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High-dimensional data and new challenge in statistics

High dimensional data

High dimensional data # high dimensional models

» Nonparametric regression: a very high-dimensional model (i.e. infinite
dimensional model) but with one-dimensional data :

yi:f(xi)+5i; f:R'—)R, i:]-v'"?n

» High-dimensional data :

: observation vectors y; € R”, with p relatively high
w.r.t. the sample size n
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High-dimensional data and new challenge in statistics

High dimensional data

Some typical data dimensions :

data ratio n/p
data dimension p  sample size n n/p

portfolio ~ 50 500 10
climate survey 320 600 1.9
speech analysis a-10? b-10° ~1
ORL face data base 1440 320 1.2
micro-arrays 2000 200 0.1
» |Important: data ratio n/p not always large ; could be <1

> Note: use of the Inverse data ratio:  y = p/n
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High-dimensional effect by an example
The two-sample problem:
> two independent samples:

» want to test Hp

X1,

L~ (B E), YL Y, ~ (8, E)
My = Wy against Hi:  py # po.
» Classical approach: Hotelling’s T2 test
T2 = nim

T( ) S (X -Y),
where
ny ny
Z Xi, y = Z Yi»
i=1 j=1
Sy

n=n+n,
5 [0t w0t =5+ 3 -
Sn: a sample covariance matrix

(}’J i)
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A two sample problem
S S P

The two-sample problem:

Hotelling’s T?2 test: nice properties

> invariance under linear transformations;

> finite-sample optimality if Gaussian; asymptotic optimality otherwise.

Hotelling's T2 test: bad news

> low power even for moderate data dimensions;

> high instability in computing S, ! even for p = 40;

> very few is known for the non Gaussian case;

> fatal deficiency: when p > n — 2, S, is not invertible.
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Dempster’s non-exact test (NET)
> A reasonable test must be based on X —y even when p > n — 2;
> choose a new basis in R", project the data such that
1. axis 1 || Ground mean: (nip; + mp,)/n
2. axis 2 || (x—Y) .

Dempster A.P., '58, '60
> let the data matrix X = (xu,

base change H,:

- Xns Y1, -+, Yn ), and the (orthonormal)
nxp
hy 7 ) o1,
Z=H, X=|:|x=|:]|, l=-"21, h=
nXp nxXn . : \/E n 1
hn 7 i

Under normality, we have

> the z's are n independent N, (x, X);

1 niny

» Ez = %(jlul +mpy), Ez= N (Hy — 1) ,

Ezz=0, i=3,...,n.

o> <F = = = 9ar
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Dempster’s non-exact test (NET)

Test statistic:
2
- e (o [N

N EE

2
B

» Under Hy,

Iz ~ Q= awxi(k) ,

k=1

where a1 > -+ -, > 0 are the non null eigenvalues of .
> The distribution of Fp is complicated

> Approximations - so the NET test : think as ¥ = /,,
1. Q~ mxf :

2. next estimate r by 7 ;
> Finally, under Hp,

Fp ~ F(?,(n— 2)?)
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'
Dempster’s non-exact test (NET)

Problems with the NET test:

» Difficult to construct the orthogonal transformation H, = {h;} for large n;
> even under Gaussianity, the exact power function depend on H,.
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A two sample problem

Bai and Saranadasa’s test (ANT)

Bai & Saranadasa, '96
» Consider directly the statistic M, = ||x — y||> — " tr'S, ;
2

> generally under very mild conditions (here RMT comes!),

Mn D) n2 n—1 2)
— N(0,1 = Var(M,) = —— tr X
o2 = N, 1), o ar(Mn) n?n3 n—2 8
» A ratio consistent estimator:
N 2n(n—1)(n—2 1 N P
e e i LR U S T

» Finally, under Ho,

M

Z, = =2 = N(0,1
%2 (0,1)

This is the Bai-Saranadasa’s asymptotic normal test (ANT).

