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Performance of Mutual Information Inference
Methods Under Unknown Interference

Abla Kammoun, Romain Couillet, Jamal Najim, and Mérouane Debbah

Abstract—In this paper, the problem of fast point-to-point
multiple-input-multiple-output channel mutual information esti-
mation is addressed, in the situation where the receiver undergoes
unknown colored interference, whereas the channel with the
transmitter is perfectly known. The considered scenario assumes
that the estimation is based on a few channel use observations
during a short sensing period. Using large dimensional random
matrix theory, an estimator referred to as G-estimator is derived.
This estimator is proved to be consistent as the number of antennas
and observations grow large and its asymptotic performance is
analyzed. In particular, the G-estimator satisfies a central limit
theorem with asymptotic Gaussian fluctuations. Simulations are
provided which strongly support the theoretical results, even for
small system dimensions.

Index Terms—Central limit theorem, G-estimation, mutual in-
formation inference, random matrices.

I. INTRODUCTION

HE use of multiple-input-multiple-output (MIMO) tech-

nologies has the potential to achieve high data rates, since
several independent channels between the transmitter and the
receiver can be exploited. However, the proper evaluation of
the achievable rate in the MIMO setting is fundamentally con-
tingent to the knowledge of the transmit-receive channel as well
as of the interference pattern. In recent communication schemes
such as cognitive radios [1], it is fundamental for a receiver to
be able to infer these achievable rates in a short sensing period,
hence extremely fast. This paper is dedicated to the study of
novel algorithms that partially fulfill this task without resorting
to the (usually time consuming) evaluation of the covariance
matrix of the interference.

Conventional methods for the estimation of the mutual in-
formation in single-antenna systems rely on the use of classical
estimation techniques which assume a large number of obser-
vations. In general, consider § a parameter we wish to estimate,
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and M the number of independent and identically distributed
(i.i.d.) observation vectors y1,...,yas € CV. Assume 6 is a
function of the covariance matrix ¥ = E [yly'['] of the re-
ceived random process, i.e., # = f(X), for some function f.
From the strong law of large numbers, a consistent estimate of
the covariance of the random process is simply given by the em-

pirical covariance of Y = [y1,...,¥], i.c., iéﬁYYH =
+= Z}E1 yiyH. The one-step estimator 8 of § would then con-
sist in using the empirical covariance matrix Sasa good ap-
proximation of X, thus yielding § = f(X) [2]. Such methods
provide good performance as long as the number of observa-
tions M is very large compared to the vector size V, a situation
not always encountered in wireless communications, especially
in fast changing channel environments.

To address the scenario where the number of observations M
is of the same order as the dimension N of each observation,
new consistent estimation methods, sometimes called G-esti-
mation methods (named after Girko’s pioneering works [3], [4]
on General Statistical Analysis) have been developed, mainly
based on large dimensional random matrix theory. In the context
of wireless communications, works devoted to the estimation of
eigenvalues and eigenspace projections [5], [6] have given rise
to improved subspace estimation techniques [7], [8]. Recently,
the use of these methods to better estimate system performance
indexes in wireless communications has triggered the interest
of many researchers. In particular, the estimation of the mutual
information of MIMO systems under imperfect channel knowl-
edge has been addressed in [9] and [10], where methods based,
respectively, on free probability theory and the Stieltjes trans-
form were proposed.

In this paper, we consider a different situation where the re-
ceiver perfectly knows the channel with the transmitter but does
not a priori know the experienced interference. Such a situation
can be encountered in multicell scenarios, where interference
stemming from neighboring cell users changes fast, which is a
natural assumption in packet switch transmissions. Our target
is to estimate the instantaneous or ergodic mutual information
of the transmit-receive link, which serves here as an approxi-
mation of the achievable communication rate provided that no
improved precoding is performed. An important usage of the
mutual information estimation is found in the context of cogni-
tive radios where multiple frequency bands are sensed for fu-
ture transmissions. In this setting, the proposed estimator pro-
vides the expected rate performance (either instantaneous or er-
godic) achievable in each frequency band, prior to actual trans-
mission. The transmit-receive pair may then elect the frequency
sub-bands most suitable for communication.
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The setting of the paper assumes that the channel from the
transmitter to the receiver is known by the receiver (but not
known by the transmitter), which is a realistic scenario provided
that some channel state feedback is delivered by the transmitter,
and that the statistical inference on the mutual information is
based on M successive observations of channel uses, where A
is not large compared to the number of receive antennas N,
therefore naturally calling for the G-estimation framework. The
progression of this paper will consist first in studying the con-
ventional one-step estimator, hereafter called the standard em-
pirical (SE) estimator, which corresponds to estimating the in-
terference covariance matrix by the empirical covariance matrix
and to replacing the estimate in the mutual information formula.
We then show that this approach, although consistent in the large
M regime, performs poorly in the regime where both M and NV
are of similar sizes. We then provide an alternative approach,
based on the G-estimation scheme, and produce a novel G-esti-
mator of the mutual information which we first prove consistent
in the large M, N regime and for which we derive the asymp-
totic second-order performance through a central limit theorem
(CLT).

The remainder of this paper is structured as follows. In
Section II, the system model is described and the consid-
ered problem is mathematically formalized. In Section III,
first-order results for both the SE estimator and the G-estimator
are provided. In Section IV, the fluctuations of the G-estimator
are studied. We then provide in Section V, numerical simula-
tions that support the accuracy of the derived results, before
concluding the paper in Section VI. Mathematical details are
provided in the appendices.

Notations: In the following, boldface lower case symbols
represent vectors, and capital boldface characters denote ma-
trices (Ix is the size-IV identity matrix). If A is a given matrix,
A" stands for its transconjugate; if A is square, tr(A), det(A),
and || A ||, respectively, stand for the trace, the determinant, and
the spectral norm of A. We say that the variable X has a stan-
dard complex Gaussian distribution if X = U +iV (i? = —1),
where U and V are independent real random variables with
Gaussian distribution A/(0,1/2). The complex conjugate of a
scalar z will be denoted by z*. Almost sure convergence will be
denoted by %%, and convergence in distribution by 2. Notation
O will refer to Landau’s notation: u,, = O{v,,) if there exists
a bounded sequence K, such that u,, = K,v,. For a square
N x N Hermitian matrix A, we denote A1 (A) < -+ < Ax(A)
the ordered eigenvalues of A.

II. SYSTEM MODEL AND PROBLEM SETTING

A. System Model

Consider a wireless communication channel H; € CV*™
between a transmitter equipped with ny antennas and a re-
ceiver equipped with N antennas, the latter being exposed
to interfering signals. The objective of the receiver is to
evaluate the mutual information of this link during a sensing
period assuming H, known at all time. For this, we assume
a block-fading scenario and denote by 7" > 1 the number
of channel coherence intervals (or time slots) allocated for

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 2, FEBRUARY 2013

sensing. In other words, we suppose that, within each channel
coherence interval ¢ € {1,...,T}, H; is deterministic and
constant. We also denote by M the number of channel uses
employed for sensing during each time slot (M times the
channel use duration is therefore less than the channel coher-
ence time). The M concatenated signal vectors received in slot

t are gathered in the matrix Y, € CY* defined as
Y, = H,X:o + W,

where X; o € C™*M is the concatenated matrix of the trans-
mitted signals and W; € C¥* represents the concatenated
interference vectors.

Since W, is not necessarily a white noise matrix in the
present scenario, we write W; = G, W, where G, € CV¥*"
is such that G;G!! € CN*V is the deterministic matrix of
the noise variance during slot #, while W, € C**™ js a
matrix filled with independent entries with zero mean and unit
variance. That is, we assume that the interference is stationary
during the coherence time of H;, which is a reasonable as-
sumption in practical scenarios, as commented in Remark 1.
The choice of using the additional system parameter n, not nec-
essarily equal to IV, is also motivated by practical applications
where the sources of interference may be of different dimen-
sionality than the number of receive antennas, as discussed in
Remark 1 as follows. This will have no effect on the resulting
mutual information estimators.

We finally assume that perfect decoding of X; g (possibly
transmitted at low rate or not transmitted at all) is achieved
during the sensing period. If so, since H; is assumed perfectly
known, the residual signal to which the receiver has access is
given by

Yt = ?t - HtXt,O = GtWt~

Remark 1: The usual white noise assumption naturally arises
from the thermal noise created by the electronic components at
the receiver radio front end as well as from the large number
of exogenous sources of interference in the vicinity of the
receiver. However, in cellular networks, and particularly so
in cell edge conditions, the main source of interference arises
from coherent transmissions in adjacent cells. In this case,
only a small number K of signal sources interfere in a colored
manner. Calling G, € CN*7: the channel from interferer
k € {1,...,K}, equipped with nj antennas, to the receiver
and X, € C™*M the concatenated transmit signals from
interferer k, the received signal Y, can be modeled as

K
Y:=H: X0+ Z GipXip + oW, (1)
k=1

where W, € CN*¥ s the concatenated additional white
Gaussian noise with variance 2 > 0. In this case, we see that
denotingn = n; +--- + nx + N and

Gt = [Gi1, 0, Gy, oly]
W,

T T a T
I:Xt,lt" '7Xt,KaWt i|
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Fig. 1. System model of Remark 1 with two interferers.

we fall back on the aforementioned model. Fig. 1 depicts this
scenario in the case of K = 2 interfering users.

The statistical properties of the random variables X, o and
W, are precisely described as follows.

Assumption Al: For a given ¢ where 1 < ¢ < T, the entries
of the matrices X, o and W, are i.i.d. random variables with
standard complex Gaussian distribution.

