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Abstract

We describe an elementary method to get non-asymptotic estimates for
the moments of Hermitian random matrices whose elements are Gaussian
independent random variables. We derive a system of recurrent relations
for the moments and the covariance terms and develop a triangular scheme
to prove the recurrent estimates. The estimates we obtain are asymptoti-
cally exact in the sense that they give exact expressions for the first terms
of 1/N-expansions of the moments and covariance terms.

As the basic example, we consider the Gaussian Unitary Ensemble of
random matrices (GUE). Immediate applications include Gaussian Ortho-
gonal Ensemble and the ensemble of Gaussian anti-symmetric Hermitian
matrices. Finally we apply our method to the ensemble of N x N Gaussian
Hermitian random matrices H™'*) whose elements are zero outside of the
band of width b. The other elements are taken from GUE; the matrix
obtained is normalized by b~'/2. We derive the estimates for the moments
of H™:Y) and prove that the spectral norm ||[H®'?|| remains bounded in
the limit N,b — oo when (log N)3/2/b — 0.

1 Introduction

The moments of N x N Hermitian random matrices H are given by expression

1
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where E{-} denotes the corresponding mathematical expectation. The asymp-
totic behavior of M. ,gN) in the limit N — oo is the source of numerous studies and
vast list of publications. One can observe three main directions of researches;
we list and mark them with the references that are earliest in the field up to
our knowledge.

The first group of results is related with the limiting transition N — oo when
the numbers k are fixed. In this case the limiting values of M ,iN), if they exist,

determine the moments my, of the limiting spectral measure o of the ensemble
{Hy}. This problem was considered first by E. Wigner [20].



Another asymptotic regime, when k goes to infinity at the same time as N
does, is more informative and can be considered in two particular cases. In the
first one k grows slowly and 1 < k < N7 for any v > 0. In particular, if k is
of the order log N or greater, the maximal eigenvalue of Hy dominates in the
asymptotic behavior of MQ(,iV) Then the exponential estimates of MZ(,QV) provide
the asymptotic bounds for the probability of deviations of the spectral norm
|[Hn||. This observation due to U. Grenander has originated a series of deep
results started by S. Geman [1, 7, 9].

The second asymptotic regime is related to the limit when &k = O(N7),~ > 0.
The main subject here is to determine the critical exponent 4 such that the same
estimates for Mé,iv) as in the previous case remain valid for all v < 4 and fail
otherwise [18]. This allows one to conclude about the order of the mean distance
between eigenvalues at the border of the support of the limiting spectral density
do [4, 19].

In present article we describe a method to get the estimates of MQ(IJCV) that
are valid for all values of N and k such that &k < CN7 with some constant C.
The estimates of this type are called non-asymptotic. However, they remain
valid in the limit N — oo and in this case they belong to the second asymptotic
regime.

As the basic example, we consider the Gaussian Unitary (Invariant) Ensem-
ble of random matrices that is usually abbreviated as GUE. In section 2 we
describe our method and prove the main results for GUE. Immediate applica-
tions of our method include the Gaussian Orthogonal (Invariant) Ensemble of
random matrices (GOE) and the Gaussian anti-symmetric (or skew-symmetric)
Hermitian random matrices with independent elements. Detailed description
of these ensembles is given in monograph [16]. In section 3 we present the
non-asymptotic estimates for the corresponding moments.

Our approach is elementary. We use the integration by parts formula and
generating functions technique only. We do not employ such a powerful methods
like the orthogonal polynomials technique commonly applied to unitary and
orthogonally invariant random matrix ensembles. This allows us to consider
more general ensembles of random matrices then GUE and GOE. One of the
possible developments is given by the study of the ensemble of Hermitian band
random matrices H™?). The matrix elements of H™*) within the band of the
width b along the principal diagonal coincide with those of GUE. Outside of
this band they are equal to zero; the matrix obtained is normalized by b=/2. In
section 4 we prove non-asymptotic estimates for the moments of HN:?), These
estimates allow us to conclude about the asymptotic behavior of the spectral
norm || H®™:?)|| in the limit b, N — oc.

In section 5 we collect auxiliary computations and formulas used.



1.1 GUE, recurrent relations and semi-circle law

GUE is determined by the probability distribution over the set of Hermitian
matrices {Hy} with the density proportional to

exp{—2N TrH%}. (1.1)

The odd moments of Hy are zero and the even ones Mz(,iv) verify the following
remarkable recurrent relation discovered by Harer and Don Zagier [11]
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where MéN) = 1 and MQ(N) = 1/4. Tt follows from (1.2) that the moments
MQ(IJCV), k =0,1,... converge as N — oo to the limiting m; determined by rela-
tions
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The limiting moments {my,k > 0} are proportional to the Catalan numbers
Cki
1 1 2k 1
= —— =—C 1.4
1tk 4k(k+1)(k> 4F ok (14)
and therefore verify the following recurrent relation
=
mi =5 jz_:o me_1_j; my, k=12 ... (1.5)

with obvious initial condition mg = 1.

In random matrix theory, equality (1.5) was observed for the first time by E.
Wigner [20]. Relation (1.5) implies that the generating function of the moments
mg

oo
f(r) = Z my - "
k=0
verifies quadratic equation 7f2(7) — 4f(7) +4 = 0 and is given by
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Using (1.6), Wigner has shown that the measure o, determined by the moments

my = [ A?* do,()\) has the density of the semicircle form
2 V1-X2 if|\<1
L) =2 ’ =5 1.7
uw(}) 71'{(), if (A > 1. (17)
The statement that the moments MZ(N) converge to my, for [ = 2k and to 0 for
Il =2k +1 is known as the Wigner semicircle law.