=) 5 = £ A
e, P
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A two sample problem
; 2

Comparison between 7<=, NET and ANT
Power functions:

» Assuming p — oo, n — oo, p/n—y € (0,1), n1/n — K ;
» Hotelling’s 72, Dempster's NET and Bai-Saranadasa's ANT:

Bu(p) = ¢(—£a+ n( -

) o —1/2, 12
5 (1 = )= ] ) +o(1)
n
Bolw) = ¢(—§a+ Wn(l—n)nunz)wm — Bas(s) .
where v = test size, and

K=y — Mo,

Ea=0"1-0a).

» Important: because of the factor (1 — y), T° losses power when y
increases, i.e. p increases relatively to n.

5
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A two sample problem

Comparison between T2, NET and ANT

Simulation results 1: Gaussian case

» Choice of covariance: X = (1 — p)lp + pJp, Jp = 1,1,

2
> noncentral parameter 1 = M (m, n2) = (25,20), n =45
Vir X2
_ W :"'-.1?/) = 0.0) o 8 :‘!f.% =0.5)
£= §=
: Hotelling ;
. 0.0 02 04 06 08 10 12 14
£ B
= 0.0 0.2 04 06 08 10 12 14 = 0.0 02 0.4 06 08 10 12 14

=
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A two sample problem

A summary of the introduction

> High-dimensional effect need to be taken into account ;

> Surprisingly, asymptotic methods with RMT perform well even for small p
(as low as p = 4) ;

> many of classical multivariate analysis methods have to be examined with
respect to high-dimensional effects.
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Sample covariance matrices

Sample v.s. population covariance matrices

Mar&enko-Pastur distributions

Bai and Silverstein’s CLT for linear spectral statistics
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The Maréenko-Pastur distribution
Theorem. Assume :
» X = p x ni.id. variables (0,1),
> p— 00,

T = [
> not necessarily Gaussian, but with finite 4-th moment
n — oo,

Maréenko & Pastur, 1967

p/n—y € (0,1]
to the distribution with density function

Then, the (empirical) distribution of the eigenvalues of S, = %XXT converges

1
FO) = 2mwyx
where

(x = a)(b—x),

a<x<b,
a=(1-vy)? b=(1+y).
o> <F = E = DAl
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Mar€enko-Pastur distributions

The Marcéenko-Pastur distribution

()= vV —ab—x), (-y7P=a<x<b=(l+y5)>

2myx
Densités de la loi de Marcenko—Pastur

1.0]

1\ )
pr/n a b 0‘87“
1/8 042 183 4
1/4 025 2.25 1] / (
1/2 009 291 - f

gil L

0.01— T T T T I I T T

00 05 1.0 1.5 2.0 2.5 3.0
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Mar€enko-Pastur distributions

An explanation of the power deficiency of Hotelling's T2

when p increases, even in Gaussian case, S, is different from its population
counterpart X ;

when y = p/n ~ 1, the left edge a ~ 0: small eigenvalues yield an
instability of the T2 statistic:

2 ninz
T =

x—9)S, '(x—9) .
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Bai and Silverstein’s CLT for linear spectral statistics

Set

Bai and Silverstein’s CLT for linear spectral statistics of S,

» the Empirical spectral distribution:

1 P
Fn=— Z‘SM
P

where \;'s are p eigenvalues of S,;
>y, = P

n'

» [a,b] CU open C C.

» for any g analytic on U/

Gn(g) = P[Fn(g) — 1" (8)]

where 1 is the MP distribution of index o € (0, 1).
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Bai and Silverstein’s CLT for linear spectral statistics

A CLT for linear spectral statistics

Bai and Silverstein, '04

Theorem
Assume that
> g1, , 8k are k analytic functions on U ;
> the matrix entries x; are i.i.d. real-valued random variables such that
Ex;j =0, Ex,-f» =1, Ex;* =3.

