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In array processing, a common problem is to estimate the angles of arrival of K determin-
istic sources impinging on an array of M antennas, from N observations of the source
signal, corrupted by Gaussian noise. In the so-called subspace methods, the problem
reduces to estimate a quadratic form (called “localization function”) of a certain pro-
jection matrix related to the source signal empirical covariance matrix. The estimates
of the angles of arrival are then obtained by taking the K deepest local minima of
the estimated localization function. Recently, a new subspace estimation method has
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been proposed, in the context where the number of available samples N is of the same
order of magnitude than the number of sensors M. In this context, the traditional sub-
space methods tend to fail because they are based on the empirical covariance matrix
of the observations which is a poor estimate of the source signal covariance matrix.
The new subspace method is based on a consistent estimator of the localization func-
tion in the regime where M and N tend to +oo at the same rate. However, the con-
sistency of the angles estimator was not addressed, and the purpose of this paper is
to prove this consistency in the previous asymptotic regime. For this, we prove the
property that the singular values of M x N Gaussian information plus noise matrix
escape from certain intervals is an event of probability decreasing at rate O(N~P) for
all p. A regularization trick is also introduced, which allows to confine these singular
values into certain intervals and to use standard tools as Poincaré inequality to char-
acterize any moments of the estimator. These results are believed to be of independent
interest.

Keywords: Information plus noise model; localization of the eigenvalues; subspace
estimation; MUSIC.

Mathematics Subject Classification 2010: 15B52, 62F10

1. Introduction
1.1. Motivation

This paper is motivated by the problem of source localization using a large sensor
network. In this context, the observation is a complex valued M-variate time series
(¥, )nez (M represents the number of sensors of the array) given by

K
Yn = Z Sk,na(ek) + vy = A(e)sn + Vo,
k=1

where

e The K < M scalar (in general complex-valued) time series (syn)nez for k =
1,..., K are non-observable, and represent the signals transmitted by K trans-
mitters. The vector s,, is given by s, = (S1,n, - -, sKm)T.

e For each k, 6 is a scalar real parameter characterizing the direction of arrival of
transmitter k. § — a(f) is a known CM-valued function depending on the sensor
network geometry, and matrix A (@) is defined as A(6) = (a(6y),...,a(0k)).

e (Vy)nez finally represents an additive complex Gaussian noise, i.e. v, =
(V1.ns -+, Uan) T where the M time series ((Vk,n)nez)k=1,....m are mutually inde-
pendent identically distributed (iid) sequences such that Re(vg,,) and Im(vg,,,)
are independent real Gaussian random variables with zero mean and variance
o2 /2.

The classical source localization problem consists in estimating vector 8 =
(01,...,0K)T from N samples collected in the M x N matrix Yy = (y1,...,¥N)-
This problem was extensively studied in the past (see e.g. [21] and the references
therein). The so-called subspace estimator of & = (01,...,0x)7 is based on the
observation that if matrices A(€) and Sy = (s1,...,sy) have both full rank K,
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then the angles (0)r=1,... x are solutions® of the equation a(¢)*IIya(f) = 0,
where Ily represents the orthogonal projection matrix on the kernel of matrix
A(0)SnS3A(0)*. The subspace method is therefore irrelevant if K > M, which
explains why it is assumed that K < M. The existing subspace methods consist in
estimating for each 6 the quadratic form ny(0) = a(9)*IIya(d) of IIy by a certain
term 7y (0), and then to estimate the K angles as the argument of the K most
significant local minima of function 6 — 7 (#). This approach has been extensively
developed when N — +o00 and M fixed. In this context, ny(#) can be estimated
consistently for each 6 by 7y (0) = a(0)*IIya(f) with Iy the orthogonal projection
matrix on the eigenspace associated to the M — K smallest eigenvalues of the empir-
ical covariance matrix + YnY4. It clearly holds that SUPge|_r 7 1N (0) — 1N (0)]
converges towards 0 almost surely, and this allows to prove that the corresponding
estimators (ék)kzl x of the direction of arrivals are consistent.

If however M and N are of the same order of magnitude, a quite common
situation if the number of sensors M is large, then the above estimators show poor
performances because II ~ is no longer an accurate estimator of ITy. In order to
study this context, Mestre and Lagunas [18] were the first to propose consistent
estimators of 7y (#) when M, N — o0 in such a way that cy = 4& — ¢, with ¢ > 0.
In Mestre and Lagunas [18], it is assumed that the source signals (sj n)k=1,... x are
mutually independent complex Gaussian iid time series with unit variance elements.
Under this assumption, y,, can be written as

Yn - R:,l//2xna

where R, = A(8)A(0)* + 0?1, represents the covariance matrix of the time series
(¥n)nez and x,, is a complex standard Gaussian vector. Matrix IIy coincides with
the orthogonal projection matrix over the eigenspace of R, associated to the eigen-
value o2, and Mestre and Lagunas addressed the problem of estimating consistently
any quadratic form of Iy from the empirical covariance matrix %YNY*N where
Yy = R;/2XN and Xy = (x1,...,Xy). Mestre and Lagunas [18] used prop-
erties (see Silverstein and Choi [20], Bai and Silverstein [1, 2]) of the empirical
covariance matrix, and were able to exhibit an M x M matrix I:Iiid’ ~ such that
a}“\,f[iid, nvany —ayIIyay — 0 for each deterministic bounded sequence of vectors
(ay) when M, N — +oo in such a way that cy = 4 — ¢, with ¢ > 0. In some
sense, matrix l:[iid, ~ can be viewed as a consistent estimate of ITy but in a weak
sense because in general, it does not hold that ||1:Iiid7 N — Iy — 0, where we have
denoted by | - || the usual spectral norm. Mestre and Lagunas concluded that for
each 0, a(f)*II;q va(f) is a consistent estimate of 7y (#). However, the consistency
of the angular estimates was not established. Note that these results do not require
any hypothesis on K which may scale with N or not.

The estimator proposed in [18] is in principle valid only when the source signals
(Sk.n)k=1,... ) are mutually independent complex Gaussian time series, each time

a2The K angles are the unique solutions under certain assumptions on function 6§ — a(0).
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series being independent and identically distributed. This is clearly a strong hypoth-
esis which is not verified in a number of applicative contexts. In particular, the source
signals may be non-Gaussian and/or correlated in the time domain. In Vallet et al.
[23], a more general case was considered where the time series (sgn)r=1,... K are
deterministic signals for which the spectral norm of matrix \/LNA(G)S ~ is bounded
with respect to the dimensions M, N, K. As a realization of any discrete time ran-
dom process can be interpreted as a deterministic signal, the results of [23] can be
used whatever the properties of the (s n)k=1,... k. In particular, it is proved in [23]
that if the source signals are realizations of independent Gaussian iid sequences,
then the estimators of [18, 23] have the same behavior. In the deterministic source
signals case considered in the present paper, random matrix Y y is non-zero mean,
and corresponds to the so-called “Information plus Noise model” investigated in var-
ious works of Girko (see e.g. [11]) and Dozier and Silverstein (see [9, 8]). Using new
results on the almost sure localization of the eigenvalues of the empirical covariance
matrix 4 Yn Y}, [23] generalized the estimator of Mestre and Lagunas [18], and
derived a “weakly consistent estimator” HN of Ily, i.e. aNHNaN ayIlIyay — 0
for each deterministic bounded sequences of vectors (ay). Therefore, it holds that
for each 0, fjx(0) = a(f)*TIya(f) is a consistent estimate of ny(0) if a(f) is uni-
formly bounded in N.

In order to emphasize on the practical interest of doubly infinite consistent
estimators of [18, 23], we refer to the various numerical experiments of [18, 23].
The possible values of (M, N) (20,15), (20,40), (20,75), (20,150), and for each
case, the gain produced by the doubly consistent estimator over the traditional
subspace method appeared to be quite substantial, even for the case (20, 150) for
which ¢y is far from 1. This tends to indicate that the use of the new estimators
can be recommended in practice in the context of large sensor networks whatever
the values of M and N.

The goal of the present paper is to pursue the work [23], and to establish that
the angle estimates defined as the K most significant local minima of function
6 — a()*TIya(f) are consistent. As it will be shown below, the consistency of the
angle estimates is based on the property

sup |7in (0) — v (0)] —=— 0, (1.1)
oc[—m,m) N—oo

that we shall refer to as the uniform consistency of the estimate 7y () of ny(0).
This paper is organized as follows. In Sec. 2, we provide some background mate-
rial on the asymptotic eigenvalue distribution of the large information plus noise
model, on the almost sure localization of the eigenvalues of the empirical covariance
matrix, and on the consistent estimator of ajIIyay proposed in [23]. The new
results of this paper are essentially presented in Sec. 3 devoted to the proof of the
uniform consistency (1.1). As in [23], the proofs are based on Gaussian techniques
introduced by Haagerup and Thorbjornsen in [12]. However, (1.1) is much more
demanding than the consistency of 7 (0) proved in [23], and needs the introduction
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of new tools. Using a classical discretization scheme of the parameter space, we show
that it is sufficient to prove that for each 6 and each « > 0, P(|7n (0) — nn (0)| > «)
converges towards 0 fast enough. For this, a tempting choice is to use the Markov
inequality, and to evaluate the behavior of the moments of 77y (6) — nn (0). However,
these moments do not necessarily exist for some technical reasons. We therefore
introduce a well-chosen regularization term xy, for which P(xny # 1) decreases
at rate % for each integer I, and such that the moments of 7y (6)yn exist. We
establish that for each | € N, E|fjn(0)xn — na(0)[*" decreases at rate —. This,
in turn, allows to establish that (1.1) holds. The properties of the regularized fac-
tor xn heavily rely on results concerning the probability that the eigenvalues of
Y~¥N and of a related matrix escape from the intervals in which they are located
almost surely for NV large enough. These results are new, and are believed to be of
independent interest. We also mention that the uniform consistency is proved when
function a() is defined by

a(f) = ——(1,€", ..., e M-DNT 1.2
(0) = = ) (1.2
for all § € [—m,7]. (1.1) of course holds for more general functions. In particular, if
a(f) is any function satisfying the conditions ||a(f)| =1 for all § and
la(61) —a(fa)]| < ON"[01 — 65[*, (1.3)

for s > 0 and r > 0, then, the last step of the proof of (1.1) (see Sec. 3.3) can be
easily adapted to model (1.3) (the function a(f) defined by (1.2) verifies (1.3) for
r = s = 1). Note that in (1.3), we have mentioned that function a(f) depends on
the dimensions of the system. As model (1.2) is very popular, we prefer to present
our results in this context for the sake of simplicity.

In Sec. 4, we finally deduce from (1.1) the consistency of the K most significant
local minima of function 6 — 7x(6) by following the approach in [15].

1.2. General notations and useful results

We now introduce various notations and results used throughout the paper.

o If £ C R, Int(E) and OF represent the interior and the boundary of E
respectively.

e If 2 € C, the complex conjugate of z is denoted Z or z*. For a complex matrix A,
we denote its transpose by A7 and its Hermitian adjoint by A*.

e We denote by C* (R, R) (respectively C2° (R, R)) the set of all smooth real-valued
functions (respectively, compactly supported smooth real values functions).

e The quantity C' will represent a generic positive constant whose main feature is
to be deterministic and independent of M and N. The value of C' may change
from one line to another.

e Similarly, P; and Py will denote generic polynomials, independent of M and N,
with positive coefficients. The polynomials may change from one line to another.
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e Complex Gaussian distribution: A complex-valued random variable Z = X + 1Y
follows the distribution C./\/ (a+if, o ) if X and Y are independent real Gaussian
random variables A (v, ) and N'(3, % °), respectively. The variance of Z, denoted
as Var(Z) is defined as Var( ) =E|Z - E[Z]]? = %

e Poincaré inequality (see Chen [6]): Let Z1 = X1 +1iY3,...,Z, = X, + 1Y, be p
iid CN(0,0?) random variables and consider a function v defined on R?? con-
tinuously differentiable with polynomially bounded partial derivatives. Then, if
X=(X1,...,Xp) T and Y = (Y1,...,Y,)T, the random variable v(X,Y) can be
written as v(X,Y) = Y(Z%,Z) and

)
9

Var[y(X,Y)] = Var[3(Z, Z)]
(Z2,Z Y(Z,Z
22< ‘aw >‘ +E‘8v( 2)
where we define as usual the differential operators &£ = £( aam i (’?y) and @, =
37(2 Z)

0z;

%(a% + ia%). If 7y is real-valued, it is clear that coincides with the complex

conjugate of % In this case, the Poincaré mequahty reduces to

03(2.Z)|"
0z;

e Stieltjes transform: Let p be a positive finite measure on R. Its Stieltjes transform
m is the function defined by

Var(v(X,Y)) < 202 ZE’

dp(A
m(z) = 1( )’
R )\ —zZ
where supp(p) represents the support of measure p. Function m is holomorphic

on C\supp(p) and satisfies m}m;» > 0 for z € C\R and m(iy) — 0 when

y — +00. Moreover, supp(p) C R if and only if % > 0 for z € C\R. The
mass of the measure 1 can be evaluated through the formula

Vz € C\supp(p),

uw(R) = lim —iym(iy).
y—400

We also notice that if m(z) is the Stieltjes transform of positive measure pu, then
it holds that

H(R) 1(R)
M@ < stz supp(e) < ()]
and that m/(z) = [, (d“ Q) satisfies
i (2)] < H(R) )

dist(z, supp(p))? ~ [Tm(z)[*’
on C\supp(u). We finally recall the following version of the inverse Stieltjes trans-
form formula: for each function ¢ € C°(R,R), we have

/]R BOVdu()) = —hmIm ( / )M + zy)dA) (1.4)
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2. Background on the Information Plus Noise Model
and on the Estimator of [23]

All along this paper, we consider integers M, N, K € N* such that 1 < K < M,
K = K(N) and M = M(N) are functions of N with cy = 4 — ¢ >0 as N — oc.
We assume that

Assumption A-1. 0 <cy <land 0 <e< 1.