The objective for the receiver is to evaluate the average (per-
antenna) mutual information that can be achieved during the T’
slots. In particular, for T' = 1, the expression is that of the in-
stantaneous mutual information which allows for an estimation
of the rate performance of the current channel. If T' is large in-
stead, this provides an approximation of the long-term ergodic
mutual information. Under Assumption A1, the average mutual
information is given by

T
1

(2)
The target of this paper is to address the problem of estimating
7 based on T successive observations Yq,..., Y assuming
perfect knowledge of Hy, - - -, Hy, but unknown G for all £.

B. SE Estimator ng

If the number M of available observations during the sensing
period in each slot is very large compared to the channel vector
N, anatural estimator, hereafter referred to as the SE estimator,
consists in the following one-step estimator

T
. 1 1
= w7 » log det (HthH + MYtY,H)

=1

T
1 1
=1

For future use, it is convenient to introduce the notation

(€))

1
M

1 & 1
. H
- ?:1: log det (—Yth) :

With this notation at hand, Zsg = i’sE(l).

For NV fixed, it is an immediate application of the law of large
numbers and of the continuous mapping theorem to observe that
as M — o

T

A 1

Ise(y) = NT > log det (Z/ H,H{ + YthH)
t=1

“

a.s.

Isp — 7 25 0. (3)

1131

However, from the aforementioned discussions, the assumption
M > N may not be tenable for practical settings where sensing
needs to be performed fast, particularly so under fast fading con-
ditions. In this case, as will be shown in Section III, the SE
estimator is asymptotically biased in the large M, N regime,
hence not consistent, and (5) will no longer hold true. This mo-
tivates the study of an alternative consistent estimator based
on the G-estimation framework. To this end, we first need to
study in depth the statistical properties of the SE estimator from
which the G-estimator will naturally arise. The statistical prop-
erties of the latter will similarly be obtained by first studying the
second-order statistics of the SE estimator (themselves being of
limited practical interest). Before moving to our main results,
we first need some further technical hypotheses.

C. Asymptotic Regime

In this section, we formalize the conditions under which the
large M, N regime is considered. We will require the following
assumptions.

Assumption A2: M, N, n,ny — +oc, and

. . N
0< liminf — < limsup — < 4+
MN-oo 11 M,N—oo T

M

1 < liminf < limsup — < 400
M,N—-oo

M. N—oo
. . . N . o
0 < liminf — < limsup — < +o0.
N,np—oc Nng—oo

Remark 2: The constraints over N and »n simply state that
these quantities remain of the same order. The lower bound for
the ratio M /N accounts for the fact that M is larger than N,
although of the same order.

In the remainder of this paper, we may refer to Assumption
A2 as the convergence mode M, N, n — oc.

We also need the channel matrices to be bounded in spectral
norm, as M, N, n — oc, as follows.

Assumption A3: Let N = N(n) a sequence of integers in-
dexed by n. For each ¢ € {1,....T}, consider the family of
N X n matrices G;. Then, we have the following.

1) The spectral norms of G; are uniformly bounded in the

sense that

sup sup |G| < oc.
1<t<T Nn

denoted by Ax(G;GH) is uniformly bounded away from
zero, i.e., there exists o2 > 0 such that

2) Fort € {1,..., T}, the smallest eigenvalue of GG

inf _inf An(G.GH) > 0% > 0.
1<t<T N,n

Assumption A4: Let N = N{(ng) a sequence of integers in-
dexed by ng. For each t € {1,...,T}, consider the family of

N X ng matrices H;. Then, the spectral norms of H; are uni-
formly bounded in the sense that

sup sup ||H|| < oc.
1<t<T Nomo
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Assumption A5: The family of matrices (H;) satisfies addi-
tionally the following assumptions.
1) Denote by p; the rank of H;. Then

0 < liminf Py < limsup b < 1.

N.ng—oc [ N,ng—oc

2) The smallest nonzero eigenvalue of H,H! is uniformly
bounded away from zero, i.e., there exists # > 0 such that

. . . H ) H .
1%&2%&%& {GHEHY) | HHY) > 0} > k> 0.

III. CONVERGENCE OF THE AVERAGE MUTUAL
INFORMATION ESTIMATORS

In this section, we study the asymptotic behavior of the SE es-
timator Zgg, and prove that under the asymptotic regime A2, this
estimator is asymptotically biased. Relying on this first analysis,
we then derive a consistent estimator based on the random ma-
trix inference techniques known as G-estimation.

These techniques can be classified in two categories. One
is based on the link between the Stieltjes transform (see
Appendix A) and the Cauchy complex integral, recently exhib-
ited by Mestre who developed a framework for the estimation
of eigenvalues and eigenspace projections [5]. This approach
is often well adapted as long as the estimation of parameters
depending either on the eigenvalues or on the eigenvector pro-
jections of Y, Y! is considered (see, for instance, Lemma 1)
but may fail when the dependence is more involved. The second
approach, which we will adopt here, is based on the technique
of deterministic equivalents developed in [11] and [12]. It
follows from the initial work [10] of Vallet and Loubaton, and
will be illustrated in Section III-B.

A. SE Estimator fSE

We start by studying the second of the two terms in the dif-
ference (2) for which it is much easier to derive an estimate.

Lemma 1: Let Assumptions A1-A4 hold. Then, we have the
following convergence:

1 1 1
¥ log det(G, G — 7 log det (MYtY;'>

+ZV—M1 ) M- N 1 a.s. 0
N 08 M M. N n—oo )

Proof: See Appendix A ]

Remark 3: It should be noted that in the proof of lemma 1,
the Gaussianity assumption of the entries is not necessary and
can be replaced by a finite moment condition.

Remark 4: Lemma 1 relies on the Stieltjes transform estima-
tion technique from Mestre. The latter is used to compute a con-
sistent estimate of the quantity ZtT:l log det(G;GH), which
is seen here as a functional of the (nonobservable) eigenvalues
of G;G!. Following the work from Mestre [5], the idea is to
link the Stieltjes transform of GG to that of the (almost sure)
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limiting Stieltjes transform of the (observable) sample covari-
ance matrix %YtYfH. See [13] for a tutorial on these notions.
As a consequence of Lemma 1, we see that the
+logdet(£Y,Y!") is a consistent estimate of
£ logdet(G,G)') (recall that LEY,Y}! = G,Gl)
up to a bias term depending on the time and space dimensions
only. This may suggest that, up to the introduction of the term
H,H! in the log determinants for estimating the first term in
(2), the SE estimator is also a consistent estimator for Z. This
is however not true. To study the first term in (2), which is not
as immediate as the second term, we need some further work.
We start with a first technical lemma which follows instead
from random matrix operations on deterministic equivalents.!

Lemma 2: Let Assumptions A1- A4 hold and let y > 0.
Then, we have the following identities.
1) The fixed-point equation in ¥

-1
. w({ G:GY , H
ke(y) = W 1 (Gth (1 T ree(y) + yH:H, (6)

admits a unique positive solution r(y).
Denote by T(y) and Q;(y) the following quantities:

G,GH \ !
T.(y) = [ yE,H" + 4t>
t(y) (.U 2= " T+ re(y)
1 —1
Qt(y) = ('.UHtH;I + MYTY;‘> .

2) Then, for any deterministic family (S ) of N x N complex
matrices with uniformly bounded spectral norm, we have

1 1 a.s

M tr SJ\"Qt(y) - M tr SNTt(y)_}\_[;\;::)O
3) Let

G,GH

Vi(y) = logdet | yH,HY + —F ) + Mlog(1 + &
) = oot (Y + T EE0 o1+ )

_ £e(y)

1+Ht(y)‘

Then, the following convergence holds

1 a.s.
—Vily) ——————0.
N () M, N n—oc

1 1
v log det (yHtHf + MYthH> -

Proof: See Appendix B. ]

Clearly, when setting y = 1, this result provides a conver-
gence result for the SE estimator, as will be stated in Theorem
1. Lemma 2 is however more generic in its replacing the term
1 in front of H;H! by an auxiliary parameter y. As a matter of
fact, the introduction of ¢ is at the core of the novel estimator
derived later. We can indeed already anticipate the remainder of

IBy deterministic equivalents, we mean deterministic quantities which
are asymptotically close to the quantity under investigation. The advantage
of considering such equivalents comes from the fact that this prevents from
studying the true limit of the quantities under investigation (which might not
exist anyway). See [11] for more details.
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the derivations: if (1 + :(y)) ! can be made equal to y, then
the first term in the expression of V;(y) is proportional to the
first term in (2) which we are interested in. Turning the factor
1 into a generic variable ¢ will therefore provide the flexibility
missing to estimate (2) precisely in the large M, N, n regime.
Before getting into these considerations, let us start with the fol-
lowing result on the SE estimator.

Theorem 1 (Asymptotic Bias of the SE Estimator): Let As-
sumptions A1-A4 hold, and denote

T
1 G,GH
V(y) = — 10'dct( H,HH+7t>
) NTE( SR S A 77y
— log det(G,G!))

1 M M k(y)

— oe(1 o)) — — S
+T; v oel+ () — T
LM oN e (MY Ly 7

N B\ m

where x(y) is the unique solution of (6). Then

Proof: Gathering item 3) of Lemma 2 together with
Lemma 1 yields the desired result. |

This result suggests that the SE estimator is not necessarily
a consistent estimator of the mutual information, as there is no
reason for the bias term in (7) (for y = 1) to be identically
null. However, based on the discussion prior to Theorem 1, we
are now in a position to derive a novel consistent estimator.
Section IV is dedicated to this task.

