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Abstract

This article deals with the problem of estimating the covariance matrix of a series of independent
multivariate observations, in the case where the dimension of each observation is of the same order as
the number of observations. Although such a regime is of interest for many current statistical signal
processing and wireless communication issues, traditional methods fail to produce consistent estimators
and only recently results relying on large random matrix theory have been unveiled.

In this paper, we develop the parametric framework proposed by Mestre, and consider a model
where the covariance matrix to be estimated has a (known) finite number of eigenvalues, each of it with
an unknown multiplicity. The main contributions of this work are essentially threefold with respect to
existing results, and in particular to Mestre’s work: To relax the (restrictive) separability assumption, to
provide joint consistent estimates for the eigenvalues and their multiplicities, and to study the variance

error by means of a Central Limit Theorem.

I. INTRODUCTION

Estimating the covariance matrix of a series of independent multivariate observations is a crucial issue

in many signal processing applications. A reliable estimate of the covariance matrix is for instance needed
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in principal component analysis [1], direction of arrival estimation for antenna arrays [2], blind subspace
estimation [3], capacity estimation [4], estimation/detection procedures [2], [5], etc.

In the case where the dimension N of the observations is small compared to the number M of
observations, the empirical covariance matrix based on the observations often provides a good estimate
for the unknown covariance matrix. This estimate becomes however much less accurate, and even not
consistent with the dimension N getting higher (see for instance [6, Theorem 2]).

An interesting theoretical framework for modern estimation of multi-dimensional variables occurs
whenever the number of available samples M grows at the same pace as the dimension N of the
considered variables. Shifting to this new assumption induces fundamental differences in the behavior of
the empirical covariance matrix as analyzed in Mestre’s work [6], [7]. Recently, several attempts have
been done to address this problem (cf. [6], [7], [8], [9], [10], [11]) using large random matrix theory
which proposed powerful tools, mainly spurred by Girko’s G-estimators [12], to cope with this new
context. In [6], [7], Mestre considers the eigenvalue estimation of a parametrized model of covariance
matrices similar to the model we shall study in this article. In [8] and [11], grid-based techniques for
inverting the Marcenko-Pastur equation are proposed. In [10], the problem of estimating a specific linear
functional of the eigenvalues of an unknown covariance matrix is addressed. In [9], the eigenvalues of
an unknown parametrized covariance matrix are estimated by resorting on the empirical moments of the
observations. This technique, which goes back to Pisarenko’s ideas [13], will be also combined to large
random matrix theory in the present article.

We shall consider the case where the dimension of each observation N together with the number of
samples M go to infinity at the same pace, i.e. their ratio converges to some nonnegative constant ¢ > 0.
In order to present the contribution provided in this paper, let us describe the model under study.

Consider an N x M matrix Xy = (X;;) whose entries are independent and identically distributed
(i.i.d.) random variables. Let Ry be an N x N Hermitian matrix with L (L being fixed and known) distinct
eigenvalues 0 < p; < --- < pr with respective multiplicities Ny, --- , Ny, (notice that Zz‘L:1 N; = N).

Consider now

1/2
Yy =R Xy .
The matrix Yy = [y1,---,ynm] is the concatenation of M independent observations, where each
observation writes y; = R%QXZ‘ with X = [x1,--- ,xy/]. In particular, the covariance matrix of each

observation y; is Ry = EyiyiH (matrix Ry is sometimes called the population covariance matrix).

In this article, we consider the problem of estimating individually the eigenvalues p; as well as their
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multiplicities N; in the case where the total number of eigenvalues is fixed and known.
Such a scenario is customary in applications for wireless communications. A relevant example concerns
uplink CDMA systems operating over flat fading channels, where users are arranged into L classes, each

class corresponding to a distinct power amount. In this case, matrix Y can be modeled as:
1
Yy =WP:2X+0Vy

where W are V y represent respectively the signature matrix assumed to be orthogonal and the noise ma-
trix, while P is diagonal with diagonal elements taking distinct values among the finite set {p1, -, pr}.
In a decentralized context, where each user selects its own power from this finite set according to a defined
control energy strategy, the base station which stands for the receiver can have to estimate the number of
users in each class as well as their corresponding powers. Obviously, this problem amounts to estimating
the eigenvalues of the theoretical covariance matrix as well as their corresponding multiplicities. Similar
scenarios are studied in [14], [15].

Among the proposed parametric techniques, we cite the one developed by Mestre [7] and taken up
by Vallet et al [16] and Couillet et al [17] for more elaborated models. Although being computationally
efficient, this technique requires a separability condition, namely the assumption that the number of
samples is large compared to the dimension of each sample (small limiting ratio ¢ = lim % > 0). In
such a case, the limiting spectrum of the empirical covariance matrix possesses as many clusters'as there
are eigenvalues to be estimated, and each eigenvalue can be estimated by a contour integral surrounding
the related cluster. Mestre’s technique cannot be applied any more in the case where c is larger (which
reflects a higher dimension of the observations relatively to the sample dimension). In fact, the dimension
of the clusters may grow and neighbouring clusters may merge, violating the one-to-one correspondence
between clusters and eigenvalues to be estimated (see for instance Fig. 1 and 2).

A way to circumvent the separability condition has recently been proposed by Bai, Chen and Yao [9],

based on the use of the empirical asymptotic moments:

1
@k = MTI‘ (YNYN)k,k S {17 52L})

which can be shown to be a sufficient statistic to estimate (%, e ,%, Py s pL). Although being
robust to separability condition, this technique suffers from numerical difficulties, since the proposed

estimator has no closed-form expression and thus should be determined numerically. An interesting

'By cluster, we mean a connected component of the support of the limiting probability distribution of the spectrum.
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contribution, although not directly focused on estimating the covariance of the observations is the work

by Rubio and Mestre [18], where an alternative way to estimate the moments

1
Ve = NTr(RIfV)a

for all £ € N is proposed, yielding an explicit (yet lengthy) formula.
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Fig. 2. Empirical and asymptotic eigenvalue distri-
Fig. 1. Empirical and asymptotic eigenvalue distribu- bution of Ry for L = 3, p1 =1, p2 =3, p3 =35,
tiOIlOfRN fOFL:3,p1 = 1, P2 :3, pP3 = 10, N/M:C:3/8,N:30,N1 :N2:N3:10
N/M =c¢=0.1, N =60, Ny = No = N3 = 20. In In this case, there is only one cluster in the limiting
this case, there are 3 clusters in the limiting eigenvalues eigenvalue distribution while there are 3 underlying
distribution and the separability assumption holds true. eigenvalues to be estimated: The separability assump-

tion does not hold true any more.

