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In this article, we study the fluctuations of the random variable:
1
In(p) = ; logdet(EnZy, + pIn),  (p>0)

where ¥, = n_l/QDrll/QXnD}L/Q + Ay, as the dimensions of the matrices go to infinity
at the same pace. Matrices X,, and A,, are respectively random and deterministic N X n
matrices; matrices D, and Dn are deterministic and diagonal, with respective dimen-
sions N x N and n x n; matrix X, = (X;;) has centered, independent and identically
distributed entries with unit variance, either real or complex.

We prove that when centered and properly rescaled, the random variable Z, (p)
satisfies a Central Limit Theorem and has a Gaussian limit. The variance of 7, (p)
depends on the moment IEX% of the variables X;; and also on its fourth cumulant
r=E[Xy]* -2 - [EX] 2

The main motivation comes from the field of wireless communications, where Z, (p)
represents the mutual information of a multiple antenna radio channel. This article
closely follows the companion article “A CLT for Information-theoretic statistics of Gram
random matrices with a given variance profile”, Ann. Appl. Probab. (2008) by Hachem
et al., however the study of the fluctuations associated to non-centered large random
matrices raises specific issues, which are addressed here.

Keywords: Central Limit Theorem; Shannon capacity; random matrices; spectral mea-
sure; Stieltjes transform.
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1. Introduction
1.1. The model, the statistics, and the literature

Consider an N x n random matrix X, = (%) which has the expression
1

vn
where A, = (a}}) is a deterministic N x n matrix, D,, and D,, are diagonal deter-
ministic matrices with non-negative entries, with respective dimensions N x N and
n xn; X, = (Xj;;) is an N x n matrix with the entries Xj;;’s being centered,
independent and identically distributed (i.i.d.) random variables with unit variance
E|X;;]* =1 and finite 16th moment.

Consider the following linear statistics of the eigenvalues:

<, DEX,DE + A, (1.1)

N
1 1
Tn(p) = N logdet(X, %) + ply) = N Zlog()\i +p),
i=1

where Iy is the N x N identity matrix, p > 0 is a given parameter and the \;’s are
the eigenvalues of matrix ¥, 3% (X stands for the Hermitian adjoint of ¥,,). This
functional, known as the mutual information for multiple antenna radio channels,
is fundamental in wireless communication as it characterizes the performance of a
(coherent) communication over a wireless Multiple-Input Multiple-Output (MIMO)
channel with gain matrix ¥,. When ¥,, follows the model described by (1.1), the
deterministic matrix A,, accounts for the so-called specular component, while D,
and D,, account for the correlations in certain bases at the receiving and emitting
sides, respectively.

Since the seminal work of Telatar [37], the study of the mutual information
T, (p) of an MIMO channel (and other performance indicators) in the regime where
the dimensions of the gain matrix grow to infinity at the same pace has turned to
be extremely fruitful. However, non-centered channel matrices have been compar-
atively less studied from this point of view, as their analysis is more difficult due
to the presence of the deterministic matrix A, . First order results can be found
in Girko [15, 16]; Dozier and Silverstein [11, 12] established convergence results for
the spectral measure; and the systematic study of the convergence of Z,(p) for a
correlated Rician channel has been undertaken by Hachem et al. in [13, 20], etc.
The fluctuations of Z,, are important as well, for the computation of the outage
probability of an MIMO channel for instance. With the help of the replica method,
Taricco [35, 36] provided a closed-form expression for the asymptotic variance of Z,,
when the elements of X,, are Gaussian.

The purpose of this article is to establish a Central Limit Theorem (CLT) for
Z,(p) in the following regime

N N
n—oo and 0 <liminf— <limsup — < oo,
n n

(simply denoted by n — oo in the sequel) under mild assumptions for matrices X,
Ay, D, and D,,.
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The contributions of this article are twofold. From a wireless communication
perspective, the fluctuations of Z,, are established, regardless of the Gaussianity of
the entries and the CLT conjectured by Tarrico is fully proven. Also, this article
concludes a series of studies devoted to Rician MIMO channels, initiated in [20]
where a deterministic equivalent of the mutual information was provided, and con-
tinued in [13] where the computation of the ergodic capacity was addressed and an
iterative algorithm proposed.

From a mathematical point of view, the study of the fluctuations of Z,, is the
first attempt (up to our knowledge) to establish a CLT for a linear statistic of the
eigenvalues of a Gram non-centered matrix (so-called signal plus noise model in
[11, 12]). It complements (but does not supersede) the CLT established in [21] for
a centered Gram matrix with a given variance profile. The fact that matrix 3, is
non-centered (EX,, = A,,) raises specific issues, from a different nature than those
addressed in close-by results [1, 4, 21], etc. These issues arise from the presence in
the computations of bilinear forms u @, (z)v, where at least one of the vectors u,,
or v, is deterministic. Often, the deterministic vector is related to the columns of
matrix A,, and has to be dealt with in such a way that the assumption over the
spectral norm of A,, is exploited.

Another important contribution of this paper is to establish the CLT regardless
of specific assumptions on the real or complex nature of the underlying random
variables. It is in particular not assumed that the random variables are Gaussian,
neither that whenever the random variables X;; are complex, their second moment
IEIX%- is zero; nor is assumed that the random variables are circular.* As we shall see,
all these assumptions, if assumed, would have resulted in substantial simplifications.
As a reward however, we obtain a variance expression which smoothly depends upon
IEX% whose value is one in the real case, and zero in the complex case where the
real and imaginary parts are not correlated.

Interestingly, the mutual information Z,, has a strong relationship with the Stielt-
jes transform f,(2) = 4 Trace(X, %} — zIn) ™! of the spectral measure of ¥, %7 :

7.(0) = logo+ | (1 nw)an,

Accordingly, the study of the fluctuations of Z,, is also an important step toward
the study of general linear statistics of ¥,,3’s eigenvalues which can be expressed
via the Stieltjes transform:

NTraceh(E ) NZh ( )fn(z)dz

2irm

for some well-chosen contour C (see for instance [4]).

2A random variable X € C is circular if the distribution of X is equal to the distribution of pX
for every p € C, |p| = 1. This assumption is very often relevant in wireless communication and has
an important consequence; it implies that all the cross moments E|X|FX* (£ > 1) are zero.
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Fluctuations for particular linear statistics (and general classes of linear statis-
tics) of large random matrices have been widely studied: CLTs for Wigner matrices
can be traced back to Girko [14] (see also [17]). Results for this class of matrices
have also been obtained by Khorunzhy et al. [27], Boutet de Monvel and Khorun-
zhy [7], Johansson [24], Sinai and Sochnikov [33], Soshnikov [34], Cabanal-Duvillard
[8], Guionnet [18], Anderson and Zeitouni [1], Mingo and Speicher [29], Chatterjee
[9], Lytova and Pastur [28], etc. The case of Gram matrices has been studied in
Arharov [2], Jonsson [25], Bai and Silverstein [4], Hachem et al. [21], and also in
[9, 28, 29]. Fluctuation results dedicated to wireless communication applications
have been developed in the centered case (A, = 0) by Debbah and Miiller [10]
and Tulino and Verdu [38] (based on Bai and Silverstein [4]), Hachem et al. [19]
(for Gaussian entries) and [21]. Other fluctuation results either based on the replica
method or on saddle-point analysis have been developed by Moustakas, Sengupta
and coauthors [30, 31], and Tarrico [35, 36].

1.2. Presentation of the results

We first introduce the fundamental equations needed to express the deterministic
approximation of the mutual information and the variance in the CLT.

1.2.1. Fundamental equations, deterministic equivalents

We collect here resuls from [20]. The following system of equations

1 - .
On(2) = ETr Dp(—2(Ix +0,(2)Dy) + Ap (L, 4 6,(2)Dy) tAR)E
, 2z€C—R™"

on(z) = %Tr Dy(—2(In + 0,(2)Dy) + A% (In + 6, (2) D) "t Ap) 71

(1.2)

admits a unique solution (9, Sn) in the class of Stieltjes transforms of non-negative
measures® with support in R*. Matrices T},(z) and T},(z) defined by
{Tn<Z> = (=2(IN + 8u(2) D) + An(Ln + 6,D,) 71 A7)~

- - . (1.3)
To(2) = (—2(I, + 6,(2)Dy) + A% (In + 6,Dy) "t A,) 7L

are approximations of the resolvent @, (z) = (3,37 — 2Iy)~! and the co-resolvent
Qn(2) = (2%, —2I,)" " in the sense that (> stands for almost sure convergence):
1 a.s.
—Tr(Qn(2) — Tn(2)) —— 0, z€C—-RT
n n— 00

which readily gives a deterministic approximation of the Stieltjes transform
N=1TrQ,(z) of the spectral measure of ¥,,X7% in terms of T}, (and similarly for

b1n fact, &y, is the Stieltjes transform of a measure with total mass equal to n~ ! Tr D,, while Sn is
the Stieltjes transform of a measure with total mass equal to n =1 Tr D,,.
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Q. and T},). Also proven in [22] is the convergence of bilinear forms
uh(Qn(2) = Tp(2))v, —2>10, z€C—RY, (1.4)

where (uy,) and (v,) are sequences of N x 1 deterministic vectors with bounded
Euclidean norms, which complements the picture of 7T;, approximating @Q,,.

Matrices T, = (t;5;1 < 4,5 < N) and T, = (Eij;l < 4,5 < n) will play a
fundamental role in the sequel and enable us to express a deterministic equivalent
to EZ,(p). Define V,,(p) by:

1 ~ -
Vo(p) = ~ logdet(p(In + 0n,Dy) + Ay (I, + 6,D,) tAX)

1 ~ pn ~
-~ n ntn) — 7 n5n7 1.
+Nlogdet(f +9,Dy) N§ (1.5)

where 8, and 0, are evaluated at z = —p. Then the difference EZ,(p) — V,(p) goes
to zero as n — 00.

In order to study the fluctuations N(Z,,(p) — V,.(p)) and to establish a CLT, we
study separately the quantity N(Z,,(p) —EZ,(p)) from which the fluctuations arise
and the quantity N(EZ,(p) — Vi.(p)) which yields a bias.

1.2.2. The fluctuations

In every case where the fluctuations of the mutual information have been stud-
ied, the variance of N(Z,(p) — V.(p)) always proved to take a remarkably simple
closed-form expression (see, for instance [30, 36, 38] and in a more mathematical
flavor [19, 21]). The same phenomenon again occurs for the matrix model ¥,, under
consideration. Drop the subscripts NV, n and let

1 oo
v=-TvDTDT, 7= —TrDTDT,
n n

) ) B (1.6)
v=-TrDTDT, # = ~-TrDTDT,
- n - n
where M stands for the (elementwise) conjugate of matrix M. Let
¥ =E(X;;)?> and k=E[X;[*—2— 9]
Let
2
1 _ _ _
0, = — log<<1 — “TrD*TA(I +6D) ' D(I + 5D)1A*TD5) - p2w>
n
1 1 M —1 7 A\ —1 g% 12 2 2~
—log| [1 —9=Tr DZTA(I +6D) " 'D(I +6D) ' A*TDz| — |9]*p*~v7
n 17

2
P Z 2,2 Z 7272
i J
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where d; = [Dylii, dj = [Dy];j, and all the needed quantities are evaluated at
z = —p. The CLT can then be expressed as:
N

\/?_n@” —~EZ,) % N(0,1),

where = stands for convergence in distribution. Although complicated at first sight,
variance 0,, encompasses the case of standard real random variables (9 = 1), stan-
dard complex random variables (¢ = 0) and all the intermediate cases 0 < |[¢] < 1.
Moreover, 0, often takes simpler forms if the variables are Gaussian, real, etc. (see
for instance Remark 2.2).