Assumption A-1 is formulated in order to simplify the exposition. The case
ey > 1 and ¢ > 1 is also relevant, and the consistent estimator 7y () can be
easily generalized. However, certain intermediate results proved in Sec. 3 have to
be modified, but the uniform consistency is still valid. We refer the reader to the
discussion of Sec. 3.4 for more information on the case ¢y > 1 and ¢ > 1. The case
¢ =1 is more intricate, and would need a specific treatment because the density of
the asymptotic eigenvalue distribution puy of matrix X x37% (to be defined below)
may become singular at the origin when ¢y — 1. This complicates the description
of the support of uy as well as certain proofs. We therefore do not consider this
specific case in the following.

In this section, Xy represents the complex-valued M x N random matrix
given by

Y
Yy = \/—% =By + Wy,
where By = Lﬂ?” and Wy = Vﬁ Matrices By and Wy are assumed to satisfy

the following assumptions:
Assumption A-2. Matrix By is deterministic and satisfies supy | Byl < +00.
Assumption A-3. Rank(ByBY%,) = K < M where K may scale with N or not.

Assumption A-4. The entries of matrix Wy are iid and follow the complex
normal distribution CA/(0, "—1\?)

We assume moreover that the non-zero eigenvalues of B yB7}, have multiplicities
1 in order to simplify the notations. In the following, we denote by 0 = A\ y = --- =
Ak, N < Am—k41,8 < - < Ayn and (ug n)g=1,..m the ordered eigenvalues
and associated eigenvectors of ByB%. The eigenvalues and the eigenvectors of
matrix Xy X5 are denoted (5\;@71\7);@:17“,,1” and (g N )k=1,...,m, and fiy represents
the empirical eigenvalue distribution of X X7, defined by

1 M
HN = Mza?\“v
k=1

As we assume cy < 1, the joint probability distribution of (S\k,N)k:LW}M is abso-
lutely continuous (see e.g. James [16]) and it holds that the (S\k,N)k:LW}M have
multiplicity 1 almost surely. We finally denote by Qn(z) the resolvent of matrix
ENERM i.e. QN(Z) = (ENE;:V — ZIM)il.
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2.1. The asymptotic eigenvalue distribution pun of N

It is well-known ([11, Theorem 7.4], [9, Theorem 1.1]) that it exists a sequence of
deterministic probability measures (uy) such that iy — pun —n 0 weakly almost
surely. Measure py is characterized by its Stieltjes transform my (z) which is known
to satisfy the equation

ByBY%, !

1+ c2enympy(z)

1
mN(z) = MTI —Z(l+020NmN(Z))IM+02(1—CN)IM+ R
(2.1)

for each z € C\RT. In the following, we denote by Sy the support of uy. As
an — pn —n 0 weakly almost surely, it holds that

my(z) —mn(z) — 0 (2.2)
almost surely for each 2 € C\RT. The following result will be of help.

Lemma 2.1 ([12, 4]). Let ¢ € C(R,R) and (rn) a sequence of holomorphic
functions on C\R such that

Irx(2)] < Pa(|z])P (m)

with Py and Po two polynomials with positive coefficients, independent of N.
Then,

lim sup <(C < oo,

yl0

/ Y@y (@ + iy)ds
R

with C' a constant independent of N.
Taking into account the previous result, it is shown in [23] that

’I“N(Z)
N2’

Efiiv (2)] = mu(2) + (2.3)

with 7y as in Lemma 2.1. Using the inverse Stieltjes transform formula (1.4), we
obtain that for each function ¢ € C2°(R,R), it holds that

1 § 1 U A 1
WS = g S Gnl = [ @) +0(5)- @4

If we denote by Tn(z) the matrix-valued function defined by

BNB%(@}I

Tn(z) = [—zu otenmy ()l + 0% (1= en)r + g5 s

then Ty coincides with the Stieltjes transform of a positive matrix-valued measure
o with support Sy such that py(Sy) = Ins (see Hachem et al. [13, Theorem 2.4
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and Proposition 2.2]), i.e.

As my (z) verifies Eq. (2.1), it is clear that 4 Tr py = pun.

In the remainder of the paper, we will make use of the following result proved
in [23] if Wy is complex Gaussian and in Hachem et al. [14] in the non-Gaussian
case.

Theorem 2.1. Consider two sequences of deterministic vectors (by), (dn) such
that supy ||bn|| < +00 and supy ||dn|| < 4+o00. Then, under Assumptions A-1, A-2
and A-4, it holds that

byQn(z)dy — by TN (2)dN ~ 0, (2.5)

almost surely for each z € C\R™T.

2.2. The characterization of the support Sy of un

The support Sy of uy was first studied in Dozier and Silverstein [8] and a more
convenient characterization was presented in [23]. We first recall (see [8]) that if
z € CT converges towards x € R, then, my(z) converges towards a finite limit
still denoted my (x). Function & — my(z) is continuous on R, continuously differ-
entiable on R\0Sy, and verifies Eq. (2.1) on R\d0Sy. Moreover, uy is absolutely
continuous and its density coincides with function 2Im(my(z)).

In order to present the characterization of Sy, we first introduce the following
notations. We denote by fy,¢n and wy the functions defined by

fn(w) = %Tr(BNB;*V —wly)™t, (2.6)
on(w) = w(l — d?en fn(w)? +0%(1 — en)(1 — ey fn(w)), (2.7)
wy(z) = 2(1 + o?eymn(2))? — 0%(1 — en) (1 + o2enmn(2)). (2.8)

We are now in position to characterize Sy .

Theorem 2.2. Assume Assumptions A-1-A-4 hold. The function ¢n admits 2Q
non-negative local extrema counting multiplicities (with 1 < @ < K + 1) whose
preimages are denoted wy y < 0 < wa Swyy- S wgy < ng. Define
T, N = ¢N(w;N) and xIN = ¢N(w;N) forq=1,...,Q. Then,

oy <Tfy <ayy < <TH N <TG N
and the support Sy of un is given by

Q
Sy = U [Ji;N,JZ;N].

q=1
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Moreover, for q =1,...,Q, each interval }w;N,w;N[ contains at least an element
of the set {0, \vr—k+1,n, ..., Am, N} and each eigenvalue of ByBY, belongs to one
of these intervals.

The second statement of the theorem shows that each eigenvalue of ByBY,
corresponds to a certain interval of Sy. More precisely, an eigenvalue of ByB7,
will be said to be associated to cluster [z, N,ac; ~) if it belongs to the interval
(w,, N,w; ~)- We note that the eigenvalue 0 is necessarily associated to the first
cluster [z7 ., =] y]-

We finally recall the useful properties of function wy defined by (2.8) (see [23]).
We still denote by wy (x) the limit of wy (2) when z € C* converges towards = € R.

Proposition 2.1. Under Assumptions A-1-A-4, function wy : C — C satisfies the
following properties:

e Function © — wn(z) is continuous on R and continuously differentiable on
R\OSy,

Im(wn(z)) > 0 if Im(z) > 0,

wy s real and strictly increasing on R\Sy,

wn(z, §) =w, y and wN(xIN) = wIN for each 1 < ¢ < Q,

Im(wpn () > 0 if and only if x € Int(Sw).

2.3. Some useful evaluations

In this paragraph, we gather some useful bounds related to certain Stieltjes trans-
forms. We first recall that the inequality

|1+ o?cnmpy(2)] > Re(1 + oeymn(2)) > 1/2 (2.9)

holds for z € C (see Loubaton and Vallet [17]). We now consider function z —
WIM. [13, Proposition 2.2] implies that it coincides with the Stieltjes
transform of a probability measure carried by RT. Moreover, (2.9) shows that the

support of this measure is included in Sy U {0}. Therefore, we obtain that

L g
|1+ o2cympy(2)] — |Im(2)|

(2.10)

for each z € C\R as well as

1 ||
<
[1+ o2enympy(z)] — dist(z,Sn)

for each z € C*\Sy. We also recall that matrix T n(z) satisfies Ty (2)Tn(2)* <
Iml(—”zf)z for z € C* (see [13, Proposition 5.1]). We now claim that the inequality

Ty (2)Ty ()" < — M

= Tist(z, S0 )2 (2.11)
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also holds on C\Sy. In order to establish (2.11), we follow the proof of [13,
Proposition 5.1]. We first remark that function my (z) defined by

].—CN

my(z) =cymy(z) —

z

is the Stieltjes transform of probability measure iy = cypun + (1 — en)do. The
support of fiy thus coincides with Sy U {0}, and is included in R*. Therefore, it
holds that w > 0 if z € C\R. We remark that

m(z)
Tn(:) = T (2) _ dpy (V)
% —Im(z)/SN |)\J_VZ|2.

By using the identity, Ty (2) — Tn(2)* = Ty (2)(Tn(2)™* — Ty (2)"H)Tr(2)*, we
get after some algebra

Im(z)/ du]_V()\z = Im(2)Tn(2)Tn(2)* + o? Im(zmn (2)) T (2) T (2)*
sy 1A =2

0201\]

+ |1+ o2eymy(2)]?

Im(my(2))Tn(z) BNBNTN(2)",

for each z € C\R, or equivalently

dpn(N) _ . o Im(ziny(2)) .
/SN [\ ]_VZ|2 =Tn(2)Tn(z) +UszN(Z)TN(z)

olen Im(mpy(2))

T+ Pevmn(2)F  Im(2)

TN (Z)BNB}:VTN (Z)*

Consequently, we obtain that

T (2)Tw(2)" < /S %

for z € C\R, but also for z € C\Sy because both members of above inequality are
continuous on C\Sy. This immediately leads to (2.11). This inequality also implies
that for each z € C\Sy,

1
minM A,y —wn(2)] > Edist(z,SN). (2.12)

=4

Indeed, Tx(z) can be written as
TN(Z) = (]. + UchmN(Z))(BNB}kV — U)N(Z)IM)il.
Therefore, | Txn(2)|| is equal to

1+ o2eymn(2)]

ming=1,... m A, ny — wn(2)]

so that (2.12) follows from (2.11) and (2.9).

TN (2)] =
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Since 7y (z) is the Stieltjes transform of the distribution - ", 85, o it
holds that |
1

dist(z, {5\1,1\/, ceey ;\M,N}) ,

[N (2)] <

as well as
1

< —= ~ .
—odist(z, { AN, - AN )2

‘We now consider the rational function z —

m which will play an impor-
tant role in the following. Its poles are solutions of the equation 1+o2cymn(z) = 0,
and Satlsfy some useful propertles From now on, we denote by Ay the diagonal

matrix Ay = Dlag()\l Ny )\M ~) and by Qy the matrix

Qn =Ax (2.13)
where 1 denotes vector 1 = (1,1,...,1)7. We denote N < oo < Opv its
eigenvalues. Then we have the following straightforward properties.

e The zeros of z — 1 + o?cyimn(z) are included in the set {&1 v, ..., Om N}
o If the eigenvalues A\j n,...,Ap,n of Ly have multiplicity 1, the equation

1+ o?cnmn(z) = 0 has M multiplicity 1 solutions which coincide with the
(@k,N)k:L...,M~ Moreover, /\LN < @)LN < < )\M,N < CDM,N-
o If the eigenvalue A\ y has multiplicity p > 1, i.e.

;\k—l,N < 5\k,N = ;\k+p—1,N < ;\k+p,N,
then,
Wr—1,N < j\k,N =Wp,N == 5\k+p72,N = Wk4p—2,N
= Metpo 1N < Dhtpa 1N < Motpo N

and the &y, n that do not coincide with some eigenvalues of Xy X7 are zeros of
1+ U2CNmN(Z).