In this article, we improve existing work in several directions: With respect to Mestre’s seminal
papers [6], [7], we propose a joint estimation of the eigenvalues and their multiplicities, and drop the
separability assumption. The proposed estimator is close in spirit to the one developed by Bai et al. % in
[9], although we carefully establish the existence and uniqueness of the estimator, which is not explicit
in [9]. Comparisons on the relative numerical efficiency of both procedures is provided in the simulations
section. Finally, we study the fluctuations of the estimator and establish a Central Limit Theorem (CLT).

The remainder of the paper is organized as follows. In Section II, the main assumptions are provided
and Mestre’s estimator [7] is briefly reviewed. In Section III, the proposed estimator is described. Its
fluctuations are studied in Section IV, where a CLT is stated. Simulations are presented in Section V,

and a conclusion ends the paper in Section VI. Finally, the remaining technical details are postponed to

>We shall also mention an ongoing work by Li and Yao, not yet disclosed to our knowledge.
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the Appendix.

II. MAIN ASSUMPTIONS AND GENERAL BACKGROUND
A. Notations

In this paper, the notations s,x, M stand for scalars, vectors and matrices, respectively. Superscripts
()7 and ()7 respectively stand for the transpose and transpose conjugate; trace of M is denoted by
Tr(M); determinant of M, by det(M); the mathematical expectation operator, by E. If z € C, then R(z)
and (z) respectively stand for z’s real and imaginary parts, while i stands for v/—1; Z stands for 2’s
conjugate.

If Ze CV*N s a nonnegative Hermitian matrix with eigenvalues (&;; 1 < i < N), we denote in the

sequel by F'Z the empirical distribution of its eigenvalues (also called spectral distribution of Z), i.e.:

N
1
FA(dN) = 5 > 0e(dX)
i=1

where ¢, stands for the Dirac probability measure at x.
Convergence in distribution will be denoted by g, in probability by 3>; and almost sure convergence,

a.s.

by —>.

B. Main assumptions

Consider the model

Yy =R Xy,

and

. 1
Ry = MYNYJI\{,.

At first, an assumption about the matrix R is needed:

Assumption 1: Ry is an N x N Hermitian non-negative definite matrix with L (L being fixed and
known) distinct eigenvalues 0 < p; < --- < py, with respective multiplicities Ny, --- , Ny (notice that
SE LNy = ).

As mentioned earlier, we consider the asymptotic regime where the number of samples M and the
dimension N grow to infinity at the same pace, together with the multiplicities of each eigenvalue of

Ry.
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Assumption 2: Let M, N be integers such that:
N, M — oo, with M—)cé((),oo), and N—)cie(o,oo),lgsz. (D

This assumption will be shortly referred to as N, M — oo.

The following assumption is standard and is sufficient for estimation purposes.

Assumption 3: Let Xy = (X;;) be a N x M matrix whose entries are i.i.d. random variables in C
such that E(X1 1) = 0, E(|X11]?) = 1 with finite fourth moment: E(|X; 1]*) < oc.

Remark 1: In order to establish the fluctuations of the estimators, the Gaussianity of the entries of
X is needed (although this technical condition may be removed with substantial extra work).

Assumption 3b: The entries of the N x M matrix Xy = (Xj;) are i.i.d. standard complex Gaussian
variables, i.e. X;; = U + iV, where U,V are both independent real Gaussian random variables N(0, 1).

It is well-known in large random matrix theory that under Assumptions 1, 2 and 3, FR~ converges
to a limiting probability distribution. In Mestre’s paper [7], a separability condition® is needed in order
to derive the estimator of Ry’s eigenvalues:

Assumption 4: The support 8 of the limiting probability distribution of FRy g composed of L
compact connex disjoint subsets, and not reduced to a singleton.

Remark 2: Note that when M < N, matrix Ry is singular and thus admits (N — M) eigenvalues
equal to zero. Hence, the limiting spectrum of Ry has an additional mass in zero with weight 1 — %,
which will not be considered among the L clusters.

The separability condition is illustrated in Fig. 1 and 2. In both figures, the limiting distribution of
FﬁN is drawn (red line). In Fig. 1, Ry’s eigenvalues are p; = 1, po = 3, p3 = 10, they have the
same multiplicity and the ratio c is equal to 0.1. In this case, the separability condition is satisfied as
the limiting distribution exhibits 3 clusters. The separability condition is no longer satisfied in Fig. 2,
when p; =1, po = 3, p3 =5 and ¢ = 0.375. In this case, the limiting distribution only exhibits a single

cluster.