1.2.3. The bias

When the entries of X,, are complex Gaussian with independent and identically
distributed real and imaginary parts, K = ¥ = 0, and it has already been proven in
[13] that EZ,,(p) — Vu(p) = O(n=2). When any of k or 9 is non-zero, a bias term
B,.(p) # 0 appears in the sense that

N(EZu(p) = Va(p)) = Ba(p) —— 0.
We establish the existence of this bias and provide its expression in the case where
A=0.

1.3. Outline of the article

In Sec. 2, we provide the main assumptions and state the main results of the paper:
Definition of the variance ©,, and asymptotic fluctuations of N(Z,(p) — EZ,(p))
(Theorem 2.2), asymptotic bias of N(EZ,(p) —V,.(p)) (Proposition 2.1). Notations,
important estimates and classical results are provided in Sec. 3. Sections 4, 5 and
6 are devoted to the proof of Theorem 2.2. In Sec. 4, the general framework of the
proof is exposed; in Sec. 5, the central part of the CLT and of the identification of
the variance are established; remaining proofs are provided in Sec. 6. Finally, proof
of Proposition 2.1 (bias) is provided in Sec. 7.

2. The Central Limit Theorem for 7, (p)

2.1. Notations, assumptions and first-order results

Let i = v/—1. As usual, Rt = {# € R : 2 > 0}. Denote by %, the convergence

in probability of random variables and by D, the convergence in distribution of
probability measures. Denote by diag(a;; 1 < i < k) the k x k diagonal matrix whose
diagonal entries are the a;’s. Element (4, j) of matrix M will be either denoted m;;
or [M];; depending on the notational context. If M is an n x n square matrix,
diag(M) = diag(m;;; 1 < < n). Denote by M7 the matrix transpose of M, by M*
its Hermitian adjoint, by M the (elementwise) conjugate of matrix M, by Tr(M)
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its trace and det(M) its determinant (if M is square). When dealing with vectors,

|| - || will refer to the Euclidean norm. In the case of matrices, || - || will refer to the

spectral norm. We shall denote by K a generic constant that does not depend on n

and that might change from a line to another. If (u,,) is a sequence of real numbers,

then u,, = O(v,,) stands for |u,| < K|v,| where constant K does not depend on n.
Recall that

1 .
Y, = —=DY?X,DV? 4 A, 2.1
Z=DYAX.DY 4 Ay, (21)
denote D,, = diag(d;,1 <i < N) and D, = diag(cij, 1 < j < n). When no confusion

can occur, we shall often drop subscripts and superscripts n for readability. Recall
also that the asymptotic regime of interest is:

N N
n—o0o and 0 <liminf — <limsup — < oo,
n n

and will be simply denoted by n — oo in the sequel. We can assume without loss
of generality that there exist non-negative real numbers £~ and £ such that:

N
O<£_§E§£+<oo as n — 00. (2.2)

Assumption 2.1. The random variables (Xi"j; 1<i<N1<j<mnmn2>1)are
complex, independent and identically distributed. They satisfy

EX] =0, E[XpIP=1 and E|X}]* < oo

Remark 2.1 (Gaussian distributions). If X;; is a standard complex or real
Gaussian random variable, then £ = 0. More precisely, in the complex case, Re(X11)
and Im(X7;) are independent real Gaussian random variables, then ¥ = x = 0; in
the real case, then ¥ = 1 while k = 0.

Assumption 2.2. The family of deterministic NV x n complex matrices (4,,n > 1)
is bounded for the spectral norm:

Qmax = sup || 4, || < oo.
n>1

Assumption 2.3. The families of real deterministic N x N and n X n matrices

(D) and (D,,) are diagonal with non-negative diagonal elements, and are bounded
for the spectral norm as n — oo:

dmax:SupHDn“ < oo and JmaX:SupHD’ﬂ“ < 00.
n>1 n>1

Moreover,

1 ~ 1 -
dpin =inf —TrD,, >0 and dpn = inf —Tr D, > 0.
n n n n
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Theorem 2.1 (First order results [13, 20]). Consider the N x n matriz X,
given by (2.1) and let Assumptions 2.1-2.3 hold true. Then the system (1.2) admits a
unique solution (9y,, Sn) in the class of Stieltjes transforms of non-negative measures.
Moreover,

1 a.s. 1. =~

—Tr(Qn(2) = Tn(2)) 0 and —Tr(Qn(2) - To(2)) -2 0

n—oo
for any z € C — RT.

n—oo

2.2. The central limit theorem

In this section, we state the CLT then provide the asymptotic bias in some particular
cases.

Theorem 2.2 (The CLT). Consider the N x n matriz ¥, given by (2.1) and let
Assumptions 2.1-2.3 hold true. Recall the definitions of & and § given by (1.2), T
and T given by (1.3), v, 4, v and 4 given by (1.6). Let p > 0. All the considered
quantities are evaluated at z= —,0._Deﬁne A, and A, as

2
A, = (1 1 TrD2TA(I + 5D)—2DA*TD%> — p*vy
n

and
1, 1o L |2
A, = ‘1 —9=Tr D2TA(I +6D) " 2DA*TDz| — [9*p*y7.
n 17
Then the real numbers
,02 N n
_ 2,2 7272
0, = —logAn—logén+mﬁZditiiZdj iz (2.3)
i=1 j=1
are well-defined and satisfy:
0 < liminf ©,, < limsup©,, < co (2.4)

as n — o0o. Let
1
In(p) = N log det (2, %), + pIn),

then the following convergence holds true:

o= T0) ~ EL,() 2 N .1,

Remark 2.2 (Simpler forms for the variance). We consider here special cases
where the variance ©,, takes a simpler form.

(1) The standard complex Gaussian case. Assume that the X;;’s are standard com-
plex Gaussian random variables, i.e. that both the real and imaginary parts of

1150010-8



CLT for Certain Statistics of Gram Random Matrices

X;;j are independent real Gaussian random variables, each with variance 1/2. In
this case, ¥ = k = 0 and ©,, is equal to —log A,,, and we in particular recover
the variance formula given in [36].

(2) The standard real case. Assume that the X;;’s are standard real random vari-
ables, assume also that A has real entries. Then A,, and A, are equal.

(3) The “signal plus noise” model. In this case, D,, = Iy and D,, = I, which
already yields simplifications in the variance expression. In the case where 9 = 0,
the variance is:

2
-1 -2 1 2 2~ Kp 2,2 7272
O, =—log((1—=—n""(140) "TrTAA*T)" —p 77)4—? E d;ts; E d;ts.
i J

As one may easily check, the first term of the variance only depends upon the
spectrum of AA*. The second term however also depends on the eigenvectors
of AA* (see, for instance [26]).

A full study of the asymptotic bias turns out to be extremely involved and would
have substantially increased the volume of this paper. In the following proposition,
we restrict our study to two important particular cases:

Proposition 2.1 (The bias — particular cases). Assume that the setting of
Theorem 2.2 holds true.

(i) If the random wariables (Xj3;i,j,n) are complex with Re(X7;) and Im(X})

independent, both with distribution N'(0,1/2), then:

NEZ) - Vo) =05 )

(ii) If A, = 0, let the quantities v and 7 be evaluated at z = —p and consider

K o . 1 -
Bn = =507y + S log(1 — [9]°p*77). (2.5)
Then
N(EZ,(p) = Vu(p)) — Bn o 0.
Remark 2.3. Observe that T(z) = [—2z(I + 0(z)D)]"! and T(z) = [—z(I +

5(z)D)]~" when A = 0. It is interesting to notice that B, coincides in that case
with —0.5% the sum of the two last terms at the right-hand side of (2.3).

Proof of Proposition 2.1 is deferred to Sec. 7.

3. Notations and Classical Results

3.1. Further notations

We denote by Y the N x n matrix n='/2D2X D'/?; by (n;), (a;) and (y;) the
columns of matrices 3, A and Y. Denote by ¥;, A;, and Y; the matrices X, A,

1150010-9
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and Y where column j has been removed. The associated resolvent is Q;(z) =
(3,25 —zIn)~". We shall often write Q, Q;, T for Q(z), Q;(2), T(z), etc. We denote
by [)j matrix D where row and column j have been removed. We also denote by
Al:j and El:j the N Xj matrices Al:j = [al, ey aj] and El:j = [7’]1, . ,T}j]. Denote
by E; the conditional expectation with respect to the o-field F; generated by the
vectors (ye, 1 < ¢ < j). By convention, Eq = E.

We introduce here intermediate quantities of constant use in the rest of the
paper. For 1 < j < n, let:

- -1
bj(z) = a1 ’
2(1+ a;fQj(z)aj + 2 Tr DQ;(2))
ej(2) = njQ;(2)nj — # TrDQ;(2) + a?Qj@)%)
d.
=y;Q;(2)y; — ﬁ Tr DQ;(2) + a;Q;(2)y; + yjQ;(2)a;- (3.1)

3.2. Important identities
Recall the following classical identity for the inverse of a perturbed matrix (see
(23, Sec. 0.7.4]):

(A+XRY) ' =471 - A 'X(R'+yA I X)) lvAa™t (3.2)

3.2.1. Identities involving the resolvents

The following identity expresses the diagonal elements G;;(2) = [Q(2)];; of the
co-resolvent; the two following ones are obtained from (3.2).

-1

W& = e,y 33)

Q;(2)n;n;Q;(2)

Q(z) = Qj(z) — W
= Q;(2) + 2q;;(2)Q;(2)njn; Qj(2), (3.4)

- Q(2)nn;Q(z)
Qj(2) = Q(z) + ST 1T TROEI (3.5)
Oy = L
1+77ij( n; 1_77;62(2)773'. (3.6)
Notice that

Gjj(2) = b;(2) + 2455 (2)b;(2)e; (2) (3.7)

1150010-10
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and that 0 < b;(—p),q;;(—p) < p~'. These facts will be repeatedly used in the
remainder. A useful consequence of (3.4) is:

g
an(Z) = W = —qu(Z)??j Qj(2). (3.8)

3.2.2. Identities involving the deterministic equivalents T' and T
Define the N x N matrix 7;(z) as
T3(2) = (~2(Iy +8(:)D) + Ay (L1 + 6(=)Dy) " 45) 7, (3.9)

where § and § are defined in (1.2). Notice that matrix 7; is not obtained in general
by solving the analogue of system (1.3) where A is replaced with A; and when D is
truncated accordingly. This matrix naturally pops up when expressing the diagonal
elements #;; of T. Indeed, we obtain (see Appendix A.1):
- —1
tjj(2) = . = :
2(1+a;7Tj(z)a; + d;é(z))
Let b be a given N x 1 vector. The following identity is also shown in
Appendix A.1:

(3.10)

- a;T(2)b
— 2tp(2)a; To(2)b = —4=22— 3.11
ee(2)agTe(2) T di0(2) (3.11)
Thanks to (3.2), we also have

T(z) = —2"YI+6(2)D)™' + 271 (I + 6(2)D) LA T (2)A(I + 6(2)D)~L.  (3.12)

3.3. Important estimates

We gather in this section matrix estimates which will be of constant use in the
sequel. In all the remainder, z will belong to the open negative real axis, and will
be fixed to z = —p until Sec. 7.

