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A Central Limit Theorem for the SINR at the LMMSE
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Abstract—This paper is devoted to the performance study of the
linear minimum mean squared error (LMMSE) estimator for mul-
tidimensional signals in the large-dimension regime. Such an esti-
mator is frequently encountered in wireless communications and
in array processing, and the signal-to-interference-plus-noise ratio
(SINR) at its output is a popular performance index. The SINR
can be modeled as a random quadratic form which can be studied
with the help of large random matrix theory, if one assumes that
the dimension of the received and transmitted signals go to infinity
at the same pace. This paper considers the asymptotic behavior of
the SINR for a wide class of multidimensional signal models that in-
cludes general multiple-antenna as well as spread-spectrum trans-
mission models.

The expression of the deterministic approximation of the SINR
in the large-dimension regime is recalled and the SINR fluctuations
around this deterministic approximation are studied. These fluc-
tuations are shown to converge in distribution to the Gaussian law
in the large-dimension regime, and their variance is shown to de-
crease as the inverse of the signal dimension.

Index Terms—Antenna arrays, central limit theorem, code-divi-
sion multiple access (CDMA), linear minimum mean squared error
(LMMSE), martingales, multiple-carrier (MC)-CDMA, multiple-
input multiple-output (MIMO), random matrix theory.

I. INTRODUCTION

ARGE Random Matrix Theory (LRMT) is a powerful

mathematical tool used to study the performance of mul-
tiuser and multiple-access communication systems such as mul-
tiple-input multiple-output (MIMO) digital wireless systems,
antenna arrays for source detection and localization, spread
spectrum communication systems as code-division multiple
access (CDMA) and multiple-carrier CDMA (MC-CDMA)
systems. In most of these communication systems, the N-di-
mensional received random vector r € C is described by the
model

r=Ys+n (1)

where 8 = [0, 51,...,5K]|" is the unknown random vector of

transmitted symbols with size K + 1 satisfying Ess* = I'x 1,
the noise n is an independent additive white Gaussian noise
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(AWGN) with covariance matrix Enn* = pIy whose variance
p > 0 is known, and matrix ¥ represents the known “channel”
in the wide sense whose structure depends on the particular
system under study. One typical problem addressed by LRMT
concerns the estimation performance by the receiver of a given
transmitted symbol, say sq.

In this paper, we focus on one of the most popular estimators,
namely, the linear Wiener estimator, also calledthe linear min-
imum mean squared error LMMSE for linear minimum mean
squared error estimator: the LMMSE estimate S = g*r of
signal sq is the one for which the N x 1 vector g minimizes
E|30 — so|?. If we partition the channel matrix as £ = [y Y],
where y is the first column of ¥ and where matrix Y has di-
mensions N x K, then it is well known that vector g is given
by g = (2" + pI N)_1 1. Usually, the performance of this es-
timator is evaluated in terms of the signal-to-interference-plus-
noise ratio (SINR) at its output. Writing the received vector r
as r = soy + rin Where soy is the relevant term and r;, rep-
resents the so-called interference-plus-noise term, the SINR is
given by B = |g*y|?/E|g*rin|?. Plugging the expression of g
given above into this expression, one can prove that the SINR
Ok is given by the well-known expression

Bx =y (YY" + pIy) "' y. )

In general, this expression does not provide a clear insight into
the impact of the channel model parameters (such as the load
factor K N1, the power distribution of the transmission data
streams, or the correlation structure of the channel paths in the
context of multiple-antenna transmissions) on the performance
of the LMMSE estimator.

An alternative approach, justified by the fluctuating nature
of the channel paths in the context of MIMO communications
and by the pseudorandom nature of the spreading sequences
in spread-spectrum applications consists to model matrix X as
a random matrix (in this case, Ok becomes a random SINR).
The simplest random matrix model for ¥, corresponding to the
most canonical MIMO or CDMA transmission channels, cor-
responds to independent and identically distributed (i.i.d.) en-
tries with mean zero and variance N—!. In that case, LRMT
shows that when K — oo and the load factor K N ! converges
to a limiting load factor o > 0, the SINR [ converges almost
surely (a.s.) to an explicit deterministic quantity 3(c, p) which
simply depends on the limiting load factor o and on the noise
variance p. As a result, the impact of these two parameters on
the LMMSE performance can be easily evaluated [1], [2].

The LMMSE SINR large-dimensional behavior for more
sophisticated random matrix models has also been thoroughly
studied (cf. [1], [3]-[9]) and it has been proved that there
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exists a deterministic sequence (3 ), generally defined as the
solution of an implicit equation, such that g — fx — 0 a.s.
as K — oo and % remains bounded away from zero and from
infinity.

Beyond the convergence x — [ — 0, a natural question
arises concerning the accuracy of 3y for finite values of K.
A first answer to this question consists in evaluating the Mean
Squared Error (MSE) of the SINR E|(x — 3 |? for large K. A
further problem is the computation of outage probability, that is
the probability for B — B to be below a certain level. Both
problems can be addressed by establishing a Central Limit The-
orem (CLT) for B — EK. In this paper, we establish such a
CLT (Theorem 3 below) for a large class of random matrices
Y. We prove that there exists a sequence ©% = O(1) such that
gj (B — B ) converges in distribution to the standard normal
law A/(0,1) in the asymptotic regime. One can therefore infer
thglt the mean square error (MSE) asymptotically behaves like
@TK and that the outage probability can be simply approximated
by a Gaussian tail function.

The class of random matrices ¥ we consider in this paper is
described by the following statistical model: Assume that

N.K Onk MK
Y= (Enk)n;1, k=0 — <\/—FW"’“> i S

where the complex random variables W, are i.i.d. with
EW,r, = 0, [Eng = 0, and E|W,|> = 1, and where
(62,; 1 <n < N; 0 <k < K) is an array of real numbers.
Due to the fact that E|X,,x|? = %, the array (02,,) is referred
to as a variance profile. An important particular case is when
o2, is separable , that is, writes

oo = dndi “
where (dy,...,dy) and (do, ..., dg) are two vectors of real
positive numbers.

Applicative Contexts:

Among the applicative contexts where the channel is de-
scribed appropriately by model (3) or by its particular case (4),
let us mention the following.

* Multiple-antenna transmissions with K + 1 distant sources
sending their signals toward an array of /V antennas. The
corresponding transmission model is r = Z8 4+ n where
E = LKHPUQ, matrix H is an N x (K + 1) random
matrix with complex Gaussian elements representing the
radio channel, P = diag(po,-..,px) is the (determin-
istic) matrix of the powers given to the different sources,
and n is the usual AWGN satisfying Enn* = pI . Write
H = [hg --- hg], and assume that the columns hy, are
independent, which is realistic when the sources are dis-
tant one from another. Let C}, be the covariance matrix
C}) = Ehih; andlet C, = U AU}, be a spectral decom-
position of C, where Ay, = diag(Anr; 1 < n < N)is the
matrix of eigenvalues. Assume now that the eigenvector
matrices Uy, ..., Uk are all equal (to some matrix U, for
instance), a case considered in, e.g., [10] (note that some-
times they are all identified with the Fourier N x N matrix

[11]). Let ¥ = U*E. Then matrix ¥ is described by the
statistical model (3) where the W,,;, are standard Gaussian
ii.d., and O’?Lk = Anrpr. If we partition E as E = [z X]
similarly to the partition ¥ = [y Y] above, then the SINR
0 at the output of the LMMSE estimator for the first ele-
ment of vector 8 in the transmission model 7 = Z8 + n is

B=a" (XX"+pIx) =y (YY" +ply) 'y

due to the fact that U is a unitary matrix. Therefore, the
problem of LMMSE SINR convergence for this MIMO
model is a particular case of the general problem of con-
vergence of the right-hand member of (2) for model (3).
It is also worth to say a few words about the particular case
(4) in this context. If we assume that Ag = --- = Ax and
these matrices are equal to A = diag(A1,...,An), then
the model for H is the well-known Kronecker model with
correlations at reception [12]. In this case
TR B ) S SV 1/2
Y=U'E \/EU HP \/EA wp 5)

where W is a random matrix with i.i.d. standard Gaussian
elements. This model coincides with the separable variance
profile model (4) with d,, = A,, and Jk = pi.