Remark 2.1. Since ¢y < 1, we recall that the eigenvalues (5\;@71\7);@:17“,,1” have
multiplicity 1 almost surely. However, in Sec. 3.2, it will be necessary to define
properly the solutions of 1 + o2cymn(z) = 0 everywhere. This explains why the
case where some of the (5\;@71\7);@:17“,,1” are multiple has to be considered.

whose support coincides with the set of all roots of the equation z(1+o2cymy(2)) =

0, which is included into the set {0,&1 w,...,&n n}. Therefore, it holds that

Function z — is the Stieltjes transform of a probability measure

1 |z
<
|1+020NmN(Z)| - diSt(Z,{07L:J1,N,...,(;JM,N})
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for z € C\{0,&1,n,...,@0n N} and
1 ||
1+ o%enmn(2)] ~ [Im(z)]

for z € C\R. We eventually notice that

(2.14)

1

T s WV WS

2.4. Almost sure localization of the eigenvalues (j\k,N)kzl,...,M
We recall the two following useful results of [23, 17].

Theorem 2.3 ([23]). Assume Assumptions A-1-A-4 hold. Let a,b € R,e > 0 and
Ny € N such that

la—eb+eNSy =0,

for each N > No. Then, with probability one, no eigenvalue of LnXy belongs to
[a,b] for N large enough.

Theorem 2.4 ([17]). Assume Assumptions A-1-A-4 hold. Let a,b € R, € > 0,
No € N such that Ja — e,b+ €[NSy = 0 for N > Ny. Then, with probability one,

card{k : Ay < a} = card{k : M v < wn(a)}, (2.15)
card{k : Ay > b} = card{k : \e. v > wn (D)}, (2.16)
for N large enough.

It is useful to mention that supy xé‘}N’ N < 400 and that these two theorems are
still valid if b = 400 (see [17]).

2.5. The consistent estimate of quadratic forms of Il

Let IIxy be the orthogonal projection matrix on the kernel of ByBj and
let (ay)nen be a sequence of deterministic M-dimensional vectors such that
supy [lan]|| < oo. Then, [23] proposed a consistent estimate of ny defined by

nN = a}kVHNaN.
The approach of [23] is valid under the following assumptions.

Assumption A-5. For N large enough, none of the strictly positive eigenvalues
of ByBY, is associated to the first cluster [xiN,fo], ie. AM—K41.N > wN(ach)
for N large enough.

Assumption A-6. It holds that

. . — . . + . . —
0< }\}mmf z] y <limsupzy y < liminf z; .
—+o0 N—+co N—+oo
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Using Theorems 2.3 and 2.4, we deduce that if ¢, ,¢],t;,¢4 are real numbers
independent of N satisfying

0<t; < }\}Igirgacf]v <limsupzy y <t <t

N —+4oc0o
< liminf 2 y < limsup 2} <tF 2.17
NI TN S TN SID TGy N < b2 (2.17)

then, almost surely, for IV large enough, it holds that

0<t] <MN < - <ArgnN <tf <ty <Ai-gxmn<--<Iun <ts.
(2.18)

Assumptions A-5 and A-6 thus imply that, almost surely, the smallest M — K
eigenvalues of Xy X7 are separated from the K greatest ones for N large enough
in the sense that the two sets of eigenvalues are included into two disjoint inter-
vals that do not depend on N. It is interesting to remark that Assumptions A-5
and A-6 are “deterministic conditions” depending only on o2 cy = %, and on
the eigenvalues of ByB%. If K remains fixed, recent results of Benaych-Rao
[3] (see also [17]) imply that Assumptions A-5 and A-6 and hold if and only if
lminfy oo Av— k1,8 > 02y/c. If however K scales with N, the derivation of
more explicit conditions equivalent to Assumptions A-5 and A-6 is still an open
problem.

We are now in position to present the consistent estimator of 7y proposed in
[23]. It is based on the observation that

1

Oy = —
N %in Jo

(ByBYy — M)~ td),

where C represents a contour enclosing 0 and not the strictly positive eigenvalues
of ByBY, and the symbol C~ means that the contour is oriented clockwise. The
estimator of [23] is based on the observation that under Assumptions A-5 and A-6,
function wy (z) provides such a contour for N large enough. In the following, for
y > 0and e >0, € < £ small enough, we consider the rectangle R, defined by

Ry={z=2+i,0<t] —3e<a<tf+3e<t; —3e,—y<ov<y} (2.19)

and its boundary OR,,. Then, the properties of function wy(z) (see Proposition 2.1)
imply that for N large enough, the set wy(0R,) is a contour enclosing the origin,
but not the other eigenvalues of ByB7%,. Therefore, Iy can also be written as

1

Iy = (BNBy — wN(z)IM)*lwg,(z)dz
20w R,
or equivalently
1 wiy(2)
My =-— Ty (z) ————>——d 2.20
N % Ry N(Z)l + o2enmpy(2) : (2:20)
because (ByB% — wy(2)Iy)"! = #ﬁv(ﬂ Using (2.2) and (2.5) as well as

the following lemma
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Lemma 2.2. Under Assumptions A-1-A-6, almost surely, for N large enough, the
M solutions (W N )k=1... m of the equation 1+ o?cxympy(z) = 0 satisfy

t; < 5\1’]\7 <w N << S\MfK’N <wpm-kr,N < tii_ <ty
<AM-K+1,N < OM-K+1,8 <+ < Aun < Omn < t3.
It is showed in [23] that matrix Ty defined by

1 Wy (2)

Iy = — QN(Z)W

= d 2.21
2 Jo- - (221)

where wn(2) = 2(1 + o%enin(2))? — 0*(1 — en)(1 + o%eninn(z)), satisfies

ayIlyay —ajyIIyay — 0 almost surely. We note that the poles of the integrand
of the right-hand side of (2.21) coincide with the set {\g v, 0pn 1k =1,..., M},
which by (2.18) and Lemma 2.2, verifies

diSt(aRy, {(5\1@N, LDk7N)k:1 _____ M}) > 3e (2.22)

almost surely for N large enough. In practice, the above estimator is quite
easy to implement because, as the localization of the poles of the integrand in
(2.21) with respect to the contour OR, is known (see Lemma 2.2), the contour
integral in (2.21) can be solved, and expressed in closed form in terms of the

(Qp, N s Ao, N> Ok, N ) ke=1,..., M -

3. Statement and Proof of the Uniform Consistency
of Estimate 7 (0)

From now on, we assume that vector a(0) is given by (1.2) and that Assumptions A-5
and A-6 hold. We consider t], ¢, t; and ¢] satisfying (2.17) as well a rectangle
R, defined by (2.19). We prove here the following result.

Theorem 3.1. Under Assumptions A-1-A-6, it holds

sup |7in (0) — 1w (8)] ——— 0.
0€[—m,m N—o0

In order to prove Theorem 3.1, we show that it is sufficient to establish that
for each o > 0 and for each 6 € [—m, x|, P(la(d)*(IIxy — Iy)a(f)| > a) decreases
fast enough towards 0. For this, a tempting choice is to use the Markov inequality,
and to establish that the moments of a(f)*(ILy — IIy)a(f) decrease fast enough.
However, the observation that (2.22) holds for N greater than a random integer
does not necessarily imply the existence of the moments of a()*IIya(f). In order
to solve this technical problem, we establish that the probability that at least one
element of {M\yn,pn : k = 1,..., M} escapes from [t] — 2¢,t] + 2€] U [t; —
26,153’ + 2¢] decreases at rate % for any | € N, and prove that the moments
of a convenient regularized version of a(0)* (IIny — IIx)a(f) converge fast enough
towards 0.
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In the following, we denote by 7. the set
To=[t] —et] +e]Ulty —etd + €.
We first establish in Secs. 3.1 and 3.2 that the events £; x and & y defined by
& .n = {at least one of the (A n)x—1...a escapes from 7}, (3.1)
&y, v = {at least one of the (&g N)k=1,...,m escapes from 7.}, (3.2)

verify P(€;,n) = O(7) for each | € N. Using this result, we introduce in Sec. 3.3
the regularization term, denoted xp, defined as follows. We consider a function
¢ € C(R,RT) satisfying

(> :{1, for A € 7.,
0, for A e R\([t; — 26,1 +2€] Uty — 2¢,t5 + 2¢]),
and ¢(A) € (0,1) elsewhere, and define the random variable
X = det ¢(Sy ) det ¢(Q), (3.4)

which verifies Lee < xn where En = &1, UE . We will prove that, considered as
a function of the real and imaginary part of the entries of Wiy, yn is a C' function,
and using Poincaré inequality, we will establish that

(3.3)

Ela(0)" (L - Tw)a(t)u* = O 37 ).

for each integer [. The above-mentioned properties eventually allow to prove the
uniform consistency of estimator 77y (6).

3.1. Ewaluation of the escape probability of (S\k,N)k:L,,,,N

The purpose of this section is to prove the following technical result.

Proposition 3.1. Under Assumptions A-1-A-6, for each | € N, it holds that

P(€1n) = o(%)

To prove this result, we consider a function 19 € C*°(R,R™T) such that

1, for Ae7f°,
Yo(N) ={ (3.5)

0, for A€ [ty 6] Uty t]]
and 1¥g(\) € (0,1) elsewhere. From this definition, we clearly have
P(&1,n) < P(Tryo(SnEY) 2 1) < E[(Trdo(EnEy))”]

for [ € N. In order to establish Proposition 3.1, it is therefore sufficient to prove
that E[(Tro(EnZy))?] = O(F=) for each integer I which is the object of the
next lemma.
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Lemma 3.1. Assume Assumptions A-1-A-6 hold. Then, for all function ¢ €
C>®(R,R) constant over the complementary of a compact interval and which van-
ishes on the support Sy of un for all N large enough, it holds that

E[(Tr (Sn )] = 0(%) (3.6)
for each | € N.

Proof. We prove Lemma 3.1 by induction on [. We first consider the case [ = 1,
and consider a function 1 as above, and denote by C' the constant value taken
by 1 over the complementary of a certain compact interval. We follow [12] and
write ¢ as ¢ = ¢ + C, where ¢ € CX(R,R), and verifies ¢ = —C over Sy for N
large enough. Using the technique developed in [12] based on (2.4) and Poincaré
inequality, we have

Var[Tr (SyEy)] = Var[Tr (Sn )] = 0(%)

E[Trp(EnEy)] = M/Rzﬁ(A)duN()\) + O(%) =_—MC + (9(%)

As E[Trp(EnEy)] = CM + E[Tr(ZyEy)], this leads to E[Tr(EyEy)] =

E(Tr(EnER))?] = E[Trp(EnER)])? + Var[Tr o (EnEy)] (3.7)

we finally obtain that (3.6) holds for [ = 1.

We now assume that (3.6) holds until the order I — 1 for each function of
C*° (R, R) vanishing on Sy for N large enough and constant over the complementary
of a compact interval. We consider such a function ¢ and evaluate the behavior of
the 2/th-order moment of Tr (X 327y ). We have

E(Tr(EnER))*] = E[(Tr(SnER))1)? + Var(Tr o (EnER))'] - (3.8)
The first term of the right-hand side of (3.8) can be upperbounded as follows
(E[(Try(SxER))D)? < E[(Tr(Sx3y)) E[(Tr¢(SnSy)* Y]

1
-o(5m)

using that (3.6) holds until the order I — 1. The second term of the right-hand
side of (3.8) can be evaluated using the Poincaré inequality. Using that the partial
derivative of Tr (X X7} ) with respect to W; ; y and Wi,j,N are equal respectively
to ef Ty (EnTy)e; and ] ¢/ (EnEy )X ve;, we immediately obtain that

Vel (T (2N 250))] < CE| 1 T0(0 (924 E 5 (T (2w 2R 2.
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Using Holder’s inequality, we get immediately that

E [%Tr(w(zNzyV)?zNz;‘V)(Trw@sz)”—Q]

AN
1 * * * =1
: C<E'ﬁﬁ<w’<EN2N)22NEN> ) E(Trp(SySy)?) T . (3.9)
Since the function A — 9/(A)2)\ belongs to C>°(R,R) and has a support disjoint
from Sy for N large enough, it holds that
!