1.2 Estimates for the moments of GUE

Using relations (1.2) and (1.3), one can easily prove by induction the estimate

8N?2

These estimates are valid for all values of k and N without any restriction. They
allow one to estimate the probability of deviations of the largest eigenvalue of
Hy (see, for example [14, 15] and references therein). Then one can study
the asymptotic behavior of the maximal eigenvalues and also conclude about
spectral scales at the borders of the support of o/, (see [18]).

It should be noted that relations (1.2) are obtained in [11] with the help
of the orthogonal polynomials technique (see [10] and [15] for the simplified
derivation). There are several more random matrix ensembles (see [15] for the
references) whose moments verify recurrent relations of the type (1.2). But
relations of the type (1.2) are rather exceptional than typical. Even in the case
of GOE, it is not known whether relations of the type (1.2) exist. As a result, no
simple derivation of the estimates of the form (1.8) for GOE has been reported.

We develop one more approach to prove non-asymptotic estimates of the
type (1.8). Instead of relations (1.2), we use the system of recurrent relations
(1.5) that is of more general character than (1.2). Regarding various random
matrix ensembles, one can observe that the limiting moments verify either (1.5)
by itself or one or another system recurrent relations generalizing (1.5) (see for
instance, section 5 of [3], where the first elements of the present approach were
presented).

) k2 2k
M2k < <1 + > mg. (1.8)

We derive a system of recurrent relations for the moments MQ(IJCV) that have
(1.5) as the limiting form. These relations for Mz(liv) involve corresponding
covariance terms. Using the generation functions technique, we find the form
of estimates and use the triangle scheme of the recurrent estimates to prove the

bounds for moments and covariance terms. The final result can be written as
3
N k
Mz(k ) < (1 + aNQ) mg, (1.9)

with some o > 1/12. The estimates obtained are valid in the domain k3 < yN?
with some constant x, i.e. not for all values of k and N, as (1.8) does. But in
this region our estimates are more precise than those of (1.8). If k* < N2, our

estimates provide exact expressions for 1/N-corrections for the moments MQ(,iV)

1.3 Band random matrices and the semi-circle law

Hermitian band random matrices H™-?) can be obtained from GUE matrices by
erasing all elements outside of the band of width b along the principal diagonal
and by renormalizing the matrix obtained by the factor b=/2. It appears that
the limiting values of the moments

Wy _gll o)
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crucially depend of the ratio between b and N when N — oo (see [5, 13, 17]).
If b/N — 1 as N — oo, then Mz(liv’b) — my, and the semicircle law is valid in

this case. If b/N — ¢ and 0 < ¢ < 1, then the limiting values of Méff’b) differ
from my. Finally, if 1 < b < N, then the semicircle law is valid again.

The last asymptotic regime of (relatively) narrow band width attracts a spe-
cial interest of researchers. In this case the spectral properties of band random
matrices exhibit a transition from one type to another. The first one is charac-
terized by GUE matrices and the second is given by spectral properties of Jacobi
random matrices, i.e. the discrete analog of the random Schrédinger operator
with b = 3 (see [6, 8] for the results and references). It is shown that the value
¥ = +/N is critical with respect to this transition [6, 8, 12].

In present paper we derive the estimates for Mé,iv’b) that have the same form
as the estimates for GUE with N replaced by b. This can be viewed as an
evidence to the fact that the asymptotic behavior of the eigenvalues of H(V:?)
at the border of the semi-circle density is similar to that of matrices of the size
b x b. The estimates we obtain show that the value b’ = v/N does not play any
particular role with respect to the asymptotic behavior of the spectral norm
|HNb)||. We show that if b > (log N)?/2, then the spectral norm converges
with probability 1 when N — oo to the edge of the corresponding semicircle
density. Up to our knowledge, this is the first result on the upper bound of the
spectral norm of band random matrices.

2 Gaussian Hermitian Ensembles

Let us consider the family of complex random variables

{ Viy + iWay, ifa<y,
hay =

Ve — iWye, ifx>y, (2.1)

where {V,y, Wyy, 1 <2 <y < N} are real jointly independent random variables
that have normal (Gaussian) distribution with the properties

EV,, = EW,, =0, (2.2a)
and
E o 1+0: 1+7 E 9 1—=04 1+47 9 9%

where 0, is the Kronecker d-symbol and 7 € [—1,1]. Then we obtain the family
of Gaussian ensembles of N x N Hermitian random matrices of the form

1
(HP) 2y = Tl wy=LoN (2.3)
that generalizes the Gaussian Unitary Ensemble (1.1). Indeed, it is easy to

see that {H](\(,))} coincides with the GUE ensemble, while { H()} and {H(-1}
reproduce the GOE and Hermitian skew-symmetric Gaussian matrices. In [16],



the last ensemble is referred to as the Hermitian anti-symmetric one; below we
follow this terminology. The present section is devoted to the results for GUE
and their proofs. Two other ensembles will be considered in the section 3.

2.1 Main results for GUE and the scheme of the proof

Let us consider the moments Mz(l]j
precise estimate than (1.9).

Theorem 2.1
Given any constant « > 1/12, there exists x > 0 such that the estimate

) of GUE matrices. We prove a little more

k(k* —1
MM < (1 + a(Nz)) my, (2.4)

holds for all values of k, N under condition that k3/N? < x.

Remark. Using relation (1.2), one can prove (2.4) under condition that

1

> .
YTy

(2.5)

This relation shows that Theorem 2.1 gives the correct lower bound for «. In
our proof we get relations between x and « more complicated than (2.5), but
they are of the same character as (2.5). It follows from (2.5) that the closer o
to 1/12 is, the smaller x has to be chosen and vice versa. Indeed, the following
proposition shows that the estimate (2.4) is asymptotically exact.

Theorem 2.2
Given k fized, the following asymptotic expansion holds,
1 _
Mg = my + s5mi? + O(N™Y),  as N — oo, (2.6a)

where Bk — Dk + 1
m}gz):%mk, k> 1. (2.60)

If k — oo and X = k3/N? — 0, then relation (2.6a) remains true with O(N %)
replaced by o(X).

