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ABSTRACT

Consider the linear Wiener receiver for multidimensional signals.
Such a receiver is frequently encountered in wireless communica-
tions and in array processing, and the Signal to noise ratio (SNR) at
its output is a popular performance index. The SNR can be modeled
as a random quadratic form and in order to study this quadratic form,
one can rely on well-know results in Random Matrix Theory, if one
assumes that the dimension of the received and transmitted signals
go to infinity, their ratio remaining constant. In this paper, we study
the asymptotic behavior of the SNR for a large class of multidimen-
sional signals (MIMO, CDMA, MC-CDMA transmissions). More
precisely, we provide a deterministic approximation of the SNR, that
depends on the system parameters; furthermore, the fluctuations of
the SNR around this deterministic approximation are shown to be
Gaussian, with variance decreasing as 1/K, where K is the dimen-
sion of the transmitted signal.

Index Terms— Antenna Arrays, CDMA, Central Limit Theo-
rem, MC-CDMA, Random Matrix Theory, Wiener Filtering.

1. INTRODUCTION

The model. Consider the N dimensional received signal

r=Xs+n

where s = [s0, 51, ...,5K]" is the transmitted complex vector sig-
nal with size K + 1 satisfying Ess™ = Ix 1, matrix X represents
the channel in the wide sense and n is the independent additive white
Gaussian noise (AWGN) with covariance matrix Enn* = pIxy > 0.
In this article, we are interested in the performance of the linear
Wiener estimate (also called LMMSE for Linear Minimum Mean
Squared Error estimate) of signal so. Among the various perfor-
mance indexes, we shall focus on the Signal to Noise Ratio (SNR)
which can be expressed as follows: Partition the channel matrix
as X = [y Y], then the Wiener estimate §o of so writes §o =
vy (EXT 4+ pIn) ™! r and the associated SNR S is given by:

B =y (YY" +pIn) 'y

This expression rarely provides a clear insight on the impact of the
channel model parameters (such as the load factor K/, the power
distribution of the transmission data streams, the correlation struc-
ture of the channel paths in the context of multiantenna transmis-
sions, etc.) on the performances of the LMMSE estimator and ma-
trix X is often modeled as a random matrix. This assumption is jus-
tified by the fluctuating nature of the channel paths in the context of
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MIMO communications, the pseudo-random nature of the spreading
sequences in spread spectrum applications, etc.

In the sequel, we shall assume that 3 is random. In this case, the
SNR Bk is random and it is of interest to get a deterministic approx-
imation of it based on the system parameters, and to study its fluc-
tuations around this approximation. The theory of Large Random
Matrices is a popular tool to address this problem, widely used in
multidimensional signal processing and in communication engineer-
ing, since the seminal papers of Telatar [1] and Tse et al. [2, 3]. Let
N — oo with K/N — «a > 0 (denoted in the sequel by “K — c0”
for short). As amply shown in the literature, there are many statis-
tical models related to 3 for which there exists a deterministic se-
quence [k such that Sx — B — 0 almost surely (a.s.). Beyond the
convergence of the SNR, a natural practical and theoretical problem
concerns the study of its fluctuations (to evaluate for example the
outage probability, etc.). Despite its interest, there are very few re-
lated articles in the literature [3, 4]. In this paper, we provide a Cen-
tral Limit Theorem (CLT) for 8k as K — oo for a general model
of matrix 3 described as follows. Assume that the N x (K + 1)
matrix X = (X,5) (1 <n < N,0 <k < K) is given by:

Onk
VK
where (02, is a sequence of real numbers called a variance profile
and where the complex random variables W, are independent and

identically distributed (i.i.d.) such that EW,,;, = 0, IEWTZL,C =0, and
E|W,x|* = 1. In this case, the quadratic form Bk is given by:

Sk = Wk (O]

1. . _
B = ?WOD(I)/Q (YY" + pIn) "' DY *wo )

where wo = [Wio, Wao, . .., Wao| T and Dy is the N x N diagonal
nonnegative matrix Dy = diag(o2y; 1 < n < N). An important
special case that we shall describe carefully in the sequel is when the
variance profile is separable, i.e 02; = dndy,.

Application to large dimensional signals. There are many appli-
cations of the general model (1) to the study of large dimensional
signals. We mention a few below.