Let A and B be two square matrices. Then

|Tr(AB)| < \/Tr(AA*)\/Tr(BB*) (3.13)

When B is Hermitian non-negative, then a consequence of Von Neumann’s trace
theorem is

ITe(AB)| < ||A|Tr B. (3.14)

The following lemma gives an estimate for a rank-one perturbation of the resol-
vent ([21, Lemma 6.3] and [32, Lemma 2.6]):

Lemma 3.1. The resolvents QQ and the perturbed resolvent Q; satisfy for z = —p:

mra@- o) < 2

for any N x N matriz A.

1150010-11
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The following results describe the asymptotic behavior of quadratic forms based
on the resolvent.

Lemma 3.2 (Bai and Silverstein [3, Lemma 2.7]). Let x = (z1,...,2,) be
an n X 1 vector where the x; are centered i.i.d. complex random variables with unit
variance. Let M be an n x n deterministic complex matriz. Then for any p > 2,
there exists a constant K, depending on the 2p-th moment of x1 for which

]E‘sc*Mw _ TrM|p < Kp((E|aC1|4 TrMM*)p/Q +E|x1|2p Tr(MM*)p/Q),

Remark 3.1. There are some important consequences of the previous lemma. Let
(M) be a sequence of n x n deterministic matrices with bounded spectral norm
and (z,,) be a sequence of random vectors as in the statement of Lemma 3.2. Then

for any p € [2;8],
max (E

where e; is given by (3.1) (the estimate Ele;|? = O(n~?/?) is proven in
Appendix A.2).

*
xz; M,x, TrM,
n n

P
K
;E|€j|p> < Yl (3.15)

Remark 3.2. By replacing E|z;|* with max; E|z;|* and E|z|?? with max; E|z;|??,
Lemma 3.2 can be extended to the case where elements of vector x are indepen-
dent but not necessarily identically distributed [5, Lemma B.26]. Accordingly, the
results of this paper remain true when the Xj; are independent but not necessarily
identically distributed, provided E[X;|* = 1, EX? = 9, and E[X5[* =2 — [0]* = &
for all 7, j, and sup,, max; ; E[X;;|*® < oo.

The following theorem is proven is Appendix A.3:

Theorem 3.1. Assume that the setting of Theorem 2.2 holds true. Let (u,) and
(vn) be two sequences of deterministic complex N x 1 wvectors bounded in the
Euclidean norm:

sup max(||u, ||, ||va]|) < oo,
n>1

and let (U,) be a sequence of deterministic N x N matrices with bounded spectral
norms:

sup ||Up || < oc.
n>1
Then,

(1) There exists a constant K for which

Z E|u;Qjaj |2 S K.

Jj=1
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(2) The following holds true:

Lo -rQ) <
n

JE

(3) For every p € [1,2], there exists a constant K, such that:

K
Bl (Q — T)ua[™ < —2.

(4) For every p € [1,2], there exists a constant K, such that:

. K,
Eluy, (Q — Ti)on|* < —.

npbP

(5) There exists a constant K such that

ETrU(Q — EQ)* < K.
The following results stem from Lemma 3.2 and Theorem 3.1 and will be of
constant use in the sequel. Recalling (3.7) and (3.15) along with the bounds on §;;
and b;, we have for any p € [2,§]

- K
Elgi; — 01" < —73. (3.16)

Of course, the counterpart of Theorem 3.1 for the co-resolvent Q and matrix T
holds true. In particular, taking the vectors u, and v, as the jth canonical vector
of C" yields the following estimate for any p € [2,4]:
Elgy; - til" < —75- (3.17)
The following two lemmas, proven in Appendices A.4 and A.5, provide some
important bounds:

Lemma 3.3. Assume that the setting of Theorem 2.2 holds true. Then, the follow-
ing quantities satisfy:

d .
i <§, <

P + dmaxdmax + afnax p

dmin ; dmax
P+ £ dmaximax + a2 P
dmin
(p + dmax ~max +a2..)?

dmin
(p+ £+dmaxdmax + a’lznax)2 -

< lTrDT2 <
n
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2 2
dmin < ~ < £+dmax
= >Tn > y
€7 (p+ dimaxdimax + a2,,,)? p°
~ ~2
dn~1in < '?n < dmaX
(p+ € dmax@max + 2,2 — P
2 N 2
%nin < Iy < Eldn
‘e+ (p + dmaxdmax + a'r2nax)2 n =1 T p2
~2 ~2
dr:lin < l z": Cz2t~2 < dmax )
(p+ £+dmaxdmax +ai.)? " j=1 T

Lemma 3.4. Assume that the setting of Theorem 2.2 holds true. Then
1 . .
sup — Tr DY2TA(I + D) 2DA*TD? < 1.
n n

Moreover, the sequence (A,) as defined in Theorem 2.2 satisfies

A, > L e pr? T DT?

no no

and

liminf A,, > 0.

3.4. Other important results

The main result we shall rely on to establish the Central Limit Theorem is the
following CLT for martingales:

Theorem 3.2 (CLT for martingales, [6, Theorem 35.12]). Let %"),

Wén), ey T(L") be a martingale difference sequence with respect to the increasing fil-
tration .7-"1(”), . ,.7-"7(Ln). Assume that there exists a sequence of real positive numbers

Y2 such that

n—oo

1 - n)2 P
WZEH%(' TP (3.18)
Assume further that the Lyapounov condition ([6, Sec. 27]) holds true:

n—oo

L N (mp2es
Then Y1 > i ’yj(-n) converges in distribution to N'(0,1).
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Remark 3.3. Note that if moreover liminf,, T2 > 0, it is sufficient to prove:

n—oo

n 2
SE 12 L, (3.19)
j=1

instead of (3.18).

We now state a covariance identity (the proof of which is straightforward and
therefore omitted) for quadratic forms based on non-centered vectors. This identity
explains to some extent the various terms obtained in the variance.

Let x = (z1,..., xN)T be an N x 1 vector where the x; are centered i.i.d. complex
random variables with unit variance. Let y = N~/2D'2g where D is an N x N
diagonal non-negative deterministic matrix. Let M = (m;;) and P = (p;;) be N x N
deterministic complex matrices and let w be an N x 1 deterministic vector.

If M is an N x N matrix, vdiag(M ) stands for the N x 1 vector [My1, ..., Myn]T.

Denote by T(M) the random variable:

T(M)=(y+u)"My+u).
Then EY(M) = & Tr DM +u*Mw and the covariance between Y (M) and Y (P) is:
E[(Y(M) — EX(M))(Y(P) — EY(P))]

1 1
= 3 Te(MDPD) + = (u* MDPu + u* PDMu)

N2
|E[23]]? T Elz3] . r  EEF] oo o7
+ 55— D(MDP'D) + —Zu PDM a4 —u" MT DPu
E 2
+ 7%13' /2“] (w* PD?/? vdiag(M) + uw* M D% vdiag(P))
Bz 22
+ %(Vdiag(P)TD?’/ 2Mu + vdiag(M)T D¥/2 Pu)
K N
+ N2 Z d?imiipiia (3.20)
=1

where k = E|z1|* — 2 — [Ex? |2

Remark 3.4. Identity (3.20) is the cornerstone for the proof of the CLT; it is the
counterpart of Identity (1.15) in [4]. The complexity of Identity (3.20) with respect
to [4, Identity (1.15)] lies in 8 extra terms and stems from two elements:

(1) The fact that matrix ¥ is non-centered.

(2) The fact that the random variables X;;’s are either real and complex with
no particular assumption on their second moment (in particular, EX% can be
non-zero in the complex case).

It is this identity which induces to a large extent all the computations in the present
article.

1150010-15



W. Hachem et al.

4. Proof of Theorem 2.2 (Part I)

Decomposition of L, — EZ,, Cumulant and cross-moments terms in the variance.

4.1. Decomposition of Z,, — EZ, as a sum of martingale
differences

Denote by

n;Q;n; — ( TrDQj+anaJ)
14+ % TrDQJ—Fa Qja;

T, =

With this notation at hand, the decomposition of Z,, — EZ, as

n

I, -EZ, =) (E; - E,;_1)log(1+T;) (4.1)
j=1

follows verbatim from [21, Sec. 6.2]. Moreover, it is a matter of bookkeeping to
establish the following (cf. [21, Sec. 6.4]):

n

> E; 1 ((Bj —Ej1)log(1 +T) ZJEJ L (E;T5) ﬁo (4.2)
j=1

Hence, the details are omitted. In view of Theorem 3.2, Egs. (3.19), (4.1) and (4.2),
the CLT will be established if one proves the following 3 results:

(1) (Lyapounov condition)
36 >0, Y E[ET;*T ——o.
j=1

(2) (Martingale increments and variance)

ZEJ L (B,;T;)% -0, ——0.

n—oo

(3) (Estimates over the variance)

0< hmlnf@ < hmsup@ < 0.

It is straightforward (and hence omitted) to verify Lyapounov condition. The
convergence toward the variance is the cornerstone of the proof of the CLT: The rest
of this section together with much of Sec. 5 are devoted to establish it. The esti-
mates over the variance ©,, also central to apply Theorem 3.2, are established
in Sec. 6.2.
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Notice that E;_;(E;T;)? = E;_; (E;pbje;)?. We prove hereafter that

S E; -1 (Ejpbse;)? Zp I2E;_1(Eje;)? —2— 0. (4.3)

n—oo

j=1
The inequality E|b; — t,;|> < 2E[b; — §;5|* + 2E|Gj; — t,,|* in conjunction with
Estimates (3.16) and (3.17) yield E|b; — ¢;;|> = O(n™1). Moreover,
E|E;1(E;pbje;)* — Ejm1(pt;iEse;)?| < E|(E;pbje;)” — (Ejptjie;)’]
= IEI(E‘( b — ptjs)es) (Bj(pbs + pijs)e;)]
< E|(pb; — plj5)e; (E;(pb; + piji)e;)]
S Kn_3/2

using Cauchy—Schwarz inequality and (3.15). This implies (4.3). Let ¢ =
E(] X% |X11). Using Identity (3.20), we develop the quantity E;_1 (E;e;)?:

> PP E 1 (Ejey)?
j=1

n N
R
= Tl_ Z Z E QJ i
J=1 i=1
4T /200 a3 (E;Q;)D*/? vdiag(E; Q)
j=

_, [ d? .
Pt ( Tr(E;Q;)D( ij)D+dea}k'(Eij)D(Eij)aj)

+
S|

Jj=1
1~ d? _ . )
+ E Z j2j <|19|27j TI(E]Q])D(E]Q])D + 2 Re(ﬁdja; (E]QJ)D(E]Q])CL])>
j=1

n n n n
= ZXU +ZX2J' +ZX3j +ZX4J'-
j=1 j=1 j=1

4.2. Key lemmas for the identification of the variance

The remainder of the proof of Theorem 2.2 is devoted to find deterministic equiva-
lents for the terms Z?:l xej for £ =1,2,3,4.