CDMA transmissions on flat-fading channels. Here N is
the spreading factor, K + 1 is the number of users, and

v =VPpPY/? (6)

where V is the N x (K + 1) signature matrix assumed
here to have random i.i.d. elements with mean zero and
variance N~!, and where P = diag(po,--.,px) is the
user’s power matrix. In this case, the variance profile is
separable with d,, = 1 and de = %pk. Note that elements
of V are not Gaussian in general.

Cellular MC-CDMA transmissions on frequency-selective
channels. In the uplink direction, the matrix X is written as

Y= [Ho’vo HK+1’UK+1] @)

where H), = diag(hg(exp(2tr(n —1)/N); 1 <n < N)
is the radio channel matrix of user k (+ = /—1) in the dis-
crete Fourier domain (here N is the number of frequency
bins) and V = [vg, ..., vk]isthe N x (K + 1) signature
matrix with i.i.d. elements as in the CDMA case above.
Modeling this time the channel transfer functions as deter-
ministic functions, we have

n

ol = %|hk(exp(2z7r(n —1)/N))%.
In the downlink direction, we have

Y =HVP'/? ®
where H = diag(h(exp(2ir(n —1)/N); 1 <n < N)is
the radio channel matrix in the discrete Fourier domain,

the N x (K + 1) signature matrix V is as above, and
P = diag(po, - - ., px’) is the matrix of the powers given to

Authorized licensed use limited to: Telecom ParisTech. Downloaded on October 21, 2009 at 06:31 from IEEE Xplore. Restrictions apply.



5050

the different users. Model (8) coincides with the separable
variance profile model(4) with

d:K

n = 3 [Plexp(2im(n — 1)/N)?

and dk = Pk-

About the Literature:

The asymptotic approximation 3 (first-order result) is con-
nected with the asymptotic eigenvalue distribution of Gram ma-
trices YY™ where elements of Y are described by the model
(3), and can be found in the mathematical LRMT literature in
the work of Girko [13] (see also [14] and [15]). Applications in
the field of wireless communications can be found in, e.g., [6]
in the separable case and in [8] in the general variance profile
case.

Concerning the CLT for g — 3 (second-order result), only
some particular cases of the general model (3) have been con-
sidered in the literature among which the i.i.d. case (02, = 1)
is studied in [16] (and based on a result of [17] pertaining to
the asymptotic behavior of the eigenvectors of YY ™). The more
general CDMA model (6) has been considered in [18], using a
result of [19]. The model used in this paper includes the models
of [16] and [18] as particular cases.

Approximations of the distribution of the SINR at the
LMMSE output have been studied in [20]. The authors of [20]
propose to approximate the SINR distribution with Gamma and
generalized Gamma distributions by adjusting the asymptotic
moments of this SINR.

In another line of thought, performance of nonlinear detec-
tors has been studied in the large-dimensional regime by using
statistical mechanics techniques, as in [21], [22].

Fluctuations of other performance indexes such as Shannon’s
mutual information E logdet ( ET;* +1 N) have also been
studied at length. Let us cite [23] where the CLT is established
in the separable case and [24] for a CLT in the general variance

profile case. Similar results concerning the mutual information
are found in [25] and [26].

Limiting Expressions Versus K -Dependent Expressions:

As one may check in Theorems 2 and 3 below, we deliberately
chose to provide deterministic expressions (3 and ©2% which
remain bounded but do not necessarily converge as K — oo.
For instance, Theorem 2 only states that S5 — 35 — 0 a.s. No
conditions which would guarantee the convergence of S are
added. This approach has two advantages: 1) such expressions
for B, and ©% exist for very general variance profiles (02,)
while limiting expressions may not, and 2) they provide a nat-
ural discretization which can easily be implemented.

Statements about these deterministic approximations are
valid within the following asymptotic regime:

K
limsup — < o0. (9)

K ,
— 00, N

K
lim inf N >0 and

Note that % is not required to converge. In the remainder of the
paper, the notation “K — 00” will refer to (9).
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We note that in the particular case where % — « > 0 and the

variance profile is obtained by a regular sampling of a contin-

k
K+1

that 35 and ©% converge towards limits that can be character-
ized by integral equations.

. . 2 _ n ., . .
uous function fi.e., 0, = f (ﬁ, , it is possible to prove

Principle of the Approach:

The approach used here is simple and powerful. It is based
on the approximation of g by the sum of a martingale differ-
ence sequence and on the use of the CLT for martingales [27].
We note that apart from the LRMT context, such a technique
has been used recently in [28] to establish a CLT on general
quadratic forms of the type 2* Az where A is a deterministic
matrix and 2 is a random vector with i.i.d. elements.

Paper Organization:

In Section II, first-order results, whose presentation and un-
derstanding are necessary to state the CLT, are recalled. The
CLT, which is the main contribution of this paper, is provided
in Section III. In Section IV, simulations and numerical illus-
trations are provided. The proof of the main theorem (Theorem
3) in given in Section V while the Appendix gathers proofs of
intermediate results.

Notations:

Given a complex N x N matrix X = [x;;];_,, denote by
|| X]| its spectral norm, and by ||| X]||,, its maximum row sum
norm, i.e., |[|X|||,, = maxi<;<n >, |zi;|. Denote by || - ||
the Euclidean norm of a vector and by || - ||co its max (or £s)
norm.

II. FIRST-ORDER RESULTS: THE SINR DETERMINISTIC
APPROXIMATION

In the sequel, we shall often show explicitly the dependence
on K in the notations. Consider the quadratic form (2)

B =y (YY" +pIn) "y

where the sequence of matrices X(K) = [y(K) Y (K)] is given
by

B(K) = (Sur (K)o = (”jﬁ—f ) W’*)j: o

Let us state the main assumptions:

Al: The complex random variables (W,x; n > 1, k > 0)
are i.i.d. with EWyy = 0, EWZ = 0, E|Wyo|? = 1, and
[E|W10|8 < o0.

A2: There exists a real number o, < oo such that

sup max_|opk(K)| < omax-
K>1 1<n<N
=" 0<kIK

Let (am;1 < m < M) be complex numbers, then
diag(am;1 < m < M) refers to the M x M diagonal matrix
whose diagonal elements are the a,,’s. If A = (a;;) is a square
matrix, then diag(A) refers to the matrix diag(a;;). Consider
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the following diagonal matrices based on the variance profile
along the columns and the rows of X:

Dy (K)
D, (K)

A3: The variance profile satisfies

0<k<K
1<n<N. (10)

= diag(o7),
= diag(o;

1
liminf min —trD;(K .
1;{1121111 Oél’llclélK Ktr (K)>0
Since E|W10|? = 1, one has E|Wyg|* > 1. The following as-
sumption is needed.

A4: At least one of the following conditions is satisfied:

03080 0.

E[Wiol* > 1 or hmmf <

Remark 1: If needed, one can attenuate the assumption on the
eighth moment in A1. For instance, one can adapt without diffi-
culty the proofs in this paper to the case where E|W1o|**¢ < oo
for e > 0. We assumed E|W74|® < oo because at some places
we rely on results of [24] which are stated with the assumption
on the eighth moment.