B. G-estimator of the Average Mutual Information

The following result is our main contribution, which provides
the novel consistent estimator for (2).

Theorem 2 (G-estimator for the Average Mutual Informa-
tion): Assume that A1-A4 hold and define the quantity

T -1
R 1 1
Ig = NT Z log det ( ~ + iy HH <MYthH) )

1S (M- N
Z( )

log { 2 1
N [\t

where § + is the unique real positive solution of

- N ,sz,t

-1
) M-N
yN,t_yjf\”/ tr F, IV (JNtHH —|—MYtY) +—

Then

:AZG B S a.s. .0,

M,N.n—oo
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Proof: We hereafter provide an outline of the proof, which
is developed in full detail in Appendix C. Denote Z; the average
mutual information at time ¢ as

1 1
1,2 ~ log det(GGY! + H,H}) — < log det(G,GY)

A
= It,l — ;5.

Recall that a consistent estimate ft_g of 7, » was provided in
Lemma 1. It therefore remains to build a consistent estimate for
It, 1-
The proof is divided into four steps, as follows.
1) In the first step, we exploit the convergence of parameter-
ized quantities of interest. Denote

1 1
fly) = N log det (MYtYf + nyH?>

and recall the definition of :(y) as given in Lemma 2-1).
By Lemma 2-3)

- fly)+ log det (

7+ HHH
T+ re(y) 7 )

% th(?/) a.s.
N1 + /‘\:f(’y) M,N.n—oo

N

0.

M
+ 7 log(l + me(y)) —

Clearly, for most values of y, the deterministic quantity to
which f(y) converges differs from Z; ;.

2) In the second step, we find a specific value of y to enforce
the desired quantity Z, ; to appear. One can readily check
that if y + is the solution of the equation in y

1

1+ re(y) ®

y:

then we immediately obtain

1
Tiq — [ﬁlog det (M

r

1
—Y, Y+ yN,thH?>

M as.
+ log(yw.e) + 77 (1 = ?/N,t)] a0

I,N.n—oo

From the definition of %:(y), we show that there exists a
unique positive yy ¢ solution of (8), given by the closed-
form expression

tr (G.GHHH+G,GH] . 10)

yne=1-—
However, the value of y v ; still depends upon the unknown
matrix G; to this point.

3) In the third step, we provide a consistent estimator gy ¢
of y~+. Based on an analysis of x:(y), and on finding a
consistent estimate for this quantity, we show that there
exists a unique positive solution §x + to

-1
. 1 N .
Ynt = Mtr YNt HtH:j (?JN,t Htng' + ]\/[YrY )
M- N
) (11)

M
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Moreover, yx ; satisfies

~ a.s.
YNt — YNt~ —0.

M N n—oo

4) Finally, it remains to check that we canreplace y .. by I ¢
in the convergence (9). This immediately yields a consis-
tent estimate jt,l for Z, ;. For the proof of the theorem to
be complete, it remains to gather the estimates of Z; ; and
1,2, which finally yields the announced result

T

j'G = %Z (j.t,l - jt,Q) .

i=1

IV. FLUCTUATIONS OF THE G-ESTIMATOR

In this section, we establish a CLT for the improved G-es-
timator Z¢ so to evaluate the asymptotic performance of our
novel estimator. Due to the Gaussian assumption on W, we
can use the powerful Gaussian methods developed for the study
of large random matrices by Pastur and colleagues [12], [14]. In
order to derive the asymptotic fluctuations of the G-estimator
fg, similar to the previous section, a first step consists in eval-
uating the fluctuations of Zgg ().

Theorem 3: Let Assumptions A1-AS hold and recall the def-
inition (4) of Zgg(y). We then have the following results.
1) The sequence of real numbers

2log(M
an(y) = %

1z
—ﬁZlog

t=1

In H Hy—1 -
—tr | ————— HH (G,G
r<h‘t(y)+1+y Hi (GG

is well defined and

(M — N) <M(fet(y) +1)?

0 < liminf an(y) < limsup ayx(y) < +oc.

M N n—oo M N n—oc

2) The following convergence holds:

Tsply) = V) N (0 1)

M Nn—oo

N (
Van(y)

where V(y) is defined in (7).

Proof: See Appendix D. |

With the aforementioned result at hand, we are now in a posi-
tion to derive the fluctuations of the G-estimator. As opposed to
fSE(y) though, the G-estimator has no closed-form expression,
as the ¢ +’s are solutions of implicit equations. Establishing a
CLT for Zg; therefore requires to control both the fluctuations of
the received matrix Y, and of the quantity ¢ ;. In the following
lemma, we first prove that the fluctuations of §x+ — yn .+ are of
order O(M ~?), a rate which will turn out to be sufficiently fast
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to discard the randomness stemming from %y + in the asymp-
totic fluctuations of Zg.

Lemma 3: Fort € {1,...,T}, the following estimates hold
true, as M, N, n — oo:
1) var(gn ) = O(M~2);
2) Egnge =y~ + O(M—2).
Proof: See Appendix E. ]

We are now in a position to state the CLT for Ic.

Theorem 4: Let Assumptions A1-A5 hold true. Then

N D
T — T —2 N(0.1
\/()N( ¢ ) N~>o—o> ( ‘ )
where A given by
LT
Oy = 2log(Myn 1)

T2
t=1
H Hy-1} 2
~log [(M = N) (M —tr (Iy + HH(G,G}) 1) )]
(12)
which is a well-defined quantity which satisfies

0 < liminf fy < limsup Ay < +oo.

M,N,n—oo M,Nn—oc

Proof: Consider the function 7;(y) defined for y > 0 as

1 AA
Tily) = 1% log det (ngHfH + ;\lt )
+IW7N log M +1 M log det L
N |\ m—nNY N8 M )

Then, Z¢; = i Z;‘;l J:()n.¢). Since all the random variables
(T:(gnt), 1 <t < T)are independent, it is sufficient to prove
a CLT for J;(ywv ), fora givent € {1,...,T}. In order to
handle the randomness of 4 +, we shall perform a Taylor ex-
pansion of 7; around 3 ;. Recall the following differentiation
formula:

% logdet A(z) = tr A'(z)A ().

A direct application of this formula together with the mere def-
inition of jx ; yields

dJs

—(gynz:) = 0.
(ly (!/A/.t)

Hence, the Taylor expansion writes

" U~ —Aj 2(12:7 ~
N ) = N ) 4 NI O

ynt — Ina)d 3T,
6 dy3 (é‘l\‘,t)

+]V(

(13)

where {x ; lies between yn ; and yx ;. The definition (11) of
Ut yields

z\/[—N<)A <1+M—N
M SYNE S M .
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Normalized mean square error [dB]

et MSEth
—— MSEg,emp
= MSEt,emp

Fig. 2. Empirical and theoretical variances with respect to the SIR.

In particular, 4 + uniformly belongs to a fixed compact interval,
and so does yx + for similar reasons. One can easily prove that
the second and third derivatives of [7;(y) are uniformly bounded
on the union of these intervals. This result combined with the
fact that NE(gx+ — ynt)? = O(M 1) implies that the last
two terms in the right-hand side (rhs) of (13) converge to zero
in probability. By Slutsky’s lemma [2], it suffices to establish
the CLT for NJ (yn ) instead of NT () = NJg. This is
extremely helpful since unlike §jn » which is random, yy + is
deterministic. The result is thus obtained by applying Theorem
3 and noticing that k(yn:) +1 = . Note that although
being valid only for fixed y, Theorem 3 could be applied by
considering the slightly different model Ht Vyn:H,. 1

V. SIMULATIONS

In the simulations, we consider the case where a mobile ter-
minal with N = 4 antennas receives during a sensing period
of T slots data stemming from an ng = 4 antenna secondary
transmitter. We also set the number of symbols for sensing per
slot to M = 15. We assume that the communication link is de-
graded by both additive white Gaussian noise with covariance
o215 and interference caused by K = 8 monoantenna users.
Hence, this scenario follows the model described by (1), where
for each ¢, the vectors G, , k € {1....,8}, respectively, rep-
resent the channel from the interferers to the receiver, whereas
H, represent the channel with the transmitter. Denote by B; =
[Gia, .-, G, 5] In the simulations, H; and B, are randomly
chosen as Gaussian matrices and remain constant during the
Monte Carlo averaging. To control the interference level, we
scale the matrix B; for each ¢ so that the signal-to-interference
ratio (SIR) be given by

In a first experiment, we set 7 = 10 and SNR = U% =10 dB
and represent in Fig. 2 the theoretical and empirical normalized

SIR in dB

mean square errors for the G-estimator with respect to the SIR
given, respectively, by

On
72

1 N2(7L —
MSEg,emp = F Z 1-2
i=1

MSEqy, =

7)?

where 7, % is the G-estimator at the ith Monte Carlo iteration and
P = 10000 is the total number of iterations. We also display in
the same graph the empirical normalized mean square error of
the SE estimator defined as

r z _ I)Z
MSEt jermp — F Z: T
We observe that the G-estimator exhibits better performance for
the whole SIR range. These results are somewhat in contradic-
tion with the intuition that a low level of interference tends to
have a small impact on the accuracy of the SE estimator. The
reason is that the mutual information depends rather on the in-

verse of the covariance of the interference and noise signals
BtB;_I + O’QIN, as

log det(H,H'+B, B+ 621y ) —log det(B,BY' + o215 ) =
log det(H,H(B,B + ¢Ix) '+ Iy).