Remark. It follows from (1.2) that the sequence {m,(f), k > 1} is determined by
recurrent relation
2 2k -1 2 k(k—1)
mé):2k+2'm1(¢_)1 4

Mg, k:1,2,...

with obvious initial condition mé2) = 0. Tt is easy to check that (2.6b) is in

complete agreement with this recurrent relation for m,(cz).



Let us explain the role of recurrent relations (1.5) in the proof of Theorem
2.1. To do this, let us consider the normalized trace L, = % Tr H®
|
— a—1
E{L} = & > E{H..H,

z,s=1

and compute the last mathematical expectation. Here and below we omit sub-
scripts and superscripts N when no confusion can arise. Applying the integra-
tion by parts formula (see section 5 for details), we obtain equality

E{L,)} = i z_: E{Lo_s_;L;}. (2.7)

Introducing the centered random variables L? = L; — EL;, we can write that
E {L«h Laz} = E{La1 } E{Laz} + E{Lgl LZQ }

Taking into account that ELog1 = 0, we deduce from (2.7) relation

k—1
N 1 N Ny 1 @
M2(k = 1 ZMék22f2j M2(j + 1 Dékfz)’ (2.8)
=0
where we denoted o
DEN = > B{Lg, Lo}
ay+as=2k—2

Obviously, the last summation runs over a; > 0. Comparing (2.8) with (1.5), we
see that the problem is to estimate the covariance terms D(?). Here and below
we omit superscripts N when no confusion can arise.

In what follows, we prove that under conditions of Theorem 2.1,

. ck
DN < (2.9)
with some constant c. Inequality (2.9) represents the main technical result of
this paper. It is proved in the next subsection. With (2.9) in hands, we can use
relation (2.8) to show that (2.4) holds.

Now let us explain the use of the generating function f(7) (1.6). Regarding
the right-hand side of (2.4), one can observe that the third derivative of f(7)
could be useful in computations (see section 5, in particular identity (5.12)).

Indeed, the function

A 72 3«

is a very good candidate to generate the estimating expressions and this is not
by a simple coincidence. Let us show how (2.9) implies the estimate

MG < [@n (7)), - (2.10)



Assuming that this estimates and (2.9) are valid for all the terms of the right-
hand side of (2.8), we can estimate it with the help of inequalities

k—1
1 1, 2 1, 4 c 1
Z J;O M%*Q*?J'M?j + Z|D2k—2| < Z [(I)N(T)]k_1 + AN?2 (1 — 7.)2 s .

Ignoring the form of terms O(N~%), we can write that

Eq)?\'(ﬂ} - {Tfil(T) M TS];(T) N2(1 il 7')5/2} k +ow,

Rewriting (1.6) and quadratic equation for f(7) in convenient forms

TfZ(T) =f(r)—1 and %(T)zl—\/ﬁ, (2.11)

we transform the expression in the brackets:

Remembering that [®y(7)] reproduces the estimate Még) < [®n(7)]k, We con-
clude that it is valid provided

oo, 2 e [ o), - (212

This requires inequality A > ¢/4.
The final comment is related to the role of the terms O(N~*) in the right-
hand side of (2.10). They are of the form

A2 7_5 A2]€4
JE <
g {<1—T>5L =Nt

If one wants these terms not to violate inequality (2.12), one has to set the ratio
k3 /N? = ¥ sufficiently small. This explains the last condition of Theorem 2.1.
It should be noted that the same comments concern the proof of the estimate
of covariance terms (2.9), where the recurrent relations, generating functions and
terms of the type x appear. In the proofs, we constantly use relations (2.11).

2.2 Main technical result

In this subsection we prove the estimates of the covariance terms of the type
Déi) = > E{L; LY, }. The main idea is that these terms are determined by a
system of recurrent relations similar to (2.8). These relations involve the terms
of more complicated structutre than D). The variables we study are defined

as



Dé"? = Z Dt(lql),...,aq = Z E {Lgngg T qu} y q=2
ai+...+aq=2k ai+...+aq=2k

Our main technical result is given by the following statement.

Proposition 2.1.
Given A > 1/16, there exists x > 0 such that estimate (2.10) holds for all values
of 1 <k < kg, where kg verifies condition

kg
Also there exists C
1 3A |
21 < C< max{7,4.} (2.14)
such that inequalities
(25 (3s)! T
‘Dzk )| S C N25 (1_77-)28 k, (215(1)
and 3 31
(25+1) s+ 3)! T
|D2k | <C N2s+2 [(1 _ ,7_)2s+5/2:| L ’ (2'15b)
are true for all k,s such that
2%k +q < 2k (2.16)

with ¢ = 2s and q = 2s + 1, respectively.

Remark. The form of estimates (2.15) is dictated by the structure of the recur-
rent relations we derive below. The bounds for the constants A and C' and of
the form factorial terms of (2.15) are explained in subsection 2.4.

We prove Proposition 2.1 in the next subsection on the base of recurrent
relations for D@ that we derive now. Let us use identity for centered random
variables E{X°Y°} = E{XY°} and consider equality

B{rg, Ly, 15, } =E{La 118, Lo ]} (2.17)
We apply to the last expression the integration by parts formula (5.1) with H'

replaced by HY '[LY --- L3 1°. Following computations of subsection 5.1, we
obtain equality



D(q)

a,..

