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Abstract

Totally asynchronous code-division multiple-access (CDMA) systems are addressed. In part I, the fundamen-
tal limits of asynchronous CDMA systems were analyzed in terms of total capacity and SINR at the output of the
optimum linear detector. The focus of Part II, is the design of low-complexity implementations of linear multiuser de-
tectors in systems with many users that admit a multistage representation, e.g. reduced rank multistage Wiener filters,
polynomial expansion detectors, weighted parallel interference cancellers.

The effects of the excess bandwidth, chip-pulse shaping, and time delay distribution on CDMA with suboptimum
linear receiver structures are investigated. Recursive expressions for universal weight design are given. The perfor-
mance in terms of SINR is derived in the large-system limit and the performance improvement over synchronous
systems is quantified. The considerations distinguish between two ways of forming discrete-time statistics: chip-

matched filtering and oversampling.
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I. INTRODUCTION

In part I of this paper [1], we analyzed asynchronous CDMA systems with random spreading sequences
in terms of capacity per chip constrained to a given chip pulse waveform and in terms of SINR at the
output of an optimum linear multiuser detector. The analysis showed that under realistic conditions, chip-
asynchronous CDMA systems significantly outperform chip-synchronous CDMA systems. In order to uti-
lize the benefits from chip-asynchronous CDMA, we need efficient algorithms to cope with multiuser detec-
tion for chip-asynchronous users. In part II of this work we, therefore, focus on the generalization of known
design rules for low-complexity multiuser detectors to chip-asynchronous CDMA.

A unified framework for the design and analysis of multiuser detectors that admit a multistage repre-
sentation for synchronous users was given in [2]. The class of multiuser detectors that admit a multistage
representation is large and includes popular linear multiuser detectors like linear MMSE detectors (e.g. [3]),
reduced rank multistage Wiener filters [4], [S], polynomial expansion detectors [6] or conjugate gradient
methods (e.g. [7]), linear parallel interference cancellers (PIC, e.g. [8], [9]), eventually weighted (e.g. [10]),
and the single-user matched filters. Multistage detectors are constructed around the matched filter concept.
They consist of a projection of the signal onto a subspace of the whole signal space by successive matched
filtering and re-spreading followed by a linear filter in the subspace.

Multistage detectors based on universal weights have been proposed in [11], [12] for CDMA systems in
AWGN channels and extended to more realistic scenarios in [13], [14], [2]. These references make use of the
self-averaging properties of large random matrices to find universal weighting coefficients for the linear filter
in the subspace. More specifically, the universal weights are obtained by approximating the precise weights
designed according to some optimality criterion with asymptotically optimum weights, i.e. the optimum
weights for a CDMA system whose number of users and spreading factor tend to infinity with constant ratio.
Thanks to the properties of random matrices, asymptotically these weights become independent of the users’
spreading sequences and depend only on few macroscopic system parameters, as the system load or number
of transmitted symbols per chip, the variance of the noise, and the distribution of the fading. In this way, the
weight design for long-code CDMA simplifies considerably, its complexity becomes independent of both
the number of users in the system and the spreading factor. Moreover, the weights need updating only when
the macroscopic system parameters change.

The fact that users are not received in a time-synchronized manner at the receiver causes two main prob-

lems from a signal processing perspective: (i) the need for an infinite observation window to implement a
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linear MMSE detector and (ii) the potential need for oversampling to form sufficient discrete-time statistics.

The need for an infinite observation window is primarily related to asynchronism on the symbol-level, not

the chip-level. It was addressed in [15], [16] where it was found that multistage detectors need not have

infinite observation windows and can be efficiently implemented without windowing at all. The question
of how to form sufficient statistics was addressed in Part I of this paper [1] where a distinction between the
following two cases was made:

(A) Sufficient statistics obtained by filtering the received signal by a lowpass filter with bandwidth By ow
larger than the chip-pulse bandwidth and subsequent sampling at rate 25y oy .

(B) Statistics obtained by sampling the output of a filter matched to the chip waveform at the chip rate (chip
rate sampling). In this case the chip pulses at the output of matched filter need to satisfy the Nyquist
criterion. In the following we refer to them as square root Nyquist chip-pulse waveforms.

General results for the design of linear multistage detectors with both kind of statistics are provided in this

work. The chip pulse waveforms are assumed to be identical for all users.

For asynchronous CDMA, low-complexity detectors with universal weights are conveniently obtained
formed from statistics (A). In fact, these observables enable a joint processing of all users without loss
of information. Multistage detectors with universal weights and statistics (A) have a complexity order per
bit equal to O(r K) if the sampling rate is 7. - On the contrary, discretization scheme (B) provides different
observables for each user and does not allow for simultaneous joint detection of all users. An implementation
of multistage detectors with universal weights using such statistics implies a complexity order per bit equal
to O(K?). This approach is still interesting from a complexity point of view if detection of a single user is
required. However, it suffers from a performance degradation due to the sub-optimality of the statistics.

This work is organized in six additional sections. Section II and III introduce the notation and the system
model for asynchronous CDMA, respectively. In Section IV, multistage detectors for asynchronous CDMA
are reviewed and a implementation which does not suffer from truncation effects is given. The design of
universal weighting is addressed in Section V. Finally, the analytical results are applied to gain further
insight into the system in Section VI where methods for pulse-shaping, forming sufficient statistics and

synchronization are compared. Conclusions are summed up in Section VII.
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II. NOTATION AND SOME USEFUL DEFINITIONS

Throughout Part I we adopt the same notation and definitions already introduced in Part I of this work
[1]. In order to make Part II self-contained we repeat here definitions useful in this part. Upper and lower
boldface symbols are used respectively for matrices and vectors corresponding to signals spanning a specific
symbol interval m. Matrices and vectors describing signals spanning more than a symbol interval are denoted
by upper boldface calligraphic letters.

In the following, we utilize unitary Fourier transforms both in the continuous time and in the discrete
time domain. The unitary Fourier transform of a function f(¢) in the continuous time domain is given by

F(j2nf) = \/%7 [ f(t)e9*m/td¢. The unitary Fourier transform of a sequence {...,c_1,co,c1,...} in the

_1L Nt
V2r fenm=—00

transform. We denote the argument of a Fourier transform of a continuous function by f and the argument

discrete time domain is given by c(e/?™) = cpe 2™ We will refer to them shortly as Fourier

of a Fourier transform of a sequence by .

For further studies it is convenient to define the concept of r-block-wise circulant matrices of order N:

Definition 1 Let r and N be positive integers. An r-block-wise circulant matrix of order N is an rN x N

matrix of the form

C1,0 11 .. CiN-1
Cr,0 Cr1 .. CpN—1
CiN—-1 C10 --- CiN-2
C =
CrN-1 Cro ... CrN-2
C1,1 Ci2 ... C1,0
Cr1 Cr2 ... Cro

In the matrix C' an r» x N block row is obtained by circularly right shifting of the previous block. Since the

matrix C'is univocally defined by the unitary Fourier transforms of the sequences {cs, ¢s1, ... s n—1}, for
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s=1...r

—j2nxk

1 N-1
fs(x) = E ;Cske

we will denote an r-block-wise circulant matrix of order N by C(fi(z), fo(x), ... fr(2)).

Furthermore, the superscripts -7 and -7 denote the transpose and the conjugate transpose of the matrix
argument, respectively. I, is the identity matrix of size n x n and C, Z, Z*, and R are the fields of complex,
integer, nonnegative integers, and real numbers, respectively. tr(-) is the trace of the matrix argument and
span(vy, vs, ..., v,) denotes the vector space spanned by the s vectors vy, vs, ... v, diag(...) : C" —
C™*™ transforms an n-dimensional vector v into a diagonal matrix of size n having as diagonal elements
the components of v in the same order. E{-} and Pr{-} are the expectation and probability operators,
respectively. d;; is the Kronecker symbol and §(\) is the Dirac’s delta function. mod denotes the modulus

and | -] is the operator that yields the maximum integer not greater than its argument.

III. SYSTEM MODEL

In this section we recall briefly the system model for asynchronous CDMA derived in Section IV of Part
I of this work [1]. The reader interested in the details of the derivation can refer to [1].

Let us consider an asynchronous CDMA system with K active users in the uplink (reverse link) channel
with spreading factor N. Each user and the base station are equipped with a single antenna. The channel
is flat fading and impaired by additive white Gaussian noise with two sided power spectral density Ny. The
symbol interval is denoted with 7 and 7, = TN is the chip interval. The modulation of all users is based on
the same chip pulse waveform ¢ (¢) bandlimited with bandwidth B and energy E;, = [ |4(t)|dt.

The time delays of the K users are denoted with 7, £ = 1,..., K. Without loss of generality we can
assume (i) user 1 as reference user so that 7, = 0, (ii) the users ordered according to increasing time delay
with respect to the reference user, i.e. 73 < 75 < ... < 7g; (iii) the time delay to be, at most, one symbol
interval so that 7, € [0, T).!

As in Part I of this work [1] we assume the use of one of the following front-ends:

Front-end Type A consists of

r
2T,

« An ideal lowpass filter with cut-off frequency f = & where r € Z™ satisfies the constraint B <

such that the sampling theorem applies. The filter is normalized to obtain a unit overall amplification

"For a thorough discussion on this assumption the reader can refer to [3].
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factor, 1.e. the transfer function is

1 fSL
G(f)={ VP <o (1)
0 f1> o5

« A subsequent continuous-discrete time conversion by sampling at rate .
(&

This front-end satisfies the conditions of the sampling theorem and, thus, provides sufficient discrete-time

statistics. For convenience, the sampling rate is an integer multiple of the chip rate. Additionally, the

Nor

discrete-time noise process is white with zero mean and variance 02 = BTy
(&

Front-end Type B consists of

_1
2.
’

« A filter G(f) matched to the chip pulse and normalized to the chip pulse energy, i.e. G(f) = V*(f)E

« Subsequent sampling at the symbol rate.

When used with square root Nyquist chip pulses, the discrete time noise process {n[p|} is white with variance

No
E,/)TC *

For synchronous systems with square root Nyquist chip pulses, this front end provides sufficient
statistics whereas the observables are not sufficient if the system is asynchronous.
Let us denote with b[m| and y[m| the vectors of transmitted and received signals at time instants m € Z.

The baseband discrete-time asynchronous system is given by
Y=HB+N )

where Y = [...,y"[m — 1],y [m],y"[m +1].. )T and B = [...,b"[m — 1],b" [m],b" [m + 1] .. ]" are
infinite-dimensional vectors of received and transmitted symbols respectively; A is an infinite-dimensional

noise vector; and H is a bi-diagonal block matrix of infinite size given by

... 0 Hym-1] H,[m| 0
H = : 3)

Here, H,[m| and H 4/m] are matrices of size r N x K obtained by the decomposition of the 2r N x K matrix

H [m)] into two parts such that H[m] = [H® [m], H’ [m]]”. For H[m)] the relation

H[m| = S[m|A 4)
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holds where A is the K x K diagonal matrix of the received amplitudes ay, and S[m] is the 2r N x K matrix

of virtual spreading. The matrix S[m] of virtual spreading is given by
S[m] = (®181m, P2Som, - - - PrSkm) 5

where Si,, is the N-dimensional column vector of the spreading sequence of user k£ for the transmitted
symbol m and ®;, is the 2r N x N matrix taking into account the effects of the chip pulse shape and the time

delay 7 of user k. The matrix ®; is of the form

0%.0

@, = | C,, (Tk — L%Jﬂ) (6)
Ok1

)

TTk

where 0y and 0y ; are matrices of dimensions |7~ ] x IV and <N k.
[ c

J) x N, respectively, with zero

elements; C' . (7;) is an r-block-wise circulant matrix of order N defined by

Cqﬁ,r(T) é C(¢(£L’,T>, ¢(x77_ - %)7 ) ¢(:E77— - %))7 (7)
with
Al & A
o(x,7) = i Z o2 7 (T ts) (J:,%—Zr(gj + s)) . (8)

Thus, the virtual spreading sequences are the samples of the delayed continuous-time spreading waveforms
at sampling rate r /7.