E’NTrdw’(ENEWENEM

2(1-1)

2
< \/IE ‘%Tr(w’(ENE*N)PENE}‘v)

-o(va)

Plugging the previous estimates into (3.9), we get

E ‘%TT(W'(ENE}V)PENEE)

Var|(Tr(ExE5))!] < Trp(SyEx))?) T

C
C el
Define zy = [(Tr ¢(ENEN))21} and un = N2la:N From (3.8), we have the inequal-

ities oy < 22 xN’ + Ngl and uy < CluN + Cs. We claim that the sequence (uy)

is bounded. If this is not the case, it exists a subsequence uk, extracted from uy
which converges towards 4+o00. However, the inequality < ” /l + uck—2 > 1 must hold
N

for N large enough. As Uk, — +00, this leads to a contradlction Therefore, uy is

bounded and zy < N2l for N large enough. This proves Lemma 3.1. O

3.2. FEwvaluation of the escape probability of the (&r,N)k=1,...,N
In this section, we will prove the following result.

Proposition 3.2. Under Assumptions A-1-A-6, for each | € N, it holds that
1

We follow the same approach than in Sec. 3.1 and first prove that the
(W, N )k=1,...,m satisfy a property similar to (2.4). For this, we study the behav-
ior of the Stieltjes transform Ay (z) of the distribution 77 Zﬁil e, defined by

nn(z) = %T&"(QN —2I)7!

and use Lemma 2.1 as well as the inverse Stieltjes transform formula (1.4). Our
starting point is the following result showing that the empirical eigenvalue distri-
bution of 2y is very similar to the distribution of the eigenvalues of ¥ xX7%,. The
following auxiliary result will be useful.
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Lemma 3.2. Under Assumptions A-1-A-6, it holds that

Bl ()] — iy (2) = 22, (3.10)

where ty is analytic on C\R and can be upper bounded by P1(|z|)P2(m) on
C\R.

Proof. The proof is given in Appendix A.1. |

We now prove the fundamental following result.

Lemma 3.3. Under Assumptions A-1-A-6, for each z € C\R, it holds that
1
Ejin (2)] = / dun () din(d) | rn(2)
SN

A=z M Js, A—z N2’

with ky a finite signed measure carried by Sy such that HN([JZ;N,JZIN]) =0 for
g=1,...,Qn, and ry a holomorphic function on C\R satisfying

Irw ()] < P(|z])P (m)

with Py, Py two polynomials with positive coefficients independent of N.

Proof. Using that Qy is arank 1 perturbation of Ay, we obtain immediately that
1 oZeniy(2)
an(z) =my(z) — U1t o2enine(s) P
Therefore, for z € C\R, it holds that
1 aZenm/y(2)
E[n = E[n - —_F|———% |, 3.11
i (:) = Bl ()] - 37| e 311

We first establish that

ocleyiiy(z) 1 ofenmiy(2) cN
1+ o2enmin(z)]  1+02eymy(z) N

rn(z), (3.12)

where 7 (2) is holomorphic on C\R and satisfies |ry(2)| < P1(|z[)Pa(jmpy)- For
this, we write

oZenmy (2) oZenm/y(2)

1+ c2enmn(z) 1+ o2enmpy(z)

oo (il (2) — mly ()
(14 o2enmn(2))(1 4+ o2enmn(2))

(02en ) (my () (i (2) — miy (2)) + miy (2) (ma (2) — v (2)))

* L+ o%entin(2)(L + oPenmn ()

(3.13)

In order to study the expectation of this expression, we use (2.10) and (2.14).
Moreover, (2.3) and a straightforward application of the Poincaré inequality to
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mn (z) considered for z fixed as a function of the entries of Wy leads immediately to

Eln (2) — mn(2)]? < WP1(|Z|)P2 (@)’

for some polynomials Py, Py with positive coefficients and independent of N.

Therefore,
Elion(2) ~ ()] < 3 (Pl + P (i) ).

Applying also Poincaré inequality to bound Var[rm/y(z)], together with Lemma 3.2,
we get

Using |mn(z)| < ‘Ilnl(z)‘7 [m/y ()] < |Im(2)|27 as well as (2.10) and (2.14), we even-
tually get from (3.13) that
aZenmly(2) B oZenm!y(2)

< %P1(|Z|)P2 <m>

This immediately implies (3.12). Now define the function hy(z) by

1+ c2enymn(z) 14 c2enmy(z)

() = )
1+ c2enymn(z)

This function coincides with the Stieltjes transform of a signed measure ky sat-
isfying the conditions of Lemma 3.3: Using (2.9), we obtain that |hy(z)] <
20%en|m/y(2)]. As [miy(2)] < m where K is a compact containing Sy, it
holds that |hn(2)] < C’dlbt - Using [5, Theorem 4.3], we obtain that hy(z) is
the Stieltjes transform of a finite signed measure rp, the support of which is the
set of singular points of hn(2), i.e. Sy. In order to evaluate liN([l‘;N,l‘;N]), we

use the inverse Stieltjes transform formula,

_ 1.
KN([xq,N7xIN]) = ;lyl?ollm (/[ -

Iq,N’I:;N]

hy(x + 2y)dx> . (3.14)

Jlog(l+o? cNmN(z+iy))

It is clear that hy(x +iy) =
corresponds to the principal determmatlon defined on C\R~. We note that (2.9)
justifies the use of the principal determination. Therefore,

, where the complex logarithm

/ hy(z + iy)dx = log(1 +020NmN(ac;N +iy))
[

m;N,m;N]

—log(1 +020NmN(x;N +iy)). (3.15)
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As xiN e OSy, then mpy(x ;tN) € R. Moreover, (2.9) implies that 1 +
o cNmN( o) > 0. When y — 0, the right-hand side of (3.15) converges towards
log(1+a?eymy(x ;;N)) log(1 + o?cympy (z 7, n)), a real quantity. This shows that
kn([z, T, N T ;N]) = 0. Consequently,

E[M} :/5 den (V) | enrn(z)

1+ c2enmn(z) A— 2z N

where rxy(z) is holomorphic on C\R such that |ry(z)] < P1(|z|)P2(|Im1(z)|).
Lemma 3.3 follows immediately from (3.11). |

We now handle the proof of Proposition 3.2. Although certain steps of the
present proof are similar to the proof of Proposition 3.1, more work is needed
because matrix §2 ~ considered as a function of the entries of Wy is more compli-
cated than X X7, We still consider function 1y € C*°(R,R™) defined by (3.5) and
remark that

P(En) < P(Trapo(S2y) > 1) < E[(Treho(2n))?]

for [ € N. In order to establish Proposition 3.2, it is therefore sufficient to prove
that E[(Tr 1o ()% = O(-kr ~zr) for each integer [. For this, we still use the Poincaré
inequality However, in contrast with the context of Proposition 3.1, the entries of
Q N, considered as functions of the real and imaginary parts of the entries of Wy,
are not continuously differentiable on R?MN because function Wy — Ay is not
differentiable at points for which eigenvalue )\k7 ~ has multiplicity strictly larger
than 1. The use of Poincaré inequality has therefore to be justified carefully. The
following useful lemma is proved in the Appendix.

Lemma 3.4. Assume Assumptions A-1-A-6 hold. Let 1 be a function of C*(R,R).
Then, TM;(QN), considered as a function of the real and imaginary parts of the
entries of W n, is continuously differentiable. Moreover, if the eigenvalues of By
have multiplicity 1, it holds that

s { OO } = 5

where f[l,N represents the orthogonal projection matriz on the one-dimensional

ENZ @)L N| (3.16)

Jst

etgenspace associated to the eigenvalue 5\1,]\/ of Y.

We will also need that

Lemma 3.5. Under Assumption A-4, for each integer p > 0, it holds that

sup E[[[ Wy Wi [|”] < +oo,
N
a property also established in the Appendiz.
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We now prove the following result.

Lemma 3.6. Assume Assumptions A-1-A-6 hold. For all function ¥ € C*(R,R)
constant over the complementary of a compact interval and which vanishes on the
support Sy of un for all N large enough, it holds that

El(Tr ()] = 05 ) (3.17)
for each | € N.

Proof. As previously, we prove Lemma 3.6 by induction on [. We first consider the
case [ = 1, and consider a function ¢ as above, and denote by b the constant value
taken by v over the complementary of a certain compact interval, and by ’(/NJ the
function of C2°(R,R) defined by () = 1(\) — b, which, of course, is equal to —b
on Sy. Using Lemmas 2.1 and 3.3, we obtain

1 1 . 1
| gy = [ i - 57 [ ey )+ 0( 7). G18)
Using that IiN([{E;N,{II;:N]) = 0 for each ¢ = 1,...,Qn, we get that
fs A)drn(A) = 0 and that

1 ~ A 1
Therefore, it holds that

1 A 1
£ Lavotan] ~o( &)
Moreover, we prove the following lemma.

Lemma 3.7. Under Assumptions A-1-A-6, it holds that
1 N 1
Var[MTr(ib(QN))} - O(m) (3.19)

Proof. We first note that, considered as a function of (Re(W;;n),
Im(W; j,n))1<i<mi<j<n, function %TI%/;(QN) is continuously differentiable by
Lemma 3.4. Therefore, function 5;Tr ¥(Qy) is continuously differentiable as well.
It is thus possible to use the Poincaré inequality to evaluate the left-hand side of
(3.19). Furthermore, as the probability that the eigenvalues (S\k,N)k:LW}M have
multiplicity 1 is equal to 1, it is sufficient to evaluate the partial derivatives of func-
tion ﬁTrz/J(QN) when Wy is such that the (S\k,N)k:LW}M have multiplicity 1. As
the derivative of 1) coincides with ¢, (3.16) and Poincaré inequality lead to

<2N2NZ| ()] Hmﬂ

V| T (62| < B | 4T
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or equivalently,

1 . =
Var[MTr(¢(QN))] < Z/\ N| QN ll|2

We claim that
W (Q@n)al® < (8" ()]s (3.20)
Indeed, if (Vi N )k=1,..,m represent the eigenvectors of Q7 then
M
[ Q) =D ¥ (@) le] Vi x|
k=1

As fo\il lel Vi n|? = 1, Jensen’s inequality yields to (3.20). Therefore, it holds
that

I8 Zw (321)

Var| g TH(0(E0)| < B

As supy | BNBY || < +00, we get using Lemma 3.5 that

supIE[HENE II”] < +o0.

We remark that [|[EyZy || < t5 + € on the set £ 5, and write the right-hand side
of (3.21) as

C
N

M
. 1 .
IENENITeyy +Leg V)57 ZW(M)Q] :

It holds that

E ||2N27V||ng;NM Zw ] < (t3 +6)E[%Tr (w/(QN))2:|'

Function ¢’ 2 belongs to CZ° (R, R) and vanishes on Sy . Therefore, Lemma 3.3 implies
that E[-LTr (¢/(Qn))?] = O(z) (see Eq. (3.18)). Moreover, as - Tr(¢/(y)?) <
sup, ¥’ (A\)? < C, we have

< CE[|EnZy[ITe, v ],

||2NE HﬂglNMqu 2
which is itself upperbounded by

C(E[|Sn 3|12 2P(E )2 = O(%)

for each integer p. This completes the proof of Lemma 3.7. |
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Assume that (3.17) holds until integer [ — 1. We write as previously that
E[(Tr (2x))*] = (E[(Tr (2x))'])* + Var[(Tr 4 (€2v))']. (3.22)
The Cauchy—Schwarz inequality leads immediately to

(E[(Tr(2x))'])? < E[(Tr ()2 E[(Tr () 2]

_ o(%) (3.23)

For the second term of the right-hand side of (3.22), we use Poincaré inequality and
Holder’s inequality to obtain

Var[(Tr (2x))"] < CE

(Trop(S2y))>(~ 1>—ZAkN nmmy

C(E

Jensen’s inequality leads again to

M I\ 7
T3 A ([ () ) (E[(Tr(23))*) T

L l

Zm ¥ )a?| < B[IBw il T @

We write again that

l

l
L1 . L1 R
E|I2v 2 4y T (@ | =B ISl g T v/ ()P

l
* 1 -
FE|IB B T (O P,

and obtain as previously that

l
* 1 -
B[22 T/ (20

l
< c(x%wmv + (P(sl,m)l/?).

But, applying Cauchy—Schwarz inequality as in (3.23) to E|Tr¢’ (QN) ' leads to

| Try' (Qn)?| = (N2,) Gathering all the previous inequalities, we find that
E[(Tr (€05 ))?] < - (E[(Tr ()2 o L
[(Tro(92n))7] < 52 (BI(Tr () DT+ N

and in the same way as in the proof of Proposition 3.1, we obtain E[(Tr ¢(Qx))%] =
O(Ngl) This concludes the proof of Lemma 3.6.

1150006-24



Large Information Plus Noise Random Matriz Models

3.3. End of the proof of Theorem 3.1

We now complete the proof of Theorem 3.1 when function § — a() is given by

1 . .
a(0) = —[1,¢", ... gM-1T

VM

for 0 € [—m, w]. We recall that Ey is defined by
En =&, N UE N,

where (& n)i=1,2 are defined by (3.1) and (3.2), and that lgg, < xn where
xn = det p(EnXy)det ¢(QN). We first give a useful lemma which appears as
a straightforward consequence of the evaluations of Sec. 2.3.

