbation
of A. Then
Q(A +6A) =Q(A) - Q(A)SAQ(A) +o([l6A[) (13)

where o (||6A||) is negligible with respect to ||6A || in a neigh-
borhood of 0. Writing Ht) = [Hpq(t)];qul, we need the ex-

pression of the partial derivative Hy,/dY;; . Using (13), we
have

= _ani [ *H]jq = _EHpi[Y;H]q (14)
where 6(-) is the Kronecker function, i.e., 6(0) = 1 otherwise
8(¢) = 0. Similarly, we can establish

0H,, t

= [HY]  Hiy =

oy = " HY, (15)

t
——[Hy;|,Hiq-

n[ YJ]p q
The differential of g(A) = logdet(A) is given by g(A +

8A) = g(A)+1tr (A1 8A) +0(||6A]|). We use this equation
to derive the expression of 91(t)/0Y;; also needed below:

ol oYY* t N
H = — H — N\Ys,
tr( o, ) ntr< [ (¢ —7) k]:|k,£=1>

Y,
t
[HY];; =  [Hy,];.

(16)

t
n
t
n

B. Gaussian Tools

1) An Integration by Parts Formula for Gaussian Func-
tionals: Let & = [£1, ..., &x]T be a complex Gaussian random
vector whose law is determined by E[¢] = 0, E[¢¢7] =
and E[¢€"] = E. Let ' = T'(&,...,¢é0m,61,...,6) be a
C' complex function polynomially bounded together with its
derivatives, then

E[&T ()] = (17)

M
eI
m=1 ! 867’”

This formula relies on an integration by parts and thus is referred
to as the Integration by parts formula for Gaussian vectors. It is
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widely used in Mathematical Physics [27] and has been used in
Random Matrix Theory in [17], [18].

2) Poincaré-Nash Inequality: Let € and I' be as pre-
viously and let V,I' = [0[/dz1,...,00/0zp]* and
Vz[' = [0I')071,...,01'/0z37]. Then the following in-
equality holds true:

var (I(§)) < E [V.I(€)T SV.T(E)|

E [(V=I'(£))"EV:T(§)] .

A proof of this inequality is available in [19] in the real case; see
also [22]. When £ is the vector of the stacked columns of matrix

(18)

Y.ie, & =[Y11,...,Ynn]T, formula (17) becomes
aT(Y)
E[Y;; = d;d,;E 19
Yur(v)] = e | 250 19
while inequality (18) writes
N n 2 2
= ar(y) ar(y)
< —
var (D(Y)) < ;;dzd] E ‘ oV + ’ v
(20)

Poincaré—Nash inequality turns out to be extremely useful to
deal with variances of various quantities of interest related to
random matrices. In order to give right away the flavor of such
results, we state and prove the following.

Proposition 3: Assume that the setting of Theorem 1 holds
and let A,, be a N X N real diagonal matrix whose spectral
norm is uniformly bounded in n. Then

ar <%trAan> =0 (n_z) .

Proof: We apply inequality (20) to the function I'(Y) =
%trAH. Using (14), we have

i OH,,  t
paifi,j

"=

yHAH],.

Therefore, denoting by A the upper bound A = sup,, ||A,|| and
noticing that |01'/9Y; ;| = |0T'/9Y ;.

2% = 3 2

i=1 j=1

varl'(Y

2t2 - .
= d;E (yyHAHDHAHYy)

7j=1

212
= —[E tr | HAHDHAH

(a) 242 YDY*
SFE{IIHII‘*IIAIIZIIDIIH( n )}

() 2424, 12 (Yf)Y*) © K
E tr < =

Y]SY*)

<
s 3

where inequality (a) follows from (9), (b) follows from (11) and
from the boundedness of ||A .|| and ||D,, ||, and (¢) follows from
(12). O
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C. Approximation Rules

The following theorem is crucial in order to prove Theorems
1 and 2. Roughly speaking it allows to replace matrices R,,, and
R, by T, and T,, up to a well-quantified small error.

Theorem 3: Let (A,,) and (B,,) be two sequences of respec-
tively N x N and n X n diagonal deterministic matrices whose
spectral norm are uniformly bounded in n, then the following
hold true:

1 1 1
—trA,R,, = —trA,, T, + O (—2> 201
n n n
1 ~ 1 ~ 1
—-trB,,R,, = —ttB,,T,, + O <—2> . (22)
n n n

Proof of Theorem 3 is postponed to the Appendix.

D. More Variance Estimates and More Approximation Rules

We collect here a few results whose proofs rely on the Integra-
tion by parts formula (19), on Poincaré—Nash inequality, and on
Theorem 3. The proofs of these results, although systematic, are
somewhat lengthy and are therefore postponed to the Appendix.
These results will be used extensively in Section V.

Proposition 4: In the setting of Theorem 1, let (A) and (B)
be two sequences of respectively N x N and n X n diag-
onal deterministic matrices whose spectral norm are uniformly
bounded in n. Consider the following functions:

B(Y) = 2tr <AH YBY )

n n
W(Y) = 1r <AHDHYBY ) .
n n

Then,
1) The following inequalities hold true:

var (®(Y)) = O(n™%), var(¥(Y)) = O(n™?).

2) The approximations hold true as shown in (23)—(24) at the
bottom of the page.

IV. FIRST-ORDER MOMENT APPROXIMATION: PROOF OF
THEOREM 1

This section is devoted to the proof of the following approx-
imation:

E[L.(p)] = Va(p) + O (n™1) (25)
where
Va(p) = log det (In + pén(p)f)n)
+log det (IN +05n(p)Dn) —npbu(p)bn(p)-  (26)
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This result already appears in [7] and is proved under greater
generality in [9]. The proof presented here is new and relies on
Gaussian tools.

Outline of the Proof: The proof is divided into three
steps. We first make some preliminary remarks. No-
tice that the mutual information can be expressed as

= JJtr (n'H(t)YY™) dt. In particular

E [I(p)] = /0 e (IE [H(t)YTY*]) dt.