Throughout this work we assume that the transmitted symbols are uncorrelated and identically distributed
random variables with unitary variance and zero mean, i.e. E(B) = O and E(BB”) = T being O and
Z an unlimited zero vector and the unlimited identity matrix, respectively. The elements of the spreading
sequences Sy, ,, are assumed to be zero mean i.i.d. random variables over all the users, chips, and symbols
with E{skmska} = %I ~. Finally, hy, ,,, denotes that column of the matrix H containing the k™ column of
the matrix H [m]. We define the correlation matrices 7 = HH"” and R = H"H. The system load 3 = £

is the number of transmitted symbols per chip.

IV. MULTISTAGE STRUCTURES FOR ASYNCHRONOUS CDMA

We consider the large class of linear multistage detectors for asynchronous CDMA. Let x, () be the

Krylov subspace [17] of rank L € Z™ given by

XL,k,m(H) = Span(TZh,k,m) eLz_ol- ©)
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Fig. 1. Multistage detector for asynchronous CDMA systems. Here, /(1 : K,7) = [hir, hor, ... hi,]

A multistage detector of rank L € Z* for user k is given by

~
=

by, = (wk,m)fth,msz
¢

Il
o

where wy, ,,, is the L-dimensional vector of weight coefficients.

(10)

It has been shown in [16] that, given the weight vector wy ,,, the detection of the symbol b;[m] by the

multistage detector of rank L in (10) can be performed with finite delay L using the implementation scheme

in Figure 1. Although infinite length vectors and infinite dimension matrices appear in (10), the multistage

detector in Figure 1 implements exactly (10) and does not suffer from truncation effects. Equivalently, the

multistage detector in Figure 1 can be considered as a multistage detector with sliding observation window

of size 2L. The projection of the received vector Y onto the subspaces X xm(H), for k = 1... K, is

performed jointly for all users and requires only multiplications between vectors and matrices. The size of

those vectors and matrices does not depend on the observation window. For further details the interested

reader is referred to [16], [18].

The class of multistage detectors includes many popular multiuser detectors:

« the single-user matched filter for L = 1,

« the linear parallel interference canceller (PIC) [19], [20] for weight coefficients chosen irrespective of

the properties of the transfer matrix H,

« the polynomial expansion detector [6] and the conjugate gradient method [7], if the weight coefficients

are identical for all users and chosen to minimize the mean square error.
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« the (reduced rank) multistage Wiener filter [5] if the weight coefficients are chosen to minimize the
mean square error, but are allowed to differ from user to user.

Throughout this work we refer to detectors that minimize the MSE in the projection subspace of the user of
interest as optimum detectors in MSE sense. More specifically this class of multistage detectors includes the
linear MMSE detector and the multistage Wiener filter but not the polynomial expansion detector.

In the following we focus on the design of multistage Wiener filters implemented as in Figure 1. This
reduces the problem to the design of the filter coefficients wy, ,,,. The multistage Wiener filter for the detection
of the symbol m transmitted by user k reads

-1
M = Z(wk,m)é—lhlngz- (11)

=0
The weight vector wy, ,, that minimizes the MSE E{||M,,Y — bx.,||*} is given by

2

L-1
W, = argminE ¢ |1 (W) ohi, TV = bem (12)
Wm =0
= argminE { Hwkainm — bk,mHZ} (13)
EI»c,'m

where xy ,,, 1s an L-dimensional vector with 4™ element (Trm); = hﬁmTj 1Y This optimization problem

is solved by the Wiener-Hopf theorem [21] and wy, ,,, is given by

(11

Wim = Ejo rim (14)

where Zy, , = E{@)mxy,, } and & = E{b} ,,@m}- It is straightforward to verify that in this case

(R2)k,m + o’ (R)k,m T (RL+1)k,m + o’ (RL>k,m
_ (Rg)k,m + 0_2 (Rz)k,m . (RL+2)k,m + 0_2 (RL+1)k,m
—km —
(RL+1)k,m 4 0_2 (RL)k,m . (RQL)k,m 4 0_2 (RZL_l)k,m
& = (R (R)ims -+, (R ) - (15)

where (R?)gm = hﬁst_lhkm is the diagonal element of the matrix R° corresponding to the m™ symbol

transmitted by user &.

V. UNIVERSAL WEIGHT DESIGN

Consider the SINR of any linear detector that admits a multistage representation. Let wy, ,,, be the weight

vector for the detection of the m'™ symbol transmitted by user &, then the SINR at the output of the multistage
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detector is given by
—H T —
wk,mgk,mgk,mwk,m

SINR w£m<5k7m — €k7m€£m)wka (16)
The performance of multistage Wiener filters simplifies to
T og-le
SINR,, = b —km>km (17)

L= &mBimbim
From (14), (16), and (17) it is apparent that the diagonal elements of the matrix R* play a fundamental role
in the design and analysis of multistage detectors.

It has been shown in [2] that, if the spreading sequences are random and the CDMA system is synchronous,
the diagonal elements of the matrix R®, s € Z*, converge to deterministic values as K, N — oo with
constant ratio. This asymptotic convergence holds for some classes of random matrices and is a stronger
property than the convergence of the eigenvalue distribution. The Stieltjes transform of the asymptotic
eigenvalue distribution of R is related to the SINR at the output of the linear MMSE detector, as pointed
out first in [22] for synchronous CDMA systems. The asymptotic eigenvalue moments of R enable the
asymptotic performance analysis of reduced rank multistage Wiener filters [23] and the design of multistage
detectors with quadratic complexity order per bit [14], [13]. The convergence of the diagonal elements
of R* has been utilized in [2] for the design of multistage detectors with linear complexity order per bit
in synchronous CDMA systems and for the asymptotic analysis of any multistage detector not necessarily
optimum in a MSE sense. In the following we extend the results in [2] to the case of asynchronous CDMA
systems making use of the asymptotic properties of the random matrix R for asynchronous CDMA systems.

The design of low complexity multistage detectors is based on the approximation of the weight vectors

Wy, ., by their asymptotic limit when K, N — oo with constant ratio 3
wi = lim E & .. (18)

Thanks to the fact that the diagonal elements of R* can be computed by a polynomial in few macroscopic
system parameters, the computation of the weight vectors becomes independent of the size of R and inde-
pendent of m. Thus, the effort for the computation of the weights becomes negligible and the complexity
of the detector is dominated by the joint projection of the received signal ) onto the subspaces X .(H),
k =1... K and m € Z. This projection has linear complexity per bit if the multistage detector in Figure 1
is utilized.

In order to present asymptotic results useful for the design of linear multistage detectors in asynchronous

CDMA systems with random spreading we follow the same line as in Section IV of Part I of this article [1].
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More specifically, we introduce a matrix H as follows. Let A, (7), with 7 € [0,7.] be an 7N x N block

diagonal matrix with /*" block

S5 7)
~ qb(ﬂu T — TC)
(Apr(T))ee = " (19)
o T — )
and ¢(x, 7) defined in (8). Similarly to the matrix ®;, in (6), we define a matrix ®, as

0%.0
o= | Ay, () (20)

Ok1

where 0; o and Oy, ; are defined as in (6) and EW(T) is obtained by the diagonal circular down shift of the
i

is given by <B¢’T<T>>Zi = (AW (7‘ — L%J TC))M with ¢ = (N + 0+ LTLD modN + 1. The matrix H

is defined as the matrix H replacing the 2r N x K matrices of virtual spreading S|m/| in H with the matrices

diagonal elements of the matrix A, (7’ — {%J Tc> by { J positions, i.e. the ¢th diagonal block of &W(T)

of virtual spreading S [m] = (&)ﬁélm, $,3,, ... P KSKm), where S, are N-dimensional vectors with the
same statistical properties of s, .
When the delays of the received signals 7, kK = 1,..., K are not greater than the chip interval 7, i.e.

™ <T.,k=1,..., K, the matrices ®; and :I;k are of the form

C,. (T ~ Ay (T
®), = or(75) and P, = o (7i) :

On On

respectively, being O an N x N zero matrix. The matrices H in (3) and "H reduce to block diagonal matrices
with blocks of dimensions 7N x K and we can focus on the transmission in a single symbol interval. The

virtual spreading matrices in the m** symbol interval are given by

g[m] = [C¢’T<7'1)81m, Cd)’T(TQ)SQm ce Cd),r(TK)SKm] (21)

and

S[m] = [Apr(71)31ms App(72)F2m - - - Ay (Ti) S ) - (22)

Let H[m] = S[m]A (/I-}[m] — S[m]A) be the transfer matrix of the system at time instant m and let

J— —H— -~ —~H —~
R=H'H (R=H H). Without ambiguity we can drop the index m in the following. The convergence
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. ¢ ¢ C . . . .
of the diagonal elements of R and of R to deterministic values is established in the following theorem. The
definitions and the assumptions in the statement of Theorem 1 summarize and formalize the characteristics

of system model (2) for 7, € [0, T.].

Theorem 1 Let A € CX*K be a diagonal matrix with k™ diagonal element ay;, and T, a positive real.
Given a function ®(j2rf) : R — C, let ¢(x,T) be as in (8). Given {T1,T2...Tx} a set of reals in [0,T.]
and a positive integer 1, let Cy,(T;), k = 1, ..., K, be r-block-wise circulant matrices of order N defined
in(7) and Ay, (Ti), k = 1,..., K, be rN x N block diagonal matrices with (" block defined as in (19).
Let H = SA with S = (Cy,(71)81,Cy,(T2)82,...,Cy,(Tx)sK) with s, € CN*L. Furthermore, let
H = SAwith 8 = (Ay,(71)81, Mg, (72) S0, - . ., Ay () S k).

We assume that the function ®(j2x f) is upper bounded and has finite support. The vectors sy, are in-
dependent with i.i.d. circularly symmetric Gaussian elements. Furthermore, the elements ayy. of the matrix

A are uniformly bounded for any K. The sequence of the empirical joint distributions F| ART

(A7) =
= SO T — |axk|?)1(7 — 72) converges almost surely, as K — oo, to a non-random distribution function
F]A\Q,T(Aa T).
.. ~ . . . e =1
Then, conditioned on (|ayy|*, Tx), the corresponding diagonal elements of the matrices R and R con-

verge in probability to the deterministic value

; Bt . ~/ _
K:%%HHW<R )kk = K:lﬁlgioo(R )kk r Ré(lakkP, Tk) 23)

with Ry(|axs|?, 1) determined by the following recursion

-1
RZ(Aa T) = Z g(TZ—s—la >\7 T)Rs()\7 7_) (24)
s=0
and
-1 1 ]
;f Rys1,2)T(x) —S<e<s (@)
1 1
f(Re,z) = ﬂ/)\A¢7r($,T)Agr(x,T)Rg()\,T)d Flapr(\,7) —5 <z< 5 (26)
g(Te, N\, 7) = A A(M(x T)T(x) Ay, (v, 7)d 2 (27)

N
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with
o(x, )

¢($,T - %)

Aqb,r(flf, T) = (28)

(b(xa T = M)
The recursion is initialized by setting To(x) = I, and Ry(\,7) = 1.

Theorem 1 is proven in Appendix L.

O

From Theorem 1 we can obtain m+ , the asymptotic eigenvalue moment of the matrix R of order ¢ by

using the relation

m = B{Ry(\,7)}

where the expectation is taken over the limiting eigenvalue distribution F| g2 (A, 7). Forr = 1and Fap r(A, 7) =
Flap(X)o(7), i.e. for synchronous systems sampled at the chip rate, and ¢(z) satisfying the Nyquist criterion
the recursive equations (25), (26), and (27) reduce to the recursion in [2] Theorem 1.
This theorem is very general and holds for all chip pulses of practical interest. Furthermore, no constraint
is imposed on the time delay distribution and on the front end. The choice of the front end in this work is

restricted only by the applicability of (16) or (17), which imply white noise at the front end.
Now, we specialize Theorem 1 to a case of theoretical and practical interest, where sufficient statistics
are utilized in the detection, the chip pulse waveform ¢(¢) is band-limited, and the empirical distribution

function of the time delays converges to a uniform distribution function.