> asn,p—>oo,yn=%—>y€(051)i

Then,
(G"(gl): Tt G"(gk)) => :Nk(mﬂ V)»
with a given mean vector m = m(gi, ..., gk) and asymptotic covariance matrix
V=Vig,... &)
Other versions exist: Lytova & Pastur '09; Bai & Wang '09

u]
8
I
1l
it




Introduction Sample covariance matrices Random Fisher matrices Testing covariance matrices | Testing covariance matrices |l Multivariate regressions Co
(e]e] 000000 e]e] 0000

00000000000
(o]}

High-dimensional data and new challenge in statistics
A two sample problem

Sample v.s. population covariance matrices
Maréenko-Pastur distributions
Bai and Silverstein's CLT for linear spectral statistics

Random Fisher matrices
Random Fisher matrices

Simulation study |

Simulation study Il




(e]e]
00000000000

(o]}

Introduction Sample covariance matrices Random Fisher matrices Testing covariance matrices | Testing covariance matrices Il Multivariate regressions Co
@00000 (e]e] 0000
Random Fisher matrices
S S P
Random Fisher matrices
> two independent samples:

X1, - - -
with i.i.d coordinates of mean 0 and variance 1

y Xnp ™~ (Oa IP)7
> Associated sample covariance matrices:

Yi,. ., ¥nm (Oa IP)

1 = i &
* *
51 = Fl E XiX;, 52 = Fz E yjyj
i=1 Jj=1
» Fisher matrix:

V, = 5.5, " where n, > p.
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Random Fisher matrices
> Assume
Y = r% —yn € (071)7

p
density:

Ynp = — —
2

y2 € (O’ l) .
> Under mild moment conditions, the ESD F\" of V, has a LSD F,, ,, with

(I—y2)/(b—x)(x—a
Ux) =

2mx(y1 + yax)
where

a<x<hb,
otherwise

a=(1-y)1-Vnty— }’1}’2)2 , b=(1-y) A+ Vi tye— }’1}’2)2-
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CLT for LSS of random Fisher matrices

Introduction Sample covariance matrices Random Fisher matrices Testing covariance matrices | Testing covariance matrices |l Multivariate regressions Co

> let

{/(0,1)(}’1) El V¥

1+ /y2)?

(1+ )

cu open C C,
(1—y2)?
» for an analytic function f on LN{, define

. +o00
G(n=p- [
where F,

— o0
ny +Ynp

F0) [F" = Fonyom ] ()

is the LSD with indexes y,, , kK =1, 2.
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CLT for LSS of random Fisher matrices

Theorem

Zheng, '08
Assume Ex{; < oo, Eyf; < oo and let
5x = E|X11|4 =3,

By = Elyu|* - 3.
Then for any analytic functions fi,- - - | fi defined on u,

[Ga(), -+, Gal)] = Nu(m,v)

with suitable asymptotic mean and covariance functions m and v.
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Random Fisher matrices

CLT for LSS of random Fisher matrices

Zheng, '08
Limiting mean function m

m(f) = lim [(1)+(2)+ ()

1 1 ) ,
& <|-1’5'(Z(C”[ _1+C+1—<+ﬁ (O

B (1l —y)?

TR b B e (2)
By - y2(1 — y2) : L
IR SO 3)

2(¢) = (1-y)° [14"724‘2’773(4)]7 h= vy1+y2 Ny

=] T = = DA
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CLT for LSS of random Fisher matrices

Limiting covariance function v

Zheng, '08
v(f, fe) = 1<rlﬂr;2~1+

[(4) +(5)]

fi(z(n))fe(z(rC2))nr
%{ﬂ 1 %41\ —1 (G — nG)? dGrdca, )
_ (6xy1 + Byy2)(1 — yo)? 7{ £ (2(¢1))
472 p2 cal=1 (
j el k

fe(2(¢2))
SE Y 9 f(z\ 1 (G +32) 7045
) }'
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One-sample test on covariance matrices

» asample x1,...,%,) ~ Np(p, X)
> want to test Ho: X =1,

> in high-dimensional case, several previous work exist:
Ledoit & Wolf '02;  Schott '07;  Srivastava '05 ...

» we focus on the LR statistic:

To=n[trS, —log|S.| — p], 5n—iZ( —X)(xi — %),

Classical LRT:

» Data dimension p is fixed, and when n — oo , T, —> xf,(pﬂ)/z

> Will see: rapidly deficient when p is not “small”.
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RMT Corrected LRT:
Theorem
when n — oo

Assume p/n — y € (0,1) and let g(x) = x — log x — 1. Then, under Hy and

Bai, Jiang, Y and Zheng '09

2= p- (&) = N(m(e).v(e))
where F" is the Mar&enko-Pastur law of index y, and
m(g)

_log(1—y)
2 )
v(g) =

—2log (1 —y) —2y.
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Simulation study |

Comparison of LRT and CLRT by simulation

» nominal test level o = 0.05 ;

» for each (p, n), 10,000 independent replications with real Gaussian

variables.