»&\H

S TP
7=0

ZE{ L9, a; Luypar—LS,., L} (2.18)

with the help of formulas (5.7) and (5.8), respectively.
Let us consider the first term from the right-hand side of (2.18). We can
rewrite it in terms of variables D with the help of the following identity

E{L1L2Q°} = E{L1}E{L3Q} + E{L2}E{L7Q} + E{LTL5Q} — E{ LY L3} E{Q},

where @ = L7, ---Lg .

o . Regarding the last term of (2.18), we use (2.17) and
obtain relation

a12 a12

() (a)
!(l? Hag g Z M; Da1—2—j7a27~> 4 Z Moy —2- ]D%az,

a12 (112

a+1) § pla—D
4ZDJG1 2—j,az,...,aq 4 D]al 2—j G27 0q

L , (4-2) 1 (g-1)
+4]\[2 ZalMaH‘“t—QD @i 1, Jr4]\[2 aiDy, .. A;—1,0;+a1—2,a541,...,0q"
1=2

i=2
(2.19)

Taking into account that MQ(,iVle =0, it is easy to deduce from (2.19) by recur-

rence that

. =0 whenever a; +...+aq =2k + 1.

Introducing variables

2k
DS ‘ D@

Qai,...,aq

a1,...,0q

and using the positivity of Ms;, we derive from (2.19) the second main relation

E
—

= ) )
A (27 +2)(2j+ 1) V.
ng) < k 2 2 5 - Moy

k ng) 2— 23M2J

N =

7=0

.
I
=)

1 ~ (11 B L 2k(2k = 1) (g—1) A1

where 1 < k,2 < g < 2k. When regarding two last terms of (2.19), we have
used obvious equality

211
2020 -1
Z a2 Fayyay—2 = (Z a2> Fop = %szz

ai,az as=1
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The upper bounds of sums in (2.20) are written under agreement that Dg}? =0
whenever ¢ > 2k. Also we note that the form of inequalities (2.20) is slightly
different when we consider particular values of ¢ and k. Indeed, some terms

are missing when the left-hand side is Dé?, Dgi), Déik), D(QlC 1) and Dgck_Q).

However, the agreement that D(q) = 0 whenever ¢ > 2k and that D(k) =0 and

Dé?c = 0,0 make (2.20) valid in these cases.
Obviously, we have that

1k1

)
Moy, < = ;)M% o—o; Maj + 4D2k - (2.21)

2.3 Recurrent relations and estimates

To estimate M and D@, we introduce auxiliary numbers B,iN) and RggN)
determined by a system of two recurrent relations induced by (2.20) and (2.21).

This system is given by the following equalities (we omit superscripts N)

1 1
By =1 (B*B),_;+ ZR’@“ (2.22)
and ) .
J O —— ( R@ B) -2 ( Rla—2) B,,) R(q+1>
k 5 * +2 N2 * w11
1 k2q (-
= (R (2)) 4 pla—1) 99
+7 (RO RR®) b o R, (223)

considered in the domain
A={(k,q): k>1,2<q<2k}

with denotation

2k +2)(2k + 1
Bg:( +)2( +)Bk

and the convolutions as follows

(B*B),_ ZBk 1-;B

The initial values for (2.22)-(2.23) coincide with those of M and D:

pey _ 1

B(()N) =1, i = INT

Let us note that one can consider relations (2.22) and (2.23) for all integers &
and ¢ with obvious agreement that outside of A the values of R are zero except
the origin R((JO;N) = 1. The system (2.22)-(2.23) plays a fundamental role in our
method the proof of Proposition 2.1. This proof is composed of the following

three statements.

11



Lemma 2.1.
Given fixred N, the family of numbers { By, R;CQ), (k,q) € A} exist; it is uniquely
determined by the system of relations (2.22)-(2.23).

Lemma 2.2.
Inequalities
MM < BN ana DN < RN (2.24)

hold for all N and (k,q) € A.

Lemma 2.3.

Under conditions of Proposition 2.1, the numbers By, and R,(f) are estimated by
the right-hand sides of inequalities (2.10), (2.14) and (2.15), respectively; that
18

B < [f(r) + AN 21— 1)72] = [on(r)ls (2.25)
and
(g:N) C(3s)IN—? [T(l - 7')_2] ) if g =2s;
R, < {0(35 + 3)IN 252 [T(l _k7)7(4s+5)/2]k7 ifq=2s+1. (2.26)

Lemma 2.3 represents the main technical result concerning the system (2.22)-
(2.23). Lemmas 2.1 and 2.2 looks like a simple consequence of the recurrent pro-
cedure applied to relations (2.22)-(2.23) and (2.20)-(2.21), respectively. How-
ever, the form of recurrent relations (2.22)-(2.23) is not usual because relations
for B involve the values of R and vice-versa. The ordinary scheme of recur-
rence has to be modified. This modification is described in the next subsection.
Lemma 2.3 is also proved on the base of this modified scheme of recurrence.

2.3.1 The triangular scheme of recurrent estimates

Let us show on the example of Lemma 3 that the ordinary scheme of recurrent
estimates can be applied to the system (2.20)-(2.23). Under the ordinary scheme
we mean the following reasoning. Assume that the estimates we need are valid
for the terms entering the right-hand side of the inequalities derived. Apply
these estimates to all terms there and show that the sum of the expressions
obtained is smaller than that we assume for the terms of the left-hand side;
check the estimates of the initial terms. Then all estimates we need are true.
Let consider the plane of integers (k,q) assume that estimates (2.26) are valid
for all variables R with (k, ¢) lying inside of the triangle domain A(m),m > 2

A(m) ={(k,q): 1<k, 2<q<2k k+q<m}

and that estimates (2.25) are valid for all variables B; with 1 <1 <m — 2.

12



Then we proceed to complete the next line k4+q = m+1 step by step starting
from the top point T'(m + 1) of the triangle zone A(m + 1) and ending at the
bottom point (m — 1,2) of this side line. This means that on each step, we
assume estimates (2.25) and (2.26) valid for all terms entering the right-hand
sides of relations (2.23) and show that the same estimate is valid for the term
standing at the left hand side of (2.23).