Corollary 1 Let us adopt the same definitions as in Theorem I and let the same assumptions of Theorem
1 be satisfied. Additionally, assume that the random variables X\ and T in F|ap r(\,T) are statistically

independent and the random variable T is uniformly distributed in [0, T,|. Furthermore, ®(j27 f) is bounded

in absolute value, and bandlimited with bandwidth B € [Z—;j, 57| and v > n. Then, given (|ag|?, ),

. . =14 - . .
the corresponding diagonal element of the matrix R or of the matrix R converges in probability to a

2

’

deterministic value, conditionally on |ayy

lim (R)f, = lim (R)f Z Re(Jam/?)

K=BN—oo K=8N—00
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with Ry(\)|a=|a,, |2 determined by the following recursion:

-1
Ry(A) =) AR(Mvi—es
s=0
and
e 1 z\|?
To(x) = T ;Oﬁf(h’g_s_l)i ® (j27ri> Ts(x) —n<zx<n

The recursion is initialized by setting To(x) = 1 and Ry(\) = 1.

Corollary 1 is derived in Appendix II.
The eigenvalue moments of R or of R can be expressed in terms of the auxiliary quantities f(Rs) and v

in the recursion of Corollary 1 by the following expression:

/-1

mi = B{R(\)} = f(Ro)vsr.

s=0

Applying Corollary 1 we obtain the following algorithm to compute the asymptotic limits of the diagonal

elements of R (R) and the eigenvalue moments.

Algorithm 1

Initialization: Let po(2) = 1 and po(y) = 1.

[*™" step: e Define u;_1(y) = ji,cy,ug_l(y) and write it as a polynomial in y.

e Define vy_1(z) = zps—1(2) and write it as a polynomial in z.

o Define

1 [P , .

&=z | TletzenPas 29)
c J—B

and replace all monomials y,y>, ... ,y" in the polynomial w,_1(y) by &1, &, ...,

respectively. Denote the result by Uy_;.
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o Definem?,, = E{|aw:|*} and replace all monomials z, 22, . . . | 2* in the polynomial
ve—1(z) by the moments m&)'Q, mfi)'Q,. e mfﬁ‘z, respectively. Denote the result by
Vi1

o Cualculate

-1

pe(2) =Y 2Uiso1ps(2)

5=0
r -1
() = 7 > BYVieamrpis(y)-
¢ s=0

o Assign py(\) to RY(\).

Replace all monomials z,2°, ..., z" in the polynomial p,(z) by the moments m&)lQ,

m&)‘z,. .., m‘(QP, respectively, and assign the result to m%).

Algorithm 1 is derived in Appendix III.

Interestingly, the recursive equations in Corollary 1 do not depend on the time delay 7 of the signal of
user k, i.e. the performance of a CDMA system with multistage detection is independent of the sampling
instants and time delays if the assumptions of Corollary 1 on the chip waveforms and on the time delays are
satisfied.

Additionally, the dependence of R‘()\) on the chip pulse waveforms becomes clear from Algorithm 1:
R*(\) depends on ®(j27 f) through the quantities &, s = 1,2, . . ., defined in (29).

By applying Algorithm 1 we compute the first five asymptotic eigenvalue moments

mn _
myg = imlAPgl
2
2 r 1 2
m(ﬁ) = (E) [ﬂ(m‘(A)|2)2g2 + m‘(A)|2512]

my = <T) [32E3(m |A\2> +3m\AI2S2ﬁm|A\251+m‘A|2€3]

my = (T) 26 E5m{3a(m{ )+ ABEREm am(s + APEEgm {3 (n( o) + BEu(m{ )
+20E7E(m |A|2) +5fm|(j1)|2]

my = <%)5[m|(225564+515(m|(2|2)5+5635154m|(i)|2< (Ap)" + 58" Esams (i)’
+55253512m?A‘<2( |(A‘2) + 5B32E7E3(m |A\2> \2‘1'5525152( |A\2) &)\2
+502E5Em |A\2( |(A)|2) +555255m\(,4|2m|(;)|2+5525?m|(31)\2 8\2]
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In general, the eigenvalue moments of R (}A%) depend only on the system load (3, the sampling rate T
the eigenvalue distribution of the matrix A" A, and E,, s € Z*. The latter coefficients take into account the
effects of the shape of the chip pulse or, equivalently, of the frequency spectrum of the function ¢(t). The
asymptotic limits of the diagonal elements of the matrix R corresponding to user k depends also on |agy|?
but not on the time delay 7.

In the special case of chip pulse waveforms v(¢) having bandwidth not greater than the half of the chip
rate, i.e. B < % the result of Corollary 1 holds for any sets of time delays included synchronous systems.

In Theorem 2, chip pulse waveforms with bandwidth B < % are considered and the diagonal elements

of R*, or equivalently R, are shown to be independent of the time delays of the active users.

Theorem 2 Let the definitions of Theorem 1 hold.

We assume that the function ®(j27 f) is bounded in absolute value and has support ) C [—2—1}0, Q_J}J . The
vectors sy, are independent with i.i.d. Gaussian elements s,;, € C such that E{s,x} = 0 and E{|s.;|*} = %
Furthermore, the elements ayy, of the matrix A are uniformly bounded for any K. The sequence of the
empirical distributions Fﬁf‘g(x\) =% Zszl 1(A — |axx|?) converges in law almost surely, as K — oo, to a

non-random distribution function I ap2(\).

. . . =t .t . ..
Then, given |ayy|* the k™ diagonal elements of the matrix R or of the matrix R converges in probability

2

>

to a deterministic value, conditionally on |ayy

. >3 . . ¢ a.s.P 2
jm (B = lim (R )= Re(law[")
with Ry(|axk|*) determined by the following recursion
-1
Ri(A) =) AR(Mvi—es (30)
s=0
and
-1
Tw) = = 3 BF (Rersa) 10270/ T PT3(0) yse<y 6D
l Tc £ l—s—1 Tc c s 9 = =9
F(R) = [ AR FLae () (2)
r2 [z
vy = ﬁ/ (5272 /T.)|*Ty(x)d =. (33)
¢ /3
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The recursion is initialized by setting To(x) = L= and Ry()\) = 1.

Theorem 2 is shown in Appendix IV. It is straightforward to verify that Algorithm 1 can be applied to
determine R,()), the asymptotic limit of the diagonal elements and the eigenvalue moments of matrices R
and R satisfying the conditions of Theorem 2.

As for linear MMSE detectors, we can show that the diagonal elements of the matrix R’ = (ﬂHﬁ)s
with time delays 75, € [0, 7] converges to the same asymptotic limit as the diagonal elements of the matrix
R (R’) for a symbol quasi synchronous but chip asynchronous CDMA system with time delays 7, =

Tk

T — {TJ T.. This property is established in the following theorem.

Theorem 3 Given {11, 7s,... Tk} a set of reals in [0, Ts] let us consider the set of reals in [0, T,| defined as

{ﬁ DT = Th — LETCJ L k=1,... K} .Let A, ®(j2rf), Ay, (Th), S’, and H be defined as in Theorem

Te

1. Furthermore <i>k, k = 1...K are 2rN x N matrices such that ®, = [0£0>£Z,T(Tk)70£,1]T being

Air(m) an rN x N block diagonal matrix with (" diagonal block <£¢,T(Tk)>@ = (A (Ti)gs L =

(N + Z—i— U—ED modN +1, 0y o and Oy, zero matrices of dimensions r LTF—’“J x N and (N —r L;—’“D X N,

T —~T
d

respectively. Let S[m] = ~181m,~282m...~KSKm ,Nm — [H mi, m||T = SA and H the
l S P P b H H, T S A and 'H th

infinite block row and block column matrix of the same form as in (3). Furthermore, fzkm is the infinite length

column vector with non zero elements given by |ayi|? @1 Spm. Let the same assumptions as in Theorem 1 hold.
. 9 ~ . ~H =l .=t . .7

Then, given (|ax|*, Tk ), the diagonal elements h,,, T Ay, of the matrix R converges in probability to

the deterministic value Ry(|ay|?, Tx) in (24).

Theorem 3 is proven in Appendix V.

The results of Corollary 1 and Theorem 2 can be readily extended to CDMA systems with transfer matrix
H.

As in Part I Section IV of this article [1], we conjecture the equivalence between a CDMA system with
transfer matrix H and a CDMA system with transfer matrix ‘H. Numerical simulations support this conjec-
ture.

Numerical simulations were performed for an asynchronous CDMA system with maximum time delay

equal to the symbol interval. The 64 users utilized raised cosine chip-pulse waveforms (thus, chip pulse

waveforms that are not square root Nyquist), QPSK modulation, and random spreading sequences with
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AWGN asynchronous channel, K=64, N=128, raised cosine with roll-off 0

¥ Multistage Wiener Filter with L=2
—— Universal weights and L=2

L % Multistage Wiener Filter with L=
10 —— Universal weights and L=4 b

e~

BER

10+

SNR

Fig. 2. BER of MSWF with universal weights (solid lines), and weight optimized for the finite system (markers) with L = 2 and 4 versus
SNR. CDMA systems with equal received powers, raised cosine chip waveforms (roll-off v = 0.5), sampling rate %, and system load § = %

are considered.

N = 128. Perfect power control was applied, i.e. all users were received with the same power, and sampled
atrate T% At the receiver, detection was performed by multistage Wiener filters with either universal weights
or weights optimized for the finite system, cf. Figure 2. There is clearly no loss due to the approximation of
weights by their asymptotic limits.

The mathematical results presented in this section have important implications on the design and analysis
of asynchronous CDMA systems and linear detectors for asynchronous CDMA systems. We elaborate on

them in the following section.

VI. EFFECTS OF ASYNCHRONISM, CHIP PULSE WAVEFORMS, AND SETS OF OBSERVABLES

The theoretical framework developed in Section V enables the analysis and design of linear multistage
detectors for CDMA systems using optimum and suboptimum statistics and possibly non ideal chip pulse
waveforms. In this section we focus on the following aspects:

1) Analysis of the effects of chip pulse waveforms and time delay distributions when the multistage detec-

tors are fed by sufficient statistics.

2) Impact of the use of sufficient and suboptimum statistics on the complexity and the performance of

multistage detectors.
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A. Sufficient Statistics

Sufficient statistics impaired by discrete additive Gaussian noise are obtained as output of detector Type

1

A. For chip pulse waveforms with bandwidth B < P

and any set of time delays, Theorem 2 applies.

For B > ﬁ and uniform time delay distribution, Corollary 1 holds. In both cases, as K, N — oo with

. . .=t . .
constant ratio the diagonal elements of the matrix R and the eigenvalue moments m%) can be obtained

from Algorithm 1. As consequence of (16) the performance of the large class of multiuser detectors that
admit a representation as multistage detectors depends only on the diagonal elements R,(|ax|?) and the
variance of the noise. In large CDMA systems, the SINR depends on the system load (3, the sampling rate

7, the limit distribution of the received powers Fj )2 (A), the variance of the noise o2, the coefficients &,

¢ € 7 and the received powers |az|?, but it is independent of the time delay 73, in general. For B < ﬁ,

the SINR is also independent of the time delay distribution. Therefore we can state the following corollary

Corollary 2 If the bandwidth of the chip pulse waveform satisfies the constraint B < QLTC, large synchronous

and asynchronous CDMA systems have the same performance in terms of SINR when a linear detector that

admits a representation as multistage detector is used at the receiver.

If the time delays and the received amplitudes of the signals are known at the receiver and the sampling
rate satisfies the conditions of the sampling theorem, synchronous and asynchronous CDMA systems are
have the same performance. In [24] is established the equivalence between synchronous and asynchronous
CDMA systems using an ideal Nyquist sinc waveform (B = 2—;0) and linear MMSE detector. Corollary 2
generalize that equivalence to any kind of chip pulse waveforms with bandwidth B < ﬁ and any linear
multiuser detector with a multistage representation.

)

By inspection of Algorithm 1 we can verify that the dependence of R,(|axx|?) and m on the sampling

rate TL can be expressed by the following relations

J4
,
Rulowt) = (7.) Rillan) 34)
and
() r\ * (£)
my = <Tc) me (35)
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where R} (|axx|?) and m%(z) are independent of the sampling rate 7-. Thanks to this particular dependence

and the fact that 02 = 7. Vo the quadratic forms ¢l = mk mgk o & ”_15 and 72712 ErmE= "€ are inde-
pendent of the sampling rate for large systems. Thus, the large system performance of (1) linear multistage
detectors optimum in a mean square sense (see (17)), (2) of the polynomial expansion detectors and (3) the
matched filters is independent of the sampling rate. This property is not general. Detectors that are not
designed to benefit at the best from the available sufficient statistics may improve their performance using
different sets of sufficient statistics. Therefore, the large system performance of other multistage detectors
like PIC detectors depends on the sampling rate and can be improved increasing the oversampling factor r.