Lemma 3.8. Under Assumptions A-1-A-6, for each N, it holds that

sup [ Tn(2)]| < C,
ZEOR,

<C,

sup |——————
2€0R,, ’ 1+ o2enympy(z)

<C,

sup

l wh(2)
ZEOR,

1+ c2enympy(z)

and for N large enough, we have

sup [ Qn(2)[xn < C,

2€0R,,
2 | <©
2 [ <©
We consider the set
YN = {_71__"_2(]{5]\—7721)7(:]{;: 1,...,N2}7

and remark that for each § € [—m, 7] and for each N, there exists 0y € ¥ such
that |0 — On| < % For each 0 € [—m, x], it holds that

N (0) —nn (0) = [N (0) — N (On)] + [In (On) — v (On)] + v (On) — v (0)].
(3.24)

It is easy to check that the third term of the right-hand side of (3.24) satisfies

wp (o) < ix @] <2 s a®) ~a@n) =05 ). G2

oc[—m,m) oc[—m,m)
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In order to evaluate the behavior of the supremum over 6 of the first term of the
right-hand side of (3.24), we prove that for each a > 0,

. ~ 1
P (9;{1—15#] |7 (6) — v (On)] > O‘) = O<N1+ﬂ)’

where 3 > 0. We first remark that for each [ € N; it holds that

P (0651110 N (0) — 7N (On )| > a)

[77‘-’7"]

<P ( sup |7~7N(9) — ﬁN(eN)|]lg;V > Oé) + P((‘:N)

oc[—m,m)
1 1

o sup |7 (0) — v (On)[" e,

oc[—m,m]

Moreover,

|75 (8) — 7in (O )" e,
!

(a(0) — a(0n)) Qu (z)— N o,

<C
- 1+ c2enin(z)

ORy

Lemma 3.8 and the inequality 1g¢ < xn imply that

sup HQN ]151% <C (3.26)

”’1—1—020 my(z)

for some constant term C. Inequality (3.25) thus implies that

l

(a(8) — a(0x))* Qu(2)—— N g0y

i 1+ c2eympy(z)

Leg, <
oc[—m,m]

Nt

thus showing that

- ~ 1
P ( sup |9n(0) — N (On)] > oz) = O(ﬁ)
oc[—m,m)

for each integer [. Borel-Cantelli’s lemma eventually implies that

sup |7 (0) — i (On)] — 0
oc[—m,m)

almost surely.
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We finally study the supremum of the second term of (3.24). We denote by vy n
the elements of ¢y. Let a > 0, then

P ( sup [N (On) —nn(On)] > a)

oc[—m,m)

<P ( sup  |in (ve,n) — v (Ve )| > a)
k=1,...,N?

IN

N2
> P(lin (vn) = v (vew)| > @)
k=1

< Z (N (ve,n) — v (ven)| > af NEY)] +o<%)

for each integer . We now introduce in the above term the regularization term
xn = det p(BnXy) det ¢(Q2n) defined in (3.4). As xn is equal to 1 on €5, it holds
that

P({|in(ve,n) = nn (vk,n)| > o} NEY)
=P({|iin (ve,n) — v (vien) X > o} NER)
< P(|iin (vk,n) — v (VN IXE > @)
< Bl () = v R

The introduction of xn is in part motivated by the observation that the moments
of 7n (vk,n) X% are finite. Moreover, it holds that

E|(iin (v, ) — v (vie,n) X 3|

<C E
IRy

a(Vk,N)* <QN(Z) UAJEV(ZA)

1+ c2enymn(z)

2
] |dz].

In order to complete the proof of Theorem 3.1, we establish the following
proposition.

- TN(@#}\%) a(ve, N) X

Proposition 3.3. If (ay)nven is sequence of deterministic wvectors satisfying
lan]|| = 1, then, under Assumptions A-1-A-6, for each integer I, it holds that

b (2 why (2 2
af, (QN@“’N—(? - TW)%) A ]

E
b 14+ o2eympy(2) 14+ o02eymy(z
(3.27)

ZEOR,

<&
— Nl )
where the constant C' does not depend on the sequence (an).
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Proof. In order to shorten the notations, we denote by gn(z) and gn(z) the
functions defined by

W (2)

gn(z) = a*NQN(Z)aNm,

and

wiy(2)

= a* T —_— .
gN(Z) ay N(Z)aN1+U2CNmN(Z)

In order to evaluate E|gn (2) — gn (2)x% %, we use the Poincaré inequality. For this,
we first state the following lemma proved in the Appendix. We recall that if H
is a Hermitian matrix with a spectral decomposition H = ), yjx;x}, its adjoint
(i.e. the transpose of its cofactor matrix) denoted by adj(H) is given by adj(H) =
> 1(ITgosy ve)xixj. When H is invertible, adj(H) = det (H)H!. Next, we state the
following lemma proved in the Appendix.

Lemma 3.9. Assume Assumptions A-1-A-6. Considered as functions of the
real and imaginary parts of the entries of Wy, functions detp(XnXy) and
det ¢(Qy) belong to CHR*MN)Y | and their partial derivatives with respect to Wi j
denoted by

s —{det o2 TR},

D 7,7 =
[D1lij,n W

9 .
[Dalijn = Woon {det ()},

are given almost surely by

[D1]ijn = €ejXy adj(¢p(BnERN))¢ (BnZy)e:, (3.28)

M
Do)ijn = |2 D [adi(¢(2n))¢ (2n)]uTl N | - (3.29)

=1 ji

If we denote by Ay Ny and Az n the events defined by
Ain =3k : v €T30 { AN, Ay € supp(d)},
Ao v ={3k:opny €Tt N{@1N,...,0m N € supp(9)},
then [D1]; ;v = 0 on AS v and [Da]; jn =0 on A5 y.

We now establish (3.27) by induction on [, and first consider the case [ = 1. We
write the second moment of (Gn(2) — gn(2))x% as

El(gn(2) = gn (XA [* = [E((Gn (2) = gn (2))xR)I7 + Var((gv (2) — gn () )-
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We evaluate Var[(gn(z) — gn(2))x%] using the Poincaré inequality and get

i dan(2) |° |0an(2)]?
Var{(a(2) - ow ()] < % IE[ (‘ 2 |dante )]
2 2
+2E ||gn (2) — g (2)] m‘ifﬁ ] (3.30)

It is clear that

Ogn(2) _ . 0Qn(2) Wiy (2)
OWi N N oW, j N N1¥ a?eymn(z)

+ayQn(z)an 0 { wg\[(z) }

8Wi’j,N 1+020NmN(z)

We verify that

iy ey = —ay Qu(eJee B Qn(ax,
7
so that
. 0Qu(z) | o . . )
Z NaW”NaN =ayQn(2)Qn(2)*anay Qn(2)ZENEN QN (2) ay.
17]

As xn # 0 implies that Ay n = [|[ExyE% | < 5 4 2¢, Lemma 3.8 implies that

Sgg YaanQn(2)Qn (2) anay Qn (2)EnENQn (2)*an < C.
zE y

Using again Lemma 3.8, we get that

2 2

() <. (3.31)

1+ o2cymn(z)

4
Sup X n
ZEOR,y

an

— | Wi ;N

We obtain similarly that

2

C
<5 (332)

Wiy (2)
Sup XN|aNQN 6W { 1+ o2enymn(2) }

z€EOR

The same conclusions hold when the derivatives with respect to variables W; ; n
are considered. This shows that the first term of the right-hand side of (3.30) is
a O(4) term. We now evaluate the behavior of the second term of the right-hand

51:13 :f (3 3[)7 Z"Il:l E:tZL:llsll tllzl‘t
N_p (3 )

Ik
8W’L,],N

sup E||gn(z
ZEORy
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2
for each integer p. We express 6I?V§1;N as 2xn m/?}i"ij. Lemma 3.8 implies that

SUp.con, X% lan(z) —gn(2)]? < C. Therefore, it is sufficient to check that

8XN 2 1
E —o—
izj Wij.n O<N’”)
for each integer p. 3‘,8[,"’: — can be written as
8 A *
XN = [Dl]i,j,N det (ﬁ(ﬂ]\[) + [Dg]i’j,]\/‘ det ¢(ENEN)
oW, j.N

It holds that
E > I[Dilijn det ¢(Qn)|?
2]
= E[det ¢(2n)* Tr(EnER ¢ (EnER)* adj(@(EnER))*) 14, ]
Moreover, we can write

Tr(ENExe (BxEh)% adj(¢(BnE3)%) = > Mend (en)® [ o(Ain)?
% 1%k

< Ti(EnER¢ (EnER)?),
because ¢(A) < 1 on R. Therefore, it holds that

E | |[D1lijn det ¢(Qn)* | < E[det ¢(Qn)*Tr(SnSxe' (EnEx)*) 14, o]
¥

< CNP(.ALN),

because det qb(le) <1, and Tr(EnENP (ENEN)?) < ON on A; y. As Ay n C
&1,n, Proposition 3.1 implies that

A 1
E Z [D1]ijv det p(23))? | = O (W)
0.
for each integer p. Using similar calculations and Proposition 3.2, we obtain that

. 1
2| 11Dz det o Zn ) ~0(5)

for each integer p. This completes the proof of (3.33) and establishes that

s Vasl(9n ()~ ox()k] = O 7).

In order to evaluate the term [E[(gn(2) — gn(2))x%]|%, We also need the following
auxilliary lemma proved in the Appendix.
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Lemma 3.10. Under Assumptions A-1-A-6, it holds that

sup [Blak Qx (v iy — ak T (2)a] | - 0( N ) (3.34)
. 1

s [Bba () —ma (2] - O(F) (3.35)
A7 / _ 1

s [Bb (2 (2] - O(F) (3.36)

We express (g (2) — g (2))x as By (2) + o (=) where

Wiy (2)XN

ﬂl,N(z) = XN (a}k\/QN(z)aN - a}kVTN (z)aN) m

and

un(z) o wn(2) (z))

2 %
= T
B2,n(2) = xnay T (z)an (1 +o2enin(z) 1+ o02eymny

and establish that

1 1
sup E|B1 n|? = O(—) and  sup E|fn|? = (9( ) (3.37)

2€0R, N 2€0R, N2

Using Lemma 3.8, (3.37) for 31 n will be established if we show that
* * 1
sup Bl @y (GJay - ay Ty Glav)” = 0( 5 )
ZEOR,
For this, we write that
Elxn(ayQn(z)ay — ay Ty (z)an)|?

= Var(xnayQn(z)an) + [E(xn(ayQn(2)ay —ayTy(z)an))|.

The above calculations prove that sup.cor, Var[xnvayQn(2)an] = O(+), while
(3.34) and 1 — E(xn) = O(5) for each p imply that

N3
This completes the proof of (3.37) for 81 n. In order to show (3.37) for fa n, we

first remark that by Lemma 3.8, |a}, Tx(z)an]| is uniformly bounded on OR,, and
write that

& ( an(z) o wn(Z) )

1+ c2enymny(z) 14 c2enmy(z)

Blov(a Qu (Jay — sy Ty ()an)] = 0 1 )

= o enxv (i (2) — m(2)) + 220 enxy (il (2) — miy (2))

A/ /
y ) my (=) miy(z)
_ 1-— T 1+ ’
oren( CN)XN <1 c?enmn(z) 14+ o2enmpy(z)
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or equivalently that

& ( an(z) o wn(?) )

1+ o2eymy(z) 1+ o02cymy(z)

= o enxv (i (2) — m (2)) + 220 en iy (il (2) — miy (2))

—(0%en)?0?(1 — cn)

oo v (2)xv (1l (2) — miy (2)) — miy (2)xv (17 (2) — mv (2))

(1 + o2enin (2))(1 + o2enmp (2)) AN

X (1 (2) — miy (2))
(14 o2enmn(2))(1 4+ o2cymn(2))

— 0201\]02(1 — CN)

XN -

The Poincaré inequality and Lemma 3.10 imply that

N 1
s Bl (i () = () = O 55

and

A/ / 1
sup Elxn(miy(2) — mN(z))|2 = O<N2)'
ZEORy

Equation (3.37) follows immediately from

sup XN ’ <C
zeor, | (L+o%enmn(2))(1 + oeymn(2)) ’

for some deterministic constant C' (see Lemma 3.8). This completes the proof of
(3.27) for I = 1.
We now assume that (3.27) holds until integer [ — 1 and write that

E[x (9n (2) = gn (2)) [ = [E[(xX (95 (2) — gn (2)]
+ Var[(xX (95 (2) — g (2))']-
The Cauchy—Schwarz inequality implies that
E[(x% (9n5(2) — gn ()P
< ElxX(gn(2) — gn (2))PEIXRA (9n (2) — gn (2)) 2070,

and shows that

s [EOG (0w () = an(2)'* = o(NL> ,
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The Poincaré inequality gives

Var[(x3 (v (2) — g~ (2)))']

o212 2(1-1) dgn(2) |7 | dan(2) |
< TIE XK (9 (2) = gn (2)* Nz ‘8W11N ‘8Wi,j,N
80212 | . 2042 oxv_ |’
+—E |19~ (2) —gn (2)"x M' 539