Once the bottom point (m — 1,2) achieved, we turn to relation (2.22) and
prove that estimate (2.25) is valid for B,,. Again, this is done by assuming
that all terms entering the right-hand side of (2.22) verify estimates (2.25) and
(2.26) with ¢ = 2, and showing that the expression obtained is bounded by the
right-hand side of (2.25). This completes the triangular scheme of recurrent
estimates.

It is easy to see that the reasoning described above proves, with obvious
changes, Lemmas 2.1 and 2.2.

2.3.2 Estimates for B

Assuming that the terms standing in the right-hand side of (2.22) are estimates
(2.25) and (2.26) with s = 1, we can write inequality

i(B * B)p-1 + in_)l <
() | A Tf(r) A2 5 30 [ 42
{ 4 N22(1—7)5/2 " 4N* (1_7.)5L+2N2 [(1_7)2}]6. (2.27)

Taking into account relations (2.11), we transform the first bracket of (2.27)
into expression

{f“”z?m—i)m]k - |a i)?h* e G i)ﬁL'

Here, the first term reproduces expression [® (7)) ; the second term is negative
and this allows us to show that the estimate wanted is true. Then we see that
estimate By, < [Dn(7)]x is true whenever inequality

o), 2% (ol e [a o, @

holds. This is equivalent to the condition

3¢ A% (k—4)(k—3)(k—2)
A>——
-2 - 4N? 4!
Remembering that k3 < xN?, we see that the estimate (2.25) of By is true
provided

2
A 30 Ax

ZA 2.2
> 5+ 5 (2.29)
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2.3.3 Estimates for R(2%)

Let us rewrite (2.8) with ¢ = 2s,s > 2, k > 1 in the form

o 1 2s—1
R}(€2 '= 2 (R(QS) * B) k—1 + 2N2 (R(QS_Q) * B/I)k—1 XY 2 (230

where we denoted
1 (25 1 k? o
X=RE, v=1 (R@H) x R(Z))k_l . Z= FjR,(jl Do (2.31)

The first term in the right-hand side of (2.30) admits the following estimate

1 28 C3s)! [ 72f(7) A T4
- (R( ) % B) < [ ]k .

2 k=17 N2 |2(1—7)2% M (1 — 7)2s+5/2
Using (2.11), we transform the last expression to the form

C(3s)! { T 3 T . A T4 ]
N2 |[(I—7)%  (1—n)2 172 2N? (1—r)z+5/2 |,

(2.32)

The first term reproduces the expression we need to estimate R,(CQS).

Let us consider the second terms of the right-hand side of (2.30). Assuming
(2.25) and using identity (5.9), it is easy to show that

1 184 1
Bl <|l———me— 2.33
< [t W o, (239
Then we can write inequality
_ C(3s —3)! T 184 T
(25—2) B//) < wa T
(R * k-1~ AN25-2 | (1—7)2s-1/2 + N2 (1 —7)245/2 |,

(2.34)

Here and below we use inequality [77g(7)]x < [g(7)]x valid for the generating
functions under consideration. Let us stress that (2.34) remains valid in the
case of s = 1 with C replaced by 1.

Let us turn to (2.31). We estimate the sum of X and Y by

C(1+C)(3s +3)!

.
X+Y < 4N 25+2 l:(l _ 7_)2er5/2:| X : (2'35)

For the last term of (2.31) we can write inequality

Ck2(3s + 1)! {(1 ;+/}
mpserevel

Z <

< T (2.36)

Comparing the second term of (2.32) with the sum of the last term of (2.32)
and the right-hand sides of (2.34), (2.35), and (2.37), we arrive at the following
inequality to hold
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(25 —1)(35s = 3)! o1+ C(1—6s1)  K2(3s+1) [r(1—7)7271/2]
¢= (3s)! ‘ 4 * 3N2 [T(l _ 7)725+1/2]Z

(14C)(3s+3)! + 184(3s — 2)! + 24(3s)!  [7(1 —7)727%/2],

+C 4N2(3s)! . [r(1—r)2+172]

(2.37)

Using identity (5.10), we see that

[rA=m)>712), 2k +4s-2 _ dko
[T(l - 7)—23+1/2]k  4s—1 T 4s—1"

Similarly
[r(1— 1), (ko)?
[7(1 - 7-)—25+1/2}k ~ (4s—1)(4s+1)(4s+ 3)°

Inserting these inequalities into (2.37) and maximizing the expressions obtained
with respect to s, we get the following sufficient condition

65’1 + C(]. - (55’1)

>
¢z 24

+2x (1410C(1+C) +24C). (2.38)

2.3.4 Estimates for R(25t1)

Let us turn to the case ¢ = 2s 4+ 1 and rewrite (2.8) in the form

@2s+1) _ L (hesi) 5 (25—1) , 11
R! > (R *B) + (R +B )k71+X1+Y1+Zl, (2.39)

k—1 2N?2
where
1 _(2s12) 1 251 2 k%s o 2s)
Xi= BRI, vi= o (RED 4R >)k_1, Zi= SR (240)
Regarding the first term of (2.39), we can write inequality
1 . C(3s+3)! 2f(7) At
1 h@s+1) <
(R * B)k = T NZs2 [2(1 o )2s+5/2 + ON2(1— 7)245 |,
C(3s+3)! T T At
~ T N2s+2 [(1 —7)2s5/2 T (1 — 7)2s+2 T 2N2(1 — T)2s+5] i (241)

The first term of the right-hand side of (2.41) reproduces the expression needed

to estimate R,(CZSH).