Given a positive real v, let us consider the chip pulse

I f < X
B(j2r f) = \/: or |[f| < 7 (36)

0 otherwise.

corresponding to a sinc waveform with bandwidth B = = and unit energy. For waveform (36) with v = 1,

T
T. =1, and r = 1 Algorithm 1 reduces to Algorithm 1 in [18] for synchronous systems. Let us denote by
RO (|ag|?, 3) and m%) (3) the values of Ry(|ag|?) and mL for such a case and system load (3. Then,

(syn)

in general case for chip pulse waveform (36) Algorithm 1 yields

ya
R(Sinc) a 2 — <L) R(Syn) ( a 2, @) (37)
o (lark]®) 7 ) R |akk| S

o _(rY, o (8 18
mﬁ(sinc) - TC mﬁ(syn) ; . ( )

Therefore, the same property pointed out in part I of this paper [1] for linear MMSE detectors holds for

and

several multistage detectors (namely, multistage Wiener filters, polynomial expansion detectors, matched
filters): In a large asynchronous CDMA systems using a sinc function with bandwidth 2—}—6 as chip pulse
waveform and system load 3 any multistage detector whose performance is independent of the sampling rate
performs as well as in a large synchronous CDMA system with modulation based on square root Nyquist
chip pulses and system load 3’ =

The comparison of synchronous and asynchronous systems with equal chip pulse waveforms enables us
to analyze the effects on the system performance of the chip pulse waveforms jointly with the effects of the
distribution of time delays . We elaborate on these aspects focusing on square root raised cosine chip-pulse

waveforms with roll-off ¢ € [0, 1] and on chip pulse waveforms (36) with vy € [1, 2]. To simplify the notation
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we assume 7T, = 1. Let

1 0§|x|§%
S@) =411 —sing(ja] —3)) <o <2
0 o] > 2.

\
The energy frequency spectrum of a square root raised cosine waveform with unit energy is given by
|Wsqre(j2mx)|> = S(x). The large system analysis of an asynchronous CDMA system using square root

raised cosine chip pulse waveform is obtained applying Algorithm 1. The corresponding coefficients £y,

B RS e
Ssqrt,s:2 (1_7)"‘2 _ sin ; 5—.% dzx.

2

s = 7T, are given by

It is well known that in a synchronous CDMA system the performance is maximized using square root
Nyquist waveforms. In this case the performance is independent of the specific waveform and the bandwidth
and equals the performance of a large synchronous system using the sinc function with bandwidth % as
chip pulse. Since the square root raised cosine pulses are square root Nyquist waveforms they attain the
maximum SINR in synchronous systems. The large system performance of multistage Wiener filters for
synchronous CDMA systems with a square root raised cosine waveform is obtained making use of (17) and
Algorithm 1 withr =1and & =1, s € Z*.

In general, chip pulse waveform (36) is not a square root Nyquist waveform. For this reason the perfor-
mance analysis of linear multistage Wiener filters for synchronous CDMA sytems [14], [18] is not applica-
ble. In this case characterized by interchip interference we can still apply Theorem 1, sampling at rate T%
and assuming a Dirac function fr(7) = d(7) as probability density function of the time delays. For the chip
pulse waveform (36) the matrix Q(z) = Ago(z, O)Ag 5(z,0) used in the recursion of Theorem 1 is given

by

) 1 efjrrz
ol [z <1—-3
e 1
Q(x) =
4 0
3 1-3<hl<s
0 0

\

The large system analysis in the asynchronous case with chip pulse (36) can be readily performed making

use of (17) and (37).
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In Figure 3 the large system SINR at the output of a multistage Wiener filter with L = 4 is plotted
as function of the bandwidth for synchronous and asynchronous CDMA systems based on modulation by
square root raised cosine or by pulse (36). We assume perfect power control, i.e. A = I, system load
G = 0.5, and input SNR = 10 dB.

Consistently with the theoretical knowledge on synchronous CDMA systems, if the modulation is based
on square root raised cosine a synchronous CDMA system outperforms a similar CDMA system with modu-
lation based on (36). Asynchronous CDMA systems with both chip pulse waveforms widely outperform the
corresponding synchronous systems. In contrast to the synchronous case, chip pulse waveforms (36) exploits
better than square root cosine the additional degrees of freedom introduced by increasing the bandwidth and
an asynchronous CDMA system with modulation based on (36) outperforms considerably a system using
square root raised cosine pulses. Interestingly, while in synchronous systems avoidance of interchip inter-
ference at the output of a chip matched filter is a sensible criterion for chip pulse design and yields optimum
chip pulse waveforms, in asynchronous systems the detrimental effects of the interchip interference can be
eventually compensated by a reduction of MAI due to a careful chip design and the avoidance of interchip
interference is not the driving criterion for the chip pulse optimization.

In Figure 4 the SINR at the output of a multistage Wiener filter with L = 8 is plotted as a function of the
system load, parametric in the bandwidth, for SNR = 10 dB. The improvement achievable by asynchronous

systems over synchronous systems increases as the the system load increases.

B. Chip Rate Sampling

Chip rate sampling is a widely used approach to generate statistics for asynchronous CDMA systems. It
implies the use of square root Nyquist chip pulses and makes use of front end Type B. Hereafter, we refer to
these CDMA systems as systems B, while we refer to the systems that use sufficient statistics from a front
end Type A as systems A.

A bound on the performance of systems B with linear MMSE detectors is in [25]. The performance
analysis of linear multistage detectors as K, N — oo with % — (3 can be performed applying Theorem 1 to
the chip pulse waveform at the output of the chip matched filter ®(j27f) = \/_|\I/( 427 f)|* and assuming
r = 1. In order to elaborate further on systems B we focus on the square root raised cosine chip pulse with
roll-off 8 [26]

b(t) = 0 € [0,1]. (39)

40(7) cos(m(1 4 0) 7 ) +sin(n(1 — 0) )
mt(1 — (4607)%)
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AWGN Channelp=0.5, SNR=10 dB, L=4 AWGN Cannel, SNR=10 dB, L=8

9 ; T T : : 20 ; ; : : .
8.8~ f
8.6 : — 15
Asynchronous —— Sinc Pu
8.4r 1
8.2 - 10+
© 3
x” o
Zz 8 1 z
%) ) ) ]
- Asynchronous—= Sqrt Raised Cosine Pulge 51
7.6, N B N 4
ok —e— Synch. sqrt Nyquist pulses, bandwidth [#)
4 Synchronous —— Sqrt Raised Cosine Pulsg —+—Asynch. sinc pulses, bandwidth 1.5 Hz
Asynch. sinc pulses, bandwidth 2 Hz
7.2 : b - » - Asynch. sqrt raised cosine, bandwidth 1.5 Hz
Synchronous —- Sinc Pulse - - = Asynch. sqrt raised cosine, bandwidth 2 Hz
7 | T . . i i i -5 I i i i ] . 7 i i
1 11 1.2 13 14 15 1.6 1.7 18 1.9 2 0 0.2 04 06 08 1 1.2 1.4 1.6 1.8 2
Bandwidth [Hz] System Load

Fig. 3. Output SINR of a multistage Wiener filter with L = 4 versus Fig. 4. Output SINR of a multistage Wiener filter with L = 8 versus
the bandwidth. CDMA systems with equal received powers, square the system load. Asynchronous CDMA systems with equal received
root raised cosine chip waveforms or sinc pulses, system load 5 = % powers, square root raised cosine chip waveforms or sinc pulses with
and input SNR = 10 dB are considered. bandwidth B = 1.5,2 Hz, input SNR = 10 dB are compared to

synchronous CDMA systems with square root Nyquist chip pulses.

In this case, the matrix function Q(z,7) = Ay 1(x,7)AL | (z,7) occurring in Theorem 1 reduces to the

scalar function

.

IN
8
IN

y Fasin® (fz+5)) + o= (L—sin® (5(z +5))) - -5

[

Q(z,7)

I
—_
|

[T
>

IA

8

IN
T
>

IN
I—=

(3 +asin’ (Flo—3)) + 5= (L—sin® (f(z - 3))) <=

due to the fact that » = 1. Equal received powers, system load 3 = %, multistage Wiener filters with L = 3
define the scenario we consider for the asymptotic analysis.

The analysis shows a strong dependence of the performance on the time delays. As expected, it is possible
to verify that the best SINR is obtained when the sampling instants coincide with the time delays of the user
of interest.

In Figure 5 we compare the performance of system B with square root raised cosine chip pulse to the
SINR of a system A with the same modulating pulse. In the comparison we consider the best SINR for
system B obtained when the sampling times coincide with the time delays of the user of interest. The curves
represent the output SINR as a function of the roll-off # parameterized with respect to SNR. The parameter

(SNR) varies from 0 dB to 20 dB in steps of 5 dB. As reference we also plot the performance of synchronous
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Square root raised cosine pulse, system @zdd5, L=3
14

SNR=20 dB

________

101 DRI R ks

SNR=5 dB

SNR=0 dB

2 i i i i i i i i i i
0 01 02 03 04 05 06 07 08 09 1

roll-off

Fig. 5. Asymptotic output SINR of a multistage Wiener filter with L = 3 versus the roll-off 6 as front-end A (dashed lines) and
front-end B (dots) are in use in an asynchronous CDMA system. The solid lines show the reference performance in synchronous

CDMA systems. The curves are parametric in the input SNR with SNR varying between 0 dB and 20 dB in steps of 5 dB.

CDMA systems. As expected, multistage detectors with front-end A outperform the corresponding multi-
stage detectors with front-end B.

Interestingly, while linear multistage detectors and asynchronism in system A can compensate to some
extent for the loss in spectral efficiency caused by the increasing roll-off and typical of synchronous CDMA
systems such a compensation is not possible in systems B. Systems B behave similarly to synchronous
CDMA systems. In fact, the SINR for system B is very close to the performance of synchronous systems
for any SNR level.

Since the SINR in system B heavily depends on the sampling instants with respect to 73, different statistics
are needed for the detection of different users in order to obtain good performance. As consequence, joint
detection is not feasible and each user has to be detected independently. This is a significant drawback when
several or all users have to be detected (e.g. uplink) and has a relevant impact on the complexity of the
system. For example, the complexity order per bit of a multistage Wiener filter or polynomial expansion
detector is linear in 7 K in system A while the complexity order per bit of the same detectors is quadratic in
K in system B. A similar increase in complexity can be noticed also for other detectors (e.g. linear MMSE

detectors, or any multistage detector).
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VII. CONCLUSIONS

In Part II of this work we provided guidelines for the design of asynchronous CDMA systems via the anal-
ysis of the effects of chip pulse waveforms, time delay distributions, sufficient and suboptimum observables
on the complexity and performance of the broad class of multiuser detectors with multistage representation.

Similarly to the results obtained in part I of this article [1], i.e. the chip-pulse constrained capacity and the
performance of linear MMSE detectors, multistage detectors show performances independent of the time
delays of the active users if the bandwidth of the chip pulse waveform is not greater than half of the chip
rate, i.e. B < QLTC Above that threshold the performances of linear multistage detectors depend on the time
delay distributions and asynchronous CDMA systems outperform synchronous CDMA systems.

The framework presented here enabled the analysis of optimum and suboptimum multistage detectors
using statistics (A), which are sufficient, or observables (B), which are suboptimum. In the two cases of
(1) chip pulses with bandwidth B < Q—;C and (i1) chip pulses with bandwidth B > 2—;6, sufficient statistics,
and uniform distribution, the effects of the chip pulse waveforms on the detector performance are described
by the coefficients £ = % f_BB T.| V(527 f)|**df. The output SINR of linear MMSE detectors, multistage
Wiener filters, polynomial expansion detectors, and matched filters is independent of the sampling rate. In
contrast, the output SINR of other multistage detectors like PIC detectors depends on the sampling rate and
increases with it.