Assumption A3 is technical. It has already appeared in [29].

Assumption A4 is necessary to get a nonvanishing variance
©%- in Theorem 3.

The following definitions will be of help in the sequel. A com-
plex function #(z) belongs to class S if ¢(z) is analytical in the
upper half plane C; = {z € C; im(z) > 0}, if {(z) € Cy for
all z € C4 and if im(z)[t(2)]| is bounded over the upper half
plane C .

The Stieltjes transform (ST) f, of a probability measure y is
the complex function

e = [

One can check that the ST of a probability measure belongs to
the class S.

Let {\1 K, ..., AN K} be the set of eigenvalues of the Gram
matrix Y (K )Y(K )*. The spectral measure of this matrix is the
random probability measure ;i defined as

1 o
K = N Z6A,7,1<
n=1

where 6, is the Dirac measure at z. Denote by Q(z) and
Qi (z) the resolvents of Y(K)Y (K)* and Y (K)*Y (K), re-
spectively, that is, the N x N and K X K matrices defined by
Qr(2) = (Y(K)Y (K)" —zIy)™

Qk(z) =

Z/L(dt)7 z € Cy.

and
(Y(K)'Y(K) - 2Ix)™"

We have

—tI“QK

fui (2)

1
NZ)\nK—z /t—zMK(dt):

in other words, the normalized trace of the resolvent is the ST
of the spectral measure of Y (K)Y (K)*.
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A. The SINR Deterministic Approximation

It is known [13], [29] that there exists a deterministic diag-
onal N x N matrix function T'(z) with the following proper-
ties: First, the normalized trace +trT'(z) is the ST of a deter-
ministic probability measure 7w . Second, T'(z) approximates
the resolvent Q(z) in the following sense: Given any diagonal
deterministic matrix S with bounded spectral norm, the quantity
+tr 8(Q(z) —T(z)) converges a.s. to zero as K — co. By this
means (take 8 = I and consider the STs), one can show that
7 approximates the spectral measure ux of Y(K)Y (K)*.

It is also known that the approximation 3 of the SINR [ is
simply related to T'(z) (cf. Theorem 2). As we shall see, matrix
T(z) also plays a fundamental role in the second-order result
(Theorem 3). In the following theorem, we recall the definition
and some of the main properties of T'(z).

Theorem 1: The following statements hold true.

1) [29, Theorem 2.4] Let (02, (K); 1 < n < N; 1 <
k < K) be a sequence of arrays of real numbers and con-
sider the matrices Dy, (K') and D,, (K) defined in (10). The
system of N + K functional equations

tn = =L , 1<n<N
x(2) S Ee@L OTR ()
1 X
o (2) = Sz, wmy) | SESK
(11)

where

TK(Z) = diag(tLK(z), . 7tN’K(Z))

TK(Z) = diag(fvi(zL e 7t~K_’K(Z))

admits a unique solution (T',T) among the diagonal ma-
trices for which the ¢,, x’s and the fk,K ’s belong to class S.
Moreover, functions ¢, k() and fk7 x (z) admit analytical
continuations over C — [0, c0) which are real and positive
for z € (—00,0).

2) [29, Theorem 2.4] There exist probability measures 7 g
and 7 with support in Ry = [0, c0) such that

itrT(z).

fwl( (Z) = and fﬁ-K (Z) = K

3) [29, Theorem 2.5] Assume from now on that Assumptions
Al and A2 hold true. Consider the sequence of random
matrices Y (K )Y (K)* where Y has dimensions N x K
and whose entries are given by Y, = ”;{ nk- For every
sequence Sk of N x N diagonal matrices and every se-
quence Sk of K x K diagonal matrices with

sup max (|||, 1Sl < oo
K

%trT(z)

the following limits hold true a.s.:

1
Kli—n>100 ?tr Sk (Q(z) —Tk(2)) =0,
Vze C—Ry
. 1. % (A =
lim —tr S (QK(z) - TK(Z)) =0,
VzeC—Ry.
4) [29, Corollary 2.7] Denote by urx and jix the spectral
measures of Y(K)Y(K)* and Y(K)*Y(K), respec-
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tively. Then for any bounded and continuous function
g:Ry—R

[ atoutan - [ gometan
[ oot - [ awreian — o

— 0 and

— o0

almost surely.

The following lemma which reproduces [30, Lemma 2.7] will
be used throughout the paper. It characterizes the asymptotic
behavior of an important class of quadratic forms.

Lemma l: Letx = [X1,...,Xy]T bean N x 1 vector where
the X,, are centered i.i.d. complex random variables with unit
variance. Let A be a deterministic N x N complex matrix. Then,
for any p > 2, there exists a constant C},, depending on p only
such that
1

N 1

<% <<E|X1|4tr(AA ))p/2+[E|X1|2ptr<(AA*)p/2>>.

~ N?
(12)

Noticing that tr(AA") < N||A||? and that tr ((AA")P/2) <
N||A||, we obtain the simpler inequality

P
E

p

E ’%zAz - ()

< sl (EX)? +EX ) a3)

which is useful in case one has bounds on || A]|.

Using Theorem 1 and Lemma 1, we are in position to charac-
terize the asymptotic behavior of the quadratic form Sx given
by (2). We begin by rewriting Sk as

1 _
B = —w*Dl/ (YY" + pIy) "' D}/ *w,
KaDWQ@mmﬁw (14)
where the N x 1 vector wy is given by wy = [W1o, ..., Wxo]T

and the diagonal matrix Dy is given by (10). Recall that wg and
Q are independent and that || Dy|| < o2, by A2. Furthermore,
one can easily notice that ||Q(—p)|| = (YY" +pI)~ Y| < 1/p.

Denote by Eq the conditional expectation with respect to @,
ie., Eq = E(+|Q). From inequality (13), there exists a constant
C > 0 for which

Br — %trDoQ(_P)

4
EEq

2
< (X EIDoQl* (EIWiol*)? + EWiol)
—“ K2\ K

C N 2 Jr2nax ! 4\2 8
<%z <}> < P ) ((E[W1o|*)* + E[Wiol*)
1
-0 (5):
By the Borel-Cantelli lemma, we therefore have

— 0 as.
K — oo

fic = 24 (DoQ(=p))

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 11, NOVEMBER 2009

Using this result, simply apply Theorem 1-part 3 with S = D,
(recall that | Dyo|| < o2 ,,.) to obtain the following.

Theorem 2: Let B = +tr(Do(K)Tk(—p)) where T is
given by Theorem 1—part 1. Assume Al and A2. Then

B. The Deterministic Approximation in the Separable Case

In the separable case 0,1(K) = d, (K)dy(K), matrices
D,(K) and D,,(K) are written as Dy (K) _NJk(K)D(K) and
D, (K) = d,(K)D(K) where D(K) and D(K) are the diag-
onal matrices

5)

and one can check that the system of IV + K equations leading
to T and T simplifies into a system of two equations, and
Theorem 1 takes the following form.

Proposition I [29, Sec. 3.2]:
1) Assume 02, (K) = d,(K)dp(K). Given p > 0, the
system of two equations

=Ly (D (p(IN + SK(p)D))1>

. (16)
=tr (5 (p(IK + 5K(P)b)) )

where D and D are given by (15) admits a unique solution
(6x(p), 0K (p)). Moreover, in this case, matrices T'(—p)
and T'(—p) provided by Theorem 1—part 1 coincide with

and

T(—p) = ~(I +5(p)D)~"

1 ~
=;U+&mDrﬁ(w)
2) Assume that Al and A2 hold true. Let matrices
Sk and Sk be as in Theorem I-part 3. Then, al-
most surely +tr(Sk (Qx(—p) — Tk (—p))) —0 and

+tr (g’k (QK(—p) - TK(—p))) —0as K — oo.