In order to study the asymptotic behavior of E [I(p)], it is thus
enough to study tr (H( ) ) for n — 400 up to an integra-
tion. The Resolvent 1dent1ty (10) yields

e (10X e (LHO).

(t))]- We now de-

27)

We are therefore led to the study of E [tr(H
scribe the three steps of the proof.

A. In the first part of the proof, we expand EH(t) with the
help of the Integration by parts formula (19). This deriva-
tion will bring to the fore the deterministic diagonal ma-
trix R, and Poincaré—Nash inequality will then allow us
to obtain the following approximation:

EtrAH = trAR+ O (n_l)
for every diagonal matrix A with a bounded spectral
norm. Here are the main steps, gathered in an informal
way. Differentiating the term E ([Hyj]p m), we obtain

E ([Hy;], Y, ) = dyd,
<E[H,] - td;E  u(DH) Hy,], 7,

from which we will extract E[H,,,] later on. At this point,
Poincaré—Nash inequality yields some decorrelation up to
(@) (n’l) and we obtain

E %tr(DH) (Hy;)pYy ] E [ tr(DH)} E |:|:Hy.]]p PJ:|
= oF [[Hy;], V5]

This approximation allows us to isolate E ([Hyj]p m)

shown in the equation at the bottom of the following page.
Now summing over j and using the Resolvent identity

EHyp =1— £, E[Hy,] Y,; in the previous equa-
tion yields

1-EH

— = PP ~ ad,EH,,, thatis EH,, ~ r,.

All the technical details are provided in Section IV-A.

E[®(Y)] = %tr (DTB) ~tr (ADT) + O (n"2) (23)
E[U(Y)] = ﬁ (;2 (BTB) ir (ADT%) — Tir (B?1?B) tr(ADT)) +0 (%) . (24)
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B. The second step follows from the approximation rule (21)
stated in Section III-C, which immediately yields

EtrAH = ttAT + O (n ).

This in turn will imply that

Etr (H(t) Y:f) =tr (I _t[EH) = tr <I_TT> + en(t)

W S8 (E) + en(t).

where (a) follows from the fact that I — T = toD(I +
téD) L.
C. In the third step, we integrate the previous equality:

/Op Etr <H(t)Y:*> dt = n/op §(t)6(t)dt + /Op en(t)dt.

We identify n [ §(t)8(t)dt with V,,(p) as given by (26),
and check that [ e,,(t)dt = O(n™").

A. Development of E (trAH(t)) and Approximation by
trAR(t)

In order to study E (trAH(t)), we first consider the diagonal
entries H,,,(t) of H(t). For each index j, we have

N
E ([H.Yj]p Yp,j) =Y E(H,YyY,,) -
=1

We now apply the Integration by parts formula (19) to the sum-
mand of the right-hand side for function I" defined as I'(Y) =
H,;Y,;. This yields

E (H,:Yi;Yy;) = did;E [Hii) 6(i — p)
-t .
—dzdjg[E ([Hy]]p H”Yp]) . (28)
Therefore
E ([HYJ'],, K) = dpdE [Hyy] — td;

1 .
x E (;tr(DH) [Hy,], Y,,j> (29)

from which we extract E[H,,,] later on. Recall at this point that
var (n~*trDH(t)) = O (n~2) by Proposition 3. Recall also
the following notations: # = n~'tr(DH), a = E ], and f§ =
0B — «. Plugging the relation 5 = a + [ into (29), we get

E|[(Hy;], V7] = dyd;E[H,,)
~td;oE [[Hy;], V] — tdE [3[Hy;], V5] 30)
Solving this equation w.r.t. E [[Hy,],Y,,;| provides

E [[Hy;],Y,;] = dyd;E[H,,] — td;75E [B[Hy,], V)
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where 7,(t) =— for1 < j <n. 31)
=17 ta(t)d; ! (
Summing (31) over j yields
YY* » |« YDRY*
E [H } = adyE[H,,] —tEf |H—— (32)
nol,, n

pp

- -1
where R is the diagonal matrix diag (7;(t)) = (I + atD)

and @ = %trf)f{. In order to obtain an expression for E[H,,],
we plug the identity (32) into the Resolvent identity

YY*
E[H,,) =1—tE [H } ]
n pp
and obtain
~ | __YDRY*
E[Hyy) = + t*1,E |7 [H—] (33)
pp

withry(t) = (1 + tddp)_l. Let Abea N x N diagonal matrix
with bounded spectral norm. Multiplying (33) by A’s compo-
nents and summing over p yields

Etr(AH) = tr(AR) + nt?E [B (I)(Y)]

where ®(Y) = Lir (ARH@). As [3 is zero-mean,

E[3®] = E[3®]. In particular, Cauchy—Schwarz inequality
yields

[EG®| < /var(B)y/var(®).

Recall that var(3) = O (n=2) by Proposition 3. Since ||R||
and ||DRY| are both bounded by Assumption A1) and by the
definitions of R and R, one can directly apply the result of
Proposition 4 to @ in order to get var(®) = O (n=2).

We have, therefore, proved the following proposition.

Proposition 5: In the setting of Theorem 1, let A,, be a uni-
formly bounded diagonal N x N matrix. Then for every ¢t €
R,

E(trA,H,(t)) = trA,R,,() + O (") . (34)

B. The Deterministic Approximation T, (t)

Proposition 5 provides a deterministic equivalent to
E (trA,H,,) since the matrix R,, is deterministic; however
its elements still depend on @ = n~'tr(D,R,,), which itself
depends on « = E (niltanHn), an unknown parameter.
The next step is therefore to apply Theorem 3 to approximate
the matrix R,, by T,,, which only depends on D,, and D,, and

(1+ td;0)E ([Hy,], V) = dyd;E [

]« E ([HYj]p ﬁ) ~ dyd;7E [Hyp) -
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on 6 and 5, the solutions of (2). Theorem 3 together with (34)
imply that:

E(trA,H,) = tr(A, T,) + O (n7'). (35)

Since T, only depends on ¢ and 8, (35) provides a deterministic
equivalent of E(trA,, H,,) in terms of § and 6. Note that taking
A = D yields in particular & = § + O(n~?) while a direct
application of Theorem 3 for A,, = D,, yields & = 6 +0(n=2).

