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In computational biology, an important question is to measure the
similarity between two genomic (long) sequences. If the sequences
o and 7 are assumed to be random elements of &,, the set of
permutations of [[n]], biologists are interested in

OP(U,T):#{iSp:JOT_l(i)gp} p=1--.n.
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In computational biology, an important question is to measure the
similarity between two genomic (long) sequences. If the sequences
o and 7 are assumed to be random elements of &,, the set of
permutations of [[n]], biologists are interested in

OP(U,T):#{iSp:JOT_l(i)gp} p=1--.n.

More generally, G. Chapuy (2007) introduced the discrepancy
process

Th(o)=#{i<p:o(i)<q},pg=1,,n,
and proved that the normalized " discrepancy” process
n~1/2 <TLnnsJ,LntJ (o) — stn) , s,t€0,1]

converges in distribution to the tied down bivariate Brownian
bridge, of covariance (s A s’ — ss')(t At/ — tt).
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If o is represented by the matrix U(o), the integer Y (o) is the
sum of all elements of the upper-left p x g submatrix of U(c), i.e.

Ty (o) =TrDiU(o)D2U(0)"

where Dy = I,, Dy = I, and [y = diag(1,---,1,0,---,0) (with k
times 1).
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If o is represented by the matrix U(o), the integer Y (o) is the
sum of all elements of the upper-left p x g submatrix of U(c), i.e.

Ty (o) =TrDiU(o)D2U(0)"

where Dy = I,, Dy = I, and [y = diag(1,---,1,0,---,0) (with k
times 1).

Instead of picking randomly o in the group &, we propose to pick
a random element U in the group U(n) and to study

T),=TrDiUDU* = ) |Uyl.
i<pj<q
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Theorem (CDM,AR, 2010)

The process

(n) — (n) . (n)
W - {TI_nsJ,LntJ ETLn5J7LntJ , S, t e [0, 1]}

converges in distribution in D([0,1]?) to the bivariate tied down
Brownian bridge, i.e. the Gaussian process W(*°) with covariance

E WO (s, gWEI(S, t)] = (sAs = ss)(eAt 1),
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Theorem (CDM,AR, 2010)

The process

(n) — (n) . (n)
W - {TI_nsJ,LntJ ETLn5J7LntJ , S, t e [0, 1]}

converges in distribution in D([0,1]?) to the bivariate tied down
Brownian bridge, i.e. the Gaussian process W(*°) with covariance

E WO (s, gWEI(S, t)] = (sAs = ss)(eAt 1),

No normalization here!
o If 0 € &, then |Uj|?(0) = Ujj(o) and if o is Haar distributed
Var(|Uy2) = n}(1 - nY)
o If U is Haar distributed in U(n), then Var(|U;|?) = n~2.
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e If g is fixed, the vector (U; 4)7_; is uniformly distributed on
the n dimensional complex sphere. It is well known (Silverstein
1981) that the process

Lns ]
2> Ul -], se0,1]
i=1

converges in distribution to the Brownian bridge.
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Previous related results

e If g is fixed, the vector (U; 4)7_; is uniformly distributed on
the n dimensional complex sphere. It is well known (Silverstein
1981) that the process

Lns ]
2> Ul -], se0,1]
i=1

converges in distribution to the Brownian bridge.
e If p = g, Diaconis and d'Aristotile (99, 06) were interested by

partial traces and proved that {Z,LflJ Ui, se[0,1]}
converges without normalization to the Brownian motion.



Sketch of the proof

As usual, the proof is divided in two parts : convergence of the
fi.di. distributions of W(" and tightness. The main tool is the
computation of cumulants and their asymptotics. We state a
formula for the cumulants of variables of the form

X = Tr(AUBU*) for deterministic matrices A, B of size n, and we
apply it to the computation of the second and fourth cumulant of
Tp.q- This formula relies on the notion of second order freeness
introduced by Mingo, Sniady and Speicher (06-07). Roughly
speaking, whereas the freeness, introduced by Voiculescu, provides
the asymptotic behavior of expectation of traces of random
matrices, the second order freeness describes the leading order of
the fluctuations of these traces.
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Preliminary remarks : Some moments

Elementary computations give

Lok (n=1)k!
Bl = i m
2 2 1 2 2 1
E(UPI0ul) = gy EUUGFIUel) = -

From these relations, we can compute the first moments of T, 4.

pPq

ETp?q = 7 y Il[l;n EETp’q = st.