With these equations we can adapt the result of Theorem 2 to
the separable case. Notice that Dy = doD and that §(p) given
by the system (16) coincides with 4 tr(DT'), hence we have the
following.

Proposition 2: Assume that 02, (K) = d,(K)d(K), and
that A1 and A2 hold true. Then
ﬁK

where 65 (p) is given by Proposition 1—part 1.

Let us provide a more explicit expression of 6 which will
be used in Section IV to illustrate the SINR behavior for the
MIMO model (5) and for MC-CDMA downlink model (8). By
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combining the two equations in system (16), it turns out that
8 = 6k (p) is the unique solution of the implicit equation

1 d,
72 — a9
n=1 K Z_:
Recall that in the case of the MIMO model (5), d,, = A, and

dr = pi, while in the case of the MC-CDMA downlink model
®8), dn = L|h(exp(2ur(n — 1)/N)|? and dp = pj. again.
Here dy = po is the power of the user of interest (user 0), and
therefore O / Jo is the normalized SINR of this user. Notice that
0k (p) is almost the same for all users, hence the normalized
SINRs for all users are close to each other for large K. Their
common deterministic approximation is given by (18) which is
the discrete analogue of the integral (16) in [6].
This example will be continued in Section III.

III. SECOND-ORDER RESULTS: THE CENTRAL LIMIT THEOREM

The following theorem is the main result of this paper. Its
proof is postponed to Section V.

Theorem 3:
1) Assume that A2, A3, and A4 hold true. Let Ax and Ax
be the K x K matrices

K
1 %trD,D,,T(—p)*
AK = ? 1 )
(1+ %£trDT(—p))

lm=1

and

2
Ag =diag <(1+%tngT(—p)> 1<e< K) (19)

where T is defined in Theorem 1-part 1. Let g, be the
K x 1 vector

T
9 — |: tI‘D()DlT< ) ..... ?tI‘DoDKT( ) } .

Then the sequence of real numbers
0% = (Ix — Ax) ' Ak g5

KQA
1
+ (E|Wyo|* — 1)EtrD0(K)2TK(—p)2 (20)

is well defined and furthermore
0< lin}(inf 0% < limKsup 0% < oo.
2) Assume in addition Al.
Yy (YY™ + pI)~ 'y satisfies

K (B~ Tn) . NOL)

Then the sequence [x =

in distribution where 3 = +tr DT is defined in the
statement of Theorem 2.

Remark 2: (Comparison With Other Performance Indexes):
It is interesting to compare the “mean squared error” (MSE)
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related to the SINR Sx: MSE (Br) = E(Bx — Bg)?, with
the MSE related to Shannon’s mutual information per transmit
dimension I = % log det(pXX™ + I) (studied in [24], [25] for
instance)

MSE (fx) o O <%) while MSE (I) x O <;2>

Remark 3 (On the Achievability of the Minimum of the Vari-
ance): Recall that the variance writes

1 1
02 = ?gT(IK —A)AT g+ (E|Whol* — 1)?trD3T2.
As E|Wi|? = 1, one clearly has E[Wyo|* — 1 > 0

with equality if and only if |[Wjs| = 1 with proba-
bility one. Moreover, we shall prove in the sequel (Sec-
tion V-B) that liminfx +Do(K)T3% > 0. Therefore,
(E[Wio|* — 1)ftr DT? is nonnegative, and is zero if
and only if [W7o| = 1 with probability one. As a consequence,
@% is minimum with respect to the distribution of the W,
if and only if these random variables have their values on the
unit circle. In the context of CDMA and MC-CDMA, this is
the case when the signature matrix elements are elements of
a phase-shift keying (PSK) constellation. In multiple-antenna
systems, the W,;’s are frequently considered as Gaussian
which induces a penalty on the SINR asymptotic MSE with
respect to the unit norm case.

In the separable case, O3 = d202 where Q3 is given by the
following corollary.

Corollary 1: Assume that A2 is satisfied and that 07, =
d, dy. Assume moreover that

. R | T =
min (hn}{lnf ?tr(D(K)),hn}(mf ?tr(D(K))> >0 (21

where D and D are given by (15). Let v =
~2~2
3 = +trD T . Then the sequence

2 ~
0% =~ (ﬁi + (E[Who* - 1)>

el
satisfies 0 < liminfx Q% < limsupg Q% < oo. If, in addi-
tion, A1 holds true, then

%trDsz and

(22)

in distribution.

Remark 4: Condition (21) is the counterpart of Assumption
A3 in the case of a separable variance profile and suffices to
establish 0 < lim infx (1 — p?y7) < limsupg (1 — p?y7) < 1
(see for instance [23]), hence, the fact that 0 < lim inf g Q%( <
lim sup ;- Q% < oo. The remainder of the proof of Corollary 1
is postponed to Appendix B.

Remark 5: As a direct application of Corollary 1 (to be used
in Section IV below), let us provide the expressions of v and ¥
for the MIMO model (5) or MC-CDMA downlink model (8).
From (15)—(17), we get

KZ(/Jerd 6>2
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dn
+dZ

K 2
Zl (p+ppk6>

where we recall that d,, = A, for model (5), d, =
£ |h(exp(2ur(n — 1)/N)|? for model (8), and ¢ is the so-
lution of (18).

Il
x| =
-

1+;DA 6

NIH

In the context of Corollary 1, if we further assume that D = I,
then we recover the results of [18] and [16] (the latter being
specific to the case where D = I in addition).

Corollary 2: Assume the setting of Corollary 1 with D = I.
Then

% =% ) m”’(‘”)

N . 2

+—= (|E|W10| —ﬂ'K df (23)
K

where 7 is the probability measure which ST is +trT'(z) as

shown in the statement of Theorem 1.

This corollary will be proven in Appendix C.
IV. SIMULATIONS

A. The General (Not Necessarily Separable) Case

In this section, the accuracy of the Gaussian approximation is
verified by simulation. In order to validate the results of Theo-
rems 2 and 3 for practical values of K, we consider the example
of a MC-CDMA transmission in the uplink direction. We re-
call that K is the number of interfering users in this context.
In the simulation, the discrete time channel impulse response
of user k is represented by the vector with L = 5 coefficients
9x = [9k.0s- -9k 0—1]" - In the simulations, these vectors are
generated pseudo-randomly according to the complex multi-
variate Gaussian law CN'(0,1/LI ). Setting the number of fre-
quency bins to N, the channel matrix H, for user & in the fre-
quency domain (see (7)) is

H, = diag(hg(exp(2ir(n —1)/N);1 <n < N)
where

VP
gk,1%
gl Z

the norm ||g,|| is the Euclidean norm of g,,, and P is the power
received from user k. Concerning the distribution of the user
powers Py, we assume that these are arranged into five power
classes with powers P, 2P, 4P, 8P, and 16 P with relative fre-
quencies given by Table I. The user of interest (user 0) is as-
sumed to belong to Class 1. Finally, we assume that the number
K of interfering users is set to K = N/2.

In Table II, the signal to noise ratio (SNR) P/ p for the user of
interest is fixed to 10 dB. The evolution of KE(Bx — Bk )? /0%

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 11, NOVEMBER 2009

TABLE 1
POWER CLASSES AND RELATIVE FREQUENCIES
Class 1 2 3 4 5
Power P 2P | 4P | 8P | 16P

Relative frequency | 1/8 | 1/4 | 1/4 | 1/8 | 1/4

TABLE II
SINR NORMALIZED MSE VERsUs K (SNR = 10 dB)
K 8 16 32 64 128 256
KE(Bx — Bx)?/0% | 09761 | 0.9845 | 1.0464 | 1.0187 | 1.0127 | 0.9919
TABLE IIT
SINR NORMALIZED MSE VERSUS SNR (K = 64)
SNR 0 5 10 15 20 25 30

1.0283 | 1.0294 | 1.0373 | 1.0358 | 1.0347 | 1.0348 | 1.0350

KE(Bx — Bk)*/O%

for this user (where E(8x — (Bx)? is measured numerically) is
shown with respect to K. We note that this quantity is close to
one for values of K as small as K = 8.