C. Background on Large Random Matrices, Mestre’s estimators and their fluctuations

The Stieltjes transform has proved since Marcenko and Pastur’s seminal paper [19] to be extremely

efficient to describe the limiting spectrum of large random matrices. Given a probability distribution P

3The precise technical statement of the separability condition together with a mathematical interpretation are available in [7],

but are not necessary here.
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defined over R™, its Stieltjes transform is a C-valued function defined by:
P(dA
mp(z):/ PA)  cor* .
R+ )\ —Z

In the case where F'Z is the spectral distribution associated to a nonnegative Hermitian matrix Z € CNV*

with eigenvalues (&;; 1 <14 < N), the Stieltjes transform mgz of F'Z takes the particular form:

zZ
mz(z) = /F)\(_d:\)

1oL 1 1
= — = —Tr(Z-zy)""
N;{i—z G

which is exactly the normalized trace of the resolvent (Z — zI N)fl

An important result associated to the model presently under investigation is Bai and Silverstein’s
description of the limiting spectral distribution of RN [20] (see also [19]):

Theorem 1: [20] Assume that Assumptions 1, 2, 3 hold true and denote by F® the limiting spectral
distribution of Ry, i.e. FR(dA) = YL 16, (d)). The spectral distribution FR~ of the sample
covariance matrix Ry converges (weakly and almost surely) to a probability distribution F' as M, N —

oo, whose Stieltjes transform m(z) satisfies:

() = tm) - (1-1) 1.

C & z

for 2 € Ct = {2z € C, 3(z) > 0}, where m(z) is defined as the unique solution in C* of:

m(z) = — (z - c/ Htin(z)FR(dt)> o

Remark 3: Note that m(z) is also a Stieltjes transform whose associated probability distribution
function will be denoted F', which turns out to be the limiting spectral distribution of FRy where
EN is defined as:

Ry 2 %X%RNX N -
Remark 4: Denote by mRN(z) and Mg (z) the Stieltjes transforms of FR~ and FR~. Notice in

particular that

M M\ 1
mg  (2) = ﬁmEN(Z) - (1 - N) p ()
Remark 5: Denote by my(z) and my(z) the finite-dimensional counterparts of m(z) and m(z),

respectively, defined by the relations:

-1
FR~(q¢ ,
( Mf 1+tm T+tmy (2) ( )) 3)
m

NvE - (1-5) 1

my(z) = 4
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It can be shown that mpy and mp are Stieltjes transforms of given probability measures Fy and £y,
respectively (cf. [21, Theorem 3.2]).

In [7], Mestre proposes a novel approach to estimate the eigenvalues (px; 1 < k < L) of the population
covariance matrix based on the observations Ry under the additional Assumption 4. His approach relies
on large random matrix theory and the separability condition presented above plays a major role in the
mere definition of the estimators. As it will be a useful background in the sequel, we provide hereafter
a brief description of Mestre’s results:

Theorem 2: [7] Denote by 5\1 <o < A ~ the ordered eigenvalues of f{N. Under Assumptions 1, 2,

3, 4 and assuming moreover that the multiplicities Ny, --- , Ny are known, the following convergence
holds true:
~ a.s.
— 4
Pk — Pk m 0, “4)
where
- M Q N
Pk = N, ()\m - Nm) ) ®)
k
mEN

with Ny, = {Zf;ll N;j+1,..., Z?Zl N;} and i1 <--- < iy the (real and) ordered solutions of:

N ~
1 A M
N oW ©
m=1 Am —H
repeated with their multiplicites. When N > M, we use the convention i1 = -+ = in_p4+1 = 0,
whereas [iy_ar42,- -+, iy are the positive solutions of the above equation.

Remark 6: Notice that (6) associated to (2) readily implies that for non null f;, mg (f;) = 0.
=N

Otherwise stated, the /i;’s are the zeros of mg . This fact will be of importance in the sequel.
EAS N

Sketch of proof: We can now describe the main steps of Theorem 2. By Cauchy’s formula, write:

L
N 1 1 w
S B O R N d
Pk Nk2m7£k <N; P a— w)’

where Ty, is a positively oriented (clockwise) contour taking values in C\{p1, -, pz,} and only enclosing

pr. With the change of variable w = —ﬁ@ and the condition that the limiting support & of the
—M
eigenvalue distribution of Ry is formed of L distinct clusters (Sx,1 < k < L) (cf. Figure 1), we can

write:
_ M my(2)
2Ny, e, my(2)

Pk dz, 1<k<L, (7

where Cj, denotes positively oriented contours which enclose the corresponding clusters 8. Defining

l

. M ]{ ma (2)

Pk = 5 z———dz, 1<k<L, ®)
27T1Nk Cs mEN (Z)
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dominated convergence arguments ensure that pp — pr — 0, almost surely. The integral form of p; can

then be explicitly computed thanks to residue calculus, and this finally yields (5). g

Recently, a CLT has been derived [15] for this estimator under the extra assumption that the entries
of X are Gaussian:
Theorem 3: [15] With the same notations as before, under Assumptions 1, 2, 3b, 4 and with known

multiplicities Ny, --- , N, then:

(M(px — pr). 1 <k <L) —— x ~Ni(0,0) ,
M,N—00

where N, refers to a real L-dimensional Gaussian distribution, and © is a L x L matrix whose entries

Oy are given by,

1 "(z1)m/ (2 1 1
R ol A eey e rerd Fre el

where Cj (resp. Cy) is a closed counterclockwise oriented contour which only contains the k-th cluster
(resp. ¢-th) .

The proof of this theorem is based on [22] and the continuous mapping theorem. Details are available
in [15].

The main objective of this article is to provide estimators for the pj’s without relying any more on
the separability condition (i.e. to remove Assumption 4). A Central Limit Theorem will be established
as well for the proposed estimator. As a by-product, the knowledge of the multiplicities will no longer

be needed, and they will be estimated as well.

