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Abstract— The design and analysis of multistage detectors with
universal weights for asynchronousCDMA systems is presented.
The use of a front-end that enables joint detection and provides
sufficient statistics is proposed. With such a front end the proposed
multistage detector has the same complexity order per bit as the
matched filter. The proposed approach can also take into account
other suboptimum statistics and the non-ideality of the chip pulse
waveforms. In such a way, the universal weights can be designed
and the performance can be computed for very realistic scenarios.

I. I NTRODUCTION

The design of low complexity linear multiuser detectors with
random spreading sequences and their large system analysis is
mainly focused on synchronous code division multiple access
(CDMA) systems [1]–[3]. The synchronous assumption is not
realistic in the uplink of CDMA systems. Asynchronous CDMA
systems with matched filters at the receivers have been analyzed
first in [4]. In [5] the analysis has been extended to CDMA
systems with linear minimum mean square error (MMSE) de-
tectors and sinc pulse modulation. In [6], asynchronous systems
with symbol asynchronous but chip synchronous signals, i.e. the
time delay of the users is a multiple of the the chip interval, are
investigated and an efficient implementation of linear multiuser
detectors with the same complexity order per bit as the matched
filter is proposed for such a scenario. In this work we extend
the design of efficient multistage detectors for uplink CDMA
in [3], [6] to totally asynchronous CDMA systems. The low
complexity of such detectors is obtained thanks to two essential
features: (i) the joint processing of the received signals for
all K users of interest so that most of computations becomes
identical and the complexity drops by a factor ofK, (ii)
the use ofuniversal weightsbased on the asymptotic self-
averaging properties of random matrices instead of tailored
weights depending on the transmitted spreading sequences.

For synchronous CDMA systems sufficient statistics for all
users can be obtained sampling at the chip rate and time delay
common to all users under some restriction on the chip pulse
waveforms1. A similar approach does not provide sufficient
statistics in case of completely asynchronous systems and the
choice of sufficient statistics or suboptimal statistics, trading
complexity against performance, plays a relevant role on both

1The autocorrelation of the chip pulse waveform satisfies the Nyquist
criterion. These chip pulse waveforms are also known as square root Nyquist
waveforms.

complexity and performance of multiuser detectors for asyn-
chronous systems. Furthermore, the effects of the bandwidth
and chip-pulse shaping on the performance of CDMA systems
become also relevant. In fact, in contrast to synchronous sys-
tems the performance of linear multiuser detectors for CDMA
systems increases with the bandwidth as analytically shown in
[7].

In this work we analyze the impact of different sets of ob-
servables on the design and the performance of low complexity
multistage detectors and the effects of pulse shaping waveforms
on the performance of linear detectors.

A widely used approach to generate accurate but suboptimal
statistics processes the received signal by a filter matched to
the chip waveform. For a given user, a set of observables is
obtained by sampling the filter output at the time delay of the
user with rate equal to the chip rate independently of frequency
bandwidth of the chip waveforms. We refer to this statistics
as Statistics A. This discretization scheme provides different
observables for each user and does not enable a joint processing
of all users. An implementation of multistage detectors with
universal weights using such statistics implies a complexity
orderper bit equal toO(K2). This approach is still interesting
from a complexity point of view if detection of a single user is
required. In this case its complexity orderper bit is still equal to
O(K2) while the complexity orderper bit of the linear MMSE
detector isO(K3).

In systems with bandlimited waveforms sufficient statistics
can be obtained by filtering the received signal by a low
pass filter with bandwidthBLOW larger than the chip-pulse
bandwidth and subsequent sampling at rate2BLOW. We refer
to these statistics as Statistics B. These observables enable a
joint processing of all users without loss of information and
multistage detectors with universal weights have a complexity
order per bit equal toO(rK) if r is the oversampling factor.

In this work the design of low complexity detectors for
CDMA systems with chip asynchronism and the corresponding
analysis are proposed for both discretization schemes. Our
analysis enables an analytical computation of the performance
degradation due to the use of sub-optimal statistics as function
of few system parameters, namely, the signal-to-noise ratio
(SNR), the roll-off, the system load, and the statistics of the
channel gains and time delays.

CDMA systems using Statistics A show a substantial depen-
dence of the performance on the initial sampling time instant



due to the sub-optimality of the statistics. Sampling at the
best time instant, i.e. at the time delay of the user of interest,
implies a slight performance degradation at very low SNRs
and low roll-off. However, this degradation increases as the
SNR and the roll-off increase. Above all in CDMA systems
real implementations do not make use of costly pulse shapers.
The analysis presented in this work hold for very general
chip waveforms not necessarily inter-chip interference free.
Therefore, the degradation effects due to the non-ideality of
pulse shapers can be computed.