We study in a second experiment the effect of 7" when the
SNR and the SIR are set, respectively, to 10 and —10 dB. Fig. 3
depicts the obtained results. We observe that, since the SE esti-
mator is asymptotically biased, its mean square error does not
significantly decrease with T' and remains almost unchanged,
whereas the G-estimator exhibits a low variance which drops
linearly with 7. Finally, to assess the Gaussian behavior of the
proposed estimator, we represent in Fig. 4 its corresponding his-
togram. We note a good fit between theoretical and empirical
results although the system dimensions are small.
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VI. CONCLUSION

In this paper, we have proposed a novel G-estimator for fast
estimation of the MIMO mutual information in the presence of
unknown interference in the case where the number of available
observations is of the same order as the number of receive an-
tennas. Based on large random matrix theory, we have proved
that the G-estimator is asymptotically unbiased and consistent,
and have studied its fluctuations. Numerical simulations have
been provided and strongly support the accuracy of our results
even for usual system dimensions.

APPENDIX A
PROOF OF LEMMA 1

Recall that if P is a probability distribution on R, then the
Stieltjes transform m.(z) of P is defined as

P(d))

) RT.
P z€C\

(14)
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For example, the Stieltjes transform m: Ly, yH associated with
the empmcal distribution of the eigenvalues 'of the Hermitian
matrix 7 LY, YH is simply the normalized trace of the associated
resolvent

len 1 1 1 -t
mavE) = 5 s = N“(MYthH - ZL\")
i=1""

where A, ..., An denotes the eigenvalues of 3 L YTYH Since
their introduction by Marcenko and Pastur 1n their seminal
paper [15], Stieltjes transforms have proved to be a highly
efficient tool to study the spectrum of large random matrices.
From an estimation point of view, Stieltjes transform are, in
the large dimension regime of interest, consistent estimates
of well-identified deterministic quantities. Therefore, the
following approach consists in expressing the parameters of
interest as functions of the Stieltjes transform of the eigenvalue
distribution of &Y, Y.

Using the same eigenvalue decomposmon as in Appendix B,
we can prove that Y, = U;D; Wf where WT isan N x M
standard Gaussian matrix, and where D, is a diagonal matrix
with the same eigenvalues as G;G!. In the sequel, if A is a
p % p Hermitian matrix, denote by FA the empirical distribution
of its eigenvalues, i.e., F'A = 1 B 18 (a), and by ma the
associated Stieltjes transform.

Notice that due to Assumption A3, the following decompo-
sition holds true:

GGl = ¢TIy + T,

where T'; is a positive semidefinite matrix (simply write
GGl = 621y + Uy(D; — o?Iy)UN).

Notice that mp,(2) = mr, (2 — o2). Using this fact, and
the result in [16, Th. 1.1], one can easily prove that m Lyhy,
satisfies

Vz € C\RT,

where m(z) is the unique Stieltjes transform of a probability
distribution F', solution of the following functional equation:

) N A+ o2 r, !
mfz) = (“ + 31 | Tr o e W) '
(15)
Moreover, m(z) is analytical on C* = {z € C,(z) > 0}
where (z) stands for the imaginary part of z € C. Using (15),
one can prove that mr, (z) satisfies

1
T —_—— —
P m(z)

The link between the unobservable Stieltjes transform myr, and
the deterministic equivalent m(z) being established, it remains
to express N !logdet(Inx + o °T) in terms of mr,, which
follows easily by differentiation

a2> =m(z)(1 - —) - W77n 2(2). (16)

0 T, 1 4
D02 N 10gdet ( N+ U—2> = Ntr (Pt + (TZIN) - —.



KAMMOUN et al.: PERFORMANCE OF MUTUAL INFORMATION INFERENCE METHODS UNDER UNKNOWN INTERFERENCE

Hence

1 r e
Nlogdet (IN+—t) :/{r ——th(l"t+v1\) Lo

2 v

11 1
= — — —mr, (——) dv. (17)
v ‘ v

Jo v

We shall now perform a change of variables within the integral
in order to substitute 1 for rnp, with the help of (16). Since the
support of £ is on [0, +o0f, the Stieltjes transform rn is contin-
uous and increasing on |—oc, 0[. It establishes then a bijection
from |—oc, 0 to Jlimg,—. o m(x), lim,_,g m(x)[. Obviously,
lim, o m( ) = O whereas lim,_,o- m{x) = —oo since 0
is an eigenvalue of 7 LY, YH with multiplicity at least equal to

M- N.
Lo !
U = a
m(u)

We have thus
establishing a bijection from R* to (0,1/0?). Considering the

change of variable % = m( y T a2, (17) shows

1 r
N log det (IN + U—;)
2
02>

- /Om {méu) ot - (m%u) +
e (")) T3 et

:/: {m(U)(rlL:L(:Q)m(U)) B (1 AJ@ _’m(u) " %—”] w

- /Ox [%ﬁ(%)) 1 fa_(m()) + o ’)} o

We shall now compute this integral, denoted by I in the sequel.
Write I = lima— —cc I, Where

y—0
Y ITMm/(u) o2m/(u) M
I., = — = - — m (u)| du.
o= W~ T * )

Straightforward computations yield

<m( ) (m(e)) ¥

%
1+ o2m(y) 1+ o?m(x)

M M Y M
—i—ﬁym(y) - ﬁTm(T) —/L' ﬁm(u)du.

I,y =log — log

(18)

As our objective is to compute the limit of I, ,, as ¢ — —oc and
iy — 0, we need to obtain equivalents for 7n at 0 and —cc. A
direct application of the dominated convergence theorem yields

1

~ —_—

x——-o0c I

m(z)

Recall that F is the probability distribution associated with 7.
Then, F({0}) = M ~1(M — N). Although this property is not
easy to write down properly, it is quite intuitive if one sees F' a.s.
close to FY: Yt (the empirical distribution of the eigenvalues of
YHY,) which clearly satisfies 7Y+ ¥+ ({0}) = M~Y(M — N)
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by Assumption A2: This assumption implies in fact that zero is
an eigenvalue of YfYt of order M — N . Hence
M- N

My

m(y) Do

Using these relations, we can derive equivalents for the first four
terms in the rhs of (18). In particular, we obtain

(m(y)) ¥ M M-N
log | 28IV 1 (22 1) 1og
og 1+0_2m y) y—0 N og M
M
— log(o?) + (1 — —) log |y| (19)
(m(e) ¥
-1 —_ — log | 2
og 1+02m(x) ooo N Og|T| (20)
M M
~ ymy) o (ﬁ - 1) 2D
M ( ) M ”
v omE) o~ o (22)

Let us now handle the last term in (18). Clearly, we have

vty v N ooy (M-N)
Fu (dx) = ]\JF M + i So(dz)
which implies that
M (M-N)1
WLﬁYyY’/ (2) = anﬁY,,Y:j(Z) + T;

The aforementioned relations can also be transferred to the limit
Stieltjes transforms  and 7 and their associated probability
distribution functions ' and F'. Actually, we have

(M - N) N

and also

m(z) = %m(z) + WN;N) %

Note in particular that m~, YH —m — 0, hence that F is a deter-

ministic approx1mat10n of PArYrY! , the empirical distribution
of the eigenvalues of 1+ YtYH. Now

M—-N
/r ur]u—/ /t—u du — N du

= [ logt— yl + logle s Fo
M-N
N

+

(log |z] — log[yl) - (23)

Using the dominated convergence theorem, one can prove that
the rhs of (23) is equivalent to

M
/T Nm(u)(lu ~

r——00
y—0

- / log(£)dF (1)

(24)

+M1 2] —N1 ]
— log |#| — og |yl.
v o8l g1y
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Plugging (19)—(22) and (24) into (18) yields

M-—-N M-—-N
Im,y = log ( M ) — log O'2

lim
r——00 N

y—0

+ / log(t)dF(t) + 1.

Since the spectrum of ;7YY is almost surely eventually
bounded away from zero and upper bounded [17], uniformly
along NV, we have

N

1 a.s.

N Zlog(z\i) — /log(t)dF(t)——————:O
i=1 :

M,N.n—oo

where (A;,1 < ¢ < N) are the eigenvalues of ﬁYtYf. A
consistent estimator of % log det(G,G!) is thus given by

N
M- N M—N 1
I = log( >+1+ ﬁ;bg(/\i)

N M

M-N_ (M-N 1 1 H
=% log( i )+1+N10gdet(MYth>

which concludes the proof.

APPENDIX B
PROOF OF LEMMA 2

Define for p > 0
1 —1
Qilp,y) = (PIN + yHH! + MYthH )

90, y) = 57 log det (pIN T yHHY + %YtY?) .
Recall that Y, = G;W,. Denote by G; = U;DZVH the
singular value decomposition of G;, D; being the diagonal ma-
trix of eigenvalues of G G,t'; in particular, D ’sﬂgntries are non-
negative and bounded away from zero. Let Wj = Vf W;.
Since the entries of W are i.i.d. and Gaussian, Wt has the same
entry distribution as Z;. Hence, ¢:(p, y) becomes

9:(p.y)
1 1 Lo— 1
= + log det (,)IN +yHH! + MUtD;WtWtHD;UtH)

L H H I O iso woHR s
=% log det { pIn +yU, H.H;U, + ng W, W;D; |.

7
1

Obviously, we have —+logdet(Qqi(y)) = ¢:(0,4) and
i Qu(y) = 77 trQ(0,y). Deterministic equivalents for
g:(p,y) and Q;(p, y) have been derived in [11] and are recalled
in the following lemma.

Lemma 4 (cf., [11]): Letp > 0.
1) Lety > 0. The following functional equation:

ke(p,y)
1 G,G!