» Powers are estimated under the alternative H;:
¥ = diag(1,0.05,0.05,0.05,...,0.05).

CLRT LRT
(p. n) Size  Difference with 5%  Power Size Power
(5, 500) 0.0803 0.0303 0.6013 | 0.0521 0.5233
(10, 500) | 0.0690 0.0190 0.9517 | 0.0555 0.9417
(50, 500) 0.0594 0.0094 1 0.2252 1
(100, 500) | 0.0537 0.0037 1 0.9757 1
(300, 500) | 0.0515 0.0015 1 1 1

5
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Simulation study |
On a plot
n=500
© CLRT
A LRT
s
i}
R
[}
S
fia
T T T T T T T
(0] 50 100 150 200 250 300
Dimension
(=] = =
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Two-samples test on covariance matrices

> two samples

X1y ...y Xp Y Np(/.u, 21) , Yi,..., ¥ NP(ILLQ, 22)
> want to test Hp: X1 = 3
» The associated sample covariance matrices are

n

1 , , 1 & _ _
Su= - =R =%, S=3 (i -9 -,
i=1 i=1
> Let the LR statistic .
BONE
L = T . . n>
|C151$;1 + Cglp| 2
where n = + m and ¢ = %, k=1,2.
o <F = = = 9vace
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Two-samples test on covariance matrices

Classical LRT:

Th=

» Data dimension p is fixed, and when n;, no — oo and under Hp ,

—2l0g L1 = Xp(p+1)/2

> Will see: rapidly deficient when p is not “small”.
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RMT Corrected LRT:
Theorem

Bai, Jiang, Y and Zheng '09
Assuming that the conditions of CLT for LSS of Fisher matrices hold and let
f(x) = log(y1 + yax) —

Then under Hy and as n1 A\ n, — oo,

Y2

; log x — log(y1 + y2).
{_ 2log Ly
with

- -Fynl,ynz(f)} = N (m(£), v(F))
1 yi+y:—yiy yi
m(f) = 2 [log< yi+y > -
7 =

2y3

¥2
log(1 — — log(1 — )
P g(1 — y2) P g(1 — )
2yt yi+y
2 jog(l—y)— —L log(l—y») —2log — L2
(1 + y2)? gl =) (1 + y2)? g1 =) S ity — e
o F = = = DA
e
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Comparison of LRT and CLRT by simulation

Introduction Sample covariance matrices Random Fisher matrices Testing covariance matrices | Testing covariance matrices Il Multivariate regressions Co
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» nominal test level o = 0.05 ;

» for each (p, n1, n2), 10,000 independent replications with real Gaussian
variables.

» Powers are estimated under the alternative H;:
Y35, = diag(3,1,1,- - ,).
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Simulation study 1

Comparison of LRT and CLRT by simulation
with (y1,y») = (0.05,0.05) :

CLRT LRT
(p, m, n2) Size Difference with 5%  Power Size Power
(5, 100, 100) 0.0770 0.0270 1 0.0582 1
(10, 200, 200) 0.0680 0.0180 1 0.0684 1
(20, 400, 400) 0.0593 0.0093 1 0.0872 1
(40, 800, 800) 0.0526 0.0026 1 0.1339 1
(80, 1600, 1600) 0.0501 0.0001 1 0.2687 1
(160, 3200, 3200) | 0.0491 -0.0009 1 0.6488 1
(320, 6400, 6400) | 0.0447 -0.0053 0.9671 1 1
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Simulation study 1

Comparison of LRT and CLRT by simulation
with (y1, y2) = (0.05,0.1) :

CLRT LRT

p, M, N2 ) Size Difference with 5%  Power Size Power

5, 100, 50) 0.0781 0.0281 0.9925 | 0.0640 0.9849
10, 200, 100) 0.0617 0.0117 0.9847 | 0.0752 0.9904
20, 400, 200) 0.0573 0.0073 0.9775 | 0.1104 0.9938