Lemma 4.1. Assume that the setting of Theorem 2.2 holds true, then:
n
>_i— Z SR o
j=1 i=1 j=1
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Proof. Write

—ZdQ EQ% — ZdQE Q it

N
= - Zdz (E; Q;1iE; (1Q]ii — [Qlii) + %de[Eij]ii([EjQ]n — tii)
=1

=€1,5 +€2,;-
The term |e1 ;| = n~}E;[Tr D? diag(E,;Q,)(Q; — Q)]| is of order O(n~!) thanks to
Lemma 3.1. Moreover, E|ez ;| = O(n~'/2) by the analogue of (3.17) for the diagonal

elements of the resolvent. Hence,

n sz n_oo 1 N »
> xii— o > dit (5 > d?@j@jhﬁn) ——0.
j=1 j=1 i—1

Iterating the same arguments, we can replace the remaining term E;[Q;]:; by ti; to
obtain the desired result. O

Lemma 4.2. Assume that the setting of Theorem 2.2 holds true. Then:

Proof. We have

E Zij
j=1

di ,
o3 () D2 T ELQ)

IN
S|
=

IN
S|
(]
&

The first term satisfies
1/2

n . n . 2
* 3/2 vdiag(T') X 3,5 vdiag(T)
§ E|a;Q; D% —n <vn ;leEanjD/ —

j=1
As |[n~1/2D%/2 vdiag(T)|| = (n~! Zl L d3t2)1/2 < K, Theorem 3.1(1) can be

applied, and the first term at the right-hand side of (4.4) is of order n~'/2. We
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now deal with the second term at the right-hand side

.0 3/2vdiag(Q—T) - vdiag(Q — T)
E|aj (B,Qy) D%/ == | < KE | —=£t—
N 1/2
K
< | = 42
< (X3 oo ur)
< K
=/

by (3.17). We now consider the third term. Since |aj (E,;Q;)D?/?|| is uniformly
bounded,

l - (M ).\ D3/2 vdiag(Q; — Q)
- J;E a;(E;Q;)D —\/T_JL
= L S ET(ding(al (8,0, DY) (Q, - Q)] <
32 2 RS AT J =/n
by Lemma 3.1. O

Lemma 4.3. Assume that the setting of Theorem 2.2 holds true, then:

n 2
1 ~ -
> xsj + log ((1 — “TrD2TA(I + 5D)—2DA*TD%) - p2’y’~y> LN}
j:l n n—oo
Lemma 4.4. Assume that the setting of Theorem 2.2 holds true, then:

- 1 _ . ~ 2
ZX4j +10g<’1 —ﬁ—TrD%TA(]_F(;D)szA*TD%
n

j=1

. P
- |19|20211> ——0.
n—oo

The core of the paper is devoted to the proof of Lemma 4.3. This proof is
provided in Sec. 5. The proof of Lemma 4.4 follows the same canvas with minor
differences. Elements of this proof are given in Sec. 6.

5. Proof of Theorem 2.2 (Part IT)

This section is devoted to the proof of Lemma 4.3. We begin with the following
lemma which implies that Z?:l X3; can be replaced by its expectation.

Lemma 5.1. For any N x 1 vector a with bounded Euclidean norm, we have,

mjaxvar(a*(IEjQ)D(EjQ)a) =0 and

mjax var(Tr(E;Q)D(E;Q)D) = O(1).
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Proof of Lemma 5.1 is postponed to Appendix B.1. Observe that:

> X =— ZP i (ﬁ (E;Q;)D(E;Q;)D + dea;(Eij)D(Eij)aj>
=1

— Zp2t2 ( - Tr(E;Q)D(E;Q)D + QCZja}f(]Eij)D(]Eij)aa +0(n™ 1),
due to Lemma 3.1. Consider the following notations:
vy = - TE[(E,Q) D(E;Q)D) = - TrE[(E,Q)DQD),

Crj = Elai(E;Q)D(E;Q)ak] = E[a;(E;Q)DQay],
Ox; = Elag(E;Qr) D(E; Qr)ar] = Elay (E;Qr) DQrax],

1
= — dit2.0k;.
nZP kUi Vkj

k=1
Thanks to Lemma 5.1, we only need to show that

— Z P70+ 20%d;17655) +log Ay —— 0. (5.1)

There are structural links between the various quantities v, (rj, Or; and ;.
The idea behind the proof is to establish the equations between these quantities.
Solving these equations will yield explicit expressions which will enable to identify
=2 2t2.d20; + 2p°d;12,055) as the deterministic quantity —log A, up to a
vanishing error term.

Proof of (5.1) is broken down into four steps. In the first step, we establish an
equation between (x, 1; and ¢, (up to O(n~'/2)): Eq. (5.7). In the second step, we
establish an equation between ¢; and ¢;: Eq. (5.11). In the third step, we establish
an equation between (i;, ¥; and 6i;: Eq. (5.12). Gathering these results, we obtain
a 2 x 2 linear system (5.15) whose solutions are ¢; and ¢;. In the fourth step, we
solve this system and finally establish (5.1).

5.1. Step 1: Expression of Ci; = Ela) (E;Q)DQax]
Writing
Q=T+T(T'—Q HQ=T+T(pdD + A(I +6D)"'A* —22*)Q, (5.2)
we have:
Crj = E[a}E,[T + T(pdD + A(I + D)~ A* — £¥")Q]DQay],
= Ela;TDQax] + pdE[a;TD(E;Q)DQay]
+E[a;TA(I +6D) ' A*(E;Q)DQayx] — E[a;T(E;X*Q)DQay],  (5.3)
2 4 TDTay + pdE[a;TD(E,Q)DQay| + X + Z + ¢, (5.4)
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where X and Z are the last two terms at the right-hand side of (5.3) and where
le| = O(n~='/?) by Theorem 3.1(3). Beginning with X, we have

¥ = Z Ela;Taea; (E;Q)DQay)

1+ 5dz
_ Zn: Ela;Tasa)(E;Qe)DQax) Zn: Elptoa;Tara)(E;Qenem; Qo) DQax] fe
=1 1+ 5d£ = 1+ ddy
_ i Ela;Taa;(E;Qe)DQax) i E[ ptggaZTagaZ(Ejanm;Qg)DQak]
=1 1+ (Sde =1 1+ ddy
+e1+ €9
_ z”: Ela;Tasaj(E;Qe)DQax] <~ ElpteayTasa; Trar(Ejn; Qe) DQay]
— 1+ ddy — 1+ dd,
+e1+eg+e3
2 X0+ Xo+er+eotes,
where
o - Z Ela;Tae(E;(pdec — ptee)a;Qenen Qe)DQak} (5.5)

1—|—5d[

B i Elptua;Tasa;(E;Qeyen; Qe) DQay]
1+ dd,

g9 =

b

= Z ElpteazTar(Bjar(Qe — To)aen; Qe)DQar]
1+ (Sdg

Using (3.3) and (3.8), €1 can be written as:
1 = B[E;(a; T Adiag(&) (I + 6D)'Y*Q)DQay],

where & = p(Gee — tee)(1 + n;Qene)a;Qene. Recalling that ||X*Q| is bounded, we
obtain |e1] < KE|af TAdiag(&)[| < K (X5, l[af TALPEE)Y2 < K/ /i by (3.17)
and the boundedness of E|X11|'® (Assumption 2.1). We show similarly that e and
e3 (with the help of Theorem 3.1(4)) are of order O(n~'/2?). We now develop X> as:

B zn: E[pteeatTasa)Teaal(E;Qr) DQay]

Xy = '
= 1+ dd,
i Elptea;Taca; Toary; (EjQe) DQay]
= 1+ (5d@
2 U+ Us.
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The term Uy can be expressed as:
_ i Elp*teeqeea; Taca; Teary; (B;Qe) DQenen; Qeax)
— 1+ 6dy

_ XJ: E|p?t7a;Tasa; Trary; (E;Qe) DQenen; Quak)
1+ ddy

Write nen; = agaj; + aey; + yey; + yeay. The term in aaj is zero. Turning to the
term in apy;, we have Ely; (E;Q/)DQrary; Qeax] = O(n~1), hence

+ O(n~1?).

J g * * * *

3 [E[p*t5a;Taca; Toary; (E; Qo) DQeary; Quax| < —Z\akTW\ < K

=1 1+ dde =1 a
Moreover,

XJ: [E[p*t3a;Taca); Toary; (E;Qe) DQeyey; Qeay)|
— 1+ 5dg

Elp*t2,a;Taral Tear(y; (B; Qo) DQeye — den™' Tr D(E;Q0) DQe)y; Qea|
1+ dd,

IN
S[=

i
> lajTay
=1

=0(n'?).

The term in yeaj is written as

zj: Elp*t7,a;Tasa; Toasy; (B;Qr) DQuyra; Qeay]
= 1+ dd,

J 752 % * *
= Z Elp*detya;Taea; Toaga; Qeax) L

1+ 8dy

where ¢ = O(n~!) by Lemmas 5.1 and 3.1. The remaining term in the right-hand
side can be handled by the following lemma which is proven in Appendix B.2:

Lemma 5.2. Let (u) = (un)nen be a sequence of vectors with bounded Euclidean
norms. Let (cu)1<e<n = (o,n)1<e<n be an array of bounded real numbers. Then:

- ! apuw*Taga;Tu 1/9
Zazu*TagE[agqu} = i A O(n_ / )
=1 = ptee(1+ ded)

Applying this lemma with u = a3 and oy = th%Jg(l + dg)*laﬂz% we obtain

dgtgga Taa, Trapa; T ay,
Uy = Z P k 4 ¢

+O(n=1/?).
— (14 ddy)?
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Gathering these results, and using the identity (1 — ptpa;Tear) = pte(1 + dyd)
(see (3.10)), we obtain

X = Zpfgg&ZTagE[aZ(Eng)DQak]

(=1
j ~ ~
deteea; Taga), Toaga) T
oy Y PR Qe UG T B (12, (5.6)
— (1+ dn)?
We now turn to the term Z in (5.4).
Z = = Ela;T(B;pgunen; Q) DQax) = = > ptuBlaiT(Emen; Qr) DQax] + €,
=1 =1

where

n

e =Y ElayT(E;p(dec — Tee)nem; Q) DQa]
(=1

satisfies ¢ = O(n™1/?) (same arguments as for e, in (5.5)). Writing nm} = asa} +
yey; + agy; + yeay, we obtain:

7 = — Z pfggaZTagE[aZ (Eng)DQak]
l=1
J

. 1 e . -
-1 ptecElarTyey; (B;Qe) DQar] + — > plodiElaj TD(E;Qr) DQa)
(=1 f=j+1

J J
— > plewa;TaEly; (B;Qe) DQax) — > plerElaiTyea; (E;Qr) DQay
(=1 =1

—|—(9(n_1/2)
L2+ Do+ Zs+ Zy + O 112

The term Z; cancels with the first term in the decomposition of X (first term at
the right-hand side of (5.6)). The term Z5 can be written as:

J n
By 1 S
Zy = — E ptecBlagTyey; (E;Qe) DQear] + - E pteediEla;TD(E;Qe) DQay
=1 —j+1

J
+ Z P*t 5 Elay Tyey; (B;Qe) DQemen; Qeak] + €
=1

A
=W+ W5 +¢,
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where ¢ follows from the substitution of pgee with pty and satisfies e = O(n=1/?)
as in (5.5). Consider first Wi:

1~ - -
Wi =— (ﬁ > plediEla;TD(E;Qe) DQeay]
=1

41 En: pleedeEla; T D(E;Q¢) DQay]
=541
Write:
(E;Qe)DQr — (E;Q)DQ = (E; Q) D(Qr — Q) + (E; Q¢ — E; Q) DQ.
Using (3.5) and (3.6),

i
% > pleede|Ela; TD(E;Qe) D(Qr — Q)ax]|
/=1

(EI(L +n; Qene) *)*(Eln Qa )2

IN

J
{=1

A

< T=(BaiQT1, 7, Qu)'
=012,
and the same arguments apply to the term (E;Q¢ — E;Q)DQ. Hence,
Wy = —pbE[aiTD(E;Q)DQayz] + O(n~'/?).