-1
= —tr | GGH | pIy +yH,HY + —— 1
i I( t t(ﬂx-l-y i t+1‘|‘fit(P,’y)> )

admits a unique positive solution x:(p, y).
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2) Define

G.GH ) !
L+ ri(p,y) '

Then, for any sequence of deterministic matrices Sy €

Ti(p,y) = (pr +yH,HY +

CN*¥ with uniformly bounded spectral norm
1 1 as.
‘M tl' SJVQ)‘,([)-/ y) — M tI' S]\TTt(p, ’lj) —j\_[_A"—n:?O

In particular, setting Sy = GtG';, we get

1 a.s.
a7t GG Qu(p,y) — re(p, y)—;ﬁ:?o'
3) Let
G,GH
Vi(p.y) = logdet | pIy + yHH}' + — L
i(p,y) = logde ([) N+ yEHE + 1+ K?t(/%?/))
‘V"t(pvy)
+ Mlog(l + re(p,y)) — M ———
M log( o)) 1+ we(p,y)
then
1 V. a.s. 0
_ Vi gy —_—
g(P:y) N t(p’y) M,Nmn—oc

The general idea of the proof of Lemma 2 is to transfer these
deterministic equivalents to the case p ™\, 0; we will proceed by
taking advantage from the fact that all the diagonal elements of
D; are positive and uniformly bounded away from zero.

We first prove the existence and uniqueness of #+(y). Con-
sider the function f defined on [0, oc[ by

1 D, \ !
fix—az— Mtr D, (yU'{'HtHfUt + - +f$) .

An easy computation yields the derivative of f with respect to
x

A 1 D, \

) D
(14 x)?

D —1
<yU;'HtH§'Ut + 5 J:w)

which is obviously always positive. Function f is thus always
increasing and thus establishes a bijection from [0, oc] to
[£(0), +o0[. Since f(0) is negative, we conclude that f has a
single zero. This proves the existence and uniqueness of x(y).
It remains to extend the asymptotic convergence results to the
case p = 0.

In the sequel, we only prove item 2) for Sy = G;G! as
it captures the key arguments of the proof; the extension to
general sequences (Sy) will then be straightforward. Write

7t GGHQu(y) — ku(y) as
1
— tr GG Qu(y) — re(y)

M
1 1
= 37 T GG Quly) - 37 tr GiGIQu(e,y)

1
+ ot GGy Que,y) — rele y) + kile, y) — rely)
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where ¢ > 0. We now handle sequentially each of the differ-
ences of the rhs of the previous decomposition. We first prove
that there exists a fixed constant K > 0 (which only depends
on lim sup N M 1) such that for every ¢ > 0, there exists N;
(which depends on the realization and hence is random) such
that for every N > Np, we have

1 1 €
‘MtrGtG?Qxy) - MtrGth“Qt(ay)‘ < (@)
To prove this, we rely on the resolvent identity B—* — C~1 =

—-B 1 (B — C) C ! which holds for any square invertible ma-
trices B and C. Then, we have

1 1
A GG Qi(y) - u GG Qu(e, U)‘

€ . H P
M tr Gth QT(O ZJ)Qt(€7 y)‘
2

IA

—1
€ | AT
MtrGthH (MD;WWHD5>

Recall that Wt is an IV x M matrix and that by Assumption A2,
limsup,, v NM ™1 < 1. Therefore, the spectrum of W, W
is almost surely eventually bounded away from zero.2 In par-
ticular, there exists a constant K such that eventually, we have

R, —1
(FDFWWHD;) || < K1 hence
E'lVl,VN > Ny
1 1 €
’Mtf G, GQu(y) — ' GG Qi(e,y)| < e

The second step consists in proving that for some constant K
(depending on lim sup N M ~1), there exists N5 (depending on
the realization) such that for all N' > N,

[e(e.y) = re(y)] < Ke. (26)
The proof of (28) relies on the following identity:
ke (y) — Fe(e,y) = ean + B (kely) — rile, y)) (27)

where

1
an = i tr GtG?Tt(e, )T (y)

1 ; (GtG?Tt(Ev y)G:GHT:(y)
)

=3 " 0T )+ e w)

It is clear that Sy < liminf % Thus, by Assumption A2,
Bn < 1. Also, one can prove that there exists X > 0 such
that limsup ay < K. In fact, o satisfies

N ~1(|2
an < 17 GG [[(@6) | @+ mm) @ + e ).
(28)
2Recall that if im NAf~' = ¢ < 1, then the smallest cigenvalue

/\min(WfoI) converges to (1 — 4/¢)? > 0; it remains to argue on subse-
quences to conclude in the case where imsup ,, y NM ™" < 1.
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One can prove that x;(y) and k:(e,y) are smaller than
W In fact, #+(y) can be written as

N+ rily)) (4 ma(y))

Ke(y) = M - M tr (?lHtH?
G,.GH \ '
. (yHthH T +t’<5t€y)) )
N (1 + r(y))

tr (yHtHL_'

M(1-f7) M- 3p)

G,GH !
X (yHtH? + 1 +tf{,t(t7/)) )

N
S Ny

M1 = 37
Similar arguments hold for (e, y), thus proving that

limsupay < K. From (27), we conclude that there ex-
ists V3 such that for all N > N3

ke, y) — raly)| < Ke.

We are now in a position to prove the almost sure convergence
of % tr Gf,GtHQt(y) — kt(y). Consider the constants K and K
as defined previously and let € > 0. According to (25), there
exists N7 such that

€

YN > Ny, < =

1 1
17 T GGIQW) - 37 1 GGIQu(e,y)

Using the almost sure convergence result of
+trG,GY'Qq(c,y) stated in Lemma 4, there exists
Ny such that

1
VN Z ]Vr_), M tr GtG?Qt(Ev y) - H‘t(ev y)‘ S €.
Finally from (26), there exists N3 such that for all N > N

|ke(e,y) — me(y)| < Ke.

we have for N >

1 -
<el =414+ K
_€<K+ + )

Combining all these

max(N1 y ]VQ, ]Vg)

results,

1
i tr GG Q(y) — re(y)

hence proving that

1 . i
i tr GGy Qi (y) — /‘v't(y)—;[’—;—n:?o

which is the desired result.

APPENDIX C
PROOF OF THEOREM 2

As previously mentioned, the proof of Theorem 2 relies on
the existence of a consistent estimate for

1
T = ~ log det(G, G + H,HM).

)
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Denote by f(y) the parameterized quantity
1
Fy) = 7 log det(Y, Y7 + yH,H).

Then by Lemma 2-3), we obtain

1 G,GH H)
- + —logdet | —— + yH;H
M M /@t(y) a.s.
— log(1 + re(y)) — — 0.2
+ N Og( + ""”t(y)) N1 4 "W(y) M,N.n—oo ( 9)
Obviously, if ¥ is replaced by yx ¢, a solution of
1
YNt = (30)

1+ re(ynye)

then the term C 1 appears in (29). The existence and uniqueness
of yn immediately follows from the fact that the function g
defined as

L
g:x— (1+ .’L‘)M tr(G,.GH#HHA! + G,GH !
is a contraction. Moreover, straightforward computations yield
1
yve =1- 72 tr GG (HH + G,Gi) (31)
Unfortunately, v, depends on the unobservable matrix Gy.
One needs therefore to provide a consistent estimate 4y ; of
yn .- In order to proceed, we shall study the asymptotics of

k+(y). By Lemma 2-2), we have

% tr HHQu () — %tr HH, Ty (y)—————0. (32)

On the other hand, we have

1
Y H 1 H H GthH
tr H,H'T =—tryH;H H,H —
57 (T HH, +(y) 77 v He t(y ¢ t+1+ﬁt(y)
N 1
-t (G4G

M M(m(y) + 1)

1
GG
JH.HD 4+ 2T
. (y ' t+1+fit(y)> )

_ N sy

M 14+ re(y)
SRS (33)
M 14+ rey)

Substituting (33) into (32), we obtain

1 N 1 a.s
— tryH,H 1-
7 Y Qi(y)— M+ re(y) +1 MNm—oo

0. (34)

Intuitively, a consistent estimate yn+ of yn: should satisfy
gne = M 'jn e tr H{HYQ4(9n¢) — - + 1. This intuition
is confirmed by the followmg lemma:

Lemma 5: There exists a unique positive solution g ; to
the equation

] N .
‘\[t HtH Q: (4 )*M‘Fl*yh’,t:Q
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Moreover, the following convergence holds true:

Nt — YN t_ﬁ_J\TZ?O
where yx ¢ is defined by (30) (see also (31)).

Proof: The existence of gy ; follows from the fact that
by £t H;HPQ,(y) — 2741 —y is a continuous function
on [0, +o0], satisfying ~2(0) > 0 and lim,_, ;o h(y) = —oc.
Assume that i admits more than one zero. It is clear that the
zeros of h are isolated. Since A(0) > 0, there exists then g1
and y» such that A(y1) = h(y2) = 0 and h(y) < 0 for every
Y € [y1, y=]. However, this could not happen since / is concave,
and as such A(23¥2) > 1/2h(y1) + 1/2h(y2) = 0. Function
h admits then a unique zero §n ;.