Let us consider the second term of (2.39). It is estimated as follows:

s (25—1) " < 03(35)! T 9AC8(38)! T
INZ (R * B )lﬁl = QNZsF2 (1 — 7)2s+2 kJF N2s+4 (1—7)%+5 |,
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Regarding two first terms of (2.40), we can write that

! 2(35)!
X 4v < C(3s+ 3)! + 6C>(3s)! [ T ] ’
k

AN 2s+2 (1 _ 7—)2s+2

and

Ck?s(3s)! T
< .
o< St ),

Comparing the negative term of (2.41) with the sum of the last term of (2.41)
and the estimates for the terms of (2.40), we obtain inequality

3 s(3s)! 302(33)! k23(35)! [(1 — 7.)72s]k

AC 185(3s)!\ [r(1—7)"27],
er . < + (3s + 3)!> . [r(1—7)~25-2],

Equality (5.13) implies that

(2.42)

[7(1—7)"2) 25(2s + 1)

[T(1—7)72572], (k—1+42s)(k+2s)
and that
[r(1— 1) 8k
[T(1—7)72572];, = (25 +2)(2s +3)(25 +4)
Inserting these two relations into (2.42) and maximizing expressions with re-

spect to s, we obtain, after elementary transformations, the following sufficient
condition

4!

< —. .
Cs 1+4Ax (243)

2.4 Proof of Theorem 2.1

Let us repeat that inequalities (2.29), (2.38), and (2.43) represent sufficient
conditions for recurrent estimates (2.25) and (2.26) to be true. It is easy to see
that conditions (2.13), (2.14), and A > 1/16 of Proposition 2.1 are sufficient for
(2.29), (2.38), and (2.43) to hold. Applying the triangular scheme of recurrent
estimates of subsection 2.3.1 to the systems (2.20), (2.21) and (2.22) and (2.23),

we see that estimates (2.24) are true. Then we conclude that D,(cq) are bounded
by the expressions standing in the right-hand side of (2.26). Also (2.21) implies
that (2.10) holds.

Comparing relation (2.19) with (2.20) and using again the triangular scheme,
we see that |D,(€q)\ < D,(fq) and therefore (2.15) hold. This completes the proof
of Proposition 2.1. Then Theorem 2.1 follows.

We complete this subsection with the discussion of the form of estimates
(2.26) and constants A and C. First let us note that the upper bound 4! for C

16



imposed by (2.14) represents a technical restriction; it can be avoided, for ex-
ample, by modifying estimates (2.26) for R(**) and R(>**1)_ where C is replaced
by C* and C**1, respectively. However, in this case the lower bounds 1/16 for
A and 1/24 for C are to be replaced by 1/6 and 1/9, respectively.

The closer A and BC to optimal values 1/16 and 1/24 are, the smaller x
is to be chosen. The inverse is also correct. Namely, in the next subsection we
prove that estimates (2.9) and (2.10) become asymptotically exact in the limit
X — 0. In this case factorials (3s)! and (3s+3)! in the right-hand sides of (2.26)
can be replaced by other expressions g(s) and h(s) that provide more precise
estimates for R(@. Indeed, repeating the computations of subsections 2.3.3 and
2.3.4, one can see that in the limit y — 0 function g(s) can be chosen close to
(2s — 1)!1/4%. This make an evidence for the central limit theorem to hold for
the centered random variables

NLS = TrH* — E{ Tr H*}.

This observation explains also the fact that the odd "moments” of the variable
L? decrease faster than the even ones as N — oo. That is why the estimates for
R() have the form different from those of R(**1) and are proved separately.

For finite values of y, the use of some expression proportional to (3s)! is
unavoidable.

2.5 Proof of Theorem 2.2

We present the proof of Theorem 2.2 for the case when £ is fixed and N — oo.
Regarding relation (2.19) with ¢ = 2, we obtain relation

@ _Lipe 1 2k(2k—1) 13
Dy =5 (D< ) 4 M)%i2 t o e Mo+ (DS, (249)

Proposition 2.1 implies that Dg,? = O(N~*) and that Mé,iv) —mg = O(N~2).
Then we easily arrive at the conclusion that

2) Tk 1
Dy, = Nz +0 <N4) , (2.45)
where 7, are determined by relations ro = 0 and
1 1 2k(2k—1
T = 3 (rem),_; + 1 %mk_l, k>1. (2.46)

Passing to the generating functions and using relations (2.11) and (5.11), we
obtain equality

=3,

Returning to relation (2.8), we conclude that

N 1 1

17



Indeed, the difference between MQ(,iV) and my, is of the order N~2 and the next

correction is of the order N~4. Regarding ml(f) and using (2.45), we obtain

equality
9 1 1 72
m](c ) = 5 |:m(2) * m]k_l + E |:(17_)2:| . ) k Z 17 (247)

and mf) = 0. Solving (2.47) with the help of (2.11), we get expression

2
@_11 7 2.4
e = g [(1—T>5/2L' (248)

Tt is easy to see that (2.48) implies relation

1 [ 72 } _ L3k -2Ck-)
) _

16 |[(1—7)5/2], 16 3!

and hence (2.6b). Theorem 2.2 is proved.

2.6 More about asymptotic expansions

The system (2.22)-(2.23) of recurrent relations is the main technical tool in
the proof of the Proposition 2.1, where the estimates for B and R are given.
However, the crucial question is to find the correct form of these estimates. The
first terms of the asymptotic expansions described in previous subsection give
a solution of this problem. Indeed, repeating the proof of Theorem 2.2, we see
that formulas (2.46) and (2.48) indicate the form of the estimates to be proved.
Then the proof of Proposition 2.1 is reduced to elementary computations, where
the most important part is related with the correct choice of the factorial terms
in inequalities (2.15).

The next observation is that relation (2.23) resembles inequality (2.20) ob-
tained from (2.19) by considering the absolute values of variables D,(ﬁ),__,aq and
replacing in the right-hand side of (2.19) the sign ”—” by the sign ”"+”. So,
relation (2.23) determine the estimating terms R(%) with certain error. How-
ever, it is not difficult to deduce from estimates (2.25) and (2.26) that if ¢ = 2s,
then this error is of the order smaller than the order of R(?*). This means that
relations (2.23) determine correctly the first terms of the 1/N-expansions of all
R(Qs)7 s > 1 and not only of R®) as mentioned by Theorem 2.2. The same is
true for the 1/N expansions of Déis). It is easy to show by using (2.23) and
results of Proposition 2.1 that these corrections are given by formulas

Déis) _ T]E;QS) + O(kQS_l/NQS),

where T,(fs) are such that the corresponding generating function 7(2%) (1) =

(28) _k . .
dksoTh 7" verifies equation

d2

79 () = LD 3697y 4 (25— 1)7C+2 () 2N2dr?