Turning to Ws, we have:

j
Z Pt Ela; Tyey; (B;Qe) DQeyea; Qeax)
=1

* * JE *
apTye| vi (E;Qe) DQeye — T D(E;Qe)DQ¢ | ajQqay,

J
= Z P tiE
=1

whose modulus is of order O(n~1/2). The term

J
Z p*t i Elai Tyey; (B;Qe) DQrary; Qeay]
=1

can be handled similarly.
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The term

i
> PP taEla; Tyey; (B;Qo) DQeaga; Qray)
=1

1 s .
T > p*tdiEla;TD(E; Qo) DQrasa; Qeax]
(=1

is bounded by Kn~'/2. Finally,

j
Wa = Y p*t3E[y; Quaai Tyey; (B;Qe) DQeye) + O(n™"/?)
=1

a 1 500
W Yja; T DT a,— E p*tEdE +O(n~1?),
n
=1

where (a) follows by standard arguments as those already developed.
The term Z3 satisfies

J
Zs =Y p*tja;Tarkly; (B;Qe) DQemen; Qeax] + O(n~'/?).
=1

Writing nen; = yey; + aey; +aca; +yea; and relying on arguments as those already
developed, one can check that the only non-negligible contribution stems from the
term containing yea;. Hence,

J
Zs =; »  p*thdeai TaBla; Qear] + O(n~'/?)
(=1

PR
pteedearTaeayTay, ~1/2
— oy _ +O(n ;

Vi ; 14+ dpd ( )

by Lemma (5.2). Similarly,

j
Zy =Y p*t3Bla; Tyea; (E; Qo) DQunen; Quax] + O(n~'/?)
(=1

1 -
= aZTDTakﬁ Z p2dgt52€E[aZ (Ej Qz)DQzaz] + O(n_l/Q)
(=1

= ajTDTapp; + O(n~Y?).
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Gathering these results, we obtain

—> " pleaTarEla; (B;Qr) DQax] — poE[a; T D(E;Q) DQay)
(=1

ayTaga;Tay
1+ Jzts

. 1 oo - d plecdy
+ %’%TDT%E Z PPtipdi + b Z
=1

+a;TDTayp; + O(n=?%).

Pluggjng this and Eq. (5.6) into (5.4), and noticing that pfu(agﬂag(l—kcigé)_l—!-l) =
(1+ ded)~1, we obtain:
j 5 J
ayTaedea;Tay, 1 279 7
Crj = aTDTay + ¥; kS T L @i TDTar— Y p*t7d
j = ai J; L+ dib) k n; 2

+aiTDTap; + O(n~?). (5.7)

5.2. Step 2: Ezpression of 9; = n~ ' Tr E[(E;Q)DQD]
Using Identity (5.2), we obtain:

by = % TrE[TDQD] + %‘5 TrE[TD(E,;Q)DQD]

+ % TrE[TA(I + 6D)~ ' A*(E,;Q)DQD] — % TrE[T(E;£2*Q)DQD]  (5.8)

1 5
— T DTDT + % TeE[TD(E;Q)DQD] + X + Z + ¢, (5.9)

where X and Z are the last two terms of the right-hand side of (5.8), and where
e = O(n~1) by Theorem 3.1(2). Due to the presence of the multiplying factor n=!,
the treatment of X and Z is simpler here than the treatment of their analogues for
Crj. We skip hereafter the details related to the bounds over the €’s. The term X
satisfies

n

_ 1 E[gf(E;Q)DQDTay]
X= n Z 1+ 56?4

=1

_ 1 zn: Ela; (E;Qe)DQDTas] 1 zn: Elptec(Eja;Qenen; Qe) DQDTay) e
ng 1 1—|—5d[ né:l 1—|—5dz

1 E”: Ela; (E;Qe)DQDTay) 1 i Elpteea; Toaea}(E;Qr) DQDTay)
n & 1+ 8ds n 1+ 8de

1 zj: Elptea; Toary; (E;Q) DQDTay]
ny3 1+ ddp
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where max(e], [¢/]) = O(n=1/2). As 1 — plyea; Toar = ptee(1 + ded),

- % ZE[W’:@ZGZ (E;jQ¢)DQDTay)

=1
1 Z BlplosajTraey; (B,Q)DQDTar) |y 12y
n — 1+ ddy

1 n
- = Elptua; (E;Qr)DQDTay]
=1

L1 zj: E[p*3,0; Toary; (B;Qe) DQenen; QeDTay] oM7)
ni 14+ (Sdz

n

1
= — > Elpteai (E;Q0) DQDTay] +
=1 =1

’(/Jj dgaé Taga;TDTay ~1/2
+ O(n ,
Z (1+ 5dz) ( )

(5.10)

where (3.11) is used to obtain the last equation. The term Z can be expressed as:

1 -
Z === TrE[pleT(Ejnem; Qo) DQD] + O(n~/2)
=1

n

= 1 Blpfia; (£,Q)D@DTal

=1

I~ - 1 1 .

- > Elptey; (B;Qe) DQDTy] + - > — Tr E[pdetee T D(E;Qe) DQD
=1 l=j+1

1 J
— = Elptuy; (B;Q) DQDTar) -

J
> Elptua; (E;Qr) DQDTyy]
=1 =1

SIF—‘

+0(n=1?)
L 2\ 4 Zo+ Zs+ Zu+ O(n~/?),

The term Z; cancels with the first term in the right-hand side of X’s decomposition
(5.10). The terms Zs, Z3 and Z, satisfy:

Zy = —@ TrE[TD(E;Q)DQD]

1< . -
+ n ZE P*E0y; (B;Qe)DQenen; QeDTye] + O(n"/?)
=1

5 1 1 -
- _'% TrE[TD(E;Q)DQD] + ¢ Tt DTDT~ 3" p*d}tf, + O(n™'/?),
/=1
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1 J
Zy = o ZE[W%@i‘/?(Eer)DQmm;QgDTa@] +On1?)

1<~ . a;TDTa
= %ﬁ Zpdztuﬁ +O(n~Y?)  (see Theorem 3.1(4) and (3.11)),

1 ) * )
Zi=~ > Elp*t7a; (B;Qe) DQenen; QeDTye] + O(n~/?)
(=1

1 1 .-
= —Tr DTDT—- Y p*dt;Ela; (E;Qe) DQuar] + O(n~'/?).
n n
Plugging these terms in (5.9), we obtain:
1 J CZ@CL*TCL@ pci[fﬁ y J ~
i=v+vj| =) a;TDTa et ST el R 27272
V= %<nz ¢ £<(1+6d£)3 1+ dyd n;p eher

+7p; + O(n™'?)
dgaeTDTag e L1/
= 4= : 11
W—i—w](n; (11 0d0)° ng 2, | +ye; +0@m™2),  (5.11)

using (3.10) and (3.11).

5.3. Step 3: Relation between (r; and 0; for k < j
The term (j; can be written as
Crj = E[a;E;(Qr — pdrk Qi Qr) D(Qr — pdik Qi Qr)ak]
= Or; — pterElaiE; (Qrnmieni Qr) DQrax] — plerElarE; (Qr) DQrninfQrar]
+ P B0 (Qumini Q) DQrmpmi Qrar] + O(n™1/?)
20+ X1+ Xo + X3 + O(n~Y2).
Using similar arguments as those developed previously, we get:
X, = —pfkka,’;TkakE[a,’;Ej(Qk)DQkak] + O(n_l/Q)
= —pfkka}ZTkakﬂkj + O(n71/2),
Xy = —pfkka}ZTkakﬂkj + O(n71/2).
As k <,
Xa = 028 (@ Thar)"EIE; (Q1) DQune] + O(n~/2)
= p* T (. Toar)* (B + ditpy) + O(n™"/?).
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Using (3.10) and (3.11), we finally obtain:

apTay

2
, —1/2
- M) b+ On~1/2). (5.12)

Crj = p2f,2€k(1 + Jk5)29kj + Jk(

5.4. Step 4: A system of perturbed linear equations in (¥;,p;).
Proof of (5.1)

Combining (5.12) with (5.7), we obtain

. - a*TDTay, I dra*TagdeaTay
Pt br; = d L - (Z( SR

M1+ dgo)2 < (1+ dyd)2(1 + dgd)?

dyat TDTay 1 J - (a:Tay)?
G0 DT 0n 1§ o 2(k~)) »;

(1 +did)? n = (1 + dyo)*
dya:T DTay ,
a0 o
k

which implies that ¢; = 1 521 | p2dyf3,0y; satisfies
(1— F))p; — (Gj + FjM;); = F; + O(n~1/?)

where

Fo— = Z akTDTCLk;dk
Tona (14 dpo)?

1 ~
My == p*},dj, (5.14)

1 J J chida*.Tag\Q
Gy =1y 3 il
n (1+ did)2(1 + dygd)

With these new notations, Eq. (5.11) is rewritten
65+ (1= Fj = yMy)y; = v+ O(n~*/?),

and we end up with a system of two perturbed linear equations in (¢;,1;):

— . PR . ; 1 | = 1 n_1/2
{(1 Fy)ej = (G + FjM;)y; = Fy 4+ O( ) (5.15)

=i+ (L= Fj = yMy)h; =y + O(n~1/2).
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The determinant of this system is A; = (1 — F})? — yM; — yG;. The following
lemma, establishes the link between the A;’s and A,, as defined in Theorem 2.2.

Lemma 5.3. Recall the definition of A,:
1 1 N\ —2 T * 1 2 2~
Ap,=(1—=-—TrD2TA(I+6D)"“"DA*TD= | — p°v7.
n
The determinants A; decrease as j goes from 1 to n; moreover, A, coincides
with A, .