Similarly, the design of universal weights for the multistage
detectors proposed in this work takes into account the sub-
optimality of statistics or the non-ideality of pulse shapers.

II. SYSTEM MODEL

Let us consider an asynchronous CDMA system withK
users in the uplink channel and spreading factorN . The
received signal in complex base-band notation is given by

y(t) =
K∑

k=1

aksk(t− τk) + n(t) t ∈ (−∞,+∞)

whereak is the received signal amplitude of userk and takes
into account the transmitted symbol amplitude and the flat
fading channel,τk is the time delay of userk. Without loss of
generality (w.l.g.) we assumeτk ∈ [0, Ts] with Ts the symbol
interval and0 ≤ τ1 ≤ τ2 . . . ≤ τK . Here,n(t) is a zero mean
complex Gaussian circularly symmetric process with two-sided
power spectral densityN0, andsk(t) is the spread signal of user
k,

sk(t) =
+∞∑

m=−∞
bk[m]c(m)

k (t). (1)

In (1), bk[m] is the transmitted symbol of userk in the symbol
interval m and

c
(m)
k (t) =

N−1∑
u=0

skm[u]ψ(t−mTs − uTc)

is its spreading waveform.skm[u], u = 0, . . . , N − 1, are
elements of the spreading sequence of userk in themth symbol
interval. Tc is the chip interval. The spreading sequences
skm[u] are assumed to be i.i.d. complex Gaussian variables
with E{skm[u]} = 0, E{|skm[u]|2} = 1

N . The users’ symbols
bk[m] are uncorrelated random variables withE{|bk[m]|2} = 1
and E{bk[m]} = 0. We denote byψ(t) the band limited chip
waveform with bandwidthB, unit energy, and Fourier trans-
form Ψ(f). Thanks to the statistical properties of the spreading
sequence, the average energy of the signature waveforms is also
unit.

At the front-end, the base band signal is processed by a
filter with impulsive responseg(t) and corresponding frequency
responseG(f). We denote byφ(t) the output of the filter
corresponding to the inputψ(t), i.e. φ(t) = g(t) ∗ ψ(t) and
by Φ(f) its Fourier transform. The filter output is sampled at
rate r

Tc
.

The discrete signal at the front-end output is given by

y[p]=

KX
k=1

ak

+∞X
m=−∞

bk[m]

N−1X
u=0

sk,m[u]φ
��p

r
−u−mN

�
Tc−τk

�
+n[p]

with p ∈ Z andn[t] the discrete time, complex-valued noise.

Throughout this work we assume that the filtered chip pulse
waveform φ(t) is much shorter than the symbol waveform,
i.e. φ(t) becomes negligible for|t| > t0 and t0 ¿ Ts. This
is usually verified in the systems with large spreading factor,
which we are considering. Thus, we can neglect the useful
signal outside the symbol interval[0, Ts].

Given the time delayτk the virtual spreading sequence of
userk for the transmitted symbolm spans the symbol intervals
m andm + 1 and it is a2Nr-dimensional vector given by

vkm = Φkskm

where skm = (skm[0] . . . skm[N − 1])T and Φk is a
2Nr × N matrix taking into account the effects of the
pulse shape and the time delay of userk. Its (i, j)-element
is equal to zero fori ≤ b rτk

Tc
c and for i ≥ b rτk

Tc
c +

Nr, while (Φk)ij = φ
(

(i−1)Tc

r − (j − 1)Tc − τk + b rτk

Tc
c
)

for b rτk

Tc
c+ 1 ≤ i ≤ b rτk

Tc
c+ Nr. The zero elements are due

to the fact that we neglect the useful signal outside the interval
[mTs + τk, (m + 1)Ts + τk].

Let S[m] be the 2rN × K matrix of virtual spreading,
i.e. S[m] = (Φ1s1m,Φ2s2m, . . .ΦKsKm), A the K × K
diagonal matrix of received amplitudes,H[m] = S[m]A, and
b[m] andy[m] the vectors of transmitted and received signals,
respectively. Furthermore, we decompose the matrixH[m] into
two matrices of sizerN × K, Hu[m] and Hd[m] such that
H[m] = [HT

u [m], HT
d [m]]T . Then, the baseband discrete-time

asynchronous system in matrix notation is given by

Y = HB + N
whereY = [. . . , yT (m−1),yT (m),yT (m+1) . . .]T andB =
[. . . , bT (m−1), bT (m), bT (m+1) . . .]T are the infinite-length
vectors of received and transmitted symbols respectively;N is
an infinite-length noise vector; andH is a bi-diagonal block
matrix with infinite block rows and block columns given by

H =

266664
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . 0 Hd(m−1) Hu(m) 0 . . . . . .