Comparing the performance of synchronous and asynchronous CDMA systems with modulation based
on square root Nyquist pulses, namely square root raised cosine waveforms, and modulation based on sinc
functions with increasing bandwidth, it becomes apparent that the chip pulse design for synchronous CDMA
systems follows the same guidelines as the chip pulse design for single user systems. In contrast, chip pulse
design for asynchronous CDMA systems is governed by entirely different rules. In fact, CDMA systems we
found to perform well if the spectrum of the received signal is as white as possible.

The asymptotic analysis of asynchronous CDMA systems using statistics (B) shows that the performance
of multistage Wiener filters is close to the SINR of the corresponding synchronous CDMA systems for any
bandwidth and level of SNR. Therefore, this kind of front-end is not capable of exploiting the benefits of
asynchronous CDMA.

The universal weights proposed for the design of low complexity detectors account for the effects of asyn-
chronism, sub-optimality of the statistics, and non-ideality of pulse-shapers. They depend on the sampling

rate although the large system performance do not.
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From the asymptotic analysis and design performed in this work we can draw the following conclu-

sions:

o Multistage detectors with front end Type B and universal weights are asymptotically suboptimal and
have the same complexity order per bit O(K?) in uplink as the linear MMSE detector.

« Multistage Wiener filters and polynomial expansion detectors with statistics A and universal weights are
asymptotically optimum and have the same complexity order per bit as the matched filter, i.e. O(rK)
with r < K.

« If only a user has to be detected, multistage detectors using statistics (B) have slightly lower complexity
than multistage detectors with statistics (A), namely they have a complexity per bit O(K?) while in the
later case the complexity per bit is O(r K?). However, they perform almost as the multistage detectors
for synchronous systems at any SNR and do not provide the gain in performance due to asynchronism

in contrast to statistics (A).
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APPENDIX |

PROOF OF THEOREM 1

By applying the same approach as in part I Theorem 1 of this paper [1] it can be shown that the eigenvalue
moments of the matrix B = A”S"SA = H H and R = A" S’HE'A = ﬁHﬁ coincide. The same
property holds for the diagonal elements of the matrices R and }AZE with ¢ € Z*.

In the following we focus on the asymptotic analysis of the diagonal elements of the matrices IA%E =
(H H) with H = (Mg, (7)51, Ay, (7). - ., Ay (7 )55 )A.

Throughout this proof we adopt the following notation. For k =1,... Kandn=1,..., N

« hy is the k™ column of the matrix H:

~

h,.; is the n'* r x 1 block of the vector fALk and Bnk = akk(Ap ) nnSnks

~

« 3, is the n™ block row of H of dimensions r x K:

. ﬁbn is the matrix obtained from H by suppressing gn;

—

H ., is the matrix obtained from H by suppressing /ﬁk

~ —~ —~H
° ka = HwkHNk;
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—~H —~

« R.,=H_H,,

o O = (Sn1,Sn2y -« Snk)-

e« Vos,fort =1,...,randn =1,...,N,is the K x K diagonal matrix with the k*" element equal to
o ("T_l, T — %) . Note that 3, V,, ; A coincides with the (¢ + (n — 1)r)'® row of the matrix H.

. i’fm} is the n'™ diagonal block of T" of dimensions r X r.
Furthermore, since the channel gains ay; are bounded, we denote by ayax their upper bound, i.e. |agk| <
amax, Vk. Finally, thanks to the assumption that ®(j2 f) is bounded in absolute value with finite support
also ¢(z, 7) is upper bounded for any = and 7. We denote by ®yax its bound.

Let us observe first that the eigenvalue moments of the matrix R (or equivalently of T) are almost surely
upper bounded by a finite positive values C'(*)

In fact,

K
1 =s 1 ~
NtrR - N Z Z hn1 k1 n17k2hn2 k‘thQ kg - - - hns ks hns;kl

k1,..ks=1n1,.ns=1
K N

Z (A¢77’(7-1)n1n1(A¢7 (72)n1n1 .. (A¢> T(TS) (A<Z> T(Tl)nsnsx

k1,..ks=1 ni,...ns=1

1

= N |ak1/€1|2

* * *
X Snl,kl Snlyk‘Z Snz,kz Sn27k3 ct Sns,ks Sns,kl

Applying the approach of non-crossing partitions [27], [28], it is possible to recognize that the factors
Sy k1 11 k2 Sy kg Sz ks + - Sy kaSns ky Which do not vanish asymptotically, correspond to the ones having

nonzero non-crossing partitions. Correspondingly, also the remaining factors

(A¢77"(T1)n1n1 (Aqﬁ, (7-2)n1n1 S (Aqﬁ,r(TS)nsns(Aqﬁ T(Tl)ném

are positive and bounded by

2sA
|(A¢’T (Tl)nlnl <A¢> T(TQ)nlm e (A¢> r(Ts) (A¢> T(Tl)nsns < TQI\fAX
C
Therefore,
1 s T‘QSA A a25
NTIR = 1\312)5 e Z Z nlvkl Sn17k2822,k28n2’k3 e st,kssns,kn : (40)
¢ k17 ks=1n1,..ns=1

The last factor in (40) is the s-th eigenvalue moment of a central Wishart matrix with zeromean i.i.d Gaussian

entries having variance % Well established results of random matrix theory [29], [28], [12] show that the
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eigenvalue moments of such a matrix converge almost surely to finite values. More specifically,

N s— ;
1 § : * * * a.s. S S 51
N Snl,kl Sn1>k2sn2,k2 Sn27k3 ctt Sns,ks S”sJﬂ - -

ni,..ns=1 7

[y

41
i i+1 ] ¢ @

Il
o

Then, appealing to (40) and (41), the eigenvalue moments of the matrices Rand T are upper bounded almost

surely by
r2s \2s s—1 ¢ s i
A 3 T @
c i=0 \ ¢ 1+ 1 §

The proof of Theorem 1 is based on strong induction. In the first step we prove the following facts:
1) The diagonal elements of the matrix R converge in probability, as N — oo, to deterministic values

Ry (|axk|?, 1), conditionally on (|ag|?, 7% ). Furthermore, Ve > 0 and large K = 8N
Pr{| Ry, — Ri(|am|* 7)| > e} <o (N7?).

~ ~ —~—~H
2) T}y, the 7 x 7 block diagonal elements of the matrix T' = H H , converge in probability to deter-

ministic blocks T'y (), with z = limy_. %. Additionally, Ve > 0, large K = SN and u,v = 1,...7,
Pr{{(Tn))uo — (T1(2))uo| > €} <0 (N_Q) :

Then, in the recursion step, we use the following induction assumptions:
1) Fors =1,...,¢—1, the diagonal elements of the matrix fis, converge in probability, as K = BN — oo,
to deterministic values R, (|axx|?, 7%), conditionally on (|axx|?, 7). Additionally, Ve > 0 and large
K = BN, Pr{|(R )ix — Rs(|awe|® 7)| > €} < 0(N72).
2y Fors=1,...,0—1, Tfm], the r x r block diagonal elements of the matrix T converge in probability
to deterministic blocks T'y(z), with # = limy_ 3. Additionally, Ve > 0, large K = (3N, and
w,v =1, .7, Pr{[(Tp)uo — (Ts(2))u| > €} < 0(N72).
We prove:
1) The diagonal elements of the matrix ﬁﬁ, converge in probability, as K = BN — oo, to deterministic

values R’(|axk|?, &), conditionally on (|axk|?, 7). Furthermore, Ve > 0 and large K = 8N
' 2 ~ -2
PI‘{|(R )kk—Rg<|akk| ,Tk)| >€} SO(N ) (43)

0
2) The blocks T',,,,;, converge in probability to deterministic blocks T () with limy_ o +- Additionally,

Ve > 0, large N and u,v = 1,...r,
~0
Pr{|<T[nn})uv —(Te(2))w| >} <o (N_Q) : (44)
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; : D pHp 2.HAH (= ~
First step: Consider Ry, = hy hy = |aw|*sy Ay, (Tk) Ay, ()8 Thanks to the bound [¢(z, )| <
®y1ax which holds for any z and 7, also the eigenvalues of the matrix A(Z (T)Ay,(T) are upper bounded.

2
0] (”—_1, Ty — @)‘ forn = 1,..., N. Therefore, the limit eigenvalue

In fact, they are given by > ;_, =

distribution of the matrix AH’ ~(T)A4,(T) has upper bounded support Ayax. Then, by appealing to Lemma
9 in part I [1] with p = 4 and by making use of the bound for any Hermitian matrix C € CV*V (trC)? <
Ntr(C?) we obtain

2 4
~ ~ a ~ ~
G = Blolsf AL () Ao, (F)s — (a2 (7))
Kylage|* - ~
< Blonl (g, Ay, ()
Ky|ag|*
< Bl g

Since |axx| < apax < 400, the Bienaymé inequality yields Ve > 0

o

This bound implies the following convergence in probability?

o~ a 2 . _ 4
S el B Ry — 2L ir( AL () Ay, (7))

Ry,

et

(AL, (R) A (7)) 2 ¢} <

Kylae]* Ayax
— N2€4

(45)

Ri(A Tl v=(anl2m) = K=lﬁi]r\fn~>oo R

2
= lim ‘a}“\’;‘ tr(AL (Fo) Ay (i)

K=FN—oo

= lim |akk|2
K=N—oco N

D (AL F))eo(Bpr (7))o

(=1

1
= /\/O AgT(ZE,T)A(j,’T(Z‘,T)dCL’ (46)

N1)=(lark|?,7%)

Furthermore, thanks to the bound (45) Ve > 0
Pr {‘ﬁkk - Rl(yakkﬁ,ﬁ)‘ > g} < o(N72).
Let us now consider the block matrix T mn)] Whose (u, v) element (T inn] )uv 1S given by

(T pn)Juw = AV, VY ATGH

2In this case it is easy to show also the convergence with probability one or almost sure convergence.
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Thanks to the assumption of Theorem 1 that the support of F| 42 (A, 7) is bounded and ¢(x, 7) is bounded in
absolute value, the diagonal elements of the diagonal matrix AV,WVZ , A are upper bounded in absolute

value by a positive constant 7y;ax. Then, by appealing to Lemma 9 in part I [1] we obtain

~ 1
E (‘(T[M])u,v - AV, VI, AT y

N\ _K
> < —tr(AV,,,VH AMY
By appealing again to the Bienaymé inequality and by making use of the bound (47) we obtain Ve > 0
1 4
€

Ky Tyiax
€4N2

~ 1 ~ 1
(T u — Ntr(AVn,uVTfL{v A ) - Ntr(AVmquw A

Thus, the following convergence in probability holds

. 1
lim  (Tpn))up =  lim NtrAvn,uVj;{UAH

K=FN—o0 K=FBN—oco
K
L B 5, (n—1 _ u—1 L(n—1 _ ov-—1
—Kzgjgl%?;|akk|¢ N TR T. | ¢ N TR T
—1 —1
=5 / A (as r—“—Tc) ¢ (:v,T—”—TC) d Flap.r(A7), (48)
r r

with r = limpy_ o % and 0 < x < 1. Therefore, the block matrix T (nn] CONverges in probability and in mean

square sense to the r X r matrix

Tl (m) = K:lﬂijrvneoo Ciﬂ[nn]

—ﬁ//\A(M(x,T)Af,T(x,T)d Flapr(\7)

with 0 < 2 < 1. Thanks to the bound (47) for large K = SN and Ve > 0 the bound

Pr {’(T[nn])u,v —(T())u

< 5} <o(N7?)

holds. This concludes the proof of the first step.

Step (: First of all, let us introduce some properties of the convergence in probability.

Property A: Let us consider a finite number ¢ of random sequences {a'’}, ..., {a'?} that converge in

probability to deterministic limits ay, . . ., a,, respectively. Then, any linear combination of such sequences

converges in probability to the linear combination of the limits. Furthermore, if |a,(f) — as| % o(N~%),
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with i, € R*, and s = 1,...q, then any linear combination of the random sequences converges as
o( N~—mins=1...a(is)) " at worst.
Property B: Let {a, } and {b, } two random sequences that converge in probability to a and b, respectively.