We are now in a position to describe the behavior of
E tr (Hn(t) YTW> by using the Resolvent identity. From (10)
and (35), taking A,, = I,,, we immediately obtain

Etr <Hn(t)m> = %tr (L, — T, (t) + O (n71).

n

AsI, — T, (t) = (T, (t) 1 = L,)Tn(t) = t6(t)D, T, (t), we
eventually get that

E [tr <Hn(t)YnYZ>} =nd(t)6(t) +e.(t)  (36)

n

where the error ¢,,(¢) is a O(n~!) term.

C. Recovering the Deterministic Approximation V (p) of
E[Z(p)]

As mentionned previously, €,(t) is a O(n™!) term, i.e.,
len(t)] < K;n~'. One can easily keep track of K, in the
derivations that lead to (36) and prove that K; is bounded on
the compact interval [0, p]. In particular, |,,(¢)] < Kn~! on
the compact interval [0, p] for some K > 0. The proof of this
fact is omitted.

As nen(t) is uniformly bounded on [0,p], we have
| [ en(t)dt| = O(n~"). Therefore

EL(p)] = [ n8(03(0) +0 (7).
Consider now
V(p) =W (p,6(0),8(0))

where function W (p, 8, 6) is defined by
w (p, 5, 5) — log det (In + paf)n)

+log det (IN n pSDn) — npés.

One can easily check that

88—‘/;/ =p (tr (f)n(In + pﬁf)n)_l) - TLS) and
% =p (tr (Dn(IN + pSDn)_l) - né) .

As the pair (6(p), 6(p)) satisfies (2), the above partial derivatives
evaluated at point (p, 6(p), 6(p)) are zero. Therefore

v <aW

or _ [ = né(p)S(P)
dp p >(p,6(p),5(ﬂ))

(37

which in turn implies (7). Theorem 1 is proved.

Remark I (on the Deterministic Approximation T, ): The de-
terministic approximation T, can be used to approximate func-
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tionals of the eigenvalues of Y,, Y other that the mutual infor-
mation log det(pn=1Y, Y + Iy) (see for instance [9]). This
relies on a specific representation of T',. The spectral theorem
for Hermitian matrices yields the integral representation:

" N, (dA)

1
—trH, (z) = ,
n (2) /0 14+ Az’

z€ C\R_

where N,, represents the empirical distribution of the eigen-
values of Y,, Y. It can be shown that n~tr'T,, admits a similar
representation:

1 oo
gtrTn(z) = /0

where 7, is a probability measure. Finally, one can prove that
IS FOONL(dA) = [° fF(A)m,(dA) converges to zero almost
surely for every continuous bounded function (see [9], for de-
tails).

T (dN)
14Xz’

z€ C\R_

V. SECOND-ORDER ANALYSIS: PROOF OF THEOREM 2

This section is devoted to the proof of the Central Limit The-
orem

- c

0.1 (p) (In(p) = Valp)) = N(0,1).  (38)
Denote by ¥, (u,p) = E [ei“(I" (P)=Vn (P))] the characteristic
function of I,,(p) — V,,(p). We first reduce the problem in the

following way.

Proposition 6: Assume that for every v € R,

B () = o (u, p) — e Tn(0)/2

— 0
n,N—oo

(39)

then (38) holds true.

Proof: 2 We first prove that the sequence o, ! (I,, — V,,) is
tight (we drop the dependence in p). Recall from Proposition 2
that 0 < m < 02 < M < oo.Lete > 0. For z > 0 small
enough, we have

é/z (1—6_“203/2)du§ é/z

(1 — e_'“ZM/2) du < e.

2
u- o

2 .
Moreover, since ¢, (u) — e~ * 9» — 0, the Dominated Conver-

gence Theorem yields

[ a-vayda-1 [

L - —T

(1 — 67“2‘7?1) du|l <e

for n large enough. Now, given a real random variable X with
characteristic function ¢(u), the following inequality holds true:

2 1 [®
PlIX|>-| < - 1- d
22 <2 [ -
(see, for instance, [28, eq. (26.22), Theorem 26.3]). Applying
this inequality to I,, — V,,, we obtain
P, — Va| > 2/2] < 2e

2This proof simplifies an earlier proof by the authors and was suggested by
one of the reviewers whom the authors would like to thank.
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for n large enough; in other words, I,, — V,, is tight. Tightness
of o1 (I, — V,,) follows from the fact that 02 > m > 0. We
are now in position to conclude. Since o, * (I, — V},) is tight,
one can extract a subsequence (n) such that T(n 1) (I (n) — V(n))
converges. Now, since o(,) belongs to a compact set, one can
extract a converging subsequence from (n), say (m), such that
a(zm) — a > 0. From (39), we have I(,,;) — V(;n) £>/\f(0,a)
L (Tmy = Viamy) = N(0, 1), and the limit of

(n) (I(n) V(n)) (Wthh is the same as the one of the subse-
quence a(:i) (Zm) — Vim))) is necessarily N(0, 1).

We have proved that for every subsequence (n) such that

(n)( ) (I(n)( ) — V(n)(p)) converges,

or equ1valently T(m

75(P) (L) (p) = Vimy(p)) S N(0,1).

The result remains true for the whole sequence o, (1,, — V,,)
by Corollary of [28, Theorem 25.10] O

Outline of the Proof of (39): The proof of the convergence of
hy(u) toward zero is divided into two steps.
A. We first differentiate 1,, (u, t) with respect to ¢ in order to
obtain a differential equation of the form:

Oy (u,t) u?

= —— 0 () n(u, t) + 0 (u, t).

ot 2 “0)

In order to obtain the differential (40), we first develop
O /Ot with the help of the Integration by parts formula
(19). We then use Poincaré—Nash inequality to prove that
relevant variances are of order O(n~2). This will en-
able us to decorrelate various expectations, i.e., to express
them as products of expectations up to negligible terms.
We shall then use the approximation rules stated in Propo-
sition 4 in Section III-D to deal with the obtained expec-
tations.