2

(Tf(7)): (2.49)

18



Using equalities (2.11) and resolving (2.49), we obtain expression

= o],

The left-hand side of relation (2.23) for R,(Cq) involves variables R;-Q), R;qil),

and Rt This can lead one to the idea to use the generating functions of
two variables G(7, ) to describe the family of numbers R. In this connection,
the following comment on the structure of the variables D@ could be useful.
Introducing a generating function F'(1) = 3.5 7IL;, we see that

S DL = E{[Fo(r)]},

E>1

where F°(7) = F(r) — EF(7). Then the mentioned above function can have

the form
Z DQ) 2]{:/"[’ E{@[LFO(T)}_I.
E>1,g>2

In particular, regarding such a generating function of 7“,(628), one arrives at the

expression
2
_ P(28) 2k (> _ M T
G = Dm0 (2s)! eXp{4N2 (1—7)2}'
E>1,s>1

This expression show that the central limit theorem can be proved for the ran-
dom variable NF°(7) in the asymptotic regime k%/N? < 1 mentioned in Theo-
rem 2.2. This asymptotic regime can be compared with the mesoscopic regime
for the resolvent of Hy and the central limit theorem valid there [2].

3 Orthogonal and anti-symmetric ensembles

In this section we return to Hermitian random matrix ensembles H with n = 1
and n = —1 introduced in section 2. Let us consider the moments of H). Using
the method developed in section 2, we prove the following statements.

Theorem 3.1 (GOE).
Given A > 1/2, there exists x such that

1
MY < my + A (3.1)

for all k, N such that k < ko and (2.13) hold. If k is fixzed and N — oo, then

1-— (k—i— 1)TI’L].C

5N +o(N7h) (3.2)

Méjkv) =my +
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and

pGM = % E{LOLO}—W +O(N7?). (3.3)
a+b=2k

The proof of Theorem 3.1 is obtained by using the method described in
section 2. Briefly saying, we derive recurrent inequalities for MQ(,iV) and Dg]’f),
then introduce related auxiliary numbers B and R determined by a system of
recurrent relations. Using the triangular scheme of recurrent estimates to prove
the estimates we need. Corresponding computations are somehow different from
those of section 2. We describe this difference below (see subsection 3.1).

Let us turn to the ensemble H(~1). Regarding the recurrent relations for the
moments of these matrices, we will see that for MZ(Z:A) are bounded by MQ(Z:U.
Slightly modifying the computations performed in the proof of Theorem 3.1, one
can prove the following result.

Theorem 3.2 (Gaussian anti-symmetric Hermitian matrices).

Given A > 1/2, there exists x > 0 such that the moments of Gaussian skew-

(=1)

symmetric Hermitian ensemble Hy ' admit the estimate

1
M) <my+ A (3.4)
N
for all values of k, N such that (2.13) holds. Also

1 1
D=0 (N2> and |DS)| =0 <N3> (3.5)

Given k fized, the following asymptotic expansions are true for the moments of
H(ED

(N) _ Sk.0 — (k+ 1)myg _
My, + o o(N71), (3.6)
and for the covariance terms
N o o k + 1 —
D&M = N E{Lg L3} = e TOWT). (3.7)

a1+as=2k

3.1 Proof of Theorem 3.1

Using the integration by parts formula (5.7) with n = 1 and repeating compu-
tations of the previous section, we obtain recurrent relation for My, = ELoy;

k—1
1 2k —1 1 )
Moy, = 1 g Moy —2—2;Ms; + WMzk—z 1 E E{L; L;,}. (3.8)
j=0 a1+as=2k—2
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Regarding the variables

2k 2k

D= > DY .= > B{rr, L}

QA1,...,0q al,...,Qq
and using formulas (5.6) and (5.8) with 7 = 1, we obtain relation

a12 a12

_ (q) (a)
a17 1 Z MD(M 2—j,az2,...,a 4 Z Mo, —2- JDJ,aza

a12 a12

(g+1) ®  pan L, o ro ..o
4 Z Dj,m 2—j,a2,...,aq 4 % D],a1 2—j ag,.. Jr4]\[(‘11 )E {Lﬂl—QLag Laq}

2
2N2 Zal a1+a1*2Dt(1q2, ?th 1,Qi+415-+,Q 2N2 Z Da27 50 —1,0;+01—2,0511,...,0q "
(3.9)
Introducing variables
2%k
( ) o o
o=y Bl 12}
A1,...,0q
we derive from (3.9) inequality
1 1 1< k
(D) D@ (a+1) Ala—1) (2) (@)
D2(IJ€ < 52 2(11 2— 2]M2.7 4D2l11c 2 ZZDﬁv 2— 2]D23 +27ND2(11€ 2
=0 =0
k 1 . . 2
@2 (27+2)(2j+1) (¢—Dk* =1
2N2 ZD;Z: 2-2j ) M; + N2 D5 - (3.10)

We have used here the same transformations as it was used when passing from
equality (2.19) to inequality (2.20).

Now we proceed as in Section 2 and introduce the auxiliary numbers B and
R that verify relations

By = %(B «B),_, + %Bk,l + iRl(f,)l, k>1, (3.11)
and 1
(o) ot (),
+iNR,§"_)1 + iR,(f_ﬁl) +3 (R<2> «ROV) 4 —R U (312)

The initial conditions are: By =1, RgQ) = 1/(2N?). The triangular scheme of
recurrent estimates implies inequalities

My <BM, and |DY|< D < RY. (3.13)
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The main technical result for GOE is given by the following proposition.