Multiple antenna transmissions with K + 1 antennas at the
transmission side and N antennas at the reception side. Consider
the transmission model r = Zs +n where & = \/%HPUQ, matrix

Hisa N x (K +1) random matrix with complex Gaussian elements
representing the radio channel and P = diag(py;0 < k < K) is
the (deterministic) matrix of the powers given to the different users.
Write H = [ho --- hk], and assume the columns hy are inde-
pendent, which is realistic when the transmitters are distant one
from another. Let Cy, be the covariance matrix C;, = Ehyhj and



let C, = UipArUy be a spectral decomposition of Cj where
A, = diag(Ank; 1 < n < N) is the matrix of eigenvalues. If
the eigenvector matrices Uy (0 < k < K) are all equal (note that
sometimes they are all identified with the Fourier N x N matrix [5]),
then one can show (see for instance [6]) that matrix Z introduced
above can be replaced with matrix 3 of Model (1) where the W,
are standard Gaussian i.i.d. and Uik = A\nkDk-

In the so-called Kronecker model with correlations at reception,
it is furthermore assumed that A = diag(An; 1 < n < N) for
0 < k < K. This model is accounted for by the separable variance
profile case 02, = Anpk.

CDMA transmissions on flat fading channels. Here N is the
spreading factor, K + 1 is the number of users, and

> = WpY/? 3)

where W is the N x (K + 1) signature matrix assumed here to have
random i.i.d. elements with mean zero, variance 1/N and where
P = diag(pk; 0 < k < K) is the users powers matrix. In this
case, the variance profile 02, = dndy is separable with d,, = 1 and
di = K pr.

MC-CDMA transmissions on frequency selective channels. In
the uplink, the matrix X writes ¥ = [Howo --- Hxgwg| where
H, = diag(hx [exp(2tmr(n —1)/N)]; 1 < n < N) is the ra-
dio channel matrix of user k£ in the discrete Fourier domain and
W = [wo, - ,wWk]|is the N x (K + 1) signature matrix with
ii.d. elements as in the CDMA case above. Modeling the channels
transfer functions as deterministic functions yields a non-separable
variance profile: o7, = £ |hy(exp(2um(n — 1)/N))|>.

In the downlink, we have X = HWP'? where H =
diag(hlexp(2ir(n — 1)/N)]; 1 < n < N) is the radio channel
matrix in the discrete Fourier domain, the N x (K + 1) signa-
ture matrix W is as above, and P = diag(px; 0 < k < K)
is the matrix of the powers given to the different users. This
model yields a separable variance profile 02, = dndp with
dn = % |h(exp(2um(n — 1)/N))|? and di = pi.

About the Literature. In the communication engineering litera-
ture, the CLT for the quadratic forms has probably been considered
for the first time in [3], where the authors consider a matrix 3 with
ii.d. entries. Recently, [4] considered the more general CDMA
Model (3). The model considered in this paper includes the models
of [3] and [4] as special cases. The approach used here to establish
the CLT is powerful yet simple. It is based on the representation of
Bk as the sum of a martingale difference sequence and the use of the
CLT for martingales [7].

Outline of the paper. This paper is organized as follows. In Sec-
tion 2, we introduce various deterministic quantities needed to ex-
press the limiting behaviour of Sx and the variance in the CLT; we
then apply general first order results and describe the limiting be-
haviour of Bx. The CLT for Bk is stated in Section 3. A sketch
of proof for the CLT is presented in Section 4. Finally, we provide
simulations in Section 5.

2. DETERMINISTIC APPROXIMATION OF THE SNR

Recall that 8x = y* (YY* + pIn) 'y where & = [y Y]. The
SNR (x is a random number which becomes closer and closer to
its expectation as K — oo. However, the expectation (whose com-
putation would rely on massive monte-carlo simulations) does not

say much about the dependence of the SNR to the channel model
parameters. In order to circumvent this issue, we introduce a deter-
ministic equivalent Sk to the SNR which depends explicitly on the
channel parametres and whose computation can be performed with
many straightforward numerical routines.

The deterministic approximation 3 plays a central role in the
expression of the CLT. Indeed, we shall study the fluctuations of
Bx — Br in the next section.