. . . . . . 0 Hd(m) Hu(m+1) 0 . . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

377775 .

Additionally, hk,m denotes the column of the matrixH
containing thekth column of the matrixH[m]. Here,T and
R are the correlation matrices defined asT = HHH and
R = HHH. Finally β = K

N is the system load.
We focus on the following front-ends.

Front-end Type Aconsists of an analog filterG(f) matched to
the chip pulse, i.e.G(f) = Ψ∗(f), and a subsequent sampler
with sampling rate equal to the chip rate. This front-end implies
the use of square root Nyquist chip pulse waveforms to keep
the discrete noise process white with varianceN0

Tc
.

Front-end Type Bconsists of (i) a low pass filterG(f) with
low pass band|f | ≤ r

2Tc wherer ∈ Z+ satisfies the constraint
B ≤ r

2Tc
so that the sampling theorem is satisfied and of

(ii) a subsequent sampler at raterTc
. With this choice of the

front end the conditions of the sampling theorem are satisfied
so that the sampled signal provides sufficient statistics. The
sampling rate is a multiple of the chip rate as convenient



in practical implementations. Additionally, the discrete noise
process{n[p]} is still white with zero mean and variance
σ2 = N0r

Tc
.

III. L INEAR MULTIUSER DETECTION

The design of multistage detectors with universal weights
follows along the design of multistage detectors for symbol
asynchronous but chip synchronous CDMA systems in [6].
Multistage detectors of rankL ∈ Z+ and L ≤ K for symbol
m of userk performs a projection onto the Krylov subspace
χL,k,m(H) = span(T `hk,m)|L−1

`=0 , for k = 1...K, m ∈ Z and
a subsequent filtering. They are defined as

b̂k[m] =
L−1∑

`=0

wk,`h
H
k,`T `Y

wherewk,m are the filter coefficients for userk. The multistage
detector processing jointly all users is given by

b̂k[m] =
L−1∑

`=0

W `HH
mT `Y

where Hm = (h1,m, h2,m...hK,m) and W ` is a diagonal
matrix with the kth element equal towk`. Figure 1 shows
an implementation that enables detection with finite delay.
The family of multistage detectors includes many well known
detectors like multistage Wiener filters, polynomial expansion
detectors, or, equivalently conjugate gradient methods, and the
parallel interference canceller, eventually weighted. In [6] it
is shown that the implementation of multistage Wiener filters
in Figure 1 for asynchronous systems with a sufficiently large
number of stages can even outperform a linear MMSE detector
with finite observation window. Therefore, we focus on the
design of a detector with universal weights equivalent to the
multistage Wiener filter for large systems (asK, N →∞). We
refer to it as detector Type J-I to emphasize the fact that the
detector performs the projection of all usersjointly and the filter
is designedindividually for each user. The universal weights are
obtained as

wk,m = lim
N,K→∞

K
N→β

wk,m(N)

where wk,m(N) are the tailored filter coefficients
of the multistage Wiener filter minimizing the MSE
E{‖bk[m] − ∑L−1

`=0 wk,m,`(N)hk,m
HT mY‖2}. The tailored

weight wk,m,`(N) is the (` + 1)st element of the vector
wk,m(N) given by

wk,m(N) = Ξ−1
k,m(N)ξk,m(N)

where Ξk,m(N) =
(
(Ri+j(m))kk + σ2(Ri+j−1(m))kk

)
,

with i, j = 1 . . . L, ξk,m(N) =
(
(Rj(m))kk

)
j=1...L

, and

(Rj(m))kk = hH
k,mT hk,m denote the diagonal element of

the matrixRj corresponding to userk at time instantm. The
design of universal weights reduces to the computation of the
asymptotic valueslimK=βN→∞(Rj(m))kk. The convergence
of the diagonal elements ofRj to deterministic values is
established in the following theorem.