Proof of Lemma 5.3 is postponed to Appendix B.3.
Solving this system of equations and using the lemma in conjunction with the
fact liminf A, > 0, established in Lemma 3.4, we obtain:

[w
¥j

where ||&;|| = O(n~'/2). Replacing into (5.13), we obtain

1
Aj

Fj(1=Fj) +1G;
gl

E

2,0262]'12%-9]']'
— = 28 — Fjo1) + (G — Gj—1 + 2M;(F) — Fj1));
+2(F; — Fj1)p; + O(n™?/?)
Y(Gj — Gy 1) +2yM;(F; — Fj_1)
A
208 — Fy1)(F5(1 = Fy) +1Gy) N
A.
J

= 2(Fj — Fj,1) +

O(n_3/2)

_|_
which leads to

(0°17;d7 5 +20°d;i750;5)

1
n
1

n

J

2(F — Fj1)(1 = Fj) + (M — Mj_1) + (G = Gj 1) + 012,

A
j=1 J

On the other hand, Aj_l — Aj = Q(Fj — Fj_l)(l — Fj) —|—’7(Mj — Mj_l) —|—’7(G]‘ —
Gj_1) + O(n™?), hence, due to Lemma 5.3 and to liminf A,, > 0,

1 & = - "A 1 — A
- (P°175d7 s +20%d;17,6055) = > % +0(n~?)
j=1 j=1 J
- A — A
:Zlog(l—f—ij L j) +(9(n_1/2)
j=1 A;
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- A
Zlog o § —l—@(n*l/z)
=l

= —log(A,) + (9(7171/2)

which proves (5.1). Lemma 4.3 is proven.

6. Proof of Theorem 2.2 (Part III)

In this section, we complete the proof of Theorem 2.2. Proof of Lemma 4.4 is very
close to the proof of Lemma 4.3; we therefore only provide its main landmarks. We
finally establish the main estimates over (6,,).

6.1. Elements of proof for Lemma 4.4

Proof of Lemma 4.4 relies on the following counterpart of Lemma 3.2:

Lemma 6.1. Assume that the setting of Lemma 3.2 holds true; and let Ex? = 1.
Then for any p > 2,

Ele? Mx — 9 Tr M|P < K,((E|z1|* Tr MM*)P/? 4 E|z, |2 Tr(MM*)P/?).
Proof. The result is obtained upon noticing that

3
1
" Mz = 1 i*(i*z + )" M(i*z 4 x)
k=0
and using Lemma 3.2. O

Here are the main steps of the proof. Introducing the notations
1 _
¥, =~ TrE[(E;Q)DQD],
¢,, = Elai(E,Q)DQay),
0y; = Elai(E;Qr) DQrax],
1 s
;== D P,

k=1
and adapting Lemma 5.1, we only need to prove that:

1N, 559 3 -
- > (pztfjdf\m@j +2p%d;t7; Re(98;;)) + log A, —— 0.
=1

n—oo

Similar derivations as those performed in Steps 1-3 in Sec. 5 yield the perturbed
system:

(1 =0E)p, — (0G; + [V E; M)y, = E; + O(n~"/?),

—ﬁﬁj +(1—-0E; - 1|19|2Mj)% =75+ 0(n1/?),

1150010-31



W. Hachem et al.

where
1 J aZTDTdk.Jk A cikcip(a,’;Tag)z
Ej=o) ~rase €0 G=52.0 — €R,
n = (1+d) n A= A= (1 4+ dib)2(1 + dyd)
t+k
1 J
M; = n szﬁzdg
=1

The determinant of this system is:
= 1= OE;[* = [9*2(M; + G;).

By (3.13), 0 <y < v; furthermore, [9] < 1, |[E;| < Fj, and |G| < G;. As a result,
A; > A;. Hence, by Lemma 5.3, the perturbation remains of order O(n=1/2) after
solving the system. Performing the same derivations as in Step 4 in Sec. 5, it can
be established that A,, = A,,. We finally end up with:

Ly LA A B
=N (PPN, + 20%d,E] Re(90,))) = Y =L + O(n"'/?),
i=1 A

j=1 =J

3

= —log(4,) + O(n~/?),

which is the desired result.

6.2. FEstimates over O,

In order to conclude the proof of Theorem 2.2, it remains to prove that 0 <
lim inf,, ©,, < limsup,, ©,, < oco.

Consider first the upper bound. By Lemma 3.4, sup,,(—logA,) < c0. As A, >
Ay, log A, is defined and sup,,(—logA,,) < co. By Lemma 3.3, the cumulant term
in the expression of O,, is bounded, hence limsup,, ©,, < oco.

We now prove that liminf ©,, > 0. To this end, write:

- Aj-1— A4 Aj—l :0 2,2 - 7252 —1/2
@":Z< A, A ) Tra Zdituzdﬂjﬁ@(“ 2),
=1

—J

_ i(V(Gj —Gj1) 4 92y (G, _Qj—1)>
— A A

=

(28— Fio)(L = Fy) | 2Re(W(E; - F;)(1 = JE,))
+Z<( Aj)( ), ;s )

=J
P “ oo i _
+;Z 22 <Z+19|2j+ Zd2 >—|—(9(n 1/2)

Zl,n + Z2,n + ZS,n + 0(7171/2).
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We prove in the sequel that Z;, > 0, Z2, > 0, and that liminf, Z3, > 0. It
has already been noticed that A; > Aj;; moreover, it can be proven by direct
computation that |Qj - Qj71| < G; —G,_1, hence Z; , > 0. As

M, + G, I*y(M; + G,
1-F; g 11— 9E,|
this implies that A;'[1 — 9E,| < A;'(1 — F}). Noticing in addition that |F; —
F; || < Fj— Fj_1, we get Z,, > 0. The cumulant s = E| X1 [* — 2 — |9|? satisfies
Kk > —1— |9]2, hence

 co: 1
Zsn > %Zdﬁfj ((K - 1) + |19|2<— - 1)) det;
J

j=1
p2 n ~ 1 N N
=D A e Y diltkl + —— D di(t)’
Jj=1 T k=1 = g=1
.y k0
2 N
14 7252 << 1 ) of 1 2,2
> — “t5 — =1+ — -1 d;ts;

2 n
_ P 242
- ’I’L_Z jp] Zdztu
J:
As the term p; is linear in [9]? € [0,1], p; > min(A;1(1 —A)), A;l + A;l —2).
We have
AGA; < (1= F)? =9(Mj + G)((1+ F)* ++(M; + Gj))
= (1= F})? =7*(M; + G;)? = 49F;(M; + G;) < 1
Hence Aj_l —|—Aj_1 -2> Aj_l +A;,-2= Aj_l(l — A% As1— A > yM;, we

get pj > y*M?, which implies that

Z3,n

Y

2.2 " N N

P 7272 242 2,2 2 2 1 2,2

n2 Z jtijJ Zd ti =" ZMj (MJ' _Mj—l) Ezditn‘
Jj=1 i = i=1

,}/2 n 2M3
= > - detzw detiw Bl
j=1

whose liminf is positive by Lemma 3.3.
The estimates over the variance are therefore established. This completes the
proof of Theorem 2.2.
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7. Proposition 2.1 (Bias): Main Steps of the Proof

Proof of Proposition 2.1(i) can be found in [13, Theorem 2]. Let us prove (ii). The
same arguments as in the companion article [21] allow to write the bias term as:

NEL () = Valp)) = [ THT(~) ~ EQ(-w))ds

Recall that in the centered case where A = 0, T'(~w) and T(—w) take the simple
form T(-w) = [w(Iy + 6(—w)D)]™t and T(~w) = [w(Iy + §(—w)D)]~!, which
implies that 7 = v and 7 = 7. We introduce the following intermediate quantities:

a(—w) = %T&"D]EQ(—w), a(—w) = %TrﬁEQ(—w),

C(~w) = (W(Iy + a(-w)D)) ™", C(-w) = (W(ln + a(-w)D)) .

From Theorem 3.1, n~ ' Tr U(C—T) — 0 and n~ ' Tr U(C'—T) — 0 for any sequences
of deterministic matrices U and U with bounded spectral norms.
The proof consists of two steps:

7.1. Step 1

Given w > 0, let

19[?
On(w) </£+ =20 (w)
where
3
@’ m DT2 o =2 25
Ro(w)= =~ (Ty(p7)* — L mpr)? ) — Y0 v D278,
1—w2yy \(n n n

The purpose of this step is to show that fpoo |8n(w)|d(w) < co and that

n—oo

N(EL,(5) ~ Valo) ~ | T Ba(@)d(w) —— 0. (7.1)

By inspecting the expression of 3, (w), by using Lemmas 3.3 and 3.4 and by recalling

that 1 — w?y% = A, taken at 2 = —w, we obtain after a small derivation that

|8n(w)| < K/w3 on [p, 00) where K does not depend on n nor on w. This proves the

integrability of |3, (w)|. By taking up the poof of [21, Inequality (7.10)] with minor
modifications, we also show that

K

T (T (~w) ~EQ(-w))| < —

hence, showing

Tr(T(-w) — EQ(-w)) = fw) ——0 (7.2)

n—oo
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and applying the Dominated Convergence Theorem leads to (7.1). In order to show
(7.2), we start by writing for z = —w

Tr(T — EQ) = Tr(T — C) + Tr(C' — EQ).

Using the decomposition Tr(T — C) = Tr O(C~ — T-H)T = w(a — §) Tr DCT, we
obtain

Te(T — EQ) = wn(a — 5)% Tr DCT + Tr(C — EQ). (7.3)

On the other hand, writing n(a —4§) = Tr D(EQ — C) +Tr D(C' —T) = Tr D(EQ —

C) —w(& — §) Tr D?CT and similarly for n(& — &), we obtain the system

1 wn~ ' Tr D2CT
wn~Tr D2CT 1

n(a — 0)
n(a — )

Tr D(EQ — C)
Tr D(EQ — O)

(7.4)

Consequently, in order to show (7.2), we need to look for approximations of
TrU(EQ — C) and TrU(EQ — C) for deterministic matrices U and U with bounded
spectral norms:

Lemma 7.1. Assume that the setting of Proposition 2.1 holds true. Fiz z = —w < 0
and let (Uy)n (respectively, (Uy),) be a sequence of N x N (respectively, n X n)
diagonal deterministic matrices such that sup,, max(||Uy||, [|[Un||) < co. Then,

w3 273 2wy 1 273

Tr U, (C — EQ) + k—L Tr UD2T3 + 9| ——= ~ TrUD?*T® —— 0,
n 1-— w2|19|2’y’y n n—00

(7.5)
2 2
L - o 1 e

TrUn(C—IEQ)+/1ﬂTrUD2T3+|19|21 Y DT —— 0.

n

— wW?JPyy n n—oo
(7.6)
Recalling that n=!TrU(C — T) — 0 and taking U = D?T, we have
n ' TrD>CT — v — 0. Similarly, n~' Tr D2CT — 4% — 0. Solving system (7.4)
and using this lemma with U = D and U = D, we obtain

- 1 - .
2 . 342
- (ﬂ To(DT)? — 7 Tr(DT)3>
1—w*yy\ n n
|19|2 <w2'y 3 W?WQ 3) /
+ —~ — | — Tr(DT)” — Tr(DT + e
T—omma—E \ n TPT) )

where ¢,¢’ — 0. Using Lemma 7.1 again in (7.3) with U = I, we obtain (7.2).
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The remainder of this paragraph is devoted to the proof of Lemma 7.1.
Recall the following notations:
~ 1
bj(—w) = - and
d .
w1+ 2 TrDQj(~w))