Var T, g = pq(n_p,)én_q) . limVar T, = st(1 —s)(1—t).
n
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Combinatorics of the unitary group

The expectations of products of entries of U can be described by a
special function, called the Weingarten function (see [5]) defined
as follows :

Wg(N, 7T) = E(Ull e Upp(_flﬂ.(l) ce Dpﬂ.(p))

where m € S,. Then,

E(U'/-/ C U,'}/)J',/)U,'l_,'1 R

hJ1

= Z (5,’1,"/1(1)

a,BES)

I

inin) (1)
N, Ba™1).

=2

iy Oty -~ Oy W
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The Weingarten functions for p = 1,2 are given by :

We(n, (1)) = —

Weln. (1)) = o We(n(12) =~y @
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Cumulants of random variables

/ﬁlr(al7 . ,ar) = Z MOb(C, 1F)EC(31, . 7ar)
CeP(r)

where
@ P(r) is the set of partitions of [[r]]
o If C={GC,- -, Cy} is the decomposition of C in blocks, then

k

Méb(C,1-r) = (1) 1 (k=1)! , Ec(a,...a) = [JE([] 2)-

i=1 jeq
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Cumulants of random matrices If Xi,... X5, are random matrices,
form=m X - X7, € Gy with 7; = (7r,'71,...,7r,-,g(,-)) let

Iﬁﬂ-(Xl, . . ,XQ/) = Ky (Tr(Xﬂ- . Xﬂ-u(l)), ceey Tr(mel T XW,YZ(,)))

1,1 °
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Cumulants of random matrices If Xi,... X5, are random matrices,
form=m X - X7, € Gy with 7; = (7r,'71,...,7r,-,g(,-)) let

Yooy TH( Xy - X

Ka(X1y. 00 Xap) i= Ky (Tr(Xm,1 e X W(r)))

T1,6(1)

For A= {A,..., Ak} a o-invariant partition of [[2/]] let
g; = O"A,. and

Ko A(X1, ..o Xop) 1= Koy (X1, o0, Xop) - B (X1, o0, X))
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Cumulants of random matrices If Xi,... X5, are random matrices,
form=m X - X7, € Gy with 7; = (7r,'71,...,7r,-,g(,-)) let

ﬁﬂ'(X:l? s )X2/) = KRy (Tr(Xﬂ-LI e X

T1,6(1)

)7 ey Tr(Xﬂ'r’l e Xﬂ'rl(f)))

For A= {A,..., Ak} a o-invariant partition of [[2/]] let
g; = O"A,. and

Ko A(X1, ..o Xop) 1= Koy (X1, o0, Xop) - B (X1, o0, X))

A sequence {Bi,...,Bs}, a of n x n deterministic matrices is said
to have a limit distribution if there exists a non commutative
probability space (A, ¢) and by, ... bs € A such that for any
polynomial p in s non commuting variables,

lim n= 1 Tr(p(By,...,Bs)) = ¢p(b, ..., bs).

n—o0
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Proposition (From Mingo, Sniady, Speicher)

Let U, € U(n) Haar distributed and {B, ..., Bs}, a sequence with
a limit distribution. Let r > 1 and €1, ... € € {—1,1} such that
> € = 0. Consider p1,...pa, polynomials in s non commuting
variables. Let

Di = pi(B1,...,Bs) , Xj= Tr(D2J‘_1Ue(zj_l)DQJ‘UE(Zj)),

(i <2r,1<j<r). Then,

r(Xe, ..., X, Z Z 24 Fyn1,6(D1, -, Do) (3)

resd AB
Moreover, for r > 3,

lim k(X1,...,X;)=0.

n—o00
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Above, the second sum is taken over pairs of partitions of [[2r]]
such that A is 7 invariant, B is y7m ! invariant and AV B = LA
the one block partition. =y is given by the product of transpositions
[[;<,(2i —1,2i) and C; 4 are relative cumulants :

Con = > M&b(C, A) We(x|v,) ... We(xly,) (4)
CE[W,A],C:{VL...V/(}

for A 7 invariant. The other expressions are too complicated to be
exposed here.
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Fi.di. convergence

Let (a,'),'gk c R, (S,', t,'),'gk S [0, 1]2. We must prove the
convergence in distribution of X(") = Zf'(:l aj Y;S,-’,sz,- with
pi = |nsi|, gi = | nt;] to a Gaussian distribution.

We have

p
X = Zai[Tr(D2i71UD2iU*)_E(Tr(D2i71UD2iU*))]
i—1

where D2,'_1 = IlJi' D2,‘ = /q," NOW, {D2i—1, D2,‘, i = 1, . k} are
commuting projectors with a limit distribution

{q2i-1,q0i,i = 1,...k} on a probability space (A, ¢) with
#(qei—1) = si, ¢(q2i) = tj and q;q; = q; if u; < uj (and = g;
otherwise) where u; = s; for i odd and u; = t; for i even.