In Table III, K is set to K = 64, and the SINR normal-
ized MSE KE(Bx — [k )?/©% is plotted with respect to the
input SNR P/p. This figure also confirms the fact that the MSE
asymptotic approximation is highly accurate.

Fig. 1 shows the histogram of /K (fx — Bx)/Oxk for N =
16 and N = 64. This figure gives an idea of the similarity
between the distribution of K (8 — Br)/Ox and N'(0,1).

More precisely, Fig. 2 quantifies this similarity through a
quantile—quantile (Q-Q) plot.

B. The Separable Case

In order to test the results of Proposition 2 and Corollary 1, we
consider the following multiple-antenna (MIMO) model with
exponentially decaying correlation at reception:

v L gireypy2

K
where ¥ = [a™~ "] = 0 with 0 < a < 1 is the covariance
matrix that accounts for the correlations at the receiver side,
P = diag (po, . - -, pK) is the matrix of the powers given to the
different sources, and W is an N x (K +1) matrix with Gaussian
standard i.i.d. elements. Let P,, denote the vector containing the
powers of the interfering sources. We set P,, (up to a permuta-
tion of its elements) as shown in the equation at the bottom of
the following page. For K = 2P with 3 < p < 7, we assume
that the powers of the interfering sources are arranged into five
classes as in Table I. We set the SNR P/p to 10 dB and a to
0.1. We investigate in this section the accuracy of the Gaussian
approximation in terms of the outage probability. In Fig. 3, we
compare the empirical 1% outage SINR with the one predicted
by the CLT. We note that the Gaussian approximation tends to
underestimate the 1% outage SINR. We also note that it has a
good accuracy for small values of « and for enough large values
of N (N > 64).

Observe that all these simulations confirm a fact announced
in Remark 3 above: compared with functionals of the channel
singular values such as Shannon’s mutual information, larger
signal dimensions are needed to attain the asymptotic regime
for quadratic forms such as the SINR (see for instance outage
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KAMMOUN et al.: A CENTRAL LIMIT THEOREM FOR THE SINR AT THE LMMSE ESTIMATOR OUTPUT
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Fig. 1. Histogram of VK (3x — Bx) for N = 16 and N = 64.

QQplot for N=16

QQplot for N=64

Normal Quantiles
o
Normal Quantiles

2 o0 2 2 o 2
Empirical Quantiles Empirical Quantiles
Fig. 2. Q-Q plot for v K(,ﬁK - ,(_jK), N = 16 and N = 64; dash-dotted line
is the 45° line.

-4

probability approximations for mutual information in [25] and
in [26]). This observation holds for first-order as well as second-
order results.
V. PROOF OF THEOREM 3
This section is devoted to the proof of Theorem 3. We begin

-2 0 2 4

250 T T

200

150

100

50

A. Preliminaries

The following lemma gathers useful matrix results, whose
proofs can be found in [31].

Lemma 2: Assume X = [z;5]}Y;_, and Y are complex N x N
matrices. Then

1) For every 3,5 < N, |zl
diag(X)|| < |IX].

2 XY < X[V

3) For p > 0, the resolvent (X X ™+ pI) = satisfies ||( X X+
p)7H < p7h

4) If Y is Hermitian nonnegative, then [tr(XY)]
X tx(Y).

Let X = UAV™ be a spectral decomposition of X where
A = diag(Aq, ..., \,) is the matrix of singular values of X . For
areal p > 1, the Schatten £,-norm of X is defined as || X||, =
OIP )1/ P The following bound over the Schatten /,-norm of
a triangular matrix will be of help (for a proof, see [28], [32,
p. 278]).

< || X]]. In particular,

<

Lemma 3: Let X = [z4]);_, be an N x N complex ma-
trix and let X = [z;;1;5 ] fV]:l be the strictly lower triangular
matrix extracted from X. Then for every p > 1, there exists a
constant C,, depending on p only such that

with mathematical preliminaries. ||)N( I, < CpllX|lp-
(4P 5P], if K =2
P.=! [Pz P 2P 4P], if K =4

[P P 2P 2P 2P 4P 4P

4P 8P 16P 16P 16P], if K =12.
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Fig. 3. Theoretical and empirical 1% outage SINR.

The following lemma lists some properties of the resolvent
Q and the deterministic approximation matrix T'. Its proof is
postponed to Appendix A.

Lemma 4: The following facts hold true.
1) Assume A2. Consider matrices

Tk (—p) = diag(t1(=p),...,tn(=p))

defined by Theorem 1—part 1. Then forevery 1 <n < N

<tu(-p) < % 24)

P+ Ohax

2) Assume in addition A1 and A3. Let Q(—p) = (YY" +

pI)~! and let matrices Sk be as in the statement of The-
orem l—part 3. Then

supE |tr Sx(Qx — T'x)|* < 00. (25)
K

B. Proof of Theorem 3—Part 1

We introduce the following notations. Assume that X is a real
matrix, by X > 0 we mean X;; > 0 for every element X;;.
For a vector z, > 0 is defined similarly. In the remainder of

N=32
8 ————

+ I.Empirica.l
—j— Theoretical

4 IR RS, . OIS
-1 O PO VOO SOOI ST - SO SO S
£
z
a 0 - P s, RO,

_4 S S S R e R E I S I R
: : : : f g
-6 ; i i i i i i i
0.1 0.2 04 07 08 09 1

SINR in dB

02 03 04 05 06

the paper, C' = C(p, 02, liminf £ sup &) < oo denotes a

positive constant whose value may change from line to line.
The following lemma, which directly follows from [24,

Lemma 5.2 and Proposition 5.5], states some important proper-

ties of the matrices A defined in the statement of Theorem 3.

Lemma 5: Assume A2 and A3. Consider matrices Ax de-
fined by (19). Then the following facts hold true.
1) Matrix I'y — Aj is invertible, and (I'x — Ax)~! = 0.
2) Element (k, k) of the  inverse  satisfies
[(IK — AK)*l]k,k > 1forevery1 < k< K.
3) The maximum row sum norm of the inverse satisfies
limsupy |||(Tx — AK)_1|||Oo < 0.

Due to Lemma 5-part 1, ©% is well defined. Let us prove
that lim sup i ©% < oc. The first term of the right-hand side of
(20) satisfies

1 _
RﬂTUk“—AKYJA 'g
<lgllool(Tx — Ax)'A™ gl
<llglls ||| (T — Ax) ]| 1A glloc

<llgl% |||Tx — Ax) Y| | (26)
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due o |[|]A™"]||so < 1. Recall that ||T|| < p~! by Lemma 4—
part 1. Therefore, any element of g satisfies
1 2 N NU4
—trDoDiT? < — || Dol||| Di||||IT|)* < — -2 (27
% TDoDAT” < T Dol T < 27 @)

by A2, hence supy ||g|| < C. From Lemma 5-part 3 and (26),
we then obtain

T(Ix — Ag)"*A g < C. (28)

i 1 g
imsup —
k K

We can prove similarly that the second term in the right-hand
side of (20) satisfies sup i ((E|Wio|*—1) 2 trDyT(—p)?) < C.
Hence, lim supz ©% < oo.