Finally, (3.31) and (3.32) imply that

94 2
4,7,

ZEOR,

‘ Ign(z)
oW, jN

2
)<

for some deterministic constant C'. Therefore, the supremum over z € R, of first
term of the right-hand side of (3.38) is a O(4). Moreover, it can be shown as in the
case [ = 1 that the supremum over z € OR, of the second term of the right-hand
side of (3.38) is a O(+) for each integer p. This completes the proof of Proposition
3.3 and of the uniform consistency of estimator 7y (). |

3.4. A brief discussion on the case ¢ > 1

We now briefly explain how the previous results can be adapted to the case ¢ > 1
and assume without restriction in this section that ¢y = N > 1 for each N. In this
context, the smallest M — N eigenvalues A N - /\M ~,n of matrix 3 n3Y are
identically 0. The behavior of the empirical elgenvalue distribution fiy of Tn Xy
is still characterized by the results of Sec. 2.1 which do not depend on the value
of cy. However, the characterization of the support Sy of uy has to be adapted
because {0} is carried by pn, the corresponding mass being equal to 1 — % Using
the results of Sec. 2.2 to the dual model

% = BY + Wi, (3.39)

it is easily seen that Sy is given by

Q
_ -+
Sy ={0}U (U[%,N:%,N]) )
qg=1
where the points (x; N,xi N)a=1,...,o are still defined by the @ positive extrema
of function ¢y (w) defined by (2.7). Note that Uqul[x; N,ac; ~/ coincides with the
support of the measure iy = cyun + (1 — en)do, ie the asymptotic eigenvalue
distribution of the empirical eigenvalue distribution 4 Zk M—nN41 05, , of matrix
SvEN. Moreover, function wy(z) defined by (2.8) still verifies Proposition 2.1
where (w;N,w;N)qzl _____ q are the preimages of the (v y, ;;N)q:l o- Also, the
N non-zero eigenvalues (g, N)k=n—N+1,...,.m satisfy Theorems 2.3 and 2.4. Finally,

.....
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under Assumptions A-5 and A-6, matrix Il is still given by (2.20), and 7x5(6) =
an(0) TIyay () where Iy is defined by (2.21) is still a consistent estimator of
nn(0). We note that the properties of the zeros of 1 + o2cymy(z) and of the
cigenvalues (g v)k=1, . of matrix Qy defined by (2.13) slightly differ from the
case cy < 1. Indeed, as 0 is eigenvalue of matrix Ay with multiplicity M — N,
Oy = =&y-N-1,v =0 < Om—_n,n. The zeros of 1+ o?cyrnn(z) are the
(@k)k:M—N,...,M and they verify

0 < OM-NN < AM-N4+1,N < DM-N41LN < -+ < D18 < AN < DN
It can be shown as in [23] that almost surely, for N large enough,
0<Om_n,N <t] —4e,
WM—N+1,Ns--- WM—K,N € (tl_,ti‘_),
OM_K+1.N, - OMN € (ty,t5).

Note that we have to assume here that e < {.

We now discuss on the uniform consistency of 7y () in the case cy > 1. It is
easily seen that the probability that the non-zero eigenvalues (;\k N)k=M—N+1,...M
escape from the set 7. still decreases at rate % for each integer [. In order to
extend property (1.1), the reader may check that it is sufficient to prove that the
probability that the (W )k=nr—n,.. ar escape from [0,t] — 4e) U 7. converge to 0 at
rate % for each integer [. For this, we have to prove that Lemma 3.6 is still valid.
In the case ¢y < 1, Lemma 3.6 depends on Lemma 3.3. In the case ¢y > 1, the
statement of Lemma 3.3 has to be adapted because the properties of the signed
measure ky are slightly different. More precisely, it can be shown that for ¢y > 1,
it holds that

kn({0}) =1, KN([x;,N’xiN]) =-1 KN([x;N7x;:N]) =0, ¢=2,
(3.40)

/iN([xiN,fo]) = —1 because in contrast with the case ¢y < 1, it can be
shown that 1 + achmN(xiN) is real and negative if ¢y > 1; therefore, log(1 +
o’cymy(xy y)) is equal to im, and (3.14) leads to /iN([xiN,fo]) = —1. As
kn({0}) + /iN([xiN7xiN]) =0, it is easy to check that the proof of Lemma 3.6 is

still valid.

4. Consistency of the Angular Estimates

We now address the consistency of the DoA estimates defined as the local minima of
function § — 7 (#). For this, we assume that the number of sources K is fixed, i.e.
that K does not scale with V. In other words, model X5 = By + W)y corresponds
to a finite rank perturbation of the complex Gaussian iid matrix Wy .

Remark 4.1. In this context, it is possible to derive in a simpler way than above
an alternative consistent estimator, say 6 — 7y spike()) of function 6 — nn(0).
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This estimator is obtained by assuming from the very beginning that K is fixed,

and is based on the recent work of Benaych—Nadakuditi [3]; see [22] for more details.

However, as shown in [22], estimator 7y (6) always leads in practice to the same
1

performance as Ay spike(6) if % < 1 (typical value 15 in [22]), but outperforms

NN spike(0) for greater values of % (typical value i in [22]). Therefore, the use of

estimator 7y () appears in practice more relevant than 9y spike(€)-

In order to define the estimators of 64, ..., 0k properly, we consider K disjoint
intervals Iy, ..., I, such that , € I, and define for each k the estimator 0 x of
O by O, Ny = argmingey, |7n(0)]. We prove the following result.

Proposition 4.1. Under Assumptions A-1-A-6, for k=1,... K,
N(Okn = 0r) == 0.

In order to establish the proposition, we follow a classical approach initiated
by Hannan [15] to study sinusoid frequency estimates. For this, we first recall the
following useful lemma.

Lemma 4.1. Let () a real-valued sequence of a compact subset of (—m, 7|, and
converging to a as M — oo. Define qpr(an) = % iw, Letkart Jf o £ 0 or if
a =0 and M|ay| — oo, then qu(ap) — 0. If a = 0 and Moy Sy B eR,

then qp(an) — eigsinc(ﬂ/2),

We denote by A the matrix A(@®) corresponding to the true angles ® =
(01,...,0)T. Tt is clear that nn(0) = 1 — a(d)*A(A*A)"LA*a(f). By the very
definition of Ok n, |78 (0k,n)| < |7n(0k)|. From Theorem 3.1 and the equality
nn (0r) = 0, we have |y (0, n)| — 0 w.p.1., as N — oo. Consequently,

|13 (Gk,5)] < |0 (Br,n) = 71 Breov)| + |7 (O, v))|
<, sup }|TIN(9) — 7w ()] + 7 (G, )|
e|l—m,m

From Lemma 4.1, (A*A)~! converges to Ix as N — co. Since (Hk ~) is bounded,
we can extract a converging subsequence (Qk o(N))- Let any = Gk#,(N — 0. From
Lemma 4.1, if ay — a # 0 as N — oo, then

a0 (0) A(AA) T A"a () o) 20, (4.2)
and thus nN(Qk »(N)) — 1, a contradiction with (4.1). This implies that the whole
sequence (9k ~) converges towards 0. If N |0;C ~ — 0| is not bounded, we can extract
a subsequence such that ¢(N )|0k7¢(N — 0| — 400 and Lemma 4.1 again implies

that (4.2) holds, a contradiction. N|0~;C N — 0| is thus bounded, and we consider a
subsequence such that N (6, o(N) —Or) — /2 where 3 € (=, 7. From Lemma 4.1,
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if B #0, we get

~ a.s. i 2 2
o) O o(v) =1~ (smﬁ(% )> -

which is again in contradiction with (4.1). Therefore, 8 = 0 and all converging
subsequences of (N |9A;w,( Ny — Ok|) converge to 0, which of course implies that the
whole sequence (N |0y, x —0%|) converges to 0. We finally end up with N (8, y —6)) —
0 w.p.1., as N — o0.

Appendix A
A.1. Proof of Lemma 3.2: Estimate of E[m/(z)]

We first give the following useful technical result. Its proof, based on Poincaré’s
inequality, is elementary and therefore omitted.

Lemma A.1. Let (My(z)) a sequence of deterministic complex M x M matriz-
valued functions defined on C\R such that

My (2)]| < Pi(|z))P2([Im(2)] ).
Then, under Assumptions A-1, A-2 and A-4,

Vr | T Qu(eIMx(2)| < Pa(DPa(lim(a) )

Var [%TY E}kaN(Z)MN(Z):| = %Pl(|z|)P2(|Im(z)|fl)~

Moreover, the same results still hold when Qn/(2) is replaced by Qn(z)?.

We are now in position to establish Lemma 3.2. We have to establish that
N 1 _
[Efriy (2)] = miy (2)] < 3z P1(12])Pa(|lm(2)[ 7). (A.1)

For clarity, we recall results from [10, 23, 14], on which the proof heavily relies.
We have first to introduce some new notations extensively used in [10, 23, 14]. We
define oy (z) = oenmp(2) = & Tr (Tn(2)), as well as on(z) = dn(z) — @
which coincides with the Stieltjes transform of finite measures cypuny + (1 — cn)do.
In the following, matrix Ty (z) is defined by

Tn(z) = (—z(l + o0n (2) Iy + %)_ :

and is related to dx(z) through the equation dy(z) = oxTr (Tn(2)) (cf. [13, 23]).
We also remark that matrix T (z) can be written as

ByBy |
z)

Ty(z) = <—z(1 + 00N (2)) Iy + 5 oon(
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and that wy (z) coincides with z(1 + 00y (2))(1 4 0dx(z)). We also denote Qn (2)
the resolvent of matrix X733y, i.e.

Qn(2) = (Z3Sy — 2In) "

and define ay(z) = E[gTrQn(2)], an(z) = E[§ Tr Qn(2)], and the matrices

Rvte) = (—=(1+ oan (ot + 2B

ByBy \ '
7)o

Ry(z) = <—Z(1 +oay(z))Iy + T+ oan(?)

It is shown in [10, 23] that the entries of Qn(z) (respectively, Qn(z)) have the
same behavior as the entries of Ry(z) and Ty(z) (respectively, of Ry(z) and
Tx(z)). Tt is also useful to recall that |an(2)|, |an(2)], |—2(1 + can(2))|™?,
=21+ 0an ()L, ITx (I, ITx ()], [Rav(2)] and [Ray(2)] are bounded on
C\R by P1(|z])P2(|Im(z)|~!). We remark that our new notations are symmetrical
with respect to the substitution Xy — X%, and are easier to use in the forthcoming
calculations.
We first notice that (A.1) is equivalent to

oy (2) = O (2)] < Jéz 1(l2))Pa([tm(2)| ). (A2)

In order to prove (A.2), we first show that

oy (z) — TR (2)] < 3z Pa(l=)Pa(m(z) ) (43)

and deduce from this that (A.2) holds. Using results on the behavior of an(z) —

X TrRy(2) established in [10, 23, 14], we first establish that (A.3) holds. For this,
we recall the following lemma.

Lemma A.2 ([10], [23, Proof of Proposition 6]). Under Assumptions A-1,
A-2 and A-4, for z € C\R, it holds that

BIQy(2)] = R) + Av(IR() + (5T Ax(:) ) By RN (A)

where An(z) is given by An(z) = Ay n(2) + Ao n(2) + Az n(2) with

A13(D) = B QBB F T (@)~ ElQu ().
02 g
Bo(2) = | Q) ~ EQu ()] § T 5 () B
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2

o 2E[Qw(z)]lE[iTr(QN(z)

Az n(z) = (1+oan(2))? N

~BlQy(:)) T ER Q2B .
If My (2) is a sequence of deterministic complex matriz-valued functions defined on
C\R such that
M (2)]| < Pr(|2))Pa(|lm(2)[7),

then +Tr(A; n(2)Mny(2)), for i = 1,2,3, is bounded by +=P1(|z|)P2(|Im(2)[71).
Therefore,
El,N(z)

N2
where €1 n(z) is the holomorphic function on C\R defined by

an(z) = IRy (2) + (A.5)

e1.n(z o o o2
,]1\\]’§ ) _ (NTrAN(z)RN(z) + NTrE[QN(z)]RN(z)NTrAN(z)>,

and satisfies |e1 n(2)| < P1(|z|)Pa(|Im(2)|~1). Finally, an(z) can also be written as

. o = é1.n(2)
an(z) = N T Ry (z) + Nz (A.6)
where € n(z) is equal to
. _ l+oan(z2)
an(z) = UQN(Z)GLN(Z)’

and satisfies |é1 n(2)] < P1(|z|)P2([Im(z)|71).

In order to evaluate the behavior of oy (2) — £ Tr R/y(2), we differentiate (A.5)
with respect to z and get the following result.

Proposition A.1. Under Assumptions A-1, A-2 and A-4, for = € C\R, the
derivatives €} x(z) and € y(z) of e1,n(z) and €1 n(2) with respect to z satisfy
€1 v (2)] < Pr([z))P2(Im(2)[ 1) and |&] y(2)] < P1(]z])P2(Im(z)|7").