III. ESTIMATION OF THE EIGENVALUES p;

In this section, we provide a method to estimate consistently the eigenvalues of the population co-
variance matrix and their multiplicities without the need of the separability condition (cf. Fig. 2). Our

method is based on the asymptotic evaluation of the moments of the eigenvalues of Ry,
1 LN
’yiéNTr ﬁvzzﬁpiﬁ 1<i<2L—1. 9)
k=1
If (Mi)1<i<2r—1 are the empirical moments of the sample eigenvalues, then it is well-known that except
for ¢ = 1, ; cannot be approximated by m,;. Consistent estimators for ~y; are provided in [18], where it

has been proved that:

. A N O
’}/Z PY’L N,M‘)+OO I
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10

where

5= ps(l i), (10)
=1

us(l,7) being some given coefficients that depend on the system dimensions and on the empirical moments
m; [18]. An alternative is to use the Stieltjes transform:

Lemma 1: Let Assumptions 1, 2 and 3 hold true. Let #; be the real quantities given by:

0 = 1,
)
5 — M
= TaNn fe mR (z
A M(=1)*
Tk = 2Nk17r fem MOk for 2<k<2L-1

where C is a counterclockwise oriented contour Wthh encloses the support § of the limiting distribution

of the eigenvalues of EN. Let v; be the theoretical moments as given in (9). Then, for 1 < ¢ < 2L — 1,

The proof of this lemma is postponed to Appendix A. While the estimates proposed by [18] are better in
practice, estimates (%;) will be of interest in order to establish the Central Limit Theorem, and to obtain
a closed-form expression of the asymptotic variance.

An interesting remark is that the map that links the eigenvalues and their multiplicities to their first
2L — 1 moments is invertible. Retrieving the eigenvalues from the estimates of the 2. — 1 moments is
thus possible. This is the basic idea on which our method is founded.

The main result is stated as below:

Theorem 4: Let Assumptions 1, 2, 3 hold true and let (5%,1 < k < 2L — 1) be as in Lemma 1.

Consider the following system of equations:

25:1 ri =1,

Zf:l zyk =4 for1<k<2L-1,

(an

where (x;)1<i<r, and (y;)1<i<r, are 2L unknown parameters. Then for IV, M large enough, the system of
equations (11) has one and only one real solution (¢y,- -+ ,¢r, p1,- -+, pr) With p1 < --- < pr. Moreover,

(é1,-++ ,¢éL,p1,- -+ ,pr) is a consistent estimator of (cy,--- ,cr,p1,--+,pL), i.€

~ a.s.
¢ —cg ———— 0 and — —> 0,
¢ ¢ N,M—oc0 pé pe N,M—oc0

with cz—thz for1 </¢<L.
Remark 7: The condition of separability is not required in the previous theorem. Moreover, the mul-

tiplicities are assumed to be unknown and thus have to be estimated. Fig. 2 represents a case where the
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11

three clusters are merged into one cluster. In such a situation, the estimator in [7] is biased whereas the
proposed one is asymptotically consistent.

Remark 8: We use the estimator proposed in Lemma 1. However, the proof below does not depend
on the estimator of the moments we choose. In fact, for any consistent estimator of the moments ~;, the

above theorem always holds true.

A. Proof of Theorem 4

The proof can be split into two main steps. By using the inverse function theorem, we can prove the
almost sure existence of a real solution. Then, the uniqueness is ensured by a matrix inversion argument.

1) Existence of a real solution of the system: The first task is to show that the system of equations (11)
admits, for N sufficiently large, one real solution (¢, -+ ,¢ér,p1 -+, pr) satisfying p1 < p2 < -+ < pr.
We shall also establish the consistency of the obtained solution. The proof of the existence of a real
solution follows in the same way as in [9]. It is merely based on the use of the inverse function theorem
which ensures the existence as soon as the Jacobian matrix of the considered transformation is invertible.
We recall below the inverse function theorem [23]:

Theorem 5: [23] Let f : R™ — R"™ be a continuously differentiable function. Let a and b be vectors
of R™ such that f(a) = b. If the Jacobian matrix of f at a is invertible, then there exists a neighborhood
U containing a such that f : U — f(U) is a diffeomorphism, i.e, for every y € f(U) there exists a
unique x such that f(x) =y. In particular, f is invertible in U.

Consider the functional f defined as:

f(xlf"ax[nyl’”'vy[/): (ng, Zx£y€7 ceey eryl?L_1>'
t=1 =1 =1

Consider z = (x1,--+ , 21,41, - ,yr) and denote by ¢ = (¢1,--- ,cp, p1,- -, pr); we then have:
1 1 0 0
0 pr o PL c1 cr
s O _ . (1)
0z |, . : :
it e @L=Dapit ™ o (2L = Dewpy 7

As proven in [9, Proposition 1], matrix M is invertible. The inverse function theorem then applies. Denote
by 1; = Zﬁzl cpl, for 0 < i < 2L — 1. There exists a neighborhood U of (c1,- -+ ,cp, p1,-++ ,pr) and
a neighborhood V' of (g, - ,12r—1) such that f is a diffeomorphism from U onto V. On the other
hand, we have:

Yi — i == 0.

May 11, 2012 DRAFT



12

,Y2r,—1) € V for N and M large enough. Hence, a

As v; — by — 0, therefore, almost surely, (9o, - - -

real solution
(617"' aéLaﬁb"' 7ﬁL) = f_l(ﬁ/()a"' a’??L—l) eU

exists. And by the continuity, one can get easily that:

g—CgN—>0 and pg—pg—)O for 1</¢<L.

M—o0

2) Uniqueness of the solution of the system: Consider the polynomial () with degree L defined as

L
QX) =[x -5 Zsexf
/=0

sL,l]T. It is clear that g : (py1,---,pr,) — s is a homeomorphism.

where s;, = 1. Denote by s = [sg, -,

It remains thus to show that vector s is uniquely determined by (Jg,- - ,J2r-1)-

It is clear that each pj, is also the zero of the polynomial functions Ry(X) given by:

L
— Z SZ'XH_Z ’
i=0
where 0 < ¢ < L — 1. In other words, for 1 < k < L, we get:

N
Z S%pkﬂ =

or equivalently:

Z siérpy ' = 0. (13)

Summing (13) over k£, we obtain:

L
> Fipesi =0,
i=0
for 0 < /¢ < L — 1. Since sy, = 1, (14) becomes:
L—1
Ao+ 5%t =0, (15)
i=0
for0 </<L-—1.
Writing (15) in a matrix form, we get: I's = —b, where
Yo N L1 X
R R R YL
71 Y2 YL
I'= _ and b=
X X X Y2r-1
|YL—-1 YLt Y202

(14)

May 11, 2012
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On the other hand, we have T' = ADAT, where D = diag(é1,é2,--- ,¢ér) and

Then,

1 1 1
p1 p2 - PL

A= " . . (17)
R A T

L
det(T)=[Je& [ (5i—5p)?*>0.
k=1

1<i<j<L

Therefore, the vector s is then uniquely determined by I'" and b and is given by:

s=-T"'b.