» dj
e5(—w) = 1 Qs () — L Tr DQ;(~w),
Starting with

TrUEQ — C) = TrE[UC(C™! — Q" HQ)
= - TYE[UCEY*Q] + wa Tr E[UCDQ)]

and using (3.8) and (3.7), we obtain Tr U(EQ — C) = Z; + Z3 + Z3 where

Zy = Ewble;n;Q;UCH],
j=1
Zy = =) E[W*q;;biein;Q;UCn],
j=1

Z3 = waETrUCDQ — = " Eb;d; Tr DQ;UC.
n
j=1
In the remainder, we omit the study of the negligible terms to focus on the deter-
ministic equivalent formulas; in this spirit, we shall denote by € a negligible term

whose value might change from line to line.
The term 7 is

ZE[ 2b2€] (%QJUC”J w)]
j=1

Using Identity (3.20) with M = Q;, P = Q;UC and u = 0, we obtain:

1 ¢ ora [ 47 9|2
= EZE Wb | £ TrQ;DQUCD +
j=1

Tdf TrQ;DCUQ;D

Zd2d2 Q1:(Q;UCY; )

It is not difficult to check that

- -~ Tr DQ;
Zo Z—ZE[w?’b?djweﬂ +e.

n
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Turning to Zs, we have

Zs = % S E[d;Eq;; TrUCDQ — d;b; Te UCDQ]
j=1

W — ~ . -

== Z E[Eg;;(Tr UCDQ; — wij; TrUCDQ,m;n; Q;) — b; Tr UCDQ;]
w n

= Z [(Eg;; — bj) TrUCDQ,] — Zd Eg;;E[bjn;Q;,UCDQ;m;] +

b22

€5, we have

Replacing b; by §;; + wb?e; — w?;
E[(Eg;; — bj) TrUCDQ;] = E[(Eqj; — §;;) Tr UCDQ]
+E[w?q;;b%e TrUCDQ;].

Since

E(n:Qjm;) — n;Q;n;
w(l4n;Q;m;) (1 + E(n; Q@ m;))

i — Egj; =

n; Qim; — E(n; Q;n;)
w(l+n:Q m;) (1 +E(n;Q;n;5))

+E

we have E(g;; — Eg;;)* = O(1/n). Hence

E[(Eqj; — q;;) Tt UCDQ;] = E[(Eg;; — ¢;;)(Tr UCDQ; — ETr UCDQ;)]
_ O(n—l/Q)

by Theorem 3.1(5). It follows that E[(Eg;; —b;)Tr UCDQ;]=E[w 2b3 2 Tr UCDQ,] +
€, hence

1 & |
Zot+Zzy=—-3 E {w%?dfa TrQ;DQ;UCD| +e¢.

Taking the sum Z; + Z5 + Z3, the terms that do not depend on ¥ nor on x cancel
out, and we are left with

1 _ 1
TrU(EQ — C) = |19|2w27yEIE[Tr QDCUQD] + mﬁag TrUD?*T? + ¢,

where we relied on the usual approximations for the diagonal entries of the resolvent
(see Lemma 4.1) to obtain the term in x. We now briefly characterize the asymptotic
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behavior of n~! TrEQDCUQD. Starting with Q = T—|—wSTDQ —T¥¥*Q, we have

1 _ 1 _ 5 _
—TrEQDCUQD = — TrETDCUQD + wo TrETDQDCUQD
n n n

1 _
— ~TrETYY*QDCUQD,
n

and

1 . - I, ., -
——TrETYY QDCUQD = —— > Bwi;n;Q;DCUQDTy;

j=1

I, . . -
= _E Zqujjnj QJDCUQJDTHJ
Jj=1

1 « o . .
=1

_w TrETDQDCUQD
n

TrEQD 0D
+\19\2w2'y'§/—r QnCUQ +e.

We therefore get

1 _ LTy UD2T3
—~TrEQDCUQD = 2 ——— 1 ¢
n 1 — w?I]2yy

and Convergence (7.5) of Lemma 7.1 is shown. Convergence (7.6) is proven similarly.
Lemma 7.1 is proven, and Step 1 of the proof of Proposition 2.1(ii) is established.

7.2. Step 2
The purpose of this step is to show that

Plugging into the expression of f,(w), it is straightforward to show that
fpoo B (w)d(w) coincides with B,, given by (2.5).
Recall that

Rlw) = Wb T DT Tr(DT)®  w'3? TrDT*Te(DT)* 2T D273
) n 1—w2yy n n R
= Ry + Ra + Rs.
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Our method is similar to [19, §V.B]. We start by showing that the derivatives of
A(—w) and y(—w) that we denote respectively as 4’ and + are

L, dy(-w) 2 2w Tr(DT)? Tr DT?
TT Taw T W TS w2y n n (7.7)
. dy(—w) 2 2  Tr(DT)3 Tr DT? ‘
L T 2~ '
w 1 —w*yy n n

We have

Sl pd 1 _ 2., oM(DTD)?
W_nz:: 7 dw <w21+d6( )))‘ ST (78)

where we put ¢’ = dd(—w)/dw. This derivative can be expressed as
N

L PR S N W
ne= dw \ w(1 + d;6(~w)) w

where ' = d0(—w)/dw. Similarly, ' = —w~'§—w7d’. Combining the two equations,
we obtain

70 — w1

o= — (7.9)
Since T = [w(I 4+ 6D)]~" and T = [w(I + D))", we have
T=w Iy —6DT, T=w'l,—0DT. (7.10)
This leads to
% Tr DT? = % Tr DT((w™'I = 6DT) = w6 —~5, and
(7.11)

1 -~ -
—TrDT? = w16 — 6.
n

Combining with (7.9) and (7.8), we obtain the first equation of (7.7), the second
being obtained similarly. Using the first equation, the term R; can be expressed as

1 - -
Ry = (@Y +2079).
Turning to Rs, we have

w'3?  Te(DT)? Tr DT (w™'I — 6DT)

Ry = —

2 1—w?vy  n n
WA Te(DT)? | w'oyd? Te(DT)?
1 -w?y  n 1—w2yy  n
@ w3 To(DT)* Tt DT? STr(DT)3
C1-w2yy  n n v
® 1 DT
= 2(w Yy 4 2wyy) —w 7(57(71 )

1150010-39



W. Hachem et al.

where (a) is due to 76 = w16 — n~ 2 Tr DT2, see (7.11), and (b) is due to (7.7).
Considering R3, we have by (7.10),

—w?36

~Te(DT)®  ,_Tr D13 o Tr D*T?(T 4 6DT) N
—_— —w 'yin = —wy " = —wyYy.

We therefore have R(w) = 0.5(w?y'5+w?y3' +2wy7y) = 0.5(w?vy7)’. Proposition 2.1
is proven.
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Appendix A. Proofs for Sec. 3
A.1. Proofs of Eqs. (3.10) and (3.11)
Proof of Eq. (3.10) mainly relies on matrix identity (3.2) and on the following

identity for the inverse of a partitioned matrix (see, for instance [23, Sec. 0.7.3]):

ann Ao

Aoy Ago

If A= , then (A7) = (a11 — A1 A5} Agy) ™t (A1)

To lighten the computations, let us introduce the following notations:
T=(,+0D)Y, IT=(UIn_1+6D))""

In order to express a diagonal element of T, say 1, (without loss of generality),
let us first write:

. —2(1 4 6dy) + aiZa; aiT Ay
ArTay —2I N AT A

Hence, according to (A.1):

1 - ~
— = (14 0d1) + aiTor — a{TA -2 + ATA T AT
11

. . 1 1- .
@ —z(140dy) +aiZay — aiTA, [——I + —IATTlAlI] AiTay
z z

=

. 1
@ —z(14 6dy) + ajZay + ;a’{I(T{l + 277 YTay
1 .
— ~a}TAIA Iy + 2T I YTy
z
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i 1
® —z(1+ddy) + 2a7Zay + ;a’{ITflIal

1
— —@ T[T 4 2T Y[y 4 2T Tay
z

= —2(1+46dy) — zaiThay,
where (a) follows from (3.2), (b) from equalities
TIATA; =In + 20770 and AZA} =7, '+ 2771

which follow from the mere definition of 77. Finally, (3.10) is established.
Let us now turn to the proof of (3.11). Notice first that 7' can be expressed as

ajaj
1+ 6d,

T=|—z(In+0D)+ A;(I,_1 +6D;) * A +

Applying (3.2) readily yields:
T =T —Tiai(1 4 ddy + a{Tia1)a} Ty,

It remains to multiply by aj (left), b (right) and to use (3.10) to establish (3.11).

A.2. Proof of inequality (3.15)
We provide here some elements to establish that Ele;[P = O(n~?/2). Recall the
definition (3.1) of e; and write:

P

. d;
Ele,|P < K {]E YiQjy; — #Tr DQ);

+ ElaQ y;|” + E|y;Qjaj|p} .

The first term of the right-hand side can be directly estimated with the help of
Lemma 3.2. The two remaining terms are similar and can be estimated in the
following way:

Ela}Qjy;|” = E(y; Q;a;a;Qsy;)"
p/2 p/2

2
1 * *
+ E'ETI Qja;a;Q;

d=
< K|E|y;Qja;a;Q;y; — #Tr Qja;a;Q;

The first term of the right-hand side can be handled with the help of Lemma 3.2
(notice that Qjaja;Q; is of rank one and has a bounded spectral norm), and the
second term is directly of the right order.

A.3. Proof of Theorem 3.1

Ttems (1)—(3) of Theorem 3.1 are shown in [22]. Let us show Theorem 3.1(4). Denote
by (6;,0;) the solution of System (1.2) when A and D are replaced with A; and
D respectively. Let T; and T} be the matrices associated to (d5,6;) as in Eq. (1.3).
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Then Elu*(Q; — T;)v|** < K,n~? by Item (3), and we only need to show that
[u*(T; — T;)v| < K/y/n. We have

1
|6 —d;| = EmD(T—Tj)I

< S[TED(T - @) + —[THED(Q - Q)] + X ED(Q; ~ T3)

= O(n™)

by Item (2) and Lemma 3.1. Moreover,

<1 | . L 1 L
|6 —d;] < EmED(T— Q)|+ EIE(TYDQ —TrD;Q;)| + E|TIEDJ(QJ = T1y)|.

In order to deal with the middle term at the right-hand side, assume without gen-
erality loss that j = 1. Using the identity in [23, Sec. 0.7.3] for the inverse of a
partitioned matrix, we obtain

Q_ Q11 X
X Q1+ qu@QiETmni 1@

hence E(Tr DQ — Tr D;1Q,) = O(1), which shows that |6 — d;| = O(n~!). We now
have

u*(7; = Ty)v = " T;(T; v
= u*T;(p(5; )D+(5 8;)A;(I +0;D;) " Dj(I + 6D;) " A3 Tjv
=0(n)

which proves Item (4). In order to prove Item (5), we develop TrU(Q — EQ) as a
sum of martingale differences:

n

TrU(Q-EQ) =) (E; —E,; 1) TrUQ

j=1

n

=1

= = (B; —Ej1)(pdym; Q;UQsm;)
j=1
by (3.4), hence E[TrU(Q — EQ)I* = X7, E[(E; — Ej—1)(pgjm;Q;UQ m;)>. We
now use (3.7). We have

E|(E; —E;- 1)(pb]ngQ]UQJnJ)|

2
5EPU  0,00,0,)

(pb (n; Q;UQ n; —
=0(n™)
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by Lemma 3.2, and furthermore,
E|(Ej — Ej—1)(p*j5b5em; Q;UQ m;)* < K(EejEl;Q;UQ;m;|*)'?
=0(nh)
by Lemma 3.2 and (3.15). This shows Theorem 3.1(5).