B. The second step is devoted to identify the variance, that is
to prove the identity

p
| mode =2
0

where o2 is given by (5), ie., 02(p) =

%% (P) 7 (P))-

C. The third step is devoted to the integration of (40). Instead
of directly 1ntegrat1ng (40), we introduce K,(u,p) =

—log(1 —

P (1, p)e*T 7 (P) which satisfies the following differen-
tial equation:

0K, (u, t)

o (t)
5 en(u, t)e

(41)

Taking into account the obvious facts that 1,,(u,0) = 1,
02(0) = 0 and therefore that K, (u,0) = 1, we shall

n

obtain that

p
K, (u,p) =1+ / en(u, t)e 5o (gt
Jo
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and prove that [ e, (u, t)e%‘73 O dt =
will yield in turn that
$n(u,p) = (L+0(n7))e

@ =020 L oL

where (a) follows from Proposition 2.

O(n~1). This

2
— %07 (p)

The theorem will then be proved.

A. The Differential Equation Oy, = —%nnwn +eéen

Recall that 9, (u, p) = @5 (u, p)e™ V() where ¢(u,t) =
E (el*I®). As V! (t) = né(t)4(t) by (37), we obtain

81/)(11” t) _ e—iuV(t) agp(“’ t)

= - 5 )
5 5 und(t)8(t)(u,t).  (42)
Since I'(t) = n~*trH(t)YY* by (27), we have:
4390(‘(31:,15) —iuE {tr (H(t) Yy ) ei“I(t)]
n
i N n

= Yy eiul

= Z Z[E [VijHpiYpe™] . (43)

pyi=1j=1

Applying the Integration by parts formula (19) to
E [YijH,;Y,je"!] (which can be written E (Y;;I'(Y)) for
I(Y) = H,;Yy;e™") and using the differentiation formulas
(15) and (16) yields

E [YinpiEeiUI] :dide[E |:i_ (Hpimeiul)]
0Y;

l 7 Yy iu
= — ;d,d][E [[Hyj]17 H“'ije I:|
+ d;d;8(i — p)E [Hpse™!]
+ %didjﬂi |1, Y5 [Hy,] o).
(44)
We now sum over index ¢ and obtain
€ [[ay,], Tose] = —tdiE [ 11y ], Ve
+ dpd;E [Hppe™ ]

—I-ﬂd E[[HDHy,] Vy;e™]

where 8 = n='trDH. Writing 8 = 3 + a yields
(1+tad;)E |[Hy,] Yme'ﬂ = ~tdE 3 [Hy,] Ve ]

+dyd,E [Hppe™] + 7djE [HDHy,] Tye']. @)

We now take into account that 7;() = (1 + tad;)~* and sum

over j: see (40) at the top of the following page.
By the Resolvent identity (10), E [Hp,e"!] = E [¢™!] —

LE[HYY",, ¢
(1 + ta(t)d,) " and sum over p to obtain

YY* .
E {tr (H—> e”"]
n

= tr (DR) aE [¢/]

ul } . Replace now in (46), recall that r,(t) =
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E [[HYY ]1’1’ IUI} =—tE {B [HY]SEY*} eiul}

+ nadyE [Hype] + “LE “HDHYﬁf{Y*] ei“I} .
n pbp

(46)

e [ (RHDHm) ]
n n

n

= X1+ X2+ Xx3-

47)
Thanks to Theorem 3

x1 =tr (DR) GE [¢"] = tr (DT) aE [¢™!] + O(n™?)
=ndoE [eT] + O(n™). (48)

In order to deal with x2, we apply the results of Proposition
4 related to W(Y) in the particular case where A = R and
B = DR. In this case, x2 writes x2 = iutE (¥(Y)e™!), and
Cauchy—Schwarz inequality yields

E (wei!) —E () E ()| = [E[ @]
~ 2
E U\I}(Y)‘ } = O(nY).
Therefore
E (Te™!) =E (™) E (V) + O(n™).

We now use the approximation for E¥(Y') given in Proposi-
tion 4. By Theorem 3, we can replace R (resp., R) by T (resp.,
T) in the obtained expression. We, therefore, obtain (49) shown
at the bottom of the page.

The term x3 can be handled similarly. We apply the re-
sults of Proposition 4 related to ®(Y) in the particular case

where A = R and B = DR. In this case, xs3 writes

x3 = —tnE (ﬁ(I)(Y)ei“I ) , and Cauchy—Schwarz inequality
yields

‘[E (Bcbei“) _E (Bei“) E (@)‘ - ‘[E[B eiufé)]’

IN
M
=
N,
m
HH>
N,
I
2
3
e

We therefore obtain

. [Btr (R YDRY*) J

=E[fe] tr (D2 TR) r(DTR) + O (n})

E[Be] 50 (DT +0(n ) (50)

where (a) follows from Theorem 3. It remains to deal with the
term E [3 elud
the term E [H

] To this end, we shall rely on (46) and develop
ful ] The Resolvent identity yields

- " [eiul]

* iul
[E[[HYY 1, e ] :

iul
— ?IE [H ppe ] .
Plugging this equality into (46) and using r, = (1 + t&dp)_l,
after some computations, we obtain (51) shown at the bottom
of the page, where (a) follows from Theorem 3, Proposition 4,

and Proposition 5. We therefore obtain
E [ A 6iuI:| __
o n (1 - t29%)°

X (’y%tr (D>T?) — t’yQ%tr (]53'T3)> ©+0 (%)

1 iut?

E (¥(Y)e™) =EV(Y)E [¢"'] + O (n77)

1 1 1 iu —
:m< ~tr (D*T%) — ty-tr (D T3) - (DT2)> E[]+0(n ). (49)
E [Bei“f} _2E | et Ly (RDEYPRY"
n n

: 2 N *
_ b lltr <RDHDHﬂ> el | 4 L (D(R - E[H]))E [¢"]

n n n n

(@) 2~ wr] L fut” 1 3m3y _ 2Ll (533 —2

247E [/3 } A7) <’yntr (D*T?) — t7*—tr (D T )> 0+ 0n?) (51)
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Plugging (51) into (50), and the result together with (48) and
(49) into (47), and getting back to (43) and (42), we obtain

Wnll) o, (e, t) + O ™)
where
L (ke (D) b (DT)
() = 1= 1275 (_ 1 — 295
i) TR LSO )

Equation (40) is established, and the first step of the proof is
completed.