Hence the unicity. Proof of Theorem 4 is completed.

B. Summary of the main steps of the estimation procedure

The proof of the unicity shows that the solutions of the system of equations (11) can be directly obtained

from the estimates of the first 2L — 1 moments. More precisely, the estimation of the eigenvalues and

their corresponding multiplicities can be performed through the following steps:

1)

2)
3)
4)

5)
6)

Set 49 to 1. Estimate the first 2L—1 moments using (10). Coefficients ug(l,i)
are computed using Eqg. (46) in [18].

Construct the matrix I' and b using (16).

Compute the vector s as s=—I'"!b.

Determine (by using for instance function roots of MATLAB) the roots pi, - ,p0L

of the polynomial whose coefficients are given by vector s.

Construct matrix A as specified by (17), and vector d= [Jo, - ,9r-1] -
The coefficient estimates &= [é,---,¢]" are thus given by:
e=A"d.

Remark 9: Note that while the existence of a real solution is only proven for M and N large enough,

the previous algorithm always yield a solution, even for very small dimensions. However, in such

scenarios, the validity of the obtained solution is not ensured. In fact, if N and M are not large enough,

the moment estimates are not accurate, and the solution of the algorithm may yield complex or negative

eigenvalues. This event completely disappears when N and M or only M take higher values. In practice,

getting such inadequate solutions should warn that more samples are required.

May 11,
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IV. FLUCTUATIONS OF THE ESTIMATOR

In this section, we shall study the fluctuations of the multiplicities and eigenvalues estimators (¢4, -« - , ér, p1, - - -

introduced in Theorem 4. In particular, we establish a Central Limit Theorem for the whole vector in
the case where the entries of matrix X are Gaussian.
Theorem 6: Let Assumptions 1, 2, 3b hold true. Let (¢1,- - ,¢r, p1,- - - , pr,) be the estimators obtained

in Theorem 4. Then

Ny Ny .

Mlep — 2L 0 6 — 2L
C1 Na N)Pl

. D
-, e — —P17"',pL—PL]—>N2L(0,@)
N,M—oco

)

where © is a 2L x 2L matrix admitting the decomposition & = M-'WM~1" and matrix M is the

Jacobian matrix of f evaluated for z = ¢ and is defined in (12) and

_ 100
welsg]

where V is a (2L — 1) x (2L — 1) matrix whose entries are given by (for 1 < k, ¢ < 2L — 1):

k+é m /(22) 1 1
Vie =~ ﬁ?ﬁ(m( m(zQ>>2‘<zl—z2>2>ka(znmf(zz)d“d”

where C; and Cy are two closed contours non-overlapping which contain the support & of F' and are

counterclockwise oriented.
Proof: The proof relies on the same techniques as developed in [15]. We outline hereafter the main
steps and then provide the details.

By Theorem 4, the estimate vector (¢, -+, ér, p1,- -+, pr) verifies the following system of equations:
L A
2im G =1,
L 4 _ 2
Zizl CiPi = 71,
SE el =4 for 2 <k <2L -1,
where the #4;’s are the moment estimates provided by Lemma 1.

Using the integral representation of ZZ'L:1 c;p; and 25:1 c,-pi-C (cf. Section A in the Appendix and

Formula (22)), we get:
i M (&= §) =0,
L M N NL _ ]\42 m/EN (Z) ms\r(z) d
Zi:l (Cipi - sz) — 7 2Nir f@ < mg (%) T my(2) %

Sy M (&pf — Reok) = 2?415 1)N7T $e <mR T ) dz, 2<k <2L-1.

DRAFT May 11, 2012



15

Denote by C(C,C) the set of continuous functions from € to C endowed with the supremum norm

|u]|oc = supe |u|. In the same way as in [15], consider the process: (X, X}, un,u)y) : € — C, where
Xn(2) = M (mg (=) —my(2)).
Xiy(2) = M (mfy (2) = mix(2))

un(z) = mRN(z), u

Z\
—
N
~—
I
w ~
z
—
N
~—

Then, M >_1, (ép; — Nipi) can be written as:

MZ ( . ]va> _ _2ijj\{f7r f (mN<z>X;v<z> - umz)XN(z)) "

mpy (2)un(2)

£ TN(XNvXEVa UN,U/N),

where

On the other hand, using the decomposition a* — b¥ = (a —b) Z?;& a’b*=17¢, we can prove that:

L
M (epk = Nigh) =
Z (C P N:Oz> 21N7T fg Z—f—l k—1— Z( )dz

i=1 =0 2)my

_2iN(k—1)ﬂ-7£€z;XN()N() my(2) d

£ Dy (XN, un),

for 2 < k < 2L — 1, where

k+1 k—2
Pz, u) = 2]1\4]\;(/{1))7r i Z z(2)u(z) " my (2) TR
=0

The main idea of the proof of the theorem lies in the following steps:

1) Prove the convergence of the processes (X, X}y, un,u)y) and (Xy,un) over the contour C by
using Bai and Silverstein’s theorem [22].

2) Prove the convergence of [Y n(Xn, X, un, ty), Pno(Xn,un), -, PN (XN, uN)]T to a Gaus-
sian random vector with the help of the continuous mapping theorem (cf. Theorem 7).

3) Compute the limiting covariance between M Zle (eipl — Ni p¥) and M Zf: (él,ﬁf ]]VV ,of).