Proof. The proof uses Lemma A.1 and the observation that the spectral norms
IRy (2)|| and||R/y(z)| are bounded by Pi(]z|)P2(|Im(z)|~!). The details are
omitted. O

In order to complete the proof of the lemma, we establish that

Proposition A.2. Under Assumptions A-1, A-2 and A-4, for z € C\R,

oly(2) = 8y (2) + 2D,
By () = By () + 2N,

where |e2 n(2)| and |é2,n(2)| are both bounded by P1(]z])Pa(|Im(z)|~1).
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Proof. We first observe that (A.5) and (A.6) imply that

aly(2) — Oy (2) = o Tr (Riy(2)) — iy () + Elj;f’, (A7)
(2) — B (2) = 0T (R (2)) = i (2) + 220 (4.8)
We start with the classical identities
Ry(z) = Tn(z) = Ry(2)(Tn(2) " = Rn(2) ) Tw(2),
Ry (2) — Tn(2) = Ry (2)(Tn(2) ' = Rav(2) )T (2),
and get that
%T (Ry(2) = Tn(2)) = (an(2) = 6n(2))2on (2)
+ (an(2) = 0n(2))un (2), (A.9)
%Tr (Rn(2) = T (2)) = (an(2) = dn(2))an(2)
+ (an(z) —on(2))z0n(2), (A.10)
with
u (Z) _ U—QTI RN(Z)BNB}:VTN(Z)
N N (1+oan(2)(1+0dn(2))’
ﬂN(Z) _ U—QTI“ RN(Z)B*NBNTN~(Z)
N (1+oan(2)(1+0dn(2))’
and

o2 o2 - -
un(z) = WTrRN(z)TN(z) on(z) = WTrRN(z)TN(z).

Note that it is easy to check that uy(z) = tn(z). We differentiate (A.9), (A.10)
with respect to z, we use (A. 7) (A.8) and Proposition A.1, and recall that both
lan(z) —0n(z)] and |@n(z) —dn(z)| are bounded that P1(|z|)P2(|Im( )Y (see
[23]). We check that un(2), zun(z), 20n(z) and their derlvatlves are bounded by
P1(|z])P2(|Im(z)|~1), and obtain eventually that

(
l n(z) — (Z)] l un(z) ZUN(Z)] l ay(z) - 5&(2)] 1 lﬁ&N(Z)]
= B B - —|— —2 B s
N(z) = dn(2) 2On(2) un(z) | [ @y(z) = on(2)]  N° [&n(2)
with |e3 v (2)], |€3,5(2)] bounded by P1(|z])Pa(|Im(z)|~1). We denote by Ay (z) the
determinant of the above system, i.e.

An(z) = (1 —un(2))? — zon(2)in(2). (A.11)

Oq
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The determinant Ay (z) was studied in [14] and in [23] where it was proved that
AN (2)7Y < P1(]2])P2([Im(2)|71) on a subset Dy of C defined as

Dy — {z € €~ B, 1 (|2)Qa(Im(=) ™) < 1}

where Q1 and Qg are two polynomials independent of N. Thus, we can invert the

previous system on Dy to get
1 e3,n(2)
N? | &n(z))

()= 0(] 1 [1-un(z) ()
ah(2) = O (2) An(z) | zin(z) 1 —un(2)

This implies that |o/y () — 8y (2)] is bounded by +=P1(|z[)P2(|Im(z)|~!) on Dy. If

z € C\{RU Dy}, we use the trick in [12]. We remark that

C
/ o !/ < / !/ <
oy (2) = ()] < ()] + 0] <
for each z, and that 1 < >Q1(|2|)Q2(/Im(2)| ) on C\{R U Dy }. Therefore,

05(2) = 83()] < (D Qa(lm(:)| ) < 7zPa(Pa(lim(2)| )

on C\{RUDy}. This in turn shows that (A.2) holds on C\R. |

A.2. Proof of Lemma 3.4: Differentiability of %’I‘r 1/;(QN)

We first need to establish the following useful lemma.

Lemma A.3. Given an integer D > 0, let f be a continuous real function on RP.
Let O be an open set of RP such that RP\O has a zero Lebesgue measure. Assume

that f is a C' function on O and that its gradient f' on O can be continuously
extended to RP. Then f is C' on the whole RP with gradient f'.

Proof. We only need to prove that for any z € R” — O and any sequence x,, — z,
fan) = f(2) = (f'(z), 20 — @) + 0(dn),

where d,, = ||z, — z||. Since f is uniformly continuous on any small neighborhood
of z, there exists a sequence §,, such that for every y and 3’ in this neighborhood
for which ||y — /|| < 0n, |f(y) — f(¥')] < d2. Since RP — O has a zero Lebesgue
measure, there exists vy, and z, in O such that

l2n — ynll < min(§n,di) and ||x — z,| < min(d,, di)

Therefore, it holds that max(|f(z,) — f(yn)l, |f(zn) — f(2)]) < dZ. Writing f(z,,) —

f(@) = f(@n) = f(yn) + f(yn) = f(zn) + f(2n) — f(2), we obtain that f(z,)— f(z) =
fyn) — f(zn) + o(dy). By differentiability of f on O and continuity of f’ at z,

Fyn) — f(zn) = <fl(zn)7yn —zn) +o(lyn — 2all) = <f/(ac),xn —x) +o(dy)

which proves the lemma. O
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We now complete the proof of the lemma. We consider ¢ € C°(R,R), and
establish that, considered as a function of the real and imaginary parts of Wy,
function - Tr1(Qy) is continuously differentiable on R?MN i.e. that for each pair
(4,7), the partial derivatives

0 1 ~
78Wi,j,N { MTT ¢(QN)}

exist, and are continuous.®? We denote by O the open subset of R?MN for which the
eigenvalues (j\l,N)l:Lm}M of ¥ xy 3% have multiplicity 1. It is clear that R2MN\ O has
a zero Lebesgue measure. On O, it is standard that the eigenvalues (5\1,]\/);:1,“,,M
are C! functions and that

ONLN

SRAAUTLRN 3L | PV P A.12
Wy (NI N, (A.12)

Using Lemma 4.6 in Haagerup—Thorbjornsen [12], we obtain

i (T (@)} = T () g — () )

M
Z ¢ (Q)]ulL N] (A.13)
- i

and get that ﬁTr @(QN) is a C! on O. By Lemma A.3, it remains to establish that
the right-hand side of (A.13) can be continuously extended to any point W% of
R2MN\ O, For this, we first prove the following useful result.

Lemma A.4. If S\k,N = 5\1,]\/, then [Nk = [0(Qn3)]u-

Proof. We start by observing that for any integers mi,ms, ..., m;, matrix A =
~m ~m Am
Ay 11TAL - 11T A" writes

Ima Ima \Mmi—1 o YMi—1
’\1,N ’\1,N )‘I,N ’\1,N
~ My
A = N
my yma 3Me—1 yme—1
)‘M,N T )‘M,N )‘M,N O AMN

hence [A]gr = [A]y if 5\;@,1\7 = 5\l,N. The same can be said about 117 A and A117.
Consequently, the result of the lemma is true when ’(/NJ is a polynomial. Since any
continuous function v is the uniform limit of a sequence of polynomials on compact
subsets of R, the result is true for such . |

b1/~) is real-valued, the partial derivatives with respect to Wi,j,N thus coincide with the complex
conjugate of the partial derivative with respect to W ; n. It is therefore sufficient to consider these
derivatives.
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We consider an element WY, of R2¥N\ O, and denote by my, ..., my, with M =
Zle my, the respective multiplicities of the eigenvalues of X% where X% =
By + WY. We also denote by (ﬁl7N)l:17...7L the orthogonal projection matrices
over the corresponding eigenspaces. Lemma A.4 implies that for each i =1,..., L,

[’(Z}/ (Q)]m1+“'+mum1+---+mi

~1 A

- = [w (Q)}m1+"'+mi+mi+l717m1+"'+mi+mi+171 = Ki-

Therefore, for any sequence (W ,,)nen converging toward WY, it holds that

L
E}CV Z Hlﬁl,N] .
Jrt

=1

1

9 { -
im —T“MQN)H -
n—oo 8Wi’j,N M Wn :WN,n

This completes the proof of Lemma 3.4.

A.3. Proof of Lemma 3.5: Uniform boundedness of E[||Wn||?]

It is clear that it is sufficient to prove the boundedness of E[||Wy||?] if the entries
of Wy are real. We thus consider the case of real matrices and denote by Xy the
largest singular value of % The following concentration result is well-known.

Theorem A.1 ([7, Theorem II1.13]). Under Assumption A-4, it holds that
E[Xy] <1+ /N and for allt >0, P(Xy > 1+ /ey +t) < exp(—Nt?/2).

Using Theorem A.1 and for p > 2 the inequality,

+oo
E[X}] = / P(Xy > t)ptP~1dt
0

+oo
<p(l+ Ven)” + / P(Xy > t+ 1+ /en)p(t+1+ en)'~dt,
0

we easily obtain E[X%] < K < oo, with K a constant independent of N, for all
peN.

A.4. Proof of Lemma 3.9: Differentiability of the
regularization factor

We first establish that det ¢(ZyXy) is a C! function, and that (3.28) holds. We
use the same approach as in Haagerup—Thorbjornsen [12, Lemma 4.6]. We begin
by showing that the differential of det ¢(X) is given by

det ¢(X)" - H = Tr(adj(¢(X))¢' (X)H). (A.14)
As det (X)'-H = Tr(adj(X)H) and (X")"-H = Z?:_Ol X HX" 17 for any n € N,

we have
det(X™) - H = Tr(adj(X")(nX" "1 H)
since adj(X"™) and X commute. So (A.14) is true when ¢ is a polynomial. By

choosing a sequence of polynomials P, such that P, — ¢ and P, — ¢’ uniformly
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on compact subsets of R, we generalize (A.14) to any ¢ € C;. Now one can check that

I(ENZY)

TWion =eejXy, (A.15)

and it remains to apply the composition formula for differentials to obtain (3.28).
We also remark that at a point Wy for which there exists a A\, xy & supp(¢),
we have

adj(¢(EnERN))¢ (SnEy) Z [To(wn) | ¢ Cun)iunig y =0,
I=1 \ k#l

hence the derivative (3.28) is zero on Af{ y

It is easy to check that det qS(QN) is a C! function on the open set O of all
matrices Wy for which the eigenvalues of Xy 37 are simple, and that (3.29) holds
if Wy € O, i.e. on a set of probability one. In order to show that det (;S(QN) is a
C! function on R?M¥\ O, we use again Lemma A.3, and verify that (3.29) can be
continuously extended to R2YN\ . For this, we claim that

[adi (6(2n))¢' (n )ik = [adi(B(2n))¢' (2n )1 (A.16)
if Ay = \iv. Indeed, given € > 0, let ¢ () = ¢(z) + e. Since ¢.(Qy) > 0,
adj(6- (Qn)) 4L (Qn) = det (6= () o2 ' (2 )SL(Q).
Applying Lemma A.4 to ¢ = ¢! x ¢', we obtain that
[adj($= ()AL ()] = [adj(de ()DL (QAN)]u i Aoy = Aiwv

and letting ¢ — 0, we obtain the same result for adj(¢(€2x))¢’ (£2x). Similarly to
the proof of Lemma 3.4, this proves that (3.29) can be continuously extended to
R2MN\ O,

A.5. Proof of Lemma 3.10: Various estimates

In this section, we denote by a, n(2),@rn(2), Ryn(2) and R, n(2) the regular-
ized versions of the respective functions ay(z),an(2), Ry (z) and Ry(z) defined
in Sec. A.1, i.e.

ar,N(z):aE<%Tr(QN(z))XN> and O?r,N(Z)ZUIE(%Tr(QN(z))XN),

and
ByBY X !
R, — (22N g ; ,
~(2) (HMT,N(z) z(1+oa ,N(Z))>
- B% By -
R, —(—2N2N . .
N (2) <1+J&T,N(z) z(1+oa ,N(Z))>
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It is clear that o, n and &, ny are the Stieltjes transforms of positive measures
carried by C\supp(¢) and C*\supp(¢) respectively and with mass cexyE[xn] and
oE[xn]. This implies that the following uniform bounds hold: Let £ and K be
compact subsets of C\supp(¢) and C*\supp(¢) respectively, then we have
sup |a,, n(2)] < C and  supla.n(z)| < C. (A.17)
ze zek
In order to establish Lemma 3.10, it is necessary to show that similar bounds hold
for functions m, IR, n(2)| and |R; ~(2)]]. For this, we introduce function
wy N (2) = 2(1 + oa, n(2))(1 + 0, n(2)) and prove the following lemma.