Let us prove that lim infx ©% > 0. We have

1 _
fyT(IK —Ax)'AT'g

@1 : 1y A—
> 29" diag (Ix — Ax)™) A™'g

(») 1 1
> -

= 2
(1+ nnx) (p+01211ax
1 K ’
>C (ﬁtr D, ZDk>

k=1

where (a) follows from the fact that (I'x — Agx)™ = 0
(Lemma S5—part 1, and the straightforward inequalities
A" >~ 0and g > 0), (b) follows from Lemma S5—part 2

and A < 1+ & a““")z (c) follows from the elemen-
tary inequality n= 1> 22 > (n~ 13 z;)?, and (d) is due to
Lemma 4—part 1 and Lemma 2-part 4. Similar derivations yield

1
(E|Wio|* — 1)?1«1)31*

EWol* =1 [ 1 2 .
> 7L T2 (2 0Dy) > CE[WL* -1
2 ot ogp \K ) = CEMl =Y

by A3. Therefore, if A4 holds true, then lim inf g @%( > 0 and
Theorem 3—part 1 is proved.

C. Proof of Theorem 3—Part 2

Recall that the SINR Sk is given by (14). The random vari-
able &~ ( B — Bx) can therefore be decomposed as

\/_

6. (0x ~ D) = (wiDy* QDY *ws — 1x(DyQ) )

\/_91(
1
+ \/?@K (tr<D0(Q - T)))
=Uxk +Us k.

(29)
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Thanks to Lemma 4—part 2 and to the fact that lim inf - ©%- >
0, we have IEUIZ{,2 < CK~! which implies that Ux » — 0 in
probability as K — oo. Hence, in order to conclude that

\/_(/BA = Bx) = _N(0,1)

in distribution

it is sufficient by Slutsky’s theorem to prove that
Uy xk — N(0,1) in distribution. The remainder of the section
is devoted to this point.

Remark 6: Decomposition (29) and the convergence to zero
(in probability) of Us g yield the following interpretation: The
fluctuations of /K (B — B ) are mainly due to the fluctuations
of vector wy. Indeed, the contribution of the fluctuations! of
%trDoQ, due to the random nature of Y, is negligible.

Denote by E, the conditional expectation E,[] =
|E[|| Wn,07Wn+1,0> e, WNyo,Y]. Put [EN+1[~] = |E[|| Y]
and note that E 41 (w(’SD(l]/QQD(l]/QwO) = trDoQ. With these
notations at hand, we have

N «l/2Anl/2
1 wiD,/ QD “w
Us v — E,—E, 0o 0
L = e 2 (Bn ~Ene) TG
1 N
A
2 L vy, 30
o 2 K (30)

Consider the increasing sequence of o-fields

Fnrx =0(Wno,Y),..., ik
:U(le()? ey WN707Y).

Then the random variable Z,, g is integrable and measur-
able with respect to F, g; moreover, it readily satisfies
E.+1Z,x =0.In partlcular the sequence (Zn x, - - -, Z1,K)
is a martingale difference sequence with respect to
(Fn.k,--,F1,K). The following CLT for martingales is the
key tool to study the asymptotic behavior of U; g

Theorem 4: Let Xn k., XNn_1,K,---, , X1,k be a martingale
difference sequence with respect to the increasing filtration
ON.K,---,91,Kx. Assume that there exists a sequence of real
positive numbers s%( such that

TZ

. X kllGnir k] — 1

in probability. Assume further that the Lyapunov condition
holds

N

1 24
S2ra Z[E|X"I‘| :
SK n=1

—> 0.
K — o

Ja > 0,

Then 53" ij:l X,k converges in distribution to A(0, 1) as
K — co.

Remark 7: This theorem is proved in [27], gathering The-
orem 35.12 (which is expressed under the weaker Lindeberg

'In fact, one may prove that the fluctuation of --trDo(Q—T') are of order K,
i.e., trDo(Q —T') asymptotically behaves as a Gaussian random variable. Such
a speed of fluctuations already appears in [24], when studying the fluctuations
of the mutual information.
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condition) together with the arguments of Section 27 (where
it is proved that Lyapunov’s condition implies Lindeberg’s
condition).

In order to prove that

N

1
ZZ,MK — N(0,1) in distribution (31)
K — oo

Ugx = —
e ®K n=1

we shall apply Theorem 4 to the sum & 2521 Zn,k and the
filtration (F,, k). The proof is carried out into four steps:

Step 1: We first establish Lyapunov’s condition. Due to the
fact that lim inf @%{ > 0, we only need to show that

N
Ja >0, Z E|Zn x|t 0 (32)

Step 2: We prove that Vg = ZN

" [En+1Z2,K satisfies
E|Wio|* — 2
Vi — (M

L tr(Df (diag(@))%)

1 . -
—l—?tr(DOQDOQ)) K 0 in probability. (33)
Step 3: We first show that

%tng(diag(Q))2 - %tIDST2 T 0 in probability.
(34)
In order to study the asymptotic behavior of +tr(DoQD,Q),
we introduce the random variables U, = —tr(DOQDlQ) for
0 < ¢ < K (the one of interest being Uj). We then prove that
the Up’s satisfy the following system of equations:

Z co Uy, + —tI‘DoDZT +e, 0<I<K (35
k=1

where
1 itrD,D,T(—p)?

e = L _xtrDDT(=p) 0<I<K 1<k<K

K (1 4+ LtrDT(—p))”’

(36)

and the perturbations €, satisfy E|e;| < CK —3% where we recall
that C' is independent of /.

Step 4: We prove that Uy = %trDOQDOQ satisfies

1
Uy = ?tngTQ—i— T(I-A) "Ag+e

— 37
79 ( 37
with E|¢] < C'K~2. This equation combined with (33) and
(34) yields Y-, E,17) o — ©F% —0 in probability. As
liminfgx ©% > 0, this implies &Zn Ent172  — 1 in
probability, which proves (31) and thus ends the proof of
Theorem 3.

Write B = [bi;],_; = D(lj/ZQDtl]/2 and recall from (30)

that Z,, x = #([En — E,y1)wi Bwg. We have
E,wiBwy = Z bee + Z W oWiesobe, e, -

ly,05=n

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 11, NOVEMBER 2009

Hence

1
Zn,K = \/—E <(|Wn0|2 - l)bnn

+Wr Z Weobne + Wio Z mefn> (38)
£=n+1 {=n+1

Step 1: Validation of the Lyapunov Condition: The following
inequality will be of help to check Lyapunov’s condition.

Lemma 6 (Burkholder’s Inequality): Let X} be a complex
martingale difference sequence with respect to the increasing
sequence of o—fields Fj. Then for p > 2, there exists a constant
C,, for which

E Zxk
k

p/2
E (ZE [|Xk|2||fk_1]> +EY X
k k

Recall Assumption Al. Equation (38) yields
) 4

1 [ [Waol2+1 a
|4§ﬁ (—| ol +2|Who Z Wiobne
l=n+1
~ 4
Who Z Wieobne
l=n+1

4
<2_3 |Wn0|2+1 +24
T K? PO fax

|Zn,K

max

(39)

where we use the fact that |b,,,| < ( o2 )7t (cf. Lemma 2—
part 1) and the convexity of z +— x*. Due to Assumption Al,
we have

E(|Wool>+1)" < 2% (E[Wool® +1) <oo.  (40)
Considering the second term at the right-hand side of (39), we
write the equation at the top of the following page, where (a)
follows from Lemma 6 (Burkholder’s inequality), the filtration
being Fn i,..., Fnt1,K, and (b) follows from the bound
|bne|* < |bng|2 max |bpe|? < |bne|? (02,0 )? (cf. Lemma 2—
part 1). Now, notice that

Z |bnl| <Z|bné|2

L=n+1
- [Dé“QDoQDé”}M

4
g
<IIDy/*QDy@DY | < 2.