Then, the sequence {a,b,} converges in probability to ab. In fact, Ve > 0

Pr{|a,b, — ab| > e} = Pr{|(a, — a)(b, — b) + a(b, — b) + b(a, — a)| > &}

< pr{K% — a)(by — b)| > %} +Pr{\a(bn EATES %} +Pr{\b(an —a)| > %}

gPr{|(an—a)|>\/§}+PT{|(bn_b)|>\/§}+Pr{|(l) ‘b)|>3| |}
+ Pl - @)l > oo} @)

Because of the convergence in probability of a,, and b,, the right hand side in (49) vanishes as n — oo and
this proves the convergence in probability of the random sequence {a,,b, }.

Property C: If for large n, Pr{|a, — a| > ¢} < o(n%) and Pr{|b, — b| > ¢} < o(n™"), with s,t € RT,
then also Pr{|(a, — a)(b, — b)| > &} < o(n~ ™) at worst.

Thanks to the convergence of the diagonal elements of R’ and of the diagonal r x r blocks of TS, for
s =1,...,¢—1 the following convergence in probability holds:

trAVnuIA{; VH AH K lagk|> | (m—1 u—1 n—1 v— 1
. , n vV n,v _ 1i ~ TC . ~
Kzlﬁlll\fnaoo N K=ﬁ1gl~>oo 1 N (b ( N Tk r )(b ( N ) Tk r ) (Riin)

_ﬁ/)\gb( T — —1T> o (3: T — Ulec) Ro(\, 7)dF a2 7(A\, T)

(50)
with z zlimN_,oo”T_l, s=1,...£—1and
Rs(, T)| Y=g |2,76) = K:}lgigl_)m(R ik + O(N_Q) (&2))
as from the recursion assumptions. Furthermore,
T T Ay (7 o[ (Al (7 Ay, (7
K=fN—oo N PO T Bor(Te) = M= Z 5T (T ) (B (i)
= )\/ AI{T([L‘, T)Ts(2)Ay, (2, 7)dx (52)
0 (Am)=(lakk|*7k)
withs =1,...¢ — 1 and
Tyz)= lm (T ). (53)
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In fact, for (50) we can write

1 ~s
¢ =Pr { NtrAVn,uRthﬁvAH
1 K n—1 u—1 n—1 v—1
_ 2 — F——T.| ¢ [—— 7 — ——T.| R, 2 =
o 2 lawl'o (AT ) o (A ) Rl )| >
< Coq + Cop
where
1 ~ S ~ 8
(e = Pr {‘—trAVnu(R ~R_)VZ AT > E}
N ’ ’ 2
and

>

K
1 n—1 _ u—1 L m—1 _ v-—1 ~s ~
<2b :Pr{‘N;Mkquﬁ ( N y Th— , Tc) §Z§ <N , Tk — , TC> ((R )kk —Rs(|akk|2,7'k))

Note that

DO ™
—

1 ~s5 s
Coa < Pr {'?tr(R -R_,)

€
> D .
2BaiiaxPriax }
~5 ~ ~H~
The expansion of the matrix R = (R, + 6,, 4,,)° yields

s—1

~s ~s ~H ~u ~ \ tu
trR =trR., + Z Ol 01, .« ls-1) H <6n R,:n(sn>
(0,61, i5—1) u=0
i0+3 521 (j+1)ij=s0

. . S
where ¢(ig,11,...95s—1) < 2° is the number of the terms of the expansion of R whose trace equals

J (35 ff.inﬁn) " Then,

s—1 .
1 ~H ~u ~ \u e
Coa < 2° S Pri— (5n R nan) >

(30,1 5e--is—1) N UEO i 6ai\1/IAX¢i4\/IAX28+1

io+Y 521 (j+1)ij=s0

Thanks to Property B on the convergence in probability, (5, converges in probability with rate o(/N _2_%)

s—1 FHxju =
0, R_4, 1
fim  prd Luzo%n Bodn =l ( L (54)
K=BN—o00 N ﬁ2s+1aMAX¢MAX N2+g

if Ve > 0,
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In fact, for ¢/ = 2

B25Hay; A x driax
~H ~u ~ _. s—1
o, R_,0 H ~u ~
Pr{H of e n)"™ >5'} < Pr{65R¢n5n> szN}
u=0
(a) 571 “Hou ~ trR- trR,
N 3R 5, - BB L oy UEe
- N N

= N((Ve)t - cuays >

where inequality (a) holds for /V sufficiently large, inequality (b) follows from the Bienaymé inequality, and
inequality (c) is a consequence of Lemma 9 in part I [1] and the bound on the eigenvalues moments of the
matrix R.

Let us consider now the probability (o,

€
CQbSPr{ Z| )i — Rs(|age |’ Tk)‘>ﬁ}

Ay AX PNAX

~s ~ €
<P {mgX\(R )i = Ra(law . 75)| > —} 0

BayiaxPumax
for s = 1,...¢ — 1. Thanks to the assumption of the recursive step that V' > 0 and large K = (N,
Pr{|(R )i — Rs(|are|2, 7)| > £} < o(N2), Cop — o(N~2), i.e. it vanishes asymptotically as N, K — oo
with constant ratio with the same converge rate as o( N ~2) at worst. Therefore, (50) converges in probability
as o(N72) for N — +o0, at worst.
The proof of the convergence (52) in probability follows along similar lines.
Following the same approach as in the proof of Theorem 1 in [2], we can expand (ﬁg)kk and Tfm} as

follows:
AHAZ s— 1/\ ~8
Z o (R )i (=1,2,... (57)

~f—s5— IAHAs
m] Zé R., 6,T,. (=1,2,... (58)

~0 ~0
being T' and R the identity matrices of dimensions 7N x rN and K x K, respectively.
Thanks to Property A and Property B of the convergence in probability of random sequences and the

¢ 0
induction assumptions, the convergence in probability of the sequences {(R )+} and {T',, } reduces to
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. - ~H s T s {H .
show the convergence in probability of h;, Tikhk and 6nRin5n to a deterministic limit, respectively. Let

us define
~HA~s ~ ‘akk|2 ~s

G=h,T_,hy— N trAﬁT(;wTNkAW(%"’)'

~H ~5 —~
Lemma 9 in part I [1] applied to the quadratic form h;, T'_, k), with p = 4 yields

Kylagg|* ~ N\ ~
TE (tr(Agr (Tk-)TNkAqﬁ,T (Tk)))4>

K4 ~4s

< maf/IAX¢§/IAXtr(T~k)' (59)

E‘C3‘4 <

~ ~4s
Thanks to the bound on the eigenvalues moments of the matrix 7', limg—gy—.oo 1 E(trT ;) is almost sure
~H ~s5 ~
upper bounded Vs as N = 3K — +o0. Therefore, E|(3|* — 0 as K, N — co with £ — 3 and h,, T,Svkh,;€
converges in mean square sense, and thus in probability. Furthermore, the Bienaymé inequality implies that

Pr{|¢3| > €} < o(N?)as N — +o0. Thanks to (52)

2 1
i 2] trA (F)T_ Ay, (F) = A / Al (2, 7)T(2) Ay, (2, 7)d 2 +o(N7?)
N=pK—oco 0 )=l |2, 7)
= g(Ts,\,7) +o(N"?). (60)
then
Pr{|hy T° by — g(To, A\, 7)| > €} — o(N~2) 61)
for property A.

~0
The convergence in probability of the diagonal blocks T'j,,,,, can be proven in a similar way. More specif-

) ) ~ ~s5 ~H e e e .
ically, it can be shown that the » x 7 block é,,R., 6, converges to the r x r deterministic matrix

£(R. z) = / Ay, (2, 7) A g (2.7) By(0 7)d Flap s (A, 7). 62)
such that Pr{|(8,)u R, (80 )u — (E(Ry, 2))u| > £} — o(N72).

Finally, by making use of equations (57) and (58) and the definitions (51), (53), (62), and (60) we obtain

-1
Re(A\7) =) g(Te—sr, A T)R(N\T)  £=1.2,... (63)
s=0
and
-1
To(x) =Y f(Rp—s—1,2)Ts(x) (=1,2,.... (64)
s=0
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with g(Ts, A\, 7) and f( R, z) given in (60) and (62), respectively. Consistently to the definitions of T’ and
}AZO, To(z) = I,,being I, the r x r identity matrix and Ry(A\) = 1.

Then, g(Ro, A, 7) = A ﬁ% Al (z,7)A,(z,7)dzand f(To,z) = B [ AAy,(z,7)AL (z,7)dFapr(A,T)
and (63) and (64) reduce to the asymptotic limits R;(\, 7) and T';(z) already derived in step 1. Therefore,
we can begin the recursion with ¢ = 0, Ry(A\,7) = 1 and Ty(x) = I,.

Properties A, B, and C, the induction assumptions, relations (57) and (63), the convergence rates (; —

o(N72) and Pr{(3 > e} <— o(N?) yield (43). The proof of (44) follows immediately along similar lines.

This concludes the proof of Theorem 1.

APPENDIX II
PROOF OF COROLLARY 1

Corollary 1 is derived by specializing Theorem 1 to a unitary Fourier transform ® (527 f) with bandwidth
B < 7. Let us recall here that the unitary Fourier transform in the discrete time domain is given by
o sign(z) | % | . ion .
¢z, 7) = ieﬂ Tz Z &I 2T S <T6<x + s)> for |z| < 3 (65)
s=—sign(a) | 251
The matrix Q(x,7) = Ay, (z,7)A,(z,7)", with A,,(z,7) defined in (28), can be decomposed as

Q(z,7) = Q(x) + Q(x, 7) with the elements of Q(x) and Q(x, 7) defined by

Q) = 7 Sign%ﬂ “I’(j;f <“S>)2

s=—sign(x) I_T2;1J

o 1
o—d2m it (x+s)  for |ZE|§§7 (66)

and

- 1 2 2 - T . —1 (—1
(Q(x,7))re = T2 Z P (‘7 7T(a: + u)) P* (JT7T (z + s)) oI (s=w) o2 (Bt (a—s) = 55 (o -w))

¢ s, u=—sign(z) |_T51 J
SsF#uU

IN
o =

for |z (67)

respectively.
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Equations (26) and (27) can be rewritten as

f&ax>:ﬂamﬂ/kR4memAaﬂmr>

— 1 1
+8 [ AR 1@ )P anir (0 7) Lse<s @
G(To A7) = A / e (T(2)Q(2))dx + A / (T ()@, 7)de, 69)
1 1
—2 3
respectively. If the conditions of Corollary 1 are satisfied, i.e. if B < ;& and 7 is uniformly distributed in

2T,

[0, T,], it can be shown that

e Ry(\,7),¢ € Z7", are independent of 7 and

o T'y(x) is a matrix of the form (70).
These properties can be proven by strong induction. It is straightforward to verify that they are satisfied
for s = 0. In fact, Ro(\,7) = 1 is independent of 7 and T'y(x) = I is of the form (70) with by = 1 and
bi(r) = 0 withi = 1,...7 — 1. By appealing to Lemma 1 in part I [1] Appendix I tr(Q(x,7)) = 0 and
g(To, A\, 7) = A f_%% tr(Q(x))dz. Hence, g(T, A\, 7) is independent of 7.

The induction step is proven using the following induction assumptions:

e« Fors=0,1,...0—1, Rs(\, 1) is independent of T;

e« Fors=0,1,...0 — 1, T(x) is of the form

o7 27 (r—1)
bo blej T . c. br_lej L
_j2m 2m 2m(r—2)
bT,1€ U bo b1 r . bT,QGJ v
B-B(z) - .0
_ s2n(r—1) . . 2
ble I . . br,le I bo

being by = bo(x),b; = by(x),...b.—1 = b._1(x), eventually functions of x.