B. Identification of the Variance

In order to finish the proof, it remains to prove that

2
= %de#t(t) where 02 (t) = —log (1 — ty, (£)7n(t)) .
(53)

To this end, we first begin by computing the derivatives of ,, ()
and 4,,(t). We shall prove that

nn(t)

45 _ %tr (]53'i‘3) %tr (DTZ)

dat 1— 297
and
1 3m3) 1 D2
D=9 . ( ) (54)
dt 1 —t2y5

We only derive ‘fi—?, the computations being similar in the other
case. We first expand the expression of 7, and obtain
J i
1

2
1 oy d < 1 )
nj:l t 1+t5(t)dj
_d 1, [~ars
= — 22 (t6(t)) —tr (D T )

Let us now compute ¢’ ()

&y 1

o d ~
B 2272 —
dt n

]=

(55)

) B 1 N . 1 /_ R .,
& (t) = —;dl <W> = —0(t) — ytd'(t). (56)
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A similar computation yields &'(t) = —46(t) — 48’ (t). Com-
bining both equations yields

g trid—b
L—t2yy
We now plug this into (55) and obtain

ﬁ _ %tr (f)?"i‘?’) (5 — t’yg)

-2 . 57
dt 1— 2% 57)
Recall now that the mere definition of T, T, §, and 5 yields
{téDT:I—T. (58)
téDT =1I-T
Using (58), we obtain
n"ttr (DTZ) =n"lr (DT (I — tSDT))
=6— 16y (59)
n”ler (ﬁi‘z) =n"Yr (f)'i‘ (I - t&ﬁi‘))
=6 — t67. (60)

It remains to plug (59) in(57) to conclude the proof of (54).
We are now in position to prove (53). The main idea in the
following computations is to express (52) as a symmetric quan-
tity with respect to § and T on the one hand and 6 and T, on
the other hand. To this end, we split n,,(¢) in (52) as 7, (t) =

1—t127~7 (n® + 1@ 4+ n®). We first work on )

(3 @ 2077 5 tr (D*T?) #1853y tr (DOT?)
= —

1—1t2y5 1—t2yy
123 Ltr (D3T?) Lt (]5'1“2) 1
) " + 238 —tr (D?T?) .
1—t29% n

where (a) follows from (59), and (b) from (60). We now look
at n(®) as shown in the first equation at the bottom of the page,
where the last equality follows (58) again. We therefore have the
second equation at the bottom of the page, where (a) follows
from (54). This concludes the identification of the variance.

C. Integration of the Differential (40)

u? 2
Let us introduce K, (u, p) = ¥ (u, p)e = 7=(?). Due to (40),
K., (u, p) readily satisfies the following differential equation:
0K, (u,t)
ot

w2 -
= 6n(u,t)67”i(t).

(61)

n® + tZ’ySltr (D3T3 = 13 (ltr <D2T3 + 1y (D2T2 (tSDT)))) = tv¥
n n

n

. yttr (DYT9) Lr (DT?)  2514r (D¥T?) Lix (DT?)

t) =
) =T 1— 1293
@ 1297 + 293 + 277

2 1— 127

. 1d 2 -
= _EEIOg(l_t 77)

— t ~
R + 17y
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As in Section IV-C, one can easily prove that |e,,(t)| < = for

every t € [0, p]. As K, (u,0) = 1, we get

K
n

P

K (u,p) = 1+/

0

en(u, t)e%ai(t) dt.

Due to Proposition 5, o2 (t) is bounded from above uniformly
inn and t € [0, p]. This fact, together with [e,,(¢)| < £ implies
that

Kn(u,p) =140 <%> .

This in turn yields

Vo p) = (140 (n7)) e~ 5720

—uz

2
== 7.0 4 O(n7?)

where the last equality follows from the fact that o2 (p) is uni-
formly bounded by n by Proposition 2.

APPENDIX

A. Proof of Proposition 1

Let us first establish the existence and uniqueness of the so-
lution of (2). To this end, we plug the expression of 6 in (2).
The system of two equations reduces to the single equation
6 = f(t,6) where f(t,6) is defined by

f(t,6)= ltr (Dn (IN + itr
n n

x <f)n (In + téﬁn)1> Dn> 1) (62)

which is itself equivalent to g(6,t) = 1 where we get the equa-
tion at the bottom of the page. The function § — g(t, 6) is con-
tinuous, decreasing and satisfies g(¢,0) = +oo and g(t, +00) =
0. Therefore, the equation g(¢,6) = 1 has a unique solution
6(t) > 0.

The integral representation (3) of ¢ and § is related to the
Stieltjes representation of a class of analytic functions. We refer
to [9, Sec. 3.2] where a more general result is proven and skip the
details. Be aware however that ¢ in this paper and ¢ in [9] slightly
differ (but are related by d1ppr(2) = 27 6aap(—271)), so do
the 0’s.

B. Proof of Proposition 2

In order to prove Proposition 2, it is sufficient to first prove
that 1 — 27 is bounded away from zero and then to prove that
the same quantity is strictly lower than 1, uniformly in n. We
shall proceed into four steps.
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1) A priori estimates for 6, 5, ~ and 7: The mere definition of
6 and ¢ yields

N
1 dz Ndmax

soly
ni:11+tdi6 n

and

.l d; .