4) Conclude by expressing M [é; — 3.+ e — B2 by —py,- o pp — pL]T as a linear function of

M 5o =0, »A20-1 — Yor—1]" -
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A. Convergence of the processes (Xn, X\, un,uy) and (Xn,un)
The cornerstone of the first step is the convergence of the process
Xy C—C

z— Xn(2)
to a Gaussian process X (z) which is ensured in [24, Lemma 9.11].
For the process (Xn, X, un,u)y), it has been proved in [15, Lemma 1] that it indeed converges to
the process (X,Y,m,m’) where (X,Y’) is a Gaussian process with mean function zero and covariance
function given by:

i (2)m (2) A

(m(z) - m(z)° (- 27

cov (X (2),X(2)) =

cov (Y(2),X(2)) = ;ﬁ(2’75>7

cov (X (2),Y(2)) = aazfi(z,i),
62
cov (Y (2),Y(2)) = 82(%%(2, zZ).

For the process (Xn,upn), since uy T m, (Xn,un) converges in distribution to (X, m).
,M—~+00

The convergence of the process (X, uy) is achieved.

B. Fluctuations of the moments

The next step is to prove the convergence of the vector [Y n(Xn, X, un, uy), Pn2(Xn,un), -, PN (XN, uN)]T.
The convergence of T (Xn, X j\,, uUN, u’N) to a Gaussian random variable has been established in [15]

where it has been proved that:

TN(XN7X]/V7UN7U'/N) L T(Xv}/amam/)
M,N—oco

o) 1L%ZCM@M@—w@M@»d&
c

2imc m(z)v(z)

where

The next task is to prove the convergence in distribution of ®x ;(Xx,uxn) over the contour €, for
2 <k < L. Let p(z,u) be defined as:
(—DF

2icr

Oy (x,u) = jéex(z)u(z)kdz.

We want to show that (X, un) converges in distribution to a Gaussian vector. The continuous

mapping theorem is useful to transform one convergence to another.
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Theorem 7 (cf. [25, Th. 4.27]): For any metric spaces S; and Sa, let &, (£,)n>1 be random elements
in S7 with &, L ¢ and consider some measurable mappings f, (f,)n>1: S1 — S2 and a measurable
n—oo -
set ' C 57 with £ € I a.s. such that f,,(s,) — f(s) as s, — s € I'. Then f,(&,) 2, f6).
n—oo

Consider the set:

= {(x,u) € C? (@,(C),iréf]u\ > 0}.

Then, since infe [m| > 0 (see [24, Section 9.12]), the dominated convergence theorem implies that the
convergence of (zn,yn) — (z,y) € I' leads to ®n x(xn,yn) — Pr(x,y). The continuous mapping
theorem applies, thus giving:

PN k(XN un) — 2 (X, ).
M,N—oco

It now remains to prove that the limit law ® (X, ) is Gaussian. For that, it suffices to notice that the
integral can be written as the limit of a finite Riemann sum and that a finite Riemann sum of the elements
of a Gaussian random vector is still Gaussian.

The convergence of Y n(Xn, X ]'V, UpN, u’N) and ® N,k(X ~N,un) to Gaussian random variables is not
sufficient to establish a CLT for the whole vector. It remains to prove that any linear combination of
(Tn(Xn, X, un, uy), Pro(Xn,un), -+, Pno(Xn, uN)]T converges toward a Gaussian distribution,
which can easily be established in the same way as before. It implies that this vector converges to a

Gaussian vector. This ends the proof of the fluctuations of the moments.

C. Computation of the variance

We now come to the third step. We shall therefore evaluate the quantities:

Vl,l =E [T(Xa Y7m7 m/)T(Xa}fam?m/)] )
Vl,k - Vk,l =K [T(X7 vavm/)(@k(X7m)] P 2 S k S L)

Vie=E[®(X,m)Py(X,m)], 2<k(<2L-1.
The details of the calculations are in Appendix B and yield: For 1 < k, ¢/ < 2L —1

k’+f /(22) 1 1
V]ﬁg — 471’262 %@1 %@2 |: zl (z2))2 — (Zl — Z2)2 mk(zl)me(ZQ)d21d22 . (18)

Let wyy = M [50 —70,  ,Y20-1 — VQL,l] . We have just proved that the vector wj); converges

asymptotically to:

U S YO W),
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where
_ |00
v lov)
and V is the (2L — 1) x (2L — 1) matrix whose entries V},; are given by (18).

Remark 10: The zeros in the variance simply follow from the fact that 49 — v9 = 0.

D. Fluctuations of the eigenvalues estimates

. R . . T
To transfer this convergence to qus 2 M [cl — %, N %,pl —pP1, 0, PL — pL} , we shall
use Slutsky’s lemma which is as below:

Lemma 2 (cf. [26]): Let X,,, Y, be sequences of vector or matrix random elements. If X,, converges

in distribution to a random element X, and Y, converges in probability to a constant C, then

Y !X, 2 Cc X
provided that C is invertible.
We will show that wj, satisfies the following linear system:
war = My (19)
where we will try to find a matrix M, who converges in probability to M which is given by (12).
To this end, let us work out the expression of wy, s, the k-th element of w ;.
If £ =1, it is easy to see that wy s = 0.

For k > 2, wy, s is given by:

L
wnar =23 (et = Rt

=1
L N N N
A Ak—1 i ak—1 ~k—1 1 k—1
= le (Czpl sz N N Fi )
1=
L k—2
. N;\ . N; . ‘
=M (le— ) +=0i—p)d_ ol
N N
i=1 =0
Then define
1 1 0 0
NIy — P1 PL e S
A2L— 2L — : L—2 4 —2— L—2 A
P L ALl Ny Lo s 2L-d-f | Np 2Ll s aL-2—
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We can easily check that Eq. (19) is satisfied and My converges in probability to M. It remains to
check that M is invertible. Note that the non-singularity of matrix M has already been established in
Section III, where this property was required to prove the existence of an estimator. As a consequence,

using Slutsky’s lemma, we deduce that:

~ D
Muyay ——— Nop(0, W)
M,N—+oco

and

D —1 —I\T
QMmNzL(OaM WM ))

This ends the proof for the fluctuation.