Theorem 1:Given the Fourier transformΦ(j2πf) with fi-

nite support and bounded in absolute value, letΦ̃τ (x)
4
=

1
Tc

∑+∞
s=−∞ e−j2π τ

Tc
(x+s)Φ∗

(
j2π
Tc

(x + s)
)

. Assume thatτk ∈
[0, Tc], for k = 1, . . . K and the sequence of the empirical joint
distributionsF

(K)
|A|2,T (λ, τ) = 1

K

∑K
k=1 1(λ − |akk|2)1(τ − τk)

converges almost surely, asK →∞, to a non-random distribu-
tion functionF|A|2,T (λ, τ) with bounded support2. Then, given
(|ak|2, τk), the diagonal element(R`(m))kk of the matrixR`

converges in probability to a deterministic value, conditionally
on (|ak|2, τk),

lim
K=βN→∞

(R`(m))kk
a.s.= R`(|akk|2, τk)

with R`(|akk|2, τk) determined by the following recursion

R`(λ, τ) =
`−1∑
s=0

g(U `−s−1, λ, τ)Rs(λ, τ)

and, for0 ≤ x ≤ 1,

U `(x) =
`−1∑
s=0

f(R`−s−1, x)U s(x)

f(Rs, x) = β

∫
λQτ (x)Rs(λ, τ)d F|A|2,T (λ, τ)

g(U s, λ, τ) = λ

∫ 1

0

trace(U s(x)Qτ (x))d x

whereQτ (x) = ∆τ (x)∆H
τ (x) and

∆τ (x) =
(
Φ̃τ (x), Φ̃τ−Tc

r
(x) . . . Φ̃

τ−Tc(r−1)
r

(x)
)T

.

The recursion is initialized by settingU0(x) = Ir and
R0(λ, τ) = 1.
Due to lack of space the proof of this theorem is omitted. The
interested reader can refer to [8]. Forτk ∈ [0, Ts], with k =
1, . . . , K we conjecture that the results of Theorem 1 holds
replacing he time delaysτk by τ̃k = τk −

⌊
τk

Tc

⌋
.

The signal-to-interference and noise ratio (SINR) of a detec-
tor Type J-I for large CDMA systems is given by

SINRJI,k =
ξT

k,∞Ξ−1
k,∞ξk,∞

1− ξT
k,∞Ξ−1

k,∞ξk,∞
. (2)

where ξk,∞ = limK=βN→∞ ξk,m(N) and Ξk,∞ =
limK=βN→∞Ξk,m(N). Given any multistage detector for user
k with filter coefficientswk it holds

SINR =
‖wH

k ξk,∞‖2
wH

k (Ξ−1
k,∞ − ξk,∞ξT

k,∞)wk

.

IV. EFFECTS OFSTATISTICS AND OF CHIP PULSE

WAVEFORMS

Let us consider a system with front-end A and let us assume
that the chip pulse waveform is a square root raised cosine with
roll-off γ ∈ [0, 1], i.e.

ψ(t) =
4γ( t

Tc
) cos(π(1 + γ) t

Tc
) + sin(π(1− γ) t

Tc
)

πt(1− (4γ t
Tc

)2)
γ ∈ [0, 1].

21(·) denotes the indicator function.
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Fig. 1: Multistage detector for asynchronous systems

The limit valuesR`(|akk|2, τk) can be obtained applying the
recursion in Theorem 1 forr = 1 and Qτ (x) reduced to the
scalar

Qτ (x)=

8>>>>>><>>>>>>:
1
2
+ 1

2
sin2

�
π
γ
(x+ 1

2
)
�
+ cos 2πτ

2

�
1−sin2

�
π
γ
(x+ 1

2
)
��

− 1
2
≤ x ≤ − 1−γ

2

1 − 1−γ
2
≤ x ≤ 1−γ

2
1
2
+ 1

2
sin2

�
π
γ
(x− 1

2
)
�
+ cos 2πτ

2

�
1−sin2

�
π
γ
(x− 1

2
)
��

1−γ
2
≤ x ≤ 1

2
.

As the front-end B is in use at the receiver, the chip-pulse
waveform has bandwidth n

2Tc
≤ B ≤ n

Tc
, the sampling

rate is r
Tc

with r ≥ n, and the time delay distribution is
uniform, Theorem 1 yields the following algorithm to compute
R`(|akk|2, τk).

Algorithm 1:
Initialization

Let ρ0(z) = 1 andµ0(y) = 1.
`th step

• Defineu`−1(y) = yµ`−1(y) and write it as a polynomial in
y.
• Definev`−1(z) = zρ`−1(z) and write it as a polynomial in
z.
• Define

Es =
(

r

T 2
c

)s ∫ n
2

−n
2

Φ2s

(
j
2π

Tc
x

)
dx (3)

and replace all monomialsy, y2, . . . , y` in the polynomial
u`−1(y) by E1, E2, . . . , E`, respectively. Assign the result to
U`−1.
• Define m

(s)
|A|2 = E{|ak|2s} and replace all monomi-

als z, z2, . . . , z` in the polynomialv`−1(z) by the moments
m

(1)
|A|2 , . . . m

(`)
|A|2 , respectively, Assign the result toV`−1.