0=~ L < dmax (63)
n].:11+tdj5

Using these upper estimates, one gets the following lower
estimates:
%tr D, -

Lir f)n
6> —"=2——— and 6> % (64)
1 + tdrnaxdrnax 1 + _tdrnaxdrnax

n

One can notice that due to Assumption (A2), these lower
bounds are uniformly bounded in n away from zero. Fi-
nally a straightforward application of Jensen’s inequality
yields:

N 2
1 N~ n

62 = —E:diTii < —ie—6%<
<ni:1 ) ~n eN =7

Similarly 62 < 7. (65)

2) An estimate over ‘fi—‘i. The following equalities are straight-
forward (see, for instance, (56)):

§'(t) = — vb(t) — yt&'(t)
and

§(t) = — 48(t) — 718/ (1).
In particular, |8'(0)] = 7(0)6(0) < Nn~'d2, . dmax
which is eventually bounded. Recall that § admits the
following representation:

ngéwmw>

1+tA

(66)

where /i is a nonnegative mesure satisfying a(RT) =
%tr D,,. In particular, one obtains

. = Ndh) 13
& = < — / < 172 .
0< —&(t) /0 G S V0 S N
(67)

3) The quantity 1 — #247 is bounded away from zero, uni-
formly in n and for ¢ € [0, p]. Eliminating ¢’ between the
two equations in (66) yields

dd . y .

(L= 1297) =3(tby - 6) = 74D, T, (téDnTn - IN)

n

gl 2

~ ~ -1 -t
L= ltr (Dn <5IN + i‘Br <5Dn (In + t6Dn) ) Dn) ) :
) n n
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where the last equality follows from the identity T, =
(Ix + téD,,)~t which yields (t6D,,T,, — In) = —T,.
Otherwise stated

4trD,, T2
n(=6'(t))

This immediately implies that 1 —¢2~7 is positive. In order
to check that it is bounded away from zero uniformly in n,
notice first that n='trD,, T2 > d_! . Collecting now the
previous estimates (65) and (67), we obtain

n? 6282
= N2z 2

max-"max

1—t2y3 =

1 -ty >

Using (64) and Assumption (A1), we obtain that 1—#2~7 is
bounded away from zero, uniformly in n and for ¢ € [0, p].
4) The quantity 1—t2+7 is strictly bounded above from 1, uni-
formly in n: The inequalities (65) together with(64) yield

sup (1—t*y7) < sup ( 6252)

This completes the proof of Proposition 2.

C. Proof of Theorem 3

We first give a sketch of the proof to emphasize the main ideas
over the technical aspects of the proof.
1) We first prove that the asymptotic behavior of
n~r (A, (R, —T,)) is directly related to the be-
— §(t). Similarly, n~'trA., (f{n - Tn) is
related to é(t) — 6(t).
2) We extend the definition of o fromt € Rt toz € C\ R_
and establish an integral representation

B v(dX)
alt) = /W 1T+ Mt

As a consequence of the integral representations for 0, )
and «, we prove that 0, 6 and o are bounded analytic func-
tions on every compact subset of C \ R_.

3) As a consequence of this detour in the complex plane, we
prove the following weaker result. For every uniformly
bounded diagonal matrix A.,,, the following holds true:

havior of «(t)

{n_ltr(AﬂI}n) =n""'tr(A,T,) + o(1)
nlr(ALR,) = nHr(ALT,) + o(1).

4) We then refine the previous result in order the get the
sharper rate of convergence O(n~2) instead of o(1).
The theorem will then be proved.
1) The Asymptotic Behavior of n='tr (A,, (R,, — T,)) and
its Relation With a(t) — 6(t): The standard matrix identity

R,-T,=R,(T,! -R, 1T,
immediately yields
- 1
n~tr (A, (R, — T,)) =t(6(t) — d(t))ﬁtr (A,.R,D,T,)

and

3999

n~ltr (ﬁn(Tn - ﬁn)) = 8(t) — a(t)

Therefore

n tr (A, (R, — T,)) = t3(a(t) — 6(t))

« Lir (ﬁnﬁnﬁﬁn) L (AR DT, (68)
n

n

2) An Integral Representation for o, and Bounds Over o, 6
and §: Recallthat a(t) = E[n tr(D,(Ix+tn 1Y, Y*) ).
This function readily extends from ¢t € Rt to 2 € C\ R™.
Moreover, the following representation holds true:

o) = /0+°° v(d\)

14+ Az
where v is a uniquely defined positive measure on RT such
that v(RT) = LtrD,,. To prove this, we introduce the eigen-
value/eigenvector decomposition of matrix n~'Y,Y* =
Zf\;l Aswjul where (A;, 1 <4< N)and (u;, 1 <i < N)
represent its eigenvalues and eigenvectors, respectively. The

%tan (I+ Y”Y )

(69)

random variable 3(z) = can be

written as

1 uw'D,u; o w(d)\)
B(Z)_EZ Ai — 2 _./0 1+ Az

where w is the nonnegative random measure defined by
1 &
= Zuz‘Dnui(S()\ - Xi)-
i=1

Consider now the measure v defined by v = E[w], that is
v(B) = E[w(B)] for every Borel set B C R*. It is clear that
a(z) = E[B(z)] is given by (69), and that »(R™) = E[w(R™)]
is given by

[ ZuDuZ]_IEl trD,,( Zul ]

As Y, uuf = Iy, v(RT) = %tan as expected and repre-
sentation (69) implies that () is analytic over C \ R™.

Let dist(w,R™") stand for the distance from element w € C
to R™. Then the following holds true for every z € C \ R™:

1 1 1
<t —
led2)] < 7t )|z| dist(— L, R+)
N 1 1
< —dpax——F——. 70
~n |z| dist(— %, RT) 70
Similarly, (3) yields that
Ndmax 1
0 < —= . 71
8(=)] < n|z| dist(—1,R*) b

A similar result holds for 6 (z). These upper bounds imply in
particular that «(z), 6(z) and §(z) are uniformly bounded on
each compact subset of C \ R_.
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3) A Weaker Result as a Consequence of Montel’s Theorem:
We first establish that for every diagonal matrix A,, uniformly
bounded

n~ltr(A,R,) = n7 (A, T,) + o(1)
{ e (72)

n~'tr(A,R,) = n~tr(A,T,) + o(1)