Using (34), we get that

YNt

M

N
tI’H H Qt(y]\ t) - M +1- M N n—oo

Beware that in (34), the convergence holds true for a fixed y
while 35, depends upon N. A way to circumvent this issue
is to merge yx ¢ into H; and to consider the slightly different
model based on H; = \/WHf
Therefore, the mere definition of ¢ ; and the previous con-
vergence yield
klynes v e)—————0

M. Nn—oc

where

Lt (LY Qu(Gn0) — v + Yt
"t (HHIQu(yn )

~ YN
k(yz\f,ta yf\",t) - /

Expanding k(yx 1, §iv 1), we get

k(yN,t:’gN,t) =
g
M

N (B, HQ (i 1)

(P Q) + 25 i (HHQuyv,)
I (Y Qi)

YNt
M
. N 1 .
= ?lA/‘,t(?/N,t - ?}N,t)M tr(HtHlt-th(yN,t)HtH:;I Qt(?/N,t))
N R 1
+(yne = Gne) + (I = ?lN,t)M tr(HHI Qi (yn 1))

+ ('yN,t - f/N,t) -

. 1
= (Y~ — In.t) (1 i tr HtHIt_IQt(yN.t)
+ ]\\/4 (HtH Qt(UN )HtHlt—'Qt(?lN,t))>

To conclude that yx + — {5 » converges almost surely zero, one
needs to establish that a deterministic asymptotic approximate
of

1
(1 — 37 HHQu(yw o)

1y
—I—JAtt

M (H H Qt(JN t)HtH Qt(JN f)))
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could not be equal to zero. This is true, since from
the definition of yn ., we can easily check that 1 —
%terH Qi(y~ ) can be approximated asymptotically
by 1 — 5 tt HH (HH] + G, (bl
that y ertes as

, where we recall

1 —1
YNt = 1-— MGtGl;' (HtH::I + GtG'If_I)
N 1 .
=1- 57+ 57 WHH (GG + HHY)

The deterministic equivalent of 1 — % tr HHNQ, (y ~.1) is thus

given by
_ N
M
-1
- % + 47 tr HHY (G,GY + H,H})
which is obviously uniformly lower bounded by 1. |

With the help of Lemma 5, the following convergence can be
easily verified:

K(n.e) — K(Yn,e) _J\_[,_AI:? 0
Let h y + logdet(Q.(y)), where h'(y) =
ltr(HfHHQf( )) § % As the minimum
min (%

eigenvalue of - (YY) is almost surely bounded away from
zero, function h is Lipschitz. Therefore, the following conver-
gence hold true:

%bgdet(Qt(yw,t)) - —10“(19‘5(Qt(y\ t))_A___;__)O.

We then get

r
/

R 1 .
— F(va)+ - log det( G G+ HLHY) - log(jx.1)

1—gne)——2 0
]V( yN’t) M, N n—oo

which in turn implies that

1 R M- N R
Tiq— I log defc(ythtHgI + YtYf) — log(4in.t)
M R a.s
B AT —

Using this estimate of 7; ; together with the estimate of Z; 5 as
provided in Lemma 1 immediately yields a consistent estimate
for Z,(0?) = Z; 1 — T4 2, and the theorem is proved.

APPENDIX D
PROOF OF THEOREM 3

The proof of Theorem 3 relies on the tools used in [12],
adapted for dealing with Gaussian random variables. Recall that
TIse(y) is given by

, 1 1
Isn(y) = w7 (?/HthH + WYtYf>

1
— log det (MYtYf>
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where Y; = G;W,. Similarly, as in Appendlx B and

Appendix A, we can prove that Y, = U,D; Wt where Wt
is a N x M standard Gaussian matrix, and D; is the N x N
diagonal matrix containing the eigenvalues of G:G!. Then,
Zse(y) becomes

T
Z og det (yHthH

L ol ot
— log det(MDg W, W/D?)

Tsr(y

+MUtDEWtW?D§U?

NTZlogdet 4D, *UMH,H!'U,D, +—WtWH)

— log det( thwﬁ)

T —1
1 1 1] =
- —NTzlog det (th ‘UY'H,H/'U,D, ’ (thwf>
t=1

—f—IN )

Denote by D ZUHHtHHU D, = UtAt
decomposmon of D, UHHtHHUtD Smce p, is the rank
of H,H!!, matrix At has exactly p; nonzero entries which we
denote by (A; ;,1 < i < p;). We get that Zgg can be written as

-1
Zlogdet (yAt< WtWH> +1N>.

LetA,, ; = diag (A1, ..., Ay, ¢). Obviously, only the diagonal
elements of A, ; contribute in the expression of Zsg(y). Then,
using [18, Th. 3.2.11], we can prove that Zgg(y) can be written
as

" the eigenvalue

Zsu(y)

Tse(y)

-1
Zlog det <JApt ; ( i W, . WH f) +Im>

where W pot1sap, X M — N + p, standard Gaussian matrix.
M -N4p) 4 -1
LetM = ~———FF A " - we finally get

My Pt
Fat) = s o M
SEy—NTf:1 et M—N+p; ot

1 o
+ IP,> —log det(M) —log det (mwpr,:twght)
T ~
L

Let s = M — N + p,. By Assumptions A2 and A5-1), we
have

>

. 5
limsup — < 4o0.
M,N,ng—oo Pt

I S
liminf — <
M, N,ng—oc Pg

0<

Moreover, Assumptions A4 and A5-2) imply that matrix M
satisfies

1
—trM > 0.

sup ||M|| < oo and mf
e 8

N,M.n V,M
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We retrieve then the same model as in [12], with the
slight difference that IES +(y) has an extra random term
% Wp, tW
impact on the apphcablhty of the method and one can get the de-
sired result by following the same lines of [12]. For ease of nota-
tion, we will drop next the subscripts p; and ¢ from all matrices.
In partlcular we consider to prove a CLT for the functlonal
logdet(”MZWWHMz I) — logdet(: M:WWHM?)
where p > 0, W is an p X s standard Gaussian matrix, and M
is an p; X p; deterministic matrix.

The expression of the variance for this CLT will depend on
some deterministic quantities Wthh we recall hereafter.

1) Notations: Let Z = M:>W and define the resolvent

matrix S(z) by

log det ( . As we will see next, this has no

-1

S(z) = (3M%WVVHM% +I) = (fzz” +1)7
S B

Let also /;(z) be given by

I,(2) = log det (%MéWWHM% + I) = —logdet S(z).

We introduce the following intermediate quantities:

1 1 o
B(z)y = —tr MS, a(z) = —tr MES, and 8= — .
s s

Matrix R(z) is an s x s diagonal matrix defined by

where 77 = H:lw We also define R(z) the p; x p; diagonal

matrix given by

R(z) = (I+ 27fM) " = diag(ri, 1 < i < py)
where r; = —1_,_21;,,1' . We also define 6(z) as the unique positive

solution of the following equation:

6@)=%¢HW(I+TI§RZNO1

where the existence and uniqueness of 6(z) have already been
proven in [12]. Let Z and E be the p; X p; and s X s diagonal
matrices defined by

-1
z ~ 1

I+—" M) andBE=——_T1,

( T 10 ) an 1+ 26(2)

Define also 7, 6(z), and 7 as v = 1 tr M?E”, §(z) =
and ’? = W

2) Mathematical Tools: We recall here the mathematical
tools that will be used to establish theorem 3. All these results

can be found in [12].

1
1+26(2)°
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1) Differentiation formulas

95,4 z

aZ’iﬂ’j __Z [ZH ] gpz
3?5::;@2““&”
(2 ©
%%?zgﬁmm

dlog det(12ZM .

2) Integration by parts formula for Gaussian functionals: de-
note by ® a C! complex function polynomially bounded
with its derivatives; then

0(Z)
97 ;

E [ZL7,@(Z)] = 777,[‘[E

where m; is the ith diagonal element of M.
3) Poincaré—Nash inequality: The variance of ®(Z) can be
upper bounded as
|

<ZZm[EU OZZ,) J

=1 5=1

2 09(Z)

9Z;

var

4) Deterministic approximations of some functionals:

Proposition 1: Let A and B be two sequences of, respec-
tively, p: X p¢ and s X s diagonal deterministic matrices with uni-
formly bounded spectral norm. Let Assumptions A1-A4 hold
true. Then, the following holds true:

1 1

SWAR=—trAE+0(57%), 7= §+0(s72)

and E- tIAH——trA._.—i—O(' )

S
Proposition 2: Let A, B, and C be three sequences of
pr X pg, 8 X s, and py X p; diagonal deterministic matrices
whose spectral norms are uniformly bounded in p;. Consider

the following: 1 7BZH
(A7)

(Z) =
S S
ZBZH)

(Z) =

S

(ASMS

and assume that A1-A4 hold true. Then, we have the following.

a) The following estimations hold true: var(®(Z)),
var(¥(Z)), var(3) are O (s 2).
b) The following approximations hold true:
-1 _ o
E[®(Z)] =é-tr AME + O (s ?) (35)
s

1
E[U(Z)] = ——— | 6— tr B— tr(AM?E?
#(2)] = (55 wB maneE)

1 1
—27y; trBotr AME‘.) +0(s7%) (36)

1 ;
E|-trMSMS|=—" 4+ 0(s7?). 37)
3 1 — 2294
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3) CLT: All the notations being defined, we are now in
a position to show the CLT. We recall that our objective is
to study the fluctuations of Zgr(y) = Zt 1 Ies +(y). Since
(ngﬁt(y),t =1,... ,T) are independent, it suffices to con-
sider the CLT for Zgs,(y), fort € {1,...,T}. We consider
thus the random quantity I,(z) — log dct (2ZZ"). Before get-
ting into the proof details, we shall first recall the CLT of ¢(Z) =
—log det(ZZM) whose proof can be found in [19]. Indeed, it
is shown that