This yields E|W,,o Zé\rznﬂ Wiobne|* < C. Gathering this re-
sult with (40), getting back to (39), taking the expectation and
summing up finally yields
N
c
4
> ElZnxl* < 0

oo
n=1

which establishes Lyapunov’s condition (32) with a = 2.
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N 4 N 4
E|Who Z Wiobne| =E |[Waol*E Z Wieobne
l=n+1 l=n+1
@) N 2 N
<C [E( Z (E|Wzo|2)|bne|2> + Z (E[Weol*) (Elbnel*)
l=n+1 l=n+1
) N 2 N
<o [E( > |bnz|2> + > Elbuel?
(=n+1 (=n+1
Step 2: Proof of (33): Equation (38) yields +3w3 RR*wy + 2R (TKkEWS|Wiol) . (1)

1
Eni1Z0 k= 174 < (E|Wio|*—1) b2, +E, 41

N N 2
<W:;0 > Wiobne+Wao > W;oben)

{=n+1 {=n+1

N
> Wigbne

l=n+1

N
> W[Obgn> :

{=n+1

+2byy, (E Wiy |[Wiol?)

+2by,y, (E Wio|W1o|?)

Note that the second term of the right-hand side writes

N N 2
Eni1 (W::o > Waobue +Wao Y Wg*obzn>
l=n+1 {=n+1

N
*
S WesoWigbnesbean:
Ly Lo=n+1

=2

N
n=1

Therefore, Vi = 5 [En+1Z,%_’ - Writes

Zb

2 *
+ ? E E W[10W[20bn[1 b[2n
n=1/¢y ly=n+1

2
+?m <(|EW1*0|W10| Z nn Z W[Ob’n[>

n=1 l=n+1

E[Wio|* - 1)
Vie (E[Wiol* —1) 10|

where R denotes the real part of a complex number. We intro-
duce the following notations:

= 0 Gty
N
Z Z Wieobne-

n=1 {=n+1

Note in particular that R is the strictly lower triangular matrix
extracted from D(l)/ QQD(I)/ % We can now rewrite Vi as

(E[Wio|* —1)

Vie = it (Dj(diag(Q))?)

K

We now prove that the third term of the right-hand side vanishes,
and find an asymptotic equivalent for the second one. Using
Lemma 2, we have

N N
1
IEN+1 |FI(|2 = ﬁ Z bnnbmm Z bnib:n[1[>nlﬂ>m

n,m=1 =1

1 . R
= ﬁtr <d1ag(B)R Rdl&g(B))

~ gz D o@D}
x R*RD}/*diag(Q)Dy/ 2)
< Dol 1QIx (R R)
KLHDOH QI (B?)
FuDou QIx(Q?)
< &IDo| QI
4
- ;{Uzlax K:)oo().

In particular, E|T'f | — 0 and

R ((EWo[Wiol*) Ti) —> 0 inprobability.  (42)

Consider now the second term of the right-hand side of (41). We
prove that

1 1
—wyRR wy — —tr(RR" ) — 0

% % S in probability. (43)

By Lemma 1 (12), we have
1 1 2
E (EMERR*MO — ?tr(RR*)>
C
= K2 ([E|W10| )tI‘(RR RR )

Notice that tr(RR*RR") = ||R||} where ||R||4 is the Schatten
£4-norm of R. Using Lemma 3, we have

Co—ﬁlax
IRt <C|DY*QDY/*|4< NC||Dy/*QDy/?||* < N~ Tmax
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Therefore

2K—>oo

2
E (%wSRR*wO - %u(}t}i*)) <cN

which implies (43). Now, due to the fact that B = B*, we have

—t RR* KZ Z |bye|?
n=1{¢=n+1
1 1 &
_ 2 2
—} Z |bni| - }Z |bnn|
n,l=1 n=1
1 1 .
= EtrDOQDOQ -t D (diag(Q))?. (44)

Gathering (41)-(44), we obtain (33). Step 2 is proved.

Step 3: Proof of (34) and (35): We begin with some identities.
Write Q(2) = [4i;(2)]7j=1 and Q(2) = [di;(2)]{;—,- Denote
by ;. the column number & of Y and by &,, the row number n of
Y. Denote by Y" the matrix that remains after deleting column
k fromY and by Y, the matrix that remains after deleting row n
from Y. Finally, write @ (z) = (YkYk* -z~ tand Q, (2) =
(Y Y, — zI)~'. The following formulas can be established
easily (see for instance [31, Secs. 0.7.3 and 0.7.4])

Gnn(—p) = 1
nn p(l + 5,1@,,(—,0)62)
i B 1
Grk(—p) = p(1+y:Q,(—p)ys) “
_Q, - Quy¥iQn
Q== T 0.y, o

Lemma 7: The following hold true.

1) (Rank one perturbation inequality ) The resolvent Q. (—p)
satisfies |trA(Q — Q)| < ||A]||/p for any N x N ma-
trix A.

2) Let Assumptions A1-A3 hold. Then

 ax E(gnn(—p) - tn(=p))* <

The same conclusion holds true if ¢,,,, and ¢,, are replaced

with Gxx and te, respectively.

(47)

= Q

We are now in position to prove (34). First, notice that
ElqZ, — t2] =E|¢un — tu| (qnn +tn)
< VE(@un — ta)? VE(Gun + tn)?
E(gnn — tn)?.

2
<z
p

(48)
Now

1
—E
K

tr D2 (diag(Q)? — TZ)‘

?ZUOnIE|qnn _t2|

4

max

ag

2
K 1<na<XN|E |q"“ t"‘|

4
< 20111ax

pK

max E(g¢un —tn)? — 0
1<n<N K — oo
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where the last inequality follows from (48) together with
Lemma 7—part 2. Convergence (34) is established.

We now establish the system of (35). Our starting point is the
identity

Q=T+T(T"'-Q HQ

=T+ %T diag(tri)li", . 7trl~)N1~")Q -TYY™ Q.

Using this identity, we develop U, = +trDoQD,Q as
1
U = —trDOQDZT

trDOQDZleag(trDlT ..... trDNT)Q

K
— gtrDOQDZTYY*Q
£ X, + X2 — Xa. (49)
Lemma 4—part 2 with S = DyD,T yields
1
X, = ?trDngTz +6 (50)
where Ele;| < y/Ee? < C/K. Consider now the term
| X
Xy =5 ;tngQDlTykyZQ.
Using (45) and (46), we have
* yZka * ~ *
wa= (1 1B Vo, i,
k 1+3:Qyx &k &k
Hence
p K
X3 = K GkrYx Q. DoQD Ty,
k=1
p K
=% ;:: t:Y: Qi DoQD Ty,
p K
+ > (drx — 14)¥; Q. Do@D, Ty,
k=1
_X3 + €9 (51)

By Cauchy—Schwartz mequahty
K
p ~ 7 *
Eles| < 7d ; \/[E(Qkk - tk)g\/[E('!/kaDOQDlT'!/k)Z-

We have E(y;QDoQDcTy,)> < o *Ellyill* < C.