We take (68) as a starting point. Matrices R,,, ﬁn T,,, and
T, have their spectral norms bounded by one for ¢ € R+
and matrices A,,, D,,, and D,, are also unlformly bounded by

assumption. Therefore, the terms n~'tr (A R D T and

n~ltr (A,R,,D,,T,) are also bounded. In order to prove (72),
it is sufficient to prove that a(¢) — 6(¢) = o(1). To this end, we
make use of Proposition 5 and write «(t) — 6(t) as

alt) — 8(t) = %tr (Dn(Ra — Ty)) + en(t),

where €, (t) = O(n~2). Using relation (68) for A,, = D,,, we
immediately get that

n) +en(t). (73)

Assup, ([ Rall, [Rall, I Tl ||Tn||) < 1, we have

max -"max

1
—tr(DRDT)—tr(DRDT) Ne
n

<26d2 d?

max "max

as soon as & < 2/%, where ¢7 is defined in (1). Therefore, if
t < ty:= (deaxdmaxx/£+) L then

1 /= = ~ ~\1
2 tr (DanDnTn) ~tr (D,R,D, T,) <
n n

N | =

for n large enough. Equation (73) thus implies that

lan () — 6,(8)] < 2]en(t)], ie.,
a(t) — 6(t) =0(n~?%), fort < to.

This in particular implies that v, (t) — 6,,(t) = o(1) for ¢t < to;
however, it remains to establish this convergence for ¢t > t,. To
this end, observe that a,,(z) — 6,,(#) is analytic in C \ R_ and
bounded on each compact subset of C \ R_. Montel’s theorem
asserts that the sequence of functions «,(z) — 6,,(z) is compact
and therefore that there exists a converging subsequence which
converges toward an analytic function. Since this limiting func-
tion is zero on [0, ¢o[ by (74), it must be zero everywhere due
to the analycity. Therefore from every subsequence, one can
extract a subsequence that converges toward zero. Necessarily,
an(z) — 6,(2) converges to zero for every z € C \ R~ and in
particular for ¢ > 0. This establishes (72).

Even if the convergence rate of o, (t) — 8,(t) is O(n~2)
for ¢ < to, Montel’s theorem does not imply that the conver-
gence rate of v, () — 8, (2) remains O(n~?) elsewhere. There-
fore, there remains some work to be done in order to prove that
@ (t) — 6,(t) = O(n=2) foreach t > 0.

(74)
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4) End of the Proof: We take (73) as a starting point. Equa-
tion (72) imply that for each ¢ > 0

{ n~ltr (DR, (H)D,T,(t) — v(t) = o(1)

—a) =o(1). 7Y

n~ltr (ﬁnf{n(t)f)ni‘n(t)>

where v, = n~1rD2T2 and 7, = n~*trD2T2. Thanks to
Proposition 6, (75) implies that

inf <1 _ely, (D, R, (t)D, T,(t))
n n

1 /~ ~
X ~tr (Dan(t)D

N,;fn(t))) > 0.

(t) is of the same

6(t) = O(n?).

Equation (73) thus clearly implies that «(¢) —
order of magnitude as €, (t), i.e., that a(t) —
Theorem 3 is proved.

D. Proof of Proposition 4 -(1)—Variance Controls

Consider first ®(Y) = 1tr(AHYBEY
Poincaré—Nash inequality (20) to control the variance of
d. It writes

). We use

) ) N n N 9P
E [(I)(Y) ] <SS didE ‘ay
=1 7=1
+ de[EU _H (76)
=1 j5=1

We have ®(Y) = (1/n2)3 0 _ S0 aybyHyVigYpq.
From the differentiation formula (14), we have

9
ay;

ij

t
nHm [YJ H].Y, raYpq

+H, Y;,q(ﬁ(r —14)6(q — 7).

(Hm‘Yrqm) =

Therefore, after a straightforward computation, we obtain
00/0Y;; = ¢\ + 42 with

oM =~ Ly *HYBY*AH],
n
and
o) = 5b, [y;AH],.

The first term of the right-hand side of inequality (76) can be
treated as follows:

N n
S ddE
i=1 j=1

<223 | 1)

212 ~
- LG[E [tr (HYBY*AHDHAYBY*HYDY*)}
n

2

¢(1)‘ } —I—[E[

+ %[E |tr (AHDHAYB?DY" )] (77)
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Let A = supl|A||. Using inequalities (8), (9) and (11) and
Cauchy—Schwarz inequality, we have (78) shown at the bottom
of the page, where the last inequality is due to (12). Turning
to the second term of the right-hand side of (77), we have (79)
shown at the bottom of the page. The second term of the right-
hand side of Inequality (76) is treated similarly. This proves that
var(®) = O(n=2).

Consider now W(Y) = Ll¢r (AHDH%). The
proof being quite similar to the previous one, we just
give its main steps. By (20) we have E[¥(Y)?] <
Sois1 Xy did; (E[0W/0Y ;] +E[|09/0Y ;°]). A com-
putation similar to above yields ¥ /9Y;; = L/}S )+ 1/;5 g[J(3)
where

w_ 1
l/(Z)

v

[yHDHYBY*AH],
=-— ! [y'HYBY*AHDH],

1 *
W = L, [y ampm]
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We have the third equation at the bottom of the page. The first
two terms of the right-hand side can be bounded by a series of
inequalities similar to inequalities (78). The third term can be
bounded as in (79). This ends the proofs of the variance controls
in Proposition 4.

E. Proof of Proposition 4-(2)—Approximation Rules

Consider first ®(Y) = Ltr (AH%Y*). We write

(Y)=n"? f: En:apbj[E YiiHpiYp;]

p,i=1j=1

and apply the Integration by parts formula (19) to the summand.
Using identity (15), we have the fourth equation at the bottom
of the page. By taking the sum over the index ¢, we obtain

E[[Hy,], Yiy] = ~tdiE [ [Hy,], Yoy | + dudsE [Hyy.