-1 ) D

pe|(1- —) log (1 %) -
define U, (u,z) = E [@J“(I s(2)=Vs (Z)Jrg(z)
is the deterministic equivalent defined by

where b, = — . Like in [12],

b ], where V,(2)

Vi(z) = slog (1 + 26(2)) + log det <I +

— 526(2)8(2)

z
—M
1+ 26(z) )
and verifying
The principle of the proof is to establish a differential equation

verified by W (u, z). Writing the derivative of ¥, (u, z) with
respect to z, we get

o, O1,(2) 1. V()
s E | o 5027 oo (2)+ug(Z) e JuVe(z)—jubg
Oz Ju Oz
1V, (2
f]u( dié)‘lls(u,z)‘ (38)
Since dv;‘]‘:z(z) = $66 [12], we have

aaqjs - Ju 015(’2) 6]‘11,],s (2)+ug(Z) 87]“"/75 (z)—gub,
z z

— usdoW (u, 2). (39)

On the other hand, we have

) H
E [ale(z) Cjuls(z)+jug(Z):| —F |:tI‘ (SZZ
0z 5

- % pzt i[E [Zi,jSPTZ‘Z;’jgj“'l(z)-f']‘urg(Z)} '

p.i=1j=1

) e]uls (z)+]ug(Z):|
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Applying the integration by part formula, we get

E[2,,5,:2] 09|

J
=E
3Z*

m;

[S Z* 7uI(Z)+7uq(Z)] ]

=E [mlSp O(p — )(»J“I( )+J”9(Z>:|
- —[E [[SZ} My S“Z* Tl (z )+1uq(Z):|

+—[E [m iSpil

P.J

0g(Z
qum;Sy i 25 an(*)

[SZ] erels(z )+7WJ(Z)}

+E

gl (z)—l—]ug(Z)‘| )

After summing over index 7, we obtain

E [[SZ] 7% el (z)+7u(](Z)i| —E [Wllyspd,e‘wls(’:)+-7"9(Z)j|
z * uls(z)+yu
; _[E [tr(MS) 821, ; Z,.;¢ Ls(z)+2 g(Z)}

B2 5857, 2 |

— quE |:|:SM (ZzH)—1 Zi| Z*,j etula(z )+7u(](Z):| . (40)

P.J

Recall the relation 5 = %tr MS and =  — « where o =
% tr MEES. Plugging the relation § = a+ 3 into (40), we get

E (1821, , 2] ;1] — E [m, 5, - Crma@)]
—zE [/(} [SZ], Z;jeﬂ“ﬂ(2)+J‘ug(Z)}

— zaE [[SZ]

27U

7% ptuls(z )+J”Q(Z)i|

+

E [[SMSZ] Z;:j(fﬂds (z)+;)ug(Z):|

8

- JUEHSM (zz”)’lz} Z;hjej”’l'*(Z)ﬂ'”’g(z)}. (41)

P,

Hence, solving this equation with respect to
[E[[SZ] 7% et <Z>+7“0<Z>} and using the fact that
F= 1+1m,we get
[[SZ] VA JIII (z)+]11g(Z)] [EI:”LP’S ]uI (z)+]11g(Z)]
,J

—+E | (782, Z;.jeM-=<z>+m<z>]

_|_

& | W

“E [yui [SMSZ], , 27 e ,J""-s<2>+f"ﬂ<z>}

— JuE { [SM( ) L Z} Z;:jeJuIS(Z)erug(Z)] ) (42)

P
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Using the relation S, , = 1 — 2 [SZZH]pp, we get after sum- x5 = zjurfEW(Z)e*-()+749(Z)  Using Cauchy-Schwartz

ming with respect to j

=E [m fefufs(Z)Huy(Z)]
s v

H
c Hszz ] ol (2)+7ug(Z)
p.p

H
— zmpf [[SZ—Z:| eJ’UIs(/’-’)+Jug(Z)‘|
S PP

0 H
— -E [/ﬁ 7 |:SZZ :| GJUIS(Z)+Jug(Z)]
p,p

S

ZZ"

S

Juz

_|_
S

— qukE [f {ﬂ} el (Z)Hug(Z)] _
s lop

Using the relation r, =

E [? {SMS ] 61“11(Z>+Juy(z)]
P.p

1
H‘Z—T:TTI/]; , W€ have

H
E Hﬂ] GJuIs(Z)JrJuvy(Z)] = E [myn,fer-erts(a]
S
»,p

o H
S p.p

. H
+ I [m {SMS—ZZ } @JUI;(ZHJ“Q(Z)]
S
p,p

S lpp

Summing over p, we finally obtain

H
. [tr (SZZ ) e,uIS(zmug(z)}
S

= 7 tr(MR)E [l () ()]

o H
—E [ﬁ Ftr (RS 77 ) 6A1uls(Z)+,7ug(Z)]

8
YAA
+ i;/u[E ['F tr (RSMS—) 63"1'I.a(2)+]'11,g(Z):|
8 5
— ]uf[E |:t1- (RS—M) e]uh (z)+A7ug(Z):|
5
=x1+ X2+ X3+ x4.

It remains thus to deal with the terms (x;, 1 < i < 4). Using
proposition 1, we have

x1 =7tr MRE [ewfs(Z)ﬂ“g(Z)} = 560 [ef“s@ﬂ“g(Z)}
+0(s7). (43)

To deal with x3, we apply the results of proposition 2-b,
with A = R and B = 1. In this case, 3 is written as:

inequality, we get

‘[E (\l’(z)(i]“ls(Z)+]"9(Z)) _ Eeruls(F)tnug(Z)E (U(Z))

where (Z) = U(Z) — E(V(Z)). Therefore

X3 =
8 Tl st) - T g o o]
1—2299| s s

+0 (571) . 44)

The term 2 can be dealt with in the same way, thus proving
x2 = —zE [,@ ewfs<z>+m(z)} Ftr(ME?) + O (s71) . (45)

Since tr(ME?) s shall expand

[E[ﬁ eJ“I'“(Z)ﬂ“g(Z)] to at least the order s~ %, and

of order s, we

thus, 3 and E [e741+()+549(Z)] cannot be separated in the same
way as previously.
Indeed, we shall first take the sum over 7 in (42), thus yielding

E [ [SZZ"] el <Z>+Jw<z>} —E [sm,,fsp_pewfs<z>+xug<2>]

p,p

- zE V?’ 7 [SZZH]M 6’“13(Z>+Jug(z)}

z .
+ ZE [ur [SMSZZM] |

2

equ_S (z)+jug(Z)i|

— qulE [77 [SM] eJ“I“(Z)ﬂ“y(Z)} .

fgy:

(46)

Using the fact that

z
g

[[SZZH]p e]uIS(z)+_7ug(Z)i| —E [eﬁlls (z)+,7u!](Z)i|

: P

—E [S’p pe]“Is (Z)"FJUQ(Z)}
(46) becomes:

E |:€]'11,I,5(z)+]ug(Z):| _E I:Sp'pej'ulh(z)-i—ju,g(Z):|

=zE [m,pfsp_p(z’“h (z)+-7“g(z)]

R H
_ ZZ[E [ﬂ 7 |:SZZ :| 6]uIs(z)-i—]u,g(Z)‘|
8 oy

N

Z7ZH

8

} Cauh(z)ﬂug(Z)]
p.p

_ e [r [SM],, eﬂuﬂ(z)ﬂ“g(@} . (47)
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Solving E [S,, ,e?{:()+1u9(Z)] in (47) and using the relation

. 1 :
Tp = Thzmyrr We obtain

E |:Sp peju,]h.(z)—f—j'u,g(Z):| - E I:Tpeju.fs(z)—f—g'ug(Z)iI

2 ; - H ul, (2)+jug(Z
+ ?[E |:,8 rpT [SZZ ]pp et <(2)+gug( ):|

2 ZZH
= ZE | yuir, [SMS ] o7l ()4 u9(2)
S S pop
Juz I:’F’f'p [SM]%P e]ru,ls(z)-l-]ug(Z)iI . (48)

Multiplying both sides in (48) by /12, and summing over p, we
get

E {ff s <z>+wg<z>} _E [ltru\m _ MES)eh <z>+m<2>]

2
+ZE {ﬁ —tr(MRSZZ YeTuls (Z)-‘rmq(Z)]
S

~2

1 H
2 {J_ tr(MRsMs 22 >eﬂ-~'fs<z>+m<2>]

ju,z

e (MRMS) 0]

Using the approximating expressions in proposition 2, we obtain

E |:2;’ C]’uls(z)+juvg(Z):| _ ZZPY”S/IE |:,% e]’“Is(Z)+]ug(Z):|

28, 5
(L,
s(1—229%) \ s

JU,? [tr(MRSM) qul, (z)+_]uy(Z)i| + O (872) .

(ME®) - 272”7) E [ente(2tus(®)]

Hence

o 2
e [ omemsm] - Fr (3w
8

s(1 — 22y%)?

_ ZPYQSB) E |:ej'u,15(z)+]'u,g(Z):|

s(1— 22v7)
+0(s7). 49)

Plugging (49) into (45), the term 2 can be written as
23 Ay
s(1 = 229%)?
% E |: qul,(x )—I—]uq(Z)i|

1 3 .
X2 = (ﬁ—tr(M E%) — 2926 ) tr(ME?)
s

R L ()
(1= 2%y%) s

« E |: Jul, (= )+JUQ(Z):| 4+ O (57 ) . (50)

Finally, it remains to deal with x4. Using proposition 1, we get

Y4 = —‘g tr (MEz) E [CJ“IS(Z)J”“Q(Z)} +0 (371) . (51

1145

Summing (43), (44), (50) and (51), we obtain after some
calculations
23 qui?