• Set
ρ`(z) =

`−1∑
s=0

zU`−s−1ρs(z)

µ`(y) =
`−1∑
s=0

βyV`−s−1µs(y).

• Assignρ`(λ) to R`(λ).

Replace all monomialsz, z2, . . . , z` in the polynomialρ`(z)
by the momentsm(1)

|A|2 , . . . ,m
(`)
|A|2 , respectively, and assign the

result tom
(`)
R , the `th eigenvalue moment of order` of R.

Algorithm 1 is derived in [8].
Interestingly,R`(|akk|2, τk) is independent of the arrival

time in this case and, thus, also the performance of such a
CDMA system.

In Figure 2 we compare the performance of a detector Type
J-I processing the observables provided by front-end B (dashed
lines) to the performance of the corresponding Type J-I detector
fed by front-end A (dots) assuming equal received powers,
system loadβ = 1

2 , L = 3. The chip waveform is a square
root raised cosine. The curves represent the output SINR as
a function of the roll-offγ parameterized with respect toEs

N0
.

The parameterEs

N0
varies from 0 dB to 20 dB in steps of 5

dB. As reference we also plot the performance of synchronous
CDMA systems. As expected, multistage detectors with front-
end B outperform the corresponding multistage detectors with
front-end A. Interestingly, in the former case linear multiuser
detection and asynchronism can compensate to some extent for
the loss in spectral efficiency caused by the increasing roll-off
and typical of synchronous CDMA systems (note that the SINR
keeps constant for synchronous CDMA systems) [7]. On the
contrary, even in the case of asynchronism, multiuser detection
with front-end A can not compensate for the loss in spectral
efficiency due to non-zero roll-off and its performance is close
to the performance of synchronous CDMA systems for any
SNR level.

We elaborate on the effects of the chip pulse waveforms
by focusing on square root raised cosine and raised cosine
chip-pulse waveforms with roll-offγ ∈ [0, 1]. To simplify the
notation we assumeTc = 1. Let

Υ(x) =

8><>:
1 0 ≤ |x| ≤ 1−γ

2
1
2

�
1− sin π

γ

�|x| − 1
2

�� 1−γ
2

≤ |x| ≤ 1+γ
2

0 |x| ≥ 1+γ
2

.

The energy frequency spectrum of a square root raised cosine
waveform with unit energy is given by|Ψsqrc(j2πx)|2 = Υ(x).
The unitary Fourier transform of a raised cosine chip waveform
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with unit energy isΨrc(j2πx) = 4√
4−γ

Υ(x). We apply (2)
and Algorithm 1 to derive the asymptotic SINR to the case
of synchronous systems and uniformly distributed time delays.
Figure 3 shows the large system output SINR of detectors
Type J-I with L = 4 versus the roll-off forEs

N0
= 15 dB and

Es

N0
= 30 dB, when square root raised cosine (marked lines)

and raised cosine (lines with markers) chip-pulse waveforms
are transmitted. The dashed lines correspond to synchronous
systems while the solid lines refer to asynchronous systems.
The SINR is obtained assuming equal received powers at
the receiver and system loadβ = 1

2 . Increasing the roll-off
the performance increases for both waveforms. At high roll-
off the gap in performance between the two different chip-
pulse waveforms is quite relevant in favor of the square root
raised cosine pulses. Therefore, the design of pulse shapes has
a relevant impact. The asynchronous systems outperform the
synchronous systems, as already shown in [7]. For synchronous
systems, an increase of the utilized bandwidth, due to an
increase of the roll-off, can even determine a performance loss
if the chip pulse in not properly chosen as it occurs for raised
cosine waveforms.

V. CONCLUSIONS

In this work we provided guidelines for the design of mul-
tistage detectors with universal weights in large asynchronous
CDMA systems. The universal weights proposed for the design
of low complexity detectors can take into account the effects of
asynchronism, sub-optimality of the statistics, and non-ideality
of pulse-shapers. With the twofold object of using sufficient
statistics and performing jointly the detection of all users of
interest we propose the use of front-end B.

From the asymptotic analysis and design performed in this
work we can draw the following conclusions:
• Multistage detectors with front end A and universal

weights are suboptimal and have the same complexity
order per bit of the linear MMSE detector in uplink.

• Multistage detectors with front end B and universal
weights are asymptotically optimum and have the same
complexity order per bit as the matched filter.

• If only a user had to be detected multistage detectors with
front end A have slightly lower complexity than multistage
detectors with front end B. However, while the optimum
one can compensate to some extent the loss in spectral
efficiency due to the roll-off in asynchronous systems
multistage detectors with front end A do not have this
property. They perform almost as the multistage detectors
for synchronous systems at any SNR.
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