Denote by C; = {z € C : im(z) > 0}. We say that a complex
function ¢(z) belongs to class S (Stieltjes) if

e t(z) is analytical in C — [0, c0),
o t(z) € Cq forall z € Cy,

e im(z)|t(z)| is bounded over C, that is:

sup im(2)[t(z)| < K < oo.
zeCy

We introduce the diagonal matrices

D, =

D, =

diag(o2y; 1<n<N) forl <k<K,
diag(aik; 1<k<K) forl<n<N.

Proposition 1 (/8, 9]) The system of N + K functional equations

—1

ta(z) = — ., 1<n<N
P (1 + %tr(DnT(Z))>
- -1
() = 7 1+ tu@ri)) ' =F=F
where
’I‘(z) = diag(ti(2),...,tn(2))
T(z) = diag(ti(2),...,tx(2))

has a unique solution (T, ’i‘) among the diagonal matrices for which
the t,, and the ty, belong to class S.

The asymptotic behaviour of Gy is characterized by the follow-
ing theorem:

_ 1
Theorem 1 (/8, 10, 9]) Let Bk = ?trDOT(—p) where T is given
by Proposition 1. Then

Brx — Px - 0 almost surely.

Remark 1 In matrix model (1), one sometimes assumes that the
variance profile o2, is obtained from the samples of a contin-
uous nonnegative function w(x,y) defined on [0,1)* at points

n k : 2 n k_ I
(ﬁ, T—I—I) ie. Opp = T (N, =1 ) In this case, the sequence

ﬁ_ k and 0 defined in Theorem 1 above converge to limits that are
solutions of integral equations (see for instance [10, 11]). The same
holds true for 5 defined in Corollary 1 below.

Of particular importance is the separable case where 02, =
dnd~k,. In this case, Dy, writes: Dy = JkD and ]5n = dnﬁ where
D = diag(dn; 1 <n < N)and D = diag(di; 1 < k < K), and
the system of /N 4 K functional equations reduces to two equations:



Proposition 2 The system of two functional equations

- -1
5(z) = Ltr(D (fz(IN n 5(Z)D))
_ €}
- ~ ~ -1
5(z) = Ltr(D (—Z(IK + 6(z)D)>
admits a unique solution (6, 5) € S2. Moreover, letting z = —p €

(—00,0), we have §(—p) > 0, 5(—p) > 0.

In this particular case, Dy = doD, the matrix functions T and T
defined by Proposition 1 are given by T = —1(I + 6D)~" and
T= —1a+ 6D)~'; hence we have:

Corollary 1 ([10, 11]) Assume the separable case 02; = dyd.
Then

— — g —— 0 a.s.
dO K—oo

where 5 = 8 with (8, 6) being the solution of System (4) at z = —p.

Remark 2 In the separable case, Ox / czo often represents the SNR
of user 0 normalized to this user’s power. Therefore, we can nat-
urally interpret the approximation S as an asymptotic normalized
SNR. This approximation, as well as the asymptotic variance of the
normalized SNR Br /do defined in Corollary 2 is the same for all
users.

3. FLUCTUATIONS FOR THE SNR: THE CLT

In the sequel, we shall use Landau notation:
Uk =0(Vk) <& |Uk|<C|Vk]|, K €N,

for some constant C.

In order to express the CLT, and especially the variance that ap-
pears in the CLT, we build upon what has been introduced in the
previous section (matrices T and T') and introduce the following
quantities: Let A and A be the K x K matrices

LuDDT(—p)? |©
A = [1 KU (=p) and

K (1+ %tngT(—p))2

£,m=1

2
A = diag <<1 + %trDeT(—p)) ;1<e< K)

where T is defined by Proposition 1. Let g be the K x 1 vector
T
1 2 1 2
g= {?trDoDlT(—p) ;oo —=trDoD T (—p) ] .

‘We are now in position to express the CLT (which holds under slight
technical assumptions):

Theorem 2 With the notations introduces above, the following hold
true:

1) The sequence of real numbers
1
0% = (E[Wio|* - 1)?trD§T2
1 1N -
JF?gT(IK -A)'ATg (5)

is well defined and furthermore

0< thmfeﬁ{ < limsup O% < 0.
K

2) The sequence Bk satisfies

ﬁ(ﬁf‘@*j}‘) —— N (0,1

in distribution where B is defined in Theorem 1.