Sketch of the proof
ocoeo

Fidi convergence

Let r > 3, then
k
Rr(X(n)y-“’X(n)) = Z i - - -3ir“r(yi£i'11?q;17-~~a Ylgi,:?q:'r)
i1yeenydr=1
k
= Z a,-l...a,-,m,(X,-l,...,X,-,)
iyeenydr=1

where X;, = Tr(Dy;,_1UD»;,U*). From Proposition 2.1
5 Xi,)=0. (5)

lim k.(X, ..
n—oo
Now, the second cumulant is given by
k
Rz(X(n),X(n)) == Z a,-aj/iz(Tr(Dg,-,l UDQ;U*),TI’(DQJ',1UD2JU*)).

ij=1
K2(Tr(D2i_1 UD2,'U*), Tr(ng_l UDzj U*)) =
(PiAp)aing)  (piAp)giai  pipi(gi Agi) | PiP;qig)

n?—1 n(n? —1) n(n?— 1) n?(n? —1)
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In the limit, we get

Iim Iig(Tl’(Dz,;l UD2,‘U*)7 TF(DQJ',1 UD2J‘ U*))
n
(S,’ AN Sj — S,'SJ')(t,' A ti — t,'tj).
Thus, we get the convergence of X(") to a centered Gaussian
distribution with variance

k

Z a,-aj(s,- ANSj— S,'Sj)(t,' Ntj— tit.i)'
ij=1
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Tightness

Let p<p' <nandg<q <n

D) = Yy Y Vi v

= > D> U -EUP
p+1<i<p’ q+1<i<q’

(d) (n)
- YP’—p,q’—q )

A criterion adapted from Bickel and Wichura says that it is enough
to prove

5| (v43)'| = o). (6)
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We now give an estimate for k4( T, 4) which, helped by the above
estimates, will be sufficient. From (3),

K4 = ZZ AKVW*IBD17"'7D8)

rest) AB

where Sée) is the subset of Sg which sends {1,3,5,7} onto
{2,4,6,8} and reversely, v = (12)(34)(56)(78) € Ss, A and B are
partitions of [[8]] such that A is 7-invariant, B is 7~ -invariant,
AV B = 1[[8]], and finally

Dy=D3s=Ds=D;=1,, Dy=Dy=Ds=Dg=1.
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Asymptotics of the marginal

Let us recall the notation
Apqg = D1UDU* = Vp7qV:,q

where V,, , is the upper-left submatrix of U. As proved by Collins
(2005) Ap 4 belongs to the Jacobi unitary ensemble (JUE) and

Tpq=TrApq= p/xdu(p)(x),

where ,u(”) is the empirical spectral distribution
() _ 1 Zp
p) — = 5
/"L p et )\S(P) 9

and the )\E(p)'s are the eigenvalues of Ap 4.
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For the JUE, the equilibrium measure is the Kesten-McKay
distribution of density

Cu,,qu \/(Xz;(l‘;_z(i;r)_ X) 1(“—7U+)(X) (7)

where —2 < u_ < uy < 2 (ux depending on s, t). By continuity,
we recover

1
I|rr1n ;TLHSJ,I_an = S/X?Tu_7U+(X)dX: st,

in probability. It could also be possible to recover the fluctuation
result for the marginal distribution, i.e. T|ps) nt] — ET|ns],|nt)
converges in distribution to N'(0,s(1 — s)t(1 — t)) from the known
results on the fluctuations of linear statistics of z(P).
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Orthogonal case (in progress)

U(n) - @(n) Tqu = Zigp,qu Ui
In multivariate (real) analysis of variance, T q is known as the
Bartlett-Nanda-Pillai statistics., used to test equalities of
covariances matrices from Gaussian populations. Asymptotic
studies :

@ p, g fixed, n — oo (large sample framework),

@ g fixed, n,p — oo and p/n — s < 1 fixed (high-dimensional
framework, see Fujikoshi et al.).

@ p/n—s,q/n— t with s, t fixed. This case is considered in
the Bai and Silverstein’s book, and a CLT for T, 4 was proved
by Bai, Jiang, Yao, Zhang (2009).
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Conjectured universality

One conjecture of D. Chafai

If M is a n x n matrix with i.i.d. entries with the same four first
moments as the Gaussian standard then the matrix U of the
eigenvectors of MM™* satisfy the same asymptotic result as in our
theorem.
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