Thanks to the form (70) of T's(z), s = 1,...¢ — 1, given by the induction assumptions and by applying
Lemma I in part I Appendix I we have tr(T,(2)Q(x,7)) = 0, for s = 0,1,...,¢ — 1. Then, (69) reduces
to g(Ts,\,7) = /\f_%% tr (Ts(z)Q(x))dx and g(T's, A, 7) is independent of 7 for s = 0,1,...,¢ — 1.
Therefore, all quantities that appear in the right hand side of (24) are independent of 7 and R,(\, ) is
also independent of 7. In the following we will shortly write R,(\) and g(T's, \) instead of R,(\, 7) and
g(T's, A\, 7). Thanks to the fact that Rs(\, 7) is independent of 7 and A and 7 are statistically independent

with 7 uniformly distributed, (68) can be rewritten as

f(Rs,x) = ﬁ/)\RS(A)dF]A2 (Q(IE) _{_Ti 0 ¢ Q($’T)d7> . (71)
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It is straightforward to verify that fo (x, 7)dT = 0 from the definition of Q(z,7) in (67). Then,
F(Re) = 5Q() [ AROVAF L4
= f(R,)Q(z) (72)

with f(R,) = 6 [ AR (X\)dFj a12(X). Substituting (72) in (25) yields

<z < (73)

l\DIH
l\'JIH

/-1
Zf RZ s— 1 )Ts(x)7
s=0

Since T's(z) is of form (70), the conditions of Lemma 2 in part I Appendix I are satisfied for B = T's(x).

This implies that Q(z)T s(x) is also of the form (70). Since T';(x) is a linear combination of matrices of the

form (70), T',(x) is also a matrix of the form (70). Then, the statement of the strong induction is proven .
Thanks to the properties shown by strong induction the recursive equations in Theorem (1) reduce to the

following set of recursive equations:

/-1
Ry(A) = > g(To s 1,\)Rs(N) (74)
s=0
=l 1 1
Ty(z)= ) f(Rrs1)Q(x)Ts(x) 5 ST (75)
s=0
f(R) =5 / AR,(\)d Flap() a<w<y (76)
9T =) [ (T e)Q) s )

with To(l') = Ir and R()()\) =1
Then, applying again Theorem 1 we obtain the following convergence in probability

' ~1
lim (R )i = Re(A)|n=japf2-

K=pN—oco
From (75) and T'y(z) = I, it is apparent that T',(z) is a polynomial in Q°(x), for s = 0,1,...¢. Then,
T(z) has the same eigenvectors as Q(z) and it can written as Ty(x) = U (2)Ay(z)U" (2) where A,(x) is

a diagonal matrix with diagonal elements ¢y 1,72, ...%,, and

Ulz) — (e <x _ sign(z) V - 1D e(@)..e(r+sim(z) [gJ)) (78)

with e (z) r-dimensional column vector defined by

_iopl ;
1,e7 72 e

vdt )

e(x) =
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By making use of the eigenvalue decomposition of the matrix Q(z) in part I Appendix I Lemma 3 the matrix

equation (75) reduces to r scalar equations

o (i (5] ++1)

By substituting y = = — sign(z) (| 52| — u+ 1) for |z| < 1 we obtain
o1 \|? r—1
il L Y
(]T y) tsu (y+ { 5 J u+ ) (79)

—1
tf,u<y+\\r2 J_u+1) ZfRfsl
2 2t r—1 1 20

for0 <y + L%J —u+1 S%and
for 3 <y—|%*|+u—1<0.Then, foru=1,...rther functions (79) and (80) defined in not overlapping

2
tsu(T) u=1,...r and |z|<

£—1
tfu ZfRZ.slT

S=

tf,u<y_\‘T;1J+u_1> ZfRésl

intervals in [—r, r| can be combined in a unique scalar functions 7y(y) in the interval |y| < r satisfying the

recursive equation

— r o \|°
= ; T—Cgf(Refsq) P (j?cy) T(y).
Similar arguments applied to (77) yield
" 21 \|?
g(Ts,A)ZA/T TQT( )‘i’ (Jiy) dy.

This concludes the derivation of Corollary 1 from Theorem 1.
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APPENDIX III
DERIVATION OF ALGORITHM 1
Algorithm 1 can be derived from the recursive equations of Corollary 1 by using the following substitu-

tions>:

Y ~ 2
Ry()\) — ps()
AR () — vs(2)
f(Rs) = E(ARs(N)) — Vs
rle ()] - :
Ti(-) — 15 ()
| (j?)rmm) = uy(y)
v, = %/% o (‘72;“) 'ZTS(x)dm - U..

Then, the initial step is obtained by defining yo(y) = 1 and po(z) = 1. The recursive equations in step ¢ are
, 2
o () 1o

2
T, ) ‘ of degree s + 1. Then, U; is a linear combination of &,, where

1 [ j2mx
En=— d
/()

The coefficients of the linear combination are obtained by expanding u,(y) as a polynomial in y.

obtained by using the previous substitutions. In order to derive Uy let us observe that Ti

j2mx

is a polynomial in y = ‘Cb (

2n 1 B
Qo= = / T.|0 (j2r )" df.
T J_B

We conclude the derivation of Algorithm 1 by summarizing the previous considerations and substitu-

tions:

/—1
pe(2) =) 2Ur_1ps(2)

s=0

/—1
T
pely) = ZO ByVie_1ps(y).

« U, and V; are obtained from u(y) = yus(y) and vs(2) = zps(z), respectively by

3Note that the substitution of \ with z is redundant. It is used to obtain polynomials in the commonly used variable z.
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— expanding u,(y) and v4(z) as polynomials in y and z, respectively,

— replacing the monomials y™ and 2", n € Z* with &, and m‘(i‘)'Q, respectively.

o _

= = E{R,(\)} is obtained by replacing all monomials

Then, R,(\) = ps(\) and the eigenvalue moment m

2,22, ..., 2" in the polynomial p,(z) by the moments m|1A‘2, m|2A‘27 . ,mfAP, respectively.

APPENDIX IV
PROOF OF THEOREM 2

The proof of Theorem 2 follows along the line of the proof of Theorem 1.

For a signal with bandwidth B < 5,

. 21

1 0 1
P(x,7) = EGJ%TT‘I)* <Jix) 2| < 5

and ¢(v,7) = ¢(x — |2z], 7) for any z. Correspondingly, we define

]. 2 j2nTx ]_
Ay () = (T e(w) o] <3
with e(z) = (1, /275, ... e2™ 577 and

Ayr(v,7)= Ay, (v —|27],7) for any z.

We adopt here the same notation as in the proof of Theorem 1. Then, the K x K diagonal matrix V,;, for

t=1,...randn =1,... N is given by

1 j2m j2mn(t—1) J2mnF j2mnig J2mni K

Vou=—=0" n|e rdiag (e T e Te ,...e Te

nt T T. = ) )
(& C

withn = 22— 224 | and A, (7;) is the r N x N block diagonal matrix with n diagonal block A, (n, 7).

We develop the proof by strong induction as in Theorem 1 with similar initial step and similar induction step.
Step 1: In this case

-/Rkk = |akk|2S£Af’r<f7\:k)A¢’r(;k)Sk = |akk|25kH<I>sk

r

where ® is a matrix independent of 7}, and the n'" element is given by ®,,,, = T

12N 2
@ (5)]

Kylak |4A§AAX
N2gd

By following the same approach as in Theorem 1 it results Ve > 0

)
x
|
<
=SiE
=|E
[
K
RS
.
5y
IS
N——
~——
IN

NOVEMBER 8, 2008



SUBMITTED MANUSCRIPT TO IEEE TRANSACTIONS ON INFORMATION THEORY
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A2 2
being Ayax = maxze[_l,l] o (JTTC”:)’ and
N— 2
Jar? ]27T 2n
RI(A)|)\ |(lkk|2 - K= ,GN—>oo N ZO N N
1
B 2 j2rx
_A/J@(Tc) dz 81)
2 A=|agk|?
Furthermore, Pr {|IAZkk — Ry(Jaxk|?)| > 5} <o(N7?%).
Similarly, (T (nn] Juv, the (u, v)-element of the matrix T imn] 18 given by
T = 6,.AV,, VI AT
1 2 o v -
T ) <]—£2) ‘ e I O'nAAHO'ZI. (82)

As in Theorem 1 it can been shown that

~ 1 2mn\|* o eu KyTy,
Pr{ (T oo — T <I>< - )‘ e I2m S tr(AAT) >5} < NTngx
with Tyax = maxxe[_ 1] d (J%F*)‘ SUp r Maxy ]akkP and the following convergence in probability

holds

K
. s . .]27Tn —j2rn =4 § 2
K:lgljr\goo(T[""])w K= 151}%:00 T.K ‘ ( ) ’ ¢ e

k=1
2
- ()

with z = limy_, o n and |z| < % Thus, the diagonal block converges in probability as follows

- AdF ap2(N)

Tl (l’) - K:}i’llr\fnaoo(T[nn] )uv

I} j2rx
*(%)

Pr{‘(T[nn})uv — (T1(2)) o

This concludes the first step of the induction.

P

/ AF a2 (Ne(z)e” (z) (83)

Furthermore,

Step (: Let us observe that

1 ~s
191 = NtI'AVn uR':nViIuAH

=3l o (B[ i

C
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and
9y = 1 A =5 AL
2= A, (k)T Aer(Th)
N . 2
|akk|2 1 ]271'@ H ~5
:T;T_C? & T e’ (n)(T.;)nme(n).

By following the same approach as in Theorem 1 it can be shown that /; and ¢5 converge in probability

to the following limits

. B o u—v j2mx 2
Kzlﬁljrvnﬂ)O = T_Cze 727 T AR (AN)AF a12(N)
and
1 . 2
. A [ j2mx I
e T T2 ) @( T )\ e
2 =lakk

with Rs(A)[3Zj,,2 = liszgN_}OO(IA%S)kk and Ts(z)| = img—gNn—co ’f’;m] given by the recursion assump-

tions.

Additionally, it can be shown that the following convergence in probability holds

~S

. ~Hos o~
g(Tsa /\)|>‘:|akk\2 == lim hk kahk

K=BN—oco

A /é <j27rx> '2 o

= = o e ()T(x)e(x)dx (84)
T. J_1 T.

; A=lakk|?
and
) ~ ~5 ~H
f(Roa)= lim  3.RL38]
i (ﬂ”ﬂzef% T, (r)e(x)d 85)
= z)T,(z)e(z)dx
T2 ) 1 T. B
crT2 A=lagk|?

The convergence in probability satisfies the bounds
THas o~ 2 —2
Pr |hk kahk g(TS, |akk| )| > < O(N )

and

~s ~H

Pr {10 (3 )o = (F(Reow)us] > £} < o(N?)

for large N and Ve.
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The recursion assumptions and the limits (84) and (85) in (57) and (58) yield

=1 )\ % j27T$ 2 H
— ;Rs(A)ﬁ/% @( T )‘ tr (T(z)e(z)e” (z)) dx/\ » (86)
and
-1
Tg = f(Réfsfb {ﬂ)TS(.T)
K_IS:; j2rx 2
T2 q)< T. )‘ / AR (N)dF a2 (Ne(z)e (2)T () (87)

where Ry(A\) = 1 and Ty(x) = I,. With a similar approach as in Theorem 1 it can be proven that for large

N and Ve > 0
o5 2 —2
Pr {’Rkk — Ry(|aw] )‘ > e} <o(N7?)
and
~0 9
Pr{| (@) — (Te(@)a| > £} < o(N72),

In contrast to Theorem 1 the recursive equations (86), (87), (84), and (85) are independent of the time

delay 7.

The recursive equations can be further simplified by observing that (e(z)e(z))™ = r™ le(x)el ().
Then, it is straightforward to verify by recursion that the matrix T's(z), s = 1,2,..., ¢ — 1, is proportional to
the matrix e(z)e!’ (z) and we can express it as Ts(x) = T,(z)e(z)e (x), s = 1,2,.... Thus, the recursive

equations can be rewritten as

1
Re(\) =Y g(Te 51, ) Rs(N)

Ty(x)e(x)e" (x) = if(Rz_s_l, 2)Ty(z)e(x)e (z) + F(Re 1, 2)To(x) (=1,2,... (88)
f(Rs,z) = f(R, x)e(x)e (x) (89)
f(Ry, ) = % P (;27?3:)‘ AR,(A)d Flap(\) _% << %
9T, =4 " /// f (T) T@ar s ) L2

20| ()] e s=0
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with TQ(.CE) =1, and Ro()\) =1
Substituting (89) in (88) we obtain

{—1

Ti(w)e(r)e! (x) = ) f(Re—so1,2)Ty(x)e(x)e” (2)e(w)e (z) + f(Ri-1, 2)To(x)e(z)e (x)

s=1
=Y f(Ri—sr,2)To(x)e(x)e” () + f(Reo1, 2)Ty(z)e(x)e" (x) (90)
Recalling that To(z) = I, and defining 7} (z) = %, we obtain from (90) the scalar 7;(z):

T)=r (Z f(Ro—s—1,2)T5(z) + f(R£179€)T(;($)> : oD

The following equations summarize the recursion in terms of only scalar functions.