Remark 3 In the context of MIMO channels, the mutual informa-
tion per transmit antenna

Ik = % log det (pI + £X*)

is another popular performance index whose fluctuations have been
studied in details [12, 13] and whose speed of convergence is \/ K -
faster than the fluctuations of the SINR. Indeed, if T stands for
the deterministic equivalent of the mutual information Tk, the CLT
expresses as:

K (M) — N(0,1)

MI
GK

in distribution, where @1 = O(1) approximates the standard de-
viation of the mutual information KZ. As a practical consequence,
T i remains a good approximation of Lx even for small values of K,
while this is not the case for B.

Corollary 2 In the separable case 02, = dndy, denote by:

1 1 ~o~
vy o= ?trDQT2 , 7 = ?trDQTQ,
2 ~
ok = v(lmwmwtl +%) .
( )= el
2
Then, Q3 = %—‘;{, where ©% is defined in Theorem 2. In particular,

0

1) The sequence (Q%) satisfies:

0< limKian?K < limsup Q% < oo.
K

(2) The following convergence holds true:

x/E(ﬁK/‘é’K_ 5K) —— N(0,1)

in distribution.

Remark 4 These results show in particular that the asymptotic
variance ©% is minimum with respect to the distribution of the Wi,
when |Wyi| = 1 with probability one. In the context of CDMA
and MC-CDMA, this is the case when the signature matrix elements
have their values in a PSK constellation.

4. SKETCH OF PROOF

Let Q be the N x N matrix Q = (YY" + pIn)~". Recall that
the deterministic approximation of Sk is fx = %trDOT. Getting
back to Equation (2), we can write

VE(Bx - Br) = —= (wgDé/QQD;/Qwo - trD0Q>

VK
+

1
\/?tI‘DO (Q - T)

= ¢(x+ XK



It can be shown [13] that Ex% = O(K’l). On the other hand, by
using the independence of wo and Q, the fact that the spectral norm
of Q is uniformly bounded and the fact that the elements of w are
ii.d., one can easily show that E€% = O(1) as K — oo by using
the well-known identity

K
E(z* Mz — trM)? = trM? + /-@mei ,

=1

where M is a deterministic matrix and ¢ = (z1,--- ,zx)isa K x1
vector with unit variance centered i.i.d. complex random variables
and k = E|z1|* — 2.

As a consequence, the asymptotic behaviour of v K (8x — Bk)
is given by i ’s behaviour. Denote by E,, the conditional expecta-
tion

E.[-] =E[||Wn,0, Wnt1,05---, Wnyo, Y]

Put En41[-] = E[- ||Y] and note that EN+1W3D(1)/2QD(1)/2W0 =
trDo Q. With these notations at hand, we have

N x1~1/2 1/2
woDy' "QDy “wo
fK = § (En - E'rH»l)
1 VK

The sequence Z, is readily a martingale difference sequence with
respect to the increasing sequence of o —fields o(Y), o0 (Wn,0,Y)),

O’(WL(), ey WN70,Y).

Now, the asymptotic behaviour of {x (convergence in distribu-
tion toward a Gaussian r.v. and derivation of the variance ©%) can
be characterized with the help of the CLT for martingales [7, Ch.
35]: In order to establish the CLT, it is sufficient to prove that

N
Z Ent1Zy —— 1

— 00

in probability.

5. SIMULATIONS

In this section, the accuracy of the Gaussian approximation is veri-
fied by simulation. We consider an MC-CDMA transmission in the
uplink direction. The base station detects the symbols of a given
user in the presence of K interfering users. We assume that the dis-
crete channel impulse response of each user consists in L = 5 i.i.d.
Gaussian coefficients with variance L~*. Formally, the results are
conditioned to the channel; in praticular, the variance profile is con-
sidered as deterministic. All impulse responses are known to the
base station.

In this case, X is given by:

= [v/poHowo -+ \/Prk+1Hrk+1Wk 1]

where

e H; = diag(hw(exp(2tr(n—1)/,N))n=1,...,
nel matrix of user k in the frequency domain,

~) is the chan-

e pj is the amount of power allocated to user &,

e w are assumed to belong to QPSK constellation with mean
zero and variance 1/N.