A.4. Proof of Lemma 3.3

The two first upper bounds are easy to obtain, given that &, and 8, are Stielt-
jes transforms of non-negative measures with respective total mass n~'Tr D and
n~1Tr D. Now Tr DT? < dpax Tr T2 by Inequality (3.14), which in turn is smaller
than Ndpyaxp~ 2, hence the third upper bound, and the other upper bounds can be
proven similarly. Let us now prove the first lower bound.

(a)
TrD = Te(T2DT:T~Y) < Te(DT) x | T}
< Tr(DT) x (p(1 + SndmaX) + a?nax”(l + 5nD)_1H)

(b) -

< Tr(DT) X (p + dmaxmax + ),
where (a) follows from (3.14) and (b) from the upper bound on 6n. This read-
ily yields 6,,’s lower bound and d,’s lower bound which can be proven similarly.
Writing Tr D < (Tr DT?)||T~1||?, we obtain the lower bounds on n~! Tr DT? and
n~1 Tr DT? similarly. The lower bound for 7, follows from the same ideas:

1 S| 1
(NTrD) < T = NTr(T%DQT%T—l)

IN

1 1
NTr(T 2D2T3) x [T~} = = Te(T2DT2T~'T2DT?) x ||T |

IN

1
N Te(TDTD) x | T3,

and one readily obtains 7,,’s lower bound (and similarly 7,,’s lower bound) using
Assumption 2.3 and the upper estimate previously obtained for |||

The two last series of inequalities related to ' Y20 dt2 and n~t 3" i1 d??
can be proven with similar arguments (lower bounds are in fact easier to obtain as

one can directly get lower bounds for #;; and #;; — using (3.10) for instance).

A.5. Proof of Lemma 3.4
From (1.3), TA(I +6D)~'A* = I — pT(I + D). Moreover, (I +6D)~'D = 611 —
8~ Y(I +6D)~ . Hence

1 ~ ~ 1 1 ~

- Tr DV2TA(I +6D) 2DA*TD? < — Tt DTA(I + 6D)LA*T

P 2 g
—1- L TrD1? -~ A2
. P35y (A.2)
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which proves the first assertion with the help of the results of Lemma 3.3. Similarly,

! Tr DV2TA*(I +6D) 2DATD? <1—- LT DT? — pga. (A.3)
n n
We now show that the left hand sides (Lh.s.) of (A.2) and (A.3) are equal. Using
the well known matrix identity (I + UV)~'U =U(I +VU)™ !,
TA(I +6D)~*
=p YT +6D) YT+ p tA(I +6D) Y A*(I +6D) ") LA(I +6D)!
= p Y (I +6D) YA + D)"Y + p~*A*(I + 6D)"*A(I + 6D)~H)~*
= (I +6D)1AT.
Plugging this identity in the left-hand side of (A.2), and identifying with the left-
hand side of (A.3), we obtain the result. As a consequence, we have

2
(1 . Tr DY2TA(I + 5D)2[7A*TD5)
n
P 2 0 P 772 0
> | =Tr DT = = Tr DT =
> <n§ r +p57> <n6 r +p6v)
2 P 2 P A2
> pvy+ —=Tr DT*—=Tr DT

nd nd

which is the second assertion. By Lemma 3.3, this leads to liminf A, > 0.
Lemma 3.4 is proven.

Appendix B. Additional Proofs for Sec. 5

B.1. Proof of Lemma 5.1

Let us show that max; var(a*E;QDE;Qa) = O(n~'). We have
J

a*E;QDE;Qa — Ea*E;QDE;Qa = » (E; — E;_1)(a*E;QDE;Qa)
=1

(B; — Ei—1)||DY?E;(Q: — pdiiQiminy Qi)al?

I
M~

7

Il
-

(E; —Ei—1)[—2pRe(a”(E;Q:)D(E; i Qinin; Qi)a)

M

@
Il
-

+ |1 (pdiin; QiaD'2Qimi) 1]
£ 9Re(X) + Z, (B.1)
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and the variance of a*E;QDE;Qa is the sum of the variances of these martingale
increments. Consider the term X. Recalling that ¢;; = b; — pth}iei,
j ~
X =—p> (B —Ei1)(bin} Qiaa™ (B; Qi) DQimi)

i=1
j ~
+0* > (Bi — Bi1)(bhidiiein; Qiaa™ (B;Q;) DQin)
i=1
é X + Xo.
Let M; = Q;aa*(E;Q;)DQ;. The term X, satisfies
J
EX:[>=p*) E
i=1

Since M; is a rank one matrix, Zl L Elyr Myy; — d; Tr DM; /n|?> < K /n. Moreover,

2

(B.2)

- d;
Eibi (y;kszz — —Tr DMZ + nyiai + G:Mlilh)
n

3

J J
* 1 3 * *
D Ely; Mias|* = =" diE(a*Q;DQiala” (E;Q;) DQiail )
i=1 =1

< —ZE|CL JQ DQzaz|2

The summand at the right-hand side of the inequality satisfies:
la* (E;Qi) DQiail* < 4(|a*(E;Q)DQay|? + |a* (E;(Qs — Q) D(Qi — Q)ai®
+1a*(E;Q)D(Qi — Q)as|” + |a*(E; (Q: — Q) DQay*)

é 4(Wi71 + Wi’Q + Wi,S + Wi,4)'

Recalling that A;.; = [a1,...,a;], we have
j
D Win =a"(E;Q)DQA,; AT, ;QD(E;Q)a < K.
i=1

Recalling (3.5) and (3.6), and writing & = 1 + n;Q;n;, we have:

a; Quing Qai . Quing Q .
Wio < =120 o * B (6,Qnimf Q) D———"*_ DE; (&Qnint Q)a.
2= o i (&@nin; Q) T— o i (&i@nin; Q)
As [|(1 — 7/ Qm) 'Qnim;Qll = [|Q — Qill < K and [|QX| < K, we have

21:1 EW;a < ZZ: E[|a*Qn;|?|&:]?]. Writing & = (pb;) ™! + e;, and noticing that
(pb;)~! is bounded, we obtain:

J J
> EW s < 2Ba*QSy; diag((pb1) ', ..., (pb) )i, Qa+ K Y Ele;* < K.

i=1 i=1

The terms W; 3 and W; 4 can be handled by similar derivations.
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We get that 25:1 E|y; M;a;|*> < K/n. The terms a} M;y; on the right-hand side
of (B.2) satisfy S7_, ElafMyy;|> < Kn=' Y27 E|a*Q1a|2 < K/n, which proves
that E|X;|> < K/n.

We now consider X», which satisfies E|X5|? < 2p* 25:1 E|biGisesnt Min;|2. We
have

J J
Z]E|5iq~ii6ianiai|2 < KZEE(i)|€ia?Miai|2
i=1 i=1

K< K< K
< — ETMZ‘Z‘2<— E%i2<_7
< XS il < 3t Qul <

i=1
where E® = E[|y1,...,%i_1,Yit1,---,Yn]. Moreover,
J ~ J K

> ElbiGiiesy; Miai|* < Kz Eles|*)'/? (Bly; Mia;|*)'/? <

i=1 i—1
and similarly for the terms in a} M;y; and in y} M;y;. We get that E|X»|*> = O(n™1).
We now turn to the term Z of Eq. (B.1). To control the variance of Z, we only need
to control the variances of the terms:

J
Zy = (B; — Ei1)(B;Gia” Qiyin; Qi) D(E;GiiQimia; Qia),
=1
J
Zy =Y (i — Eim1)|IE;(Guiy; QiaD'*Qimi) 1%,
=1
j
Zy =Y (B — Ei1)|E;(Giia; QiaD"*Qimi) | *.
=1

The first term satisfies

J
E|Zi* <2 E[(E;dua” Quyim; Qi) D(E;G:Qimia; Qsa) |

i=1

J
<2 E[(E;a*Qiyin; Qi) DQinia; Qial®

i=1

j
=2 Ella; Qial*EV|(E;a* Qiyin; Qi) DQimil]
i=1

KJ
< EZ: layQ;al?

S

(n™h),
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where the second inequality comes from E|E;(X)E;(Y)]? = E[E;(XE;(Y))|* <
E|XE;(Y)|?. The terms Zs and Z3 can be handled similarly; details are omitted.
The result is E|Z|? < K/n.

Hence, var(a*(E;Q)%a) = O(n~'). The estimate var(Tr(E;Q)D(E;Q)) = O(1)
can be established similarly.

B.2. Proof of Lemma 5.2

Recalling the expression (3.10) of Z, we notice that (1 — pfgga,’f'fgag) = plo(1+ dgd)
is bounded below. It follows from Theorem 3.1(3) that

XJ: QL TagE a, Qu XJ: o Taéae + 0(7{1/2)

1-— ptaazﬂag — ptu 1 + dﬁ(S)

l=1

Moreover,

J *
Z auTay (M — E[a}Qw])
=1

1 — ptyea;Toay

] ~ *
=3 on'Tu P@MM 1)]
£=1 1- ptzzaeﬂa[

Z pQMCle 1 Qeney; Qeul
— ozpu v

=¢&1 + €9.
— ptoca; Toas

We have ¢; = ZLI ozw*TagIE[aZqufg] where E|§g|p < Kn7P/2 for p > 2.
It follows that |e1| < (37_, @2|u*Tae|*Be2)Y2(3 0 Ela;Qeul?)'/? < K/\/n by
Theorem 3.1(1). By writing

j =~ ~
E * — K * *
3" auTay [(pdeca; Qene ~[qugae Qene))yi Quul
1 — ptoa;Toay

and proceeding similarly to €1, we obtain |es| < K/+/n, which completes the proof
of Lemma 5.2.

B.3. Proof of Lemma 5.3

The Fj increase to Fy, = n~! Tr DV/2T A(1 4+ §D)"2DA*TD'/? < 1 by Lemma 3.4.
As v > 0 and M; and G; are increasing, A; is decreasing. In order to show that
A, = A,, we only need to show that M, + G,, = p?>5. We have

no/ o5 2
G = 2 Tr D(I + 8D) 2A*TAD(I + 6D) 2 A*TA — - 3 wajTar )
K n (1+ 6dy)?
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Recall from (3.10) and (3.11) that (1 + ddg)~2a}Tay = (1 + 6dy,) " — ptys. Hence
dkakTak 9 ,Od tkk 1 — dkakTak
- d2i2 2N &% Ok
Z<1+5dk ) Z'O G Z (1 + 0dy) n;(H—(Sdk)

which results in

M, + G, Tr DTD(I +6D)~" — Loy D*(I+6D)3A*TA
n n
41 Tr D(I +6D) 2A*TAD(I + 6D) 2A*TA.
n

Now, one can check with the help of (3.12) that p?3 = p?n~! Tr DT DT is equal to
the right-hand side of this equation. Lemma 5.3 is proven.
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