-1

Ry(\) = Z 9(To—s—1, A Rs(N)

Ti(z)=r Z f(Re—s—1,2)Ts(z)

5=0
, 2
f(Ryz) = f P (ﬂT”) AR,(A)d Flap(\) —% << %
g(T, \) = < ) 1/2 (ﬂ”) ‘2Ts(x)dx s=0,1,...
~1/2 T.
with Ty(z) = Z= and Ry(\) = 1. Let us observe that the different expressions of g(7;, \) for s = 0,1,...
could be absorbed in a unified expression by initialize the recursion with Ty(z) = % instead of using
Ty(x) = -

The recursion in the statement of Theorem 2 is obtained by defining

J(R,) = / ARJ(\)dF az(\)

a-(3) [

and by expressing R,(\) and 7;(z) as recursive functions of f(Rs) and v(T5).

and

o (‘72”) '2T8(x)dx

T

APPENDIX V

PROOF OF THEOREM 3

Theorem 3 in part I Appendix V [1] jointly with Lemma 8 i part I Appendix I [1] implies that the eigenval-

ues moments of the matrix 7 and, thus, the eigenvalue moments of the matrix R converge to the eigenvalue
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moments of the matrix 7' and R. However, in Theorem 3 we show a stronger result: asymptotically, the
diagonal elements of the matrix R area periodical repetition of the diagonal elements of the matrix R. The
proof follows the same approach as for Theorem 1.
Throughout this proof we adopt the following notation. For k =1,... , Kandn=1,..., N
o iNzkm is the unlimited column vector of the matrix H containing o ESkms
o gnm is the unlimited block row of H containing Ag (”T_l, ?1) (S1m)n, the nt" r x 1 block of the vector
&Jlslm of the reference user. Since we assume that the users are ordered according to an increasing time
delay with respect to the reference user, the vector Snm has K consecutive r x 1 blocks that are nonzero

and the remaining equal to zero. More specifically, §,, ,,, is of the form

~ n—1 n—1
2 ~ 2 ~
Onm = -0,k +1 41" A | ——, Thnt1 | Snmtopts - - - A K| A JTK | Snma1 K s
N N

n—1 _ n—1 _
|CL1,1|2A ( N 771) Snymyly e v |akn,kzn|2A <77 Tkn) Sn,m ks 0.. ) )

where £, is the user with highest time delay lower than n7, i.e. k, = max(7; : 7, < nl.,i=1,...K)

th
and s,, ,, ¢ is the ((N +n— L;—‘;J — 1) modN + 1> component of the vector sy, ;

. 7-(,En7m is the matrix obtained from H by suppressing gn,m;

o H._jm is the matrix obtained from H by suppressing hy .
~ ~ ~H

° TNk,m = HNk,mHNk;’m;
~ ~H ~

4 Rhn,m = %hn’mth,m;

e Onm = (Sn,m—l,kn—i-la <y Snm—1,KsSnm,1 - - - Sn,m,kn);

. A, isthe diagonal matrix obtained by circular diagonal down shift of the elements of the matrix A by

K — k?n steps, i.e. An = diag(aknﬂ,knﬂ, ce s QR K A1) ,akmkn).

e Vysfort=1,...,randn =1,...,N,is the K x K diagonal matrix obtained by circular diagonal

down shift of the elements of the matrix V,, ;, defined in the proof of Theorem 1, by K — k,, steps, i.e.

= -1 - t—1 -1 . t-1 -1 . t-1 -1 _ t—1
Vn,t :dlag ((b (TLT7Tkn+I_TTC) 7...,¢ (%77'[{—7,115) 7¢ (nT,Tl_TTC> 7¢ (nT,Tkn_TTC>) 3

Note that 7, ,,V,, .+ A,, coincides with the vector of nonzero elements of t* row of gn’m.

° T[nn],m

is the diagonal block of the matrix T of dimensions 7 X r given by

~s—1~H

’fzv’[snan — gn’m’r\,’ 6

n,m;
. ’ﬁ’,Zm is the diagonal element of the matrix R given by
~5 ~H ~s—1~
Rk,m - hk,mT hk7m
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As the proof of Theorem 1, the proof of Theorem 3 is based on strong induction. In the first step we prove

the following facts:

1) Conditionally on (|ay|?, 7 ), the diagonal elements of the matrix R converges in probability, as N —
00, to the deterministic value Ry (|axx|?, 71) given by the recursive equations (24)—(27) of Theorem 1.
Since asymptotically ’ﬁkm depends only on k via (|agi|?, 7x) but not on m, asymptotically ’fx’,km is a
periodic repetition of the diagonal elements of R.

Furthermore, as in Theorem 1, Ve > 0 and large K = N
Pr{| R — Ra(law|*, )| > e} <o (N7?). (92)

2) T [nn],m» the 7 X 7 block diagonal elements of the matrix T , converge in probability to deterministic
blocks T';(x), with x = limy_ o + given by the recursive equations (24)—(27) of Theorem 1. Also in
this case, asymptotically, the diagonal blocks of T area periodic repetition of the diagonal r x r blocks

of the matrix 7. Additionally, Ve > 0, large K = SN and u,v =1,...r,
Pr{|(T punjm)uw — (T1(2))u| > €} <0 (N72). (93)

Then, in the recursion step, we use the following induction assumptions:

1) Fors =1,...,¢ — 1, the diagonal elements of the matrix 7~€S, k=1,...,K and m € Z, converge in
probability, as K = 3N — oo, to deterministic values R, (|axt|?, 7) given by the recursive equations
(24)—(27) of Theorem 1. Asymptotically they are a periodical repetition of the diagonal elements of
R’. Furthermore, Ve > 0 and large K = BN Pr{|(R )ur — Rs(|am|?, 7s)| > €} < 0 (N72).

2) Fors=1,...,0—1, T an}vm’ the r x r block diagonal elements of the matrix T converge in probability
to deterministic blocks T's(x) given by the recursive equations the recursive equations (24)—(27) of
Theorem 1. Asymptotically, they are a periodical repetition of the diagonal blocks of the matrix T
Furthermore, Ve > 0, large K = SN and u,v = 1,...7, Pr{|(’f'[snn]7m)uv —(Ts(x))w| > e} <
o(N72).

We prove:

1) The diagonal elements of the matrix 7~2€, converge in probability, as K = SN — oo, to deterministic

values R*(|axk|?, &), conditionally on (|ax|?, 7%). Asymptotically, the diagonal elements of the matrix

7~Z£ are a periodical repetition of the limiting diagonal elements of the matrix IA%K. Furthermore, Ve > 0
and large K = N

Pr{|(R ) — Rs(|am|2 )| > €} <0 (N72). (94)
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~ ¢
2) The blocks T, ,,,, converge in probability to deterministic blocks T* () with limy_ o + given by the
recursive equations (24)—(27) of Theorem 1. Asymptotically they are a periodical repetition of the limit

diagonal blocks of the matrix T Additionally, Ve > 0, large N and u,v = 1,...7,
~
Pr{|(T[nn],m)UU —(Te(2))w| >} <o (Niz) . 95)
First step: Consider

~ ~H ~
Rim = by Pim
~ ~H
2 _H
|akk] Sim Pr Py, Skm

~H ~
|| 7 A 0 (T) Ao (Th) Sk (96)

Applying the same approach as in Theorem 1 we can prove that

= ) app|® ~H -
L SN NCAY N
K=BN—oo ¢,r\'k o,r\'k
= R1<|akk|277’:k)« (97)

The convergence rate (92) can be shown by applying the same arguments as in Theorem 1.

Let us now consider the block matrix ’f'[nn]m whose (u,v) element (’i’ (nn],m )0 18 given by

~ ~ ~H

(T[nn],m)u,v - (5n,m)u(5n7m)v

(98)

n,mu*+n Un,m

where (gnm) ; denotes the j* row of gmm. By applying the same approach as in Theorem 1 we can prove

that

. . 1 ~ = ~H ~H
m (7 pn)ym)ue =  lim Ntr (Anvmm’uvn,m,vA )

n

K=BN—oco K=FN—oo
_ K:%LOO Ntr (AV,.V, A" (99)
= (T'1())u (100)

Equation (99) follows from the fact that En and %nmu are obtained from A and V,, ,,, respectively, by

circular diagonal down shift of K" — k,, steps. The asymptotic periodical behaviour of the 7 ;) ,, is a direct
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consequence of the fact that limx—gn 00 T inn],m does not depend on m. The convergence rate (93) can be
shown by appealing to the same arguments as in Theorem 1. This concludes the proof of the first step.

~ ~ ¢
Step {: As in Theorem 1, we can expand (R )y, and 77, ., as follows:
~H ~€ s—1~ ~s
Z hkm ~k,m h’k,m(R )k,m (= 1, 2, . (101)
~{l—s—1~<H ~
T i Zén ST S 1=1,2,... (102)

. ~0 ~0. . . .. . .
being 7 and R identity matrices of unlimited dimensions.

~
By applying the same arguments as in Theorem 1 the convergence in probability of the sequences { (R ) }
~H

~/ ~H ~
and {7, } reduces to show the convergence in probability of hka for

~k,m n,m>
s =0,...,¢ — 1, respectively.
As in Theorem 1 it can be shown that

k
~H ‘n -1

) - S «n—1 _ v-1 s
Kzlﬁl]rvn_'oo((sn,m)uRD:n,m(6n,m)v = K— BN—»ooNZla”| ¢ Tc)d) ( N T3~ TC)R7m
. 1 n—1 _ wu-—1 n—1 _ v—1 ~s
+lim 5 Z |ajj|2¢(T7Tj—TTc)¢ (T T Rjma
j=kn+1
-1 ~n—1 _ wv—1 ~s
o N= };;(nﬂooK };ngﬂoo N TC)d) ( T TC)Rjj

= (f(Rs,2))u.v-

~ ~ s ~H
Note that also the r x r blocks &, m R, .0, ,, are independent of m, asymptotically, and equal to the
corresponding blocks & ﬁindH . Thus, they are a periodical repetition of the blocks dl?iin(SH . By making use

of the induction assumptions and the recursive equation (102) we obtain

/—1
P e -
Ke %]I\fnﬂoo T[nn} m =T (l’) - ; f(RK*S*h‘T)TS(x)'

Applying the same arguments as in Theorem 1 we can show that (95) is satisfied.
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S

~H ~ ~
Similarly, for k ,, T him, s =0,...,¢ —1itcan be shown that

~k,m

. ~H ~s ~ . \akkP il ~H ~ 5 ~
lim kT . hem = lim N Z (@) )T D) ()

[nn] ,m(

K=8N—oo K=BN—o00
w0
| 7]
. aek]? S = H 75 &
SR ST TR

: |ar|” g (n—1 2\ &3 n—1 _
:Kzlﬁljrvnﬁoo N ZA¢,T N ) Tk T[nn]A¢,r N , Tk (103)
:9(T57|Cbkk|2,ﬁ)

where (X)), for X = P, AW(T), A, (T) denotes the n block diagonal elements of size r x 1 of the

matrix X . In (103) we make use of the fact that for n = U—FJ +1,... F—?J +N+1

B = (Bor) a3

- (AQT’(;]V))[(n—1)modN+1,(n—1)modN+1]

— A, ((n — 1])VmodNﬁ,k> ‘ (104)

The induction assumptions and the recursive equation (101) yield

-1
K:gjf\lfﬂ_m(R)k,m = Ro(|aws|*, 7)) = z;g(Tﬁ—s—la i) Rs (larr %, Tx).- (105)

From the previous equation it becomes apparent the periodical asymptotic behaviour of the diagonal ele-

~ ¢
ments of the matrix R . The inequality (94) follows along the same lines as in the proof of Theorem 1.
~ ~ 0 ~

Furthermore, the limit of (R ), and (7" )ju),m coincide with the equations for the limits of (R ), and

0
(T )jnn)- This concludes the proof of Theorem 3.
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