2

%IE [ (H YBY* AHDHA YBY* H YDY* ]

2
<> E [\/tr (EYBY  AHDHAYBY'H)’) \/tr YDY*) )]

212 . _ 2
< Z5E [IIE|| AP DIl ftx ((YBY >4)\/tr (YDY*) )]
x\ 4 =~ 2
2 max A%t | 1 YBY 1 YDY*
g ~E |tr
n n n n n
K
<= (78)
n
o~ 2 o~
‘E [tr (AHDHAYBZDY*)] < A d;“‘”‘[E Ftr <1YB2DY*>}
n n mn
K

2

<322n:dd

=1 j=1
3t2

(= s

I+e]

W)‘ } —I—[E[

o)

=+>E [ir (HDH YBY" AHDHA YBY" HDH YDY" )]

3t2

+o5E [tr (H YBY* A (HD)’HA YBY" H Y]N)Y*)}

+ H[E [tr (A (HD)’ HA YB?DY")].

. . 9 .
E [YquvaJ] =d;d;E [— (prypj)} =
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Writing now 8 = B + o and then grouping together the terms
with E [[Hy j]p K} , we obtain
E|[Hy,], V5| = —td;7iE |8 [Hy,] V]

+dpd~j7:j[E [Hpp] -

We now sum over j and p, and obtain

E Etr <AHY:E;Y* )} - %tr (ﬁﬁB) %tr (AD E [H]) +¢

with

[ 1 YDRBY*
= —tE |3 ~tr (AH—N

n n
'- A
.1 YDRBY*
= —tE |B=tr (AH )
n n

Applying Cauchy-Schwarz inequality, Proposition 3 and the
variance controls in Proposition 4, we get || = O(n~?).

By Theorem 3, n~'tr (ﬁﬁB) = n Mr (ﬁ’fB) +
O(n=2%). By Theorem 3 and Proposition 5, we obtain
n~ltr (AD E [H]) = n~ttr (ADT) + O(n~2). This ends the
proof of (23).

Consider now W(Y) = Ltr (AHDH%
compute EV(Y), we shall need the following intermediate re-
sult:

) . In order to

Lemma 1: In the setting of Theorem 1, let Y(Y) =
Lty (DHDH). Then
1) The following estimate holds true:

var [X(Y)] = O (i) ;

n2

ol 1
=—+4+0|= ).
1—t2’y7y+ <n2>

Proof: In order to prove Lemma 1-(1), we use the Resol-
vent identity (10) and write

2) moreover

E[T(Y)]

DHDH = DHD — t» 'DHDHYY".
Since var(X + Y) < 2var(X) + 2var(Y), we only need to
deal with each term of the right-hand side. By Proposition
3, var(n~'tr DHD) = O(n~?) and by Proposition 4 -(1),
var(tn=2tr DHDHYY™) = O(n~2) and the proof of Lemma
1-(1) is completed.

Let us now prove Lemma 1-(2). The Resolvent identity (10)

yields
YY*
} ] . (80)
" Jpp

E [[HDH]pp] = dE[H,,] — tE HHDH
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We then write

[E HHDHYg*u _

and apply the differentiation formula (14) to the summand. After
derivations similar to (44)—(45), we obtain

_1 Z deH kaz ij p]

kyi=1j=1

p
ts
= —;der[E [[Hy]]PY (DHDH)}
"i7E[fHDHY] T
— ~d;7E | [HDHy,], ¥y)]
1
+ =d,d;7E [[HDH] } (81)
n
Taking the sum over j and combining with (80) yields
YDRY*| 1
— 42 i
E [[HDH]W} = r,E lH = ] ~tr (DHDH)
prp
5 YDRY*
+t*r,E |3 [HDH—]
n
prp
+ rpdyE [Hyp) . (82)
Taking now the sum over p, we obtain
[E{ tr(DHDH} Zd[E[HDH] ]
=X1 +X2 + X3 (83)
where
1 YDRY*
=+t2E | —tr (DRH—) (DHDH)]
n n n

-1 YDRY*
x2 =t°E [ﬁ—tr (DRHDH—)]
n n
X3 = Lie (D’RE [H])
- .

Let us first deal with the terms 2 and x3. Cauchy—Schwarz in-
equality together with Proposition 3 and Proposition 4-(1) yield
X2 = O(n~2). Proposition 5 together with Theorem 3 yield

X3 = 7+ O(n~%). We now look at x;. Due to Proposition
4-(1) and to Lemma 1-(1), we have

1 YDRY*
x1 =t’E l—tr (DRH7R>]
n

x E{ tr(DHDH)]nJrO (%)
@ 2 ~[E[ tr(DHDH)} O(%)
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[E[l <AHDHYBY )} — _ | Lt (DHDH) 2 ~tr ApYDRBY.
n n n n
1 YDRY*
+ —tr (DRB) E | —tr (DHDH) —tr ARDH- 1
n
1 /e 1
+—tr (DRB) r (AD?REH) + O ( 2)
n n n
YBY* 1 YDRBY*

E [1 <AHDH
n n

1 = 1 1
F 214 (DRB)E[-H(DHDH)}E “tr ( ARDH
n n n

ﬂ = —tE [ tr(DHDH)] E Etr AH

n
YDRY*
n

ltr (DRB) tr (AD2REH) + O < )

where (a) follows from (23) in Proposition 4. It remains to plug
the values obtained for 1, x2 and 3 into (83) to obtain

(1 —t*47)E [%tr (DHDH)] =+ 0(n?).

Recalling Proposition 2, we can divide by (1 —#2v7) and obtain
the desired result. ]

We can now go back to the computation of E¥(Y). Let us
give the main steps of the derivation. Expanding EV(Y) yields:

[EF <AHDHYBY )} _L

n n

N n
x 33" aybiE [[HDHy,] V).

p=1j=1

We replace the summand n~'E [ [HDHy | ) m] by the ex-

pression given by (81). We then replace the term E [[HDH] o
in (81) by the expression given by (82). We sum over p and j and
notice afterwards that the terms where ﬂA is involved are of order
O(n~2). We therefore end up with the first equation at the top of
the page. We first decorrelate by using the variance estimates
in Proposition 4-(1) and Lemma 1-(1) and obtain the second
equation at the top of the page. It remains to apply Theorem 3,
Proposition 4 and Lemma 1-(2) to the terms in the right-hand
side of the previous equality to conclude.
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