V. SIMULATIONS

In this section, we compare the performance of the proposed estimator with Mestre’s estimator [7] in
Section V-A; we then compare the proposed estimator with the estimator proposed by Bai et al. [9] in
Section V-B. We finally verify by simulations the accuracy of the Gaussian approximation stated by the

CLT in Section V-C.

A. Comparison with Mestre’s estimator - with and without separability

As will be seen below, the separability assumption is compulsory for Mestre’s method to be effective.
If this assumption holds true, a simple clustering procedure enables to estimate the unknown multiplicities
and Mestre’s method outperforms our moment estimator (see Fig. 3).

If, however, the separability assumption is not met, then it is not clear how to directly estimate
(even roughly) the multiplicities; and even if those were known, Mestre’s estimation method has no
methodological foundations (as the estimator is not even consistent in this case!) and the computation of
Mestre’s estimator yields a systematic error (see Fig. 4 for instance).

A final remark is in order with respect to the separability assumption: Although it is easy in simulations
to generate data fulfilling or violating the separability assumption, it is not an easy task, while facing real
data, to decide whether the separability assumption holds true or not. Building such a test remains an
open problem, advocating for our procedure by default - unless any extra argument emerges to support
a separability assumption. Otherwise stated, the non-separability assumption is much more realistic in

practical cases.
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In the first experiment, we consider the case where the separability condition holds true. We assume also
that the covariance matrix has three different eigenvalues (p1, p2, p3) = (1,3,7), which are distributed
as : % = 0.5, % = % = i. The ratio <7 18 set to % = 23—0. The separability condition being met,
the clusters are well separated so that the multiplicities can be estimated in a heuristic way based on the
difference of the ordered eigenvalues. More precisely, an empirical method for estimating the multiplicities

consists in the following steps:

o Arrange the eigenvalues of the covariance matrix in increasing order: A\; < --- , < Ay

o Take L indexes i1, --- ,1y satisfying:
1] = arg max (5\141 - 5\1) ,
(2

19 = arg max ()\ +1 — 5\1) )
170

1], = arg max (5\141 - 5\Z>

i¢{ir, - ir—1}
o Arrange these indexes in the increasing order: i[;; < --- < i[7). Empirical estimates of the multi-
plicities are thus given by:
N1 = Z[l]

NL = N_Z.[L—I}'

This empirical method has proved to be efficient in the asymptotic regime*.
Fig. 3 compares the performance of the Mestre’s estimator using the aforementioned method for

estimating the multiplicities with that of the proposed estimator, in terms of MSE:

1 1000 3
MSE_O;E

In this case, Mestre’s estimator outperforms the proposed estimator. This can be attributed to numerical

difficulties which will be discussed in the next section.

4 Applying exact separation results from Bai and Silverstein [27], [28], it can be proved that the estimates of the normalized

multiplicities (N /N) are asymptotically consistent.
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-5 —»— Mestre Estimator |
—o— Proposed Estimator

—10

—15 | N
—20 | N
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—30 | N
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—40 | N

| | | | | \
200 300 400 ]éOO 600 700 800

Fig. 3. Experienced MSE with N when 2> = % and (p1, p2,p3) = (1,3,7)

In the second experiment, we consider the case where the separability condition does not hold. In par-
ticular, we assume that the covariance matrix Ry has three different eigenvalues (p1, p2, p3) = (1,2, 3),
each with the same multiplicity, i.e. % = % = % = % We also set the ratio between the dimension of
variables and the number of samples % to 3/8, a ratio which is too high for the separability condition to
hold true. We assume for our estimator that the multiplicities are not known, a hypothesis that obviously
cannot be used for Mestre’s estimator. We thus favour Mestre’s estimator by assuming that it knows
perfectly the multiplicities. Fig. 4 compares the obtained results in terms of MSE: for different values
of M and N satisfying a constant ratio ¢ = N/M = 3/8 and 1000 realizations. We note that as M and

N increase, the estimator in [7] exhibits an error floor, underlying the fact that without the separability

assumption, Mestre’s estimators are no longer consistent.

B. Comparison with Bai, Chen and Yao’s method

The estimator proposed in [9] and our proposed estimator are similar at first sight. The main dif-
ference lies in the intermediate quantities which are estimated before estimating the eigenvalues and
their multiplicities. While the technique of [9] is based on the numerical computation of the empirical
moments %Tr (YNYE )%, our technique rather relies on building consistent estimators of the theoretical
moments %Tr R’f\,. This diffence induces important numerical consequences in the computation of the
estimates: In [9], the functional relation between the quantities to be estimated and the empirical moments
%Tr (Y NY]I\}T )k yields a system of equations whose resolution relies on iterative methods (based for

instance on the functions fsolve or fminsearch in MATLAB) which are extremely slow.
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—12

—»— Mestre Estimator

—o— Proposed Estimator

—14

MSE in dB

—18

—20

|
400

500 600N

700 800 900

Fig. 4. Experienced MSE with N when 2% = 3 and (p1, p2, p3) = (1,2,3)

On the other hand, the method proposed in this article is based on a bijective system of equations

that links the theoretical moments to the eigenvalues and their multiplicities, whose resolution relies on

simple computations: A matrix inversion and solving a polynomial (see for instance end of Section III).

Simulation results indicate that our algorithm allows a great gain of complexity compared to [9], while

keeping the same level of performance. Execution times for one realization are provided in the following

table I for the same simulation setting as the second experiment. Note that unlike our method which

exhibits low complexity, the complexity of the method of [9] tends to increase exponentially as the

dimensions /N and M increase.