Using in addition Lemma 7—part 2, we obtain

C
Ele| < —.
| 2| = \/F
Consider X4. From (45) and (46), we have Q Q. —
park QLYY Q). Hence, we can develop X5 as
p K
Xy = T2t x¥: Q. DoQ, DTy,
P; -
?Z k@kkYrQrDoQ1 Y1y Qr D Ty,
k=1
2 X, + Xs. (52)
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Consider X 4. Notice thaty;, and @,, are independent. Therefore,

by Lemma 1, we obtain

Y.QrDoQ, DTy,
1
=t D.QDoQDT + 5

1
:ﬁtI‘DkQDOQD[T + €3+ €4

where Ec2 < CK ! by (13). Applying twice Lemma 7—part 1
to
1
€4 — ?(tI‘DkaDOQkD/T — tI‘DkQD()QD/T)

yields |es] < CK'. Note in addition that Y #xD; =
diag(trDyT, ..., trDNT). Thus, we obtain

X, = ﬁtr (; tka) QD,QD,T + ¢

=X +¢5, (53)

where €5 = €3 + €4, which yields E|e5| < CK-%.
We now turn to X;5. First introduce the following random
variable:

¢6 = trauyr Qr DoQ1y1 ¥ Q1 DeTy;,
< 1 1
— tquk (ﬁtI‘DkaD()Qk> <?tI‘DkaD1T> -

Then

1, .
les| < p_gkakDOQkyk v.Q,. D/ Ty, —

1
?terQkD[T‘

1 1
+ ? ?U‘DkaDOQk

¥1.Q:DoQyr —

1
X EtI‘DkaD[T

and one can prove that E|eg| < CK~ > with help of Lemma 1,
together with Cauchy—Schwarz inequality. In addition, we can
prove with the help of Lemma 7 that

. 1 1
trQrk (fterQkDOQk> <?t1‘DkaDzT>
1 1
:fz <?tI‘DkQD0Q> <?tI‘DkQD[T) + €7

1 1
:fz <?tI‘DkQD0Q> <?tI‘DkD1T2> + €7 + €3

where €7 and eg are random variables satisfying E|e7| < CK -3
by Lemma 7, and maxy, ¢ E|es| <maxy ¢ /Eles|? < CK—3 by
Lemma 4—part 2. Using the fact that p?t2 = (14 4-trD;T) 2
we end up with
9 K

PR

A

1 1
<?terQDOQ> <?terDZT2> + €9

cerUr + €9 (54)

||
MN w|

>~
Il
-

where ¢y, is given by (36), and where E|eg| < CK—*
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Pluggmg (50)—(54) into (49) we end up w1th U =
Zk 1 co U + —tI‘DOD[T + € with |E| | < CK__ Step 3
is established.

Step 4. Proof of (37): We rely on results of Section V-B, in
particular on Lemma 5. Define the following (K +1)x 1 vectors:
K

; €= [Ek]ﬁo
k=0
where the Uy ’s and €}’ s are defined in (35). Recall the definition
of the ¢pp.’sfor0 < ¢ < Kand 1 < k < K, define ¢jg = 0
for 0 < ¢ < K and consider the (K 4+ 1) x (K + 1) matrix
C = [car]lizo-
With these notations, system (35) writes

1
u=[Upli—y, d= [?trDODkT2:|

(IK+1—C)’U,:d+E. (55)

Leta = Str D:T?. We have in particular
a=[2] o=[0 we"AT
9]’ 0

AT
(recall that A, A, and g are defined in the statement of The-
orem 3).
Consider a square matrix X which first column is equal to

T
[1,0,...,0]7, and partition X as X = L2 . Recall that

the inverse of X exists if and only if X7 exists, and in this case
the first row [X '] of X! is given by

X, = sk

(see for instance [31]). We now apply these results to the system
(55). Due to (55), Uy can be expressed as

Up=[(I-C) o(d+e).

By Lemma 5—part 1, (I x — AT)~" exists hence (I—C)~! exists

[(dxii-0)7] = [1 gTAT (I AT)‘l] 7
and
Up=a+ %gTA_1 (I - AT)_lg
+ €0 + %gTA‘1 (I - AT)_1 €
with€’ = [e1,. .., ex|”. Gathering the estlmates of Section V-B

together with the fact that ||E€]|oc < CK ™2, we get (37). Step
4 is established, so is Theorem 3.

APPENDIX

A. Proof of Lemma 4

Let us establish (24). The lower bound immediately follows
from the representation

1 Q) 1
K Z + 2
k P T Omax
P S

o2
N

+L

tx

tn, =

NIH
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where (a) follows from A2 and t,(—p) > 0. The upper bound
requires an extra argument: As proved in [29, Theorem 2.4],
the ¢,,’s are STs of probability measures supported by R, i.e.,
there exists a probability measure i, over R such that¢,,(z) =

f% Thus
tu(=p) = /
Jo

and (24) is proved.
We now briefly justify (25). We have

fn (dt)
t+p

<

=

EltrS(Q —T)]> =E |tx8(Q — EQ)|* + |trS(EQ — T))|* .

In [24, Lemma 6.3] it is stated that sup E |trS(Q — EQ)/[*
o0. Furthermore, in the proof of [24, Theorem 3.3] it is shown
that supy K||EQ — T|| < oo, hence

[trS(EQ —T)| < K[|S(EQ — T)|| < K|[EQ — T|[|S]| < o0
by Lemma 2—part 2. The result follows.

B. Proof of Corollary 1

Recall that in the separable case, D, = d,D and Dn =d, D.
Let d be the K x 1 vector d = [dx]/_,. In the separable case,
(20) is written as

02 1

2 Kd2
where 7 is defined in the statement of the corollary. Here, vector
g and matrix A are given by

9 (I - A)TTAT g+ y(E[Wio[* — 1) (56)

g= ’}/CZO& and
Lt:D,D,,T*

1 Yo 1557
=|l=—"——— =—A"dd .
[K (1+ LtrD,T)? K

Lm=1

By the matrix inversion lemma [31], we have

1

2 -1
v ~r T
?" (a-Fdd') d
2
_0 AT 1, 7 1 —1377 A -1
=% (A +K1_1”TA—1aA dd A )d
K

we obtain

L—p?yy

Plugging this equation into (56), we obtain (22).
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C. Proof of Corollary 2

Expression (22) can be rewritten as
0 = (L 7 EWl* - 2)).
1= p*vy

As D =1, we have
/_WK (dt)

5(p) = —trT
and from (17) we have T'(—p) = (p(l + S(p))) I. Tt results

in
1. .. K1 > K,
=—uT’ == (=uT) ==
TmEY N(Kr> N

hence, v (E|W1o|* — 2) coincides with the second term at the
right-hand side of (23). We now turn to the term /(1 — p?y7).
By (17) we have

pip @) 1§~ d
Pl =4, = Kkzzl (p(1+dk5(p)))

(57)

B o SNSRI P S

K= p2(1+dp6) K = p(1+dp6)?
=—=—6—pdy (58)
Symmetrically, we have §' = —%6 — pb'~. Replacing &’ by its

value in (58), we obtain

- 1 <
(1= p*yy)d = =8 +s. (59)

Now we have 6T = (5/(/}(1 + S))) I=p='I—T.Hence

. ~ 1 1 1
b = ?tr (T(éT)) = tr <T <;I—T>> ==
Plugging into (59) and using (57), we end up with

y , N/ 1
— === —rg(dt
1 — pvy K (t+p)27rK( )

where the second equality is due to (57). Equation (23) is
proven.

D. Proof of Lemma 7

The proof of Part 1 can be found in [24, Proof of Lemma 6.3]
(see also [14, Lemma 2.6]). Let us prove Part 2. We have from
(11) and (45)

|gnn(=p) = tn(=p)]

_ _ ~1 —— itrf)ni"
p(1+ 4D, T)(1+£,Q,£5) K
. _ %trm‘ .
Hence
2 (, = L5 5\
[E(an - tn)2 -E <6nQn£: - _tanQ>
p
~ ~ o~ \2 C
+?[E (tan(Q — T)) < K

by Lemma 1 and Lemma 4—part 2, which proves (47).
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