Lemma A.5. Under Assumptions A-1-A-6, for any compact subset K of
C\supp(9¢), it holds that

sup |a N (2) — On(2)] —— 0, (A.18)
zEK N—oo
inf min |/\k,N — wr7N(z)| >C >0. (A.lg)
zel k=1,....M

Proof. Define ky(z) := a, n(2)—0n(2) where we recall that 0n(2) = ceympy(z) =
FTr (T (2)). Since dn(z) and ., n(2) are Stieltjes transforms of positive measures
carried by C\supp(¢), kn is holomorphic on C\supp(¢) and satisfies
C

d(z, supp(¢))’

This implies that the sequence (k) is uniformly bounded on each compact sub-
set of C\supp(¢). By Montel’s theorem, (kx) is a normal family. Let (ry(n))
a subsequence of (ky) which converges uniformly to k on each compact subset
of C\supp(¢). Then & is holomorphic on C\supp(¢). From [23, Proposition 6],
E[+TrQn(2)] — +Tr Ty (2) ~ 0 for z € C\R™ and since xn ~ 1 a.s., dominated

convergence theorem implies

[en(2)] <

kn(z) = E[%Tr QN(Z)XN] — %TrTN(z) ~ 0

for z € C\R™. Thus, x(z) = 0 for 2 € C\R™, and by analytic continuation, x(z) =
0 for all z € C\supp(¢). Therefore, all converging subsequences extracted from
the normal family (kn(z)) converge to 0 uniformly on each compact subset of
C\supp(¢). Consequently, the whole sequence (ky) converges uniformly to 0 on
each compact subset of C\supp(¢). This completes the proof of (A.18). We also
notice that

U(].—CN) + U(l—CN)(

- 1-E(w) (A2

ar N (2) = apn(z) —

and recall that o (2) = dn(z) — @ As1—-E(xn) = O(x5) for each integer p,
(A.18) implies

sup |2 (G (2) — dn (2))] — 0.
zeK
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Hence, it holds that

sup |wy n(2) — wn(2)] — 0.
zeK

Thus, (A.19) follows immediately from (2.12). m|

Lemma A.5 immediately implies that the following uniform bounds hold.

Lemma A.6. Let K and K be compact subsets of C — supp(¢) and C* — supp(¢)
respectively. Under Assumptions A-1-A-6, for N large enough, we have

1

B A21
T o) < (A2
sup |R, ~(2)]| < C, (A.22)
zeK
sup IR~ (2)| < C, (A.23)
zeK
sul[é IR, n(z) — Tn(2)|| — O, (A.24)
ze
sup Hf{TN(z) — Tn(2)|| — 0. (A.25)

ze

Proof. We first recall that inequality (2.9) holds. Therefore, the uniform conver-

gence result (A.18) implies that
1
inf |1 r -
inf [1+oarn(2) > 5

for N large enough. This establishes (A.21) that holds for NV large enough. In order
to prove (A.22), we express R, n(z) as

R n(2) = (1+00,n(2)(BNBy — wrn(2)) 7
and use (A.17) and (A.19). The proof of (A.23) is similar, and is based on the
identity

R, (2) = (1+ 0@,y (2)) BBy — wrn(2))

We remark that function &, y(z) has a pole at z = 0. Hence, any compact K over
which ||R,.n(z)| is supposed to be uniformly bounded should not contain 0. The
proof of (A.24) follows immediately from (A.18) and from (A.21), (A.22), (A.23).
Finally, to establish (A.25), we remark that

- BYR B I
oy~ BRaCIBy I
' wy. N (2) 14 ooy n(2)
~ B TN(Z)BN IN
Tr = N - P
N () wn(z) 1+ 0dn(2)
and that |w, n(2)| and |wy(2)| are uniformly bounded from below by (2.12) and
(A.19) (recall that 0 is one of the eigenvalues of BNyBY ). m|
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We now establish (3.34) and (3.35). In order to prove that an(z) — dn(z) =
O(57=) on C\R™, [10, 23] used the integration by parts formula (see e.g. [19]) and
the Poincaré inequality to show that the entries of E[Qn(z)] are close from the
entries of Ry (z) (see the fundamental equation (A.4)). Then, ayn(z) — dn(2) was
evaluated by solving a linear system whose determinant Ay (z) given by (A.11) was
shown to be bounded from below. Lemma A.6 allows to follow exactly the same
approach to establish (3.34) and (3.35). However, functions ay,dn, Ry, Ry have
to be replaced by their regularized versions. The following results show that the
presence of the regularization term xx does not modify essentially the calculations
of [10, 23]. We first indicate how the integration by parts formula is modified. Vec(+)
denotes the column by column vectorization operator of a matrix.

Lemma A.7. Let (fn)n>1 be a sequence of continuously differentiable functions
defined on CMM+N) with polynomially bounded partial derivatives satisfying the
condition

sup |fn(Vec(Qn(2)), Vec(En))xn| < C.
ZEORy

Then, under Assumptions A-1-A-6, for all p € N, we have

B (Vec(Qu (2)), Vec(Zx)) ] = L (Vee(Qu(2)), Vee(Sx )k + 22
(A.26)
for all k € N*, and
E[Wij,n f(Vec(Qn(2)), Vec(En)) x ]
_ 0? [0 (Vec(Qn (2)), Vec(En)) ] e2,n(2)
o F]E_ OWij N XN- - N 420
E[Wij,n f(Vec(Qn (2)), Vec(En))x n]
o [ ec z ec T  esn(z

with sup.cor, 6,8 (2)] < C < o0.
As for the use of the Poincaré inequality, we have:

Lemma A.8. Let (Mn(z)) a sequence of deterministic complex M x M matriz-
valued functions defined on C\R such that

sup My (z)[| < C.
2ZEOR,

Then, under Assumptions A-1-A-6,

1
Z:ggy\/ar NTrQN(z)MN(z)XN < %7
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and for ay € CM such that supy ||an|| < oo,
* C
sup Varlay Qn(2)Mn(2)anxn] < —.
ZEOR, N
Moreover, the same kind of uniform bounds still hold when Qn(z) is replaced by
QN (2)2
The proofs of these results are based on elementary arguments, and are thus

omitted. Following the calculations of [10, 23], we obtain that
E[Qn(2)xn] = Ren(2) + Arn(2)Rr N (2)

FEIQu DR () ST Ary () + O (IR () (4.20)

for each z € C\supp(¢) where Oy (z) is a matrix whose elements are uniformly
bounded on 9R,, by % for each p, and where A, y(z) is the regularized version of
matrix Ay (z) introduced in Lemma A.2 defined by

1

Arn(z) =— WE[QN(Z)XN}

N N N

1
1+ oo, n(2)

o? o? o?
X E[(—Tr Qn(z)xn — E{—Tr QN(Z)XN:|> —Tr 3y Qn(2)Byxn

o2 .
E |:<WTI' ENQN(Z)BNXN

2

-E {%TY E?VQN(Z)BNXN] ) QN(Z)XN]

e[S axtho B[ T avw] )

1+ oo, n(2)

X QN(Z)ENER/XN:l . (A30)
After some calculations using Lemmas A.6—A.8, we eventually obtain that
. C
sup |ay (E[Qn(2)xn] — R n(2))an| < —5,
2EIR,, N2
sup | n(2) — iTr(R (z))‘ < < (A.31)
zeagy A N N - N%’ ‘
sup [ (2) — T (R (2)] < (A.32)
s, |V T BN = '

for all large N. In order to prove (3.34) and (3.35), it remains to handle the terms
involving the difference R, n(z) — Tn(z). We show in the following that

C
sup lay (R, n(2) — Tn(2))an]| < N2 (A.33)
2ZEOR,
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for all large N. We start as usual with the identity
R, n(2) = Tn(2) = Ren(2)(Tw (2) 7' = Ryon(2) ") T (2),
to get
ay(Rrn(2) — Tn(2))ay

ar N(2) —On(2)
1+oa,n(2)(1+0dn(2))

= U( a}‘VRT,N(z)BNB}‘VTN(z)aN

+ 20 (@ N (2) — On(2))ay Ren(2)Tx(2)an.

The expression (A.20) of &, implies that z(G.n(2) — dn(2)) = z(arn(z) —
6n(2)) + O(5) for each integer p. Thus, to prove (3.34) and (3.35), it is suffi-
cient to check that

C
Zgggylar,N(Z) NG < 75

We will use the same ideas as in Sec. A.1 and remark that (o n(2)—0n(2), Gr N (2)—
B ~(2)) can be interpreted as the solution of a 2 x 2 linear system whose determinant
is a regularized version of (A.11), and appears uniformly bounded away from zero
on OR,.

Using again the previous expression of R, ny(z) — Tn(z) together with (A.31),
(A.32) and repeating the procedure for R, y(z) — Tn(z), we obtain

[ar,N(Z) - (SN(Z)] _ o (2) - 5N<Z>]

dr,N(Z) —SN(Z) an(Z) —SN(Z)

Up N (2) zvr,N(z)]

20p N (2)  upnN(Z)

1 |en(2)
- eg(z)], (A34)
with
2 RT,N(Z)B}:VBNTN(Z)

o o?
ur, N(2) = WTF ( v N(2) = WTrRT,N(z)TN(z)

1+ oo, n(2)(1+ 0dn(2))’

and
N o? = -
Urv(2) = T Re N (2) T (2).

The quantities en(z), én(z) satisfy sup.cor, [en(2)] < C, sup.cor, [En(2)] < C.
The determinant of the system is given by

Arn(z)=(1- 1LT,1\7(,2'))2 — zsz’N(z)ﬁr,N(z).

Lemma A.6 implies that for all large N, u, n(2), vy n(2) and 0, v (2) are uniformly
bounded on 9R,. Therefore, to conclude the proof of (A.33), it remains to check
that for all large N,

inf |A, > .
Lanf [Arn(2)] 2 C>0
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Consider the function éN(z) where we have replaced the matrix R, ny(z) and
R, n(2) by Tn(z) and Tn(z), i.e.
An(z) = (1 - an(2))* = 2*on(2)on(2),
with
2 TN(Z)BR/BNTN(Z) 02

() = N G oo L oon VB = F TN G

and

< 0'2 ~ 9
un(z) = NTITN(Z) .

Lemmas A.5 and A.6 imply that |an(2) —ur n(2)], |vr,n(2) —On(2)] and |0, N (2) —
on(z)| converge to 0 uniformly on R, which of course implies

sup |An(z) — Ay (z)] —— 0. (A.35)
Z€OR, N—oo

Using Cauchy—Schwarz inequality, we get

[An(2)] 2 An(2) = (1~ uy(2))? = |2PPun(2)in (2),

with
0'2 TN(Z)BNB* TN(Z)*
= T N
QN(Z) N r |1+U§N(Z)|2 5
0.2
oy (2) = T TN (o) T (2)°
and

in(z) = %T‘r’i‘N(z)’i‘N(z)*.

Now, we use the following lemma.

Lemma A.9. Under Assumptions A-1-A-6, there exists a constant C' > 0 inde-
pendent of N such that

i > C.
dBR, B2 2 €

Proof. It is shown in [23, 14] that Ay(2) is the determinant of the following 2 x 2
linear system
llm@N(Z))] _ l uy(z) QN(Z)] llm(tszv(z))] L () lﬂw(z)]
Im (20 (2)) 20N () un(2)] [Im(z0n(2)) uy ()]
(A.36)

a

and that for z € C\R, Ay (z) > 0. Solving the system, and looking at the corre-
sponding expression of Im(dn(z)), we easily get that
Im(z)

A6 = min(a)

%Tr T (2)Tx(2)"
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for z € C\R. Expressing Ty (z) — Ty (2)* as Tn(2)(Tn(2)* — Ty (2)"HTr(2)*,
and using the equation dn(2) = §Tr (Txn(z)), we obtain that

Im(on(z)) = Im(wN(z))%Tr Trn(2)Tn(2)"

and deduce the useful formula
Im(z)
Ay(z) = ————. A.37

Using the integral representation oy (z) = |, SNd”)\Lf:‘), we obtain after straightfor-

ward computations that the expression % extends to C\Sy, and therefore
to C\supp(¢), and satisfies
1
Iy ()
zeor, [Im(z)]

Equation (A.37) thus implies that

sup [An(2)] 7' < C,
ZEOR,

<C.

which concludes the proof. O

We deduce from this that inf.cor, |[An(2)| > C > 0 for all large N. Therefore,
we can invert the system (A.34) and obtain

C
Zgggylar,N(Z) NGl < 73
for all large N. This establishes (3.35) and completes the proof of (3.34).

The proof of (3.36) is similar to the proof of Lemma 3.2, but as above,
an(z),an(z), Ry(z) and Ry (z) have to be replaced by their regularized versions
N (2), @ n(2), Ry n(2) and R, y(z). The reader can check that the properties
of these regularized functions allow to follow the various steps of the proof of
Lemma 3.2.
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