EXECUTION TIME TO OBTAIN AN ESTIMATOR FOR ONE REALIZATION (IN SECONDS)

C. Accuracy of the Gaussian approximation

N, M Proposed method | Bai, Chen and Yao’s method
N = 300, M = 800 0.5s 10.68s
N = 360, M = 960 0.55s 25.57s
N =420, M = 1120 0.67s 42.62s
TABLE I

Finally, we verify by simulations the accuracy of the Gaussian approximation. We consider the case

where there are two different eigenvalues p; = 1 and py = 3 that are uniformly distributed. Unlike the

DRAFT
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2 3 4 5 6
Estimates

Fig. 5. Comparison of empirical against theoretical variances for c; = c2 = 0.5 and p1 =1 and p2 =3

first experiment, we assume that the multiplicities are not knwon. We represent in Fig 5 the histogram
for p; and po when N = 60 and M = 120. We also represent in red line, the corresponding Gaussian

distribution. We note that as it was predicted by our derived results, the histogram is similar to that of a

Gaussian random variable.

VI. CONCLUSION

The present work is a theoretical contribution to the important problem of estimating the covariance
matrices of large dimensional data. Two important assumptions (separability condition, exact knowledge
of the multiplicity) have been in particular relaxed with respect to previous works. From a numerical
point of view, it should be noticed however, that the situation is more contrasted: If the eigenvalues
of Ry are far away from each other, then only the largest eigenvalue is well-estimated because in the
expression of the moments, the term corresponding to the largest eigenvalue prevails. On the other hand,
if the eigenvalues are too close to each other, matrix I is ill-conditioned, thus enlarging the induced
error. These phenomenas are inherent to the moment method, and preliminary studies show that using

trigonometric moments might help mitigating these numerical problems.
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APPENDIX A

PROOF OF LEMMA 1

By Cauchy’s formula, write:

L N, .
kz::Nk_QmN%Zw Pr

where I' is a counterclockwise oriented contour that surrounds all the eigenvalues {p1,--- ,pr}. Per-
forming the changing variable w = —ﬁ@ in the same manner as in [7], we get:
EL: Ny (—1)¢+! L Nym/y (z)dz
N PET +1 ’
=1 N’ QWN e my " (2) (prmy (2) +1)

where the contour C is counterclockwise oriented which contains the whole support 8.

From (3), we can establish that:

L
1 N,
mNE) =y ; 1+ ppmp(2)’

thus yielding:

L
Ni o (1) 7{ 2y (2)
— P = —— mp(z)dz. (20)
SEA E
Plugging the relation:
M M(1 - &)
my(z) = WmN(z) TN M

into (20), we obtain:

(—1)5 Mzm/y(2)dz N (—1)4?{ M(1- %)m/]v(z)dz. 1)
cC

st 2 e Nmf\,(z) 24T ng\';_l(z>

Since meﬁ’l(z) is the derivative of —
my (2)

1
my (2)°

()
im;@l( = =0

The second term on the right hand side of (21) is then equal to zero. It remains thus to deal with

$o Z;js’((z)) If ¢ > 2, by integration by parts, we obtain:
! 1 d
o, 1
e () T =1 ety

Nj, M(—1)* dz
~ W T 2irN((— 1) }é mb ' (z) @2)

We thus obtain:

Mh

b
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This proves that the theoretical moments admit the following integral representation:

M /
ZmN<2)d

71:_2Ni7r e my(2) i
1\
) f 9= gci<or-1
21N(€—1) CmN (z)

Finally, we show that consistent estimates of -y; can be obtained by substituting the unknown term m 5 (z)

by its asymptotic equivalent mg (z). Let 4o, -+ ,J22—1 the real quantities given by:
EASN
"AYO = 17
. . my (2) d
! - 2N17r f@ mg (%) %
N 1 2L—1
2L-1 = 2N 2L Dir fe m?b 1 &

Then, by the dominated convergence theorem and the fact that with probability one [24, Section 9.12],
for all N, M large enough,

inf [my(2)] >0

z€C
and

inf |mR (2)| >0,

zeC
one obtains: for all k > 2,
dz dz a.s.
=1,y 1 —0
emy (2) € Ma (2)
AT,
and
z)dz - iy (2)dz| as, N
e my(z)
Consequently:

APPENDIX B

CALCULATION OF THE VARIANCE

In this section, we will show the calculations of the variance matrix V. The computation of V1 ; has

been carried out in [15] where it was shown that:

_ miz) 1 L
Vi = 47r 4722 fel f@ [ m(z1) m(,zg))2 (21 — 22)? m(Z1)m(22)d 1z,
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with C; and Cy defined in the theorem. Using the fact that inf,ce [m(z)| > 0 together with Fubini’s

theorem, the quantity Vk,é for kK > 2,¢ > 2, becomes:

k—i—ﬁ
_ —k —t
Vie= 47r2c2 fél jé% X (z2)]m " (z1)m™ *(22)dz1dzs.

Substituting E [X (2 )X (22)] by (21, 22), we obtain:

Vie=— 47T I;e f@l jiz [ m(z1) ,((Z)))z - (21 _122) ] (zl)lm IE )dzwlm.
m),

Finally, it remains to compute V1. Expanding Y'(X,Y, m,m’) and ®;(X

we obtain:
k+ 1

Vi = -0 f fé[ B X)X (e )]dz1d22—m(z2—

)
k+1
= — 2 5 <f f Z262H ZI’ZZ d21d22 f f Zl’Z2)d21dZQ) .
47T c e, Je, m(z2)m (o F(z1)

By integration by parts, we obtain:

E [X(Zl)X(ZQ)]] dz1d22

2282*%(2}6,22)& _ H(Zl,?) dz2+7§ m/(22)5(213722)d
Cy m(ZQ)m (Zl) Gy m(ZQ)m (21) Co m(ZQ) m (Zl)
Hence,
k—H 21,22 dzleQ
Vi1 =— 2 2 T (N k()
47T c  Je, m(z2)mF(z1)

This extends the expression of Vi for any k,¢ € {1,---, L — 1}, thus yielding:

_ k—i—f /(22) 1 1
Vo= f[éf[é{ (=) <zQ>>2‘<z1—zQ>2]mk(a)mﬂ(zz>d“d22' @9
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