80, 1600, 800) 0.0521 0.0021 0.9702 | 0.4954 0.9998
160, 3200, 1600) | 0.0520 0.0020 0.9702 | 0.9433 1

(p

(

(

(

(40, 800, 400) 0.0561 0.0061 0.9765 | 0.2115 0.9975
(

(

(320, 6400, 3200) | 0.0510 0.0010 1 0.9939 1
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Simulation study Il

Comparisons of LRT and CLRT

Type-I Error

1.0

0.8

0.6

0.4

0.2

y1=0.05, y2=0.05

I
50

I
100

I I
150 200

Dimension

I
250

I
300

Type One Error

1.0

0.8

0.6

0.4

0.2

y1=0.05, y2=0.1
o CLRT
A LRT
I I I I I |
50 100 150 200 250 300
Dimension
[=] =l = =
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A general linear hypothesis in a multivariate regression
A p-th dimensional regression model:

where

xi=Bzi+¢, i=1,...,n
Ef ~ Np(07 z)) X € pr z; € ]Rq7 n 2 p+ q.
A general linear hypothesis:

» Write a bloc decomposition B = (B1, B>) with g1 and g columns
> To test

Ho : B = BT 5
with a given Bj.
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Wilk's A
> Let X and X; be the likelihood “estimator” of X under Hy and the
alternative, respectively
» LRT statistic equals

S/ 4 = (M),

A,

||
n — oo and under Hp:

_ 1=
where A, is the celebrated Wilk's A: Wilks '32, '34 ;
» Classic (low dimensional) approximation of LRT: for fixed p and g,

U =

Bartlett '34.
—nlog N, = vaqr

> Less biased Bartlett's correction:

U

1
= —klog\,, k:n—q—i(p—ql—i—l).
o S = = = 9ac
e
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High-dimensional correction of Wilk's A
Theorem

Let p — 0o, g1 — o0, n— g — oo and

Bai, Jiang, Y and Zheng, '10

ym = — —y €(0,1),
qi
Then, under Hp,

Yy = = —y2 €(0,1).
T, = 'U(f)_% [_ logNr —p- Fy"vy"z

(f) = m(f)] = N (0,1),
where m(f),v(f) and F,, ., (f) are suitable constants computed from

f(x) = log(1 + yﬂx)

Yy
=] = = = = HAw
s
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The centering term:

mp — 1 m — 1
Fyn1 Yy (f) = y% log cn + }/% log(cn — dnhn)
2 1
_ +Yn1 + Yn, log <Cnhn = d,,yn2> ’
Y1 Yy hn

where

hn = /Y1 + Yoy = Yo Y,

1F hn)?
an7bn = ( :F )2
(l_ynz)
endn = Sl 1422b ot 14224 ¢ > dn,
2 Ym ny
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The limiting parameters:
m(f) = <Zlo
where

(2 — d*)n?
5 log

(ch—y2d)?’

C2
2log (m) ;
h

VYLt Yy — iy
(L5 h)?
ao, = o
i (1—y2)?
c,d = !

[\/Hﬁboi\/u@aoJ c>d.
Vi »
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A simulation experiment

p=10, n=100, g=50, q1=30 p=20, n=100, g=60, q1=50
o | g d
S9 |o T 37 |o AT
o CLRT o CLRT
A STH A STY
o |+ ST o |t ST2
(=} (=]
9] 9]
H H
o o
a [
< _ s
L= o
+
S Sde et
1t 1 % e e R ey
0___9/4;/“
g d Qd
(=] (=]
T T T T T T 1 T T T T T T 1
0.000 0005 0010 0.015 0020 0025 0.030 0.000 0.005 0010 0015 0.020 0025 0.030
Change in Non-center parameter- c0 Change in Non-center parameter- c0
» Gaussian entries,
> non central parameter ¢y ~ d(H, Ho).
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Some conclusions:

» High dimensional effects should be taken into account;

» RMT for sample covariance matrices is a powerful tool to correct classical
multivariate procedures ;

» Each time some X is to be estimated, one should take care of the
“natural” estimator S, : for high-dimensional data,

S, # .

> Yet the RMT is not suffciently developped for statistics:
1. dependent observations: time series ;
2. not identically distributed variables.
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