SZZ z)+ — 4,6~ + 2
527" quls(2)+yug(Z) = | 5 R A A—
E |tr ( S ) [ - ( — 72,Y~)‘

1 . A
X = tr (MSE‘*) r (MEZ) 2 Ly ves?)
s 1- *277 5

ZQJU’}/SB 1 jug

= p(ME? —7—t Mz?
(1—22v9)? s IMED =0 Y3 s ]

X E [ @] 4 0 (570). (52)

Hence, the differential of W4 (u, z) with respect to z satisfies

(M3”3) ~tr (ME?)

v, _ 2352
9z [(1— 299)2 s
L,
P

_ ey (MZEJ) 20 Z;’éiltr(MEz)
(1-2%v7) (1—2%79)? s
uw?d 1 2
v t(M:) U(u,2)+ O (s 1),
—|—1_waq1 S(u,z)+ O (s )

Following the same lines as in [12], one can prove that

‘ 31, (=2
1 dlog (1 - 22v7) B 1 2263 L tr (M‘-' )
2 dz 1 — 227 1 — 2247
232t (MPE) Ltr (ME”)

1
427 — tr (MQES) + SIS
5 1 — 225

(53)
Moreover, from the system of (50) in [12], one can find that
6 f tr (MEQ)
1— 2%y
Using (53) and (54), we finally get

o, 2 d
RS,
dz

lLdlogy
2 dz

(54)

8]
dz

9 2

Let 02 =

Vs (u, )GXp( 7

log (1-2%y%) + log¥ and K,(u.2) =
) Therefore, K ;(u, z) satisfies

sz 2,2

5 = (s, z)exp <u ;T)

where it can be proven that |e(s, z)
On the other hand, we have

Ky(u,0) =E |:€]'u(7logdet(fZZHbe))iI .

< & for every s in [0, p|.

Hence

P

K (u,p) =K (u,0) +/

0

es(u, z)dz

2 Pt
w? log(1—£L)
=€ 2

+ O (571) .
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The characteristic function ¥;(u, p) can be thus approximated
as

2.2
u=op

2 + 2

u?log(l — 2

9)+o@1y
(55)

The characteristic function satisfies the same equation as in [12].

The single difference is that the variance ax () given by

1 i
ans(y) = —log ( %’Y’Y) log(1 — ?

has two additive terms accounting for the variance of ¢(Z) and
the correlation between g(Z) and I,(z). The CLT can be thus
established by using the same arguments in [12], provided that
we show that liruinf ay ¢(y) > 0. For that, we need only to
prove that

\Ils(u,7 /)) = CXp (_

(56)

1 — 2244
lim inf #
8.Pt vy

> 0.

Deriving 6 with respect to z, one can easily see that

1 — 2244 11
Lo L1 (g,
gl 4 s
It has been shown in [12, eq. (67)] that — satlsﬁes
16
0<-2 < &Amax :
dz §

where Apax = max (A1 ,..., Ay, ¢). This fact combined with
lim inf % tr (ME2) >0 1mp11es that liminf an +(y) > 0. It
remains thus to express the variance o ;(y) using the original
notations. One can easily show that

1 My_ 1 _1 In -1
§=~tr [ D, "U'H,H"U,D, ? +
s s 146

(V- pt)(l +6)
L GGl -
1446

sG,GH N\
MO+ 5)) )

M(5+1)
S

S

_ L ((GthH) (—M?/HthH
S
N =p)(1+6)

S

1

=7 tr ((GtG:') (yHtH;' +

NV =p)(+ (5)

S

(57)

Then, from (57), we can prove that — 1 is solution in x

of
1 G,G,\ "

Since x; is the unique solution of (58), we have

M(+1)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 2, FEBRUARY 2013

or equivalently

~ 1 M
b= =
146 (ke +1)
Therefore y e
F=06"= 4520%—%1)2' (59)

In the same way, one can prove that «y can be expressed in terms
of the original notations as

—2
H Hy—1 Ij\r
1= (JHH (GuGe) + 1)
4 1)2s(N —
_ ("{'t + )]\;g pt) . (60)

Substituting (60) and (59) into (56), an . (y) becomes

log M? —log (M — N) (M(x; + 1)

B Iy \ 2
—tr (yHH (G, G f .
l(y t t( t t) +:‘it+1

APPENDIX E
PROOF OF THEOREM 3

an f( )

1) Denote by R(y) and f(y) the functionals given by

f(y)Z%tI(nyH Q:(y)) + MA_IN -y
(M —

R(y) = — logdet(Q:(y)) + N)log(y)

where Q:(y) = (yHH!+ Y, Y
Poincaré-Nash inequality, we have

N W[[
var(gn.+) <KZZ[

i=1 j=1

,My

1 .
. According to

PN 2
dYn i
aY; ;

2
0wt
OY*

-

} . (61)

We only deal with the first sum in the previous inequality; the
second one can be handled similarly. By the implicit function

theorem, if 5 f 75 0, then d"{) * writes

] ~
%(ynt) 62)
Llive)

OYn ¢
oy

As will be shown later, to conclude that var(gx +) = O(M %),

we need to establish that ’ (gn1)| is lower bounded away

from zero, which is a much stronger requlrement than 75 0.
This can be proved by noticing that 2 W = % Hence
BQR(A - M%(.@N,t) 63)
oy N T T g,

On the other hand, one can prove by straightforward calcula-

g(?}f\",t) =
‘ﬁ S M-—-N
T Mgy,

tions that ’ g—
Y

(64)
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which is eventually uniformly lower bounded away from 0 due
to Assumption A2 and to the fact that {5 + < 1 by mere defini-
tion. Therefore

N M dy N M
’\T
>3 e [Tl K3 i,
=1 j=1 =1 j=1
K YY*
]\ tf(QtH HHQt QtH HHQt>
K
< —.
- M2

To prove 2), we rely on the resolvent identity which states

Q(a) — Qu(b) = (b— a)Q:(a)HHIQ,(b).  (65)

Using (65), we obtain

1
M’(

1 . N
+ I tr lE(yf\f,t)HtHli:'Qt(yl\/",t) +

Nt = — Egng)tr HtH Q:(n.t)
M-—-N
M

Eijn ) HH Q/(Ejn )

_ 1 (In
— M y]V,t
— = tr(Gne — E@Nt) H, H Q: (I

+ = trE(gw, ) HHY Qi (Egw )

HH Qo (Ejin )

»di»—\

i

- E(n, )(@N t— [E(@N.t))
1 M—-N
M tr H, H Q: (9. t)HtH Q:(E(gn,)) + I

ay 1 . . N

@ 27 e —Edwe) tr H,H}'T(E(jv.t))
1 N N
t (UV JHHIT(E(9x,1)) — E(gn,)(gv,s — Efine)
x E tIH H'Q: (v, ) H:H Qo (E(in ¢))

+ M V +

7 £
where ¢ satisfies E(e) = O(M ~2). Note that equality (a) fol-

lows from the fact that

1
var(gn ) = O (W) and

1

var{ —
M

B Qu i HEE QuECi ) =0 173
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Both estimates can be established with the help of
Poincaré—Nash inequality. Therefore
N 1 _ . .
E(gn.e) = 37E@n ) tr HH|'T(E(§n.1))
M-—-N
oM—2
1
=1- tr((G,GMT(E(n
A/f(l‘}'/f(lE(g[\T't)) r(( t t) t( (:U:\ut)))
+ O(M?)
ke(E(Gne)) 9
-+ O(M
1+ w(E(dne) (M)
1
=—————+0(M™). 66
L+ 5 (E(n ) (M) (00)
Using the mere definition of ¥ 4 and (66), we obtain
EG) 1 oMY
YUNEL)—YN+t— — —
P T R (v ) 1 ()
K(yn.:) — w(E(yn,:)) 5
= ~ ’ +O(M™=).
0+ R(EG N+ ryy) T oM
(67)

Following the same lines as in Appendix B, we can prove that
for every real positives y; and y2, we have

(y2 — y1)an (Y1, ¥2)
+(relyn) — re(y2)) B+ (1, y2)

Ke(y1) — fiey2) =

where G (1, y2) and BN:t(yl, y2) are given by

B 1

ant(y1,42) = Vi tr GtG?T(yz)HtH?T(yl)
1 . GG (12)G,GIT (1)
M (1 + ey )1+ e(y2))

By, y2) =
Moreover, we can easily notice that /i,\gt < liminf 1\\4
This allows us to express &¢(y1) — k:(yz2) as

ane(y,y2) (Y2 — w1)
1 - OBnaly1,y2)

Using this relation, we obtain from (67)

(1) — kely2) =

E(n,:) — yns = 73 (Efine: — yne) + O(M?)

where

&N,t(yN,t: E?)N,t)
(1= Bxa(yne Ine)) (1 + we(Egn ) ) (1 + £y e))

’Yf\",t =

tr(HHY + G, G) "HH'T(E(jn,))G,G}

tr(H,H' + G,G"'G,GIT(E(yx5+))G,GH

(68)

(69)
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To conclude, we shall establish that limsup vy, < 1. This is
true, since using the relation y » = (1+ n(ymt))’l, we prove
after some calculations that

_ Cng
TN 1—dngy
where cy ¢ and dx ; are given by (68) and (69), shown at the
bottom of the previous page.
Since en s + dnvy < I, and dy; < 77

= Ar>
CN eng Fdny —1 % —1
s _ 1= > 2 < 2 = < 0
1—dn: L —dyg L=
which implies that
. CN ¢ :
limsup ——— < 1.
N 1—dyy
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