In this case, Uik is given by:

K .
Ok = et Ihe (exp (2im(n — 1)/N))

We denote by P the power given to the user of interest. The
other users are arranged into 5 classes according to their powers.
The power of each class as well as the proportion of users within
this class are given in table 1. Figure 1 shows the histogram of

Table 1. Power and proportion of each user class
class 1 2 3 4 5
Power P 2P | 4P | 8P | 16P
Proportion | 1/8 | 1/4 | 1/4 | 1/8 | 1/4

VK(Br — BK) for N = 16 and N = 64. We note that as it was
predicted by our derived results, the histogram of v K (8x — Bx)
is similar to that of a Gaussian random variable. In Figure 2 the

300 300

200

100

Fig. 1. Histogram of g—f(ﬁK — Br) for N = 16 and N = 64; in red
doted line, the Gaussian density

measured second moment of 3 — B is compared with ©% /K.
We note that convergence is reached even for K = 8.

6. CONCLUSION

The Gaussian nature of the SNR at the output of the Wiener re-
ceiver for a class of large dimensional signals described by a random
transmission model has been established theoretically and verified
by simulation.
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Fig. 2. Second moment of Bk — Bk

7. REFERENCES

LE. Telatar, “Capacity of Multi-Antenna Gaussian Channels,”
published in European Transactions on Telecommunications,
vol. 10, no. 6, pp. 585-595, Nov/Dec 1999, Technical Mem-
orandum, Bell Laboratories, Lucent Technologies, October
1995.

D.N.C Tse and S. Hanly, “Linear Multi-User Receiver: Ef-
fective Interference, Effective Bandwidth and User Capacity,”
IEEE Trans. on IT, vol. 45, no. 2, pp. 641-657, Mar. 1999.

D.N.C. Tse and O. Zeitouni, “Linear Multiuser Receivers in
Random Environments,” IEEE Trans. on IT, vol. 46, no. 1, pp.
171-188, Jan. 2000.

G.-M. Pan, M.-H Guo, and W. Zhou, “Asymptotic Distribu-
tions of the Signal-to-Interference Ratios of LMMSE Detec-
tion in Multiuser Communications,” Ann. Appl. Probab., vol.
17, no. 1, pp. 181-206, 2007.

AM. Sayeed, “Deconstructing Multiantenna Fading Chan-
nels,” IEEE Trans. on SP, vol. 50, no. 10, pp. 2563-2579,
Oct. 2002.

W. Hachem, P. Loubaton, and J. Najim, “The empirical eigen-
value distribution of a gram matrix: from independence to sta-
tionarity,” Markov Process. Related Fields, vol. 11, no. 4, pp.
629-648, 2005.

P. Billingsley, Probability and Measure, John Wiley, 3rd edi-
tion, 1995.

V. L. Girko, Theory of Random Determinants, Kluwer, Dor-
drecht, 1990.

W. Hachem, P. Loubaton, and J. Najim, “Deterministic Equiva-
lents for Certain Functionals of Large Random Matrices,” Ann.
Appl. Probab., vol. 17, no. 3, pp. 875-930, 2007.

[10]

[11]

[12]

[13]

L. Li, AM. Tulino, and S. Verdd, “Design of Reduced-Rank
MMSE Multiuser Detectors Using Random Matrix Methods,”
IEEE Trans. on IT, vol. 50, no. 6, pp. 986—1008, June 2004.

J.M. Chaufray, W. Hachem, and Ph. Loubaton, “Asymptotic
Analysis of Optimum and Sub-Optimum CDMA Downlink
MMSE Receivers,” IEEE Trans. on IT, vol. 50, no. 11, pp.
2620-2638, Nov. 2004.

A.L. Moustakas, S.H. Simon, and A.M. Sengupta, “MIMO
Capacity Through Correlated Channels in the Presence of Cor-
related Interferers and Noise: A (Not So) Large N Analysis ,”
IEEE Trans. on IT, vol. 49, no. 10, pp. 2545-2561, Oct. 2003.

W. Hachem, Ph. Loubaton, and J. Najim, “A CLT For
Information-Theoretic Statistics of Gram Random Matrices
with a Given Variance Profile,” to be published in Ann. Appl.
Probab., arXiv:0706.0166.