Proposition 3.1
Let us consider B and R for the case of GOE (n = 1). Given A > 1/2 and
1/4 < C < 2-6!, there exists x such that the following estimates

A
BN <mpt 5 k22
or equivalently
(@) < Al_T -
B < [f(™)+ & [1—7],; k>, (3.14)
and C(39)
(25) s)! T
Rk — N2s |:(1_7_)25:|k7 (315@)
an C(3s+3)!
(25+1) s+ 3)! T
R < N2s+2 [(1 — T)23+5/2:| L (3.15b)

hold for all values of k,q and N such that k < ko and (2.13) and (2.16) hold.

The proof of this proposition resembles very much that of the Proposition
2.1. However, there is a difference in the formulas that leads to somewhat
different condition on A. To show this, let us consider the estimate for Bjy.
Substituting (3.14) and (3.15) into the right-hand side of (3.11) and using (2.11),
we arrive at the following inequality (cf. (2.28))

A T LI Ak T +A2—|—6C' 72
N|Vi-rl," 2N """ ToN2 [1—7], " 4N? |[(1-7)2],

that is sufficient for the estimate (3.14) to be true. Taking into account that

{\/17_77] - kmy_1, (3.16)

we obtain inequality
N 24+ A? +6C

At
-2 4Nmk,1

It is easy to show that my_1vk > (2k)~'. Then the last inequality is reduced
to the condition

A> % + (A+ A% +30)/x. (3.17)

The estimates for R4 also include the values VX and x. We do not present
these computations.
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Let us prove the second part of Theorem 3.1. Regarding relation (3.8) and
taking into account estimate (3.15a) with ¢ = 2, we conclude that

1
MQ(,]CV) =my + le(cl) +o(N7Y), as N — 0.

It is easy to see that the numbers ml(:) are determined by relations
1 2k —1
m,(;) =3 (m(l) * m) - + Mk (3.19)
and mél) = 0. Passing to the generating functions, we deduce from (3.19)
equality

w1 {TL_ 1 {“\/ﬁ]k_ L (bt Dme

LI 2 1—7 2 2

Relation (3.2) is proved.
Let us consider the covariance term D). Tt follows from the results of
Proposition 3.1 that
2 _ Tk -2
ng = m + O(N )
Then we deduce from (3.12) with ¢ = 2 that r is determined by the following
recurrent relations

1 12k(2k —1)
=g (rxm),_q + 3 5 M-l

Solving this equation, we get

-

= |05 -
* 21 -71)2],

This completes the proof of Theorem 3.1.
3.2 Proof of Theorem 3.2
In present section we consider the ensemble H" with n = —1. In this case the

elements of H (2.3) are given by imaginary numbers;
(H)zy = 1By, By = —By,.
Let us note also that the skew-symmetric condition holds:
(H)xy = _(H)yw = (_H)yx

Regarding the last term of the formula (5.7) and using previous identity, we can
write that

g %1 X _ | | 2 | .
w Z Z E {(Hﬂfl)yx(HQk—lfj)yx} — _1 Z (_1)]*1E {N TrH2k2} )
j=1 z,y=1 j=1
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Then we derive from (5.7) equality

2k 2
ELyy, = - Z E{L;Lok 2 ;}— EL% 2

that gives recurrent relation for the moments of matrices H (-1

1 1
Myj Moy _o_oj5 — WMQIC—2 + ZDéi)_za (3.20)

where the term D®) is determined as usual. Regarding the general case of
D@ ¢ > 2 and using (5.8), we obtain the following relation

(@) 1 (=t
a[{,.. ag g E{Lal 2 ]LJ[LaQ"'Laq} }+TE{L(Z1_2L(Z2--'L%}
7=0
az+1 g
0 o o
4N2 ZE{ L2 i Lopsa,—2L,,, ...Laq} . (3.21)

Comparing this equality with (3.9) and then with (3.10), we see that MQ(Z:_U

and Dgf;”z_l) are bounded by the elements B and R? of recurrent relations
determined by equalities (3.11) and (3.12), respectively. Indeed, taking into
account positivity of Ma; and the fact that 1/4N < k/4N and 1+ (—1)%+1 <2,
we obtain inequalities

k-1
1 1 (2m=—1)
Moy, < 1 jgo Mo Mag 225 + 74NM%_2 + ng 2 5

where - -
Dgi’n:fl) < Dé?;”:”.

Then we conclude that
M= < M3=Y < B, and DY < R (3.22)

This completes the proof of the first part of Theorem 3.2.

Now let us turn to the asymptotic expansion of My, and D;i) for fixed k
and N — oo. Regarding (3.21) with ¢ = 2, we obtain the following relation

(-t

@ _ /e 13
DY =5 (PP M)+t 3 B{LG L)
a1+as=2k
1+ (—1)et!
+% Z a2ELa1+a272~
a1+as=2k
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Now, introducing variable 7

@ _ Tk -3
D, = N7 +O(N7?)
and taking into account estimates (3.4) and (3.5), we conclude after simple
computations that r is determined by recurrent relations

1 k2
=g (rxm),_, + o M1

Using relation (5.10), we can write that

k2 _2k@k-y kL[ T ] LT 7
P PR G ] PR NS YVE) M

il il e

Now let us consider 1/N-expansion for Moy,

1
Mo, = my, + ng)

It is easy to see that equality (3.20) together with estimates (3.5) implies the

following recurrent relation for m,(gl)

o _1 1 ME—1
il =5 (mWem) =T

Then

M _ [ Tf(7) } Ok — (K + 1)mk. (3.24)

M PV = 2

These computations prove the second part of Theorem 3.2.

Theorems 3.1 and 3.2 show that there exists essential difference between
GOE and Gaussian anti-symmetric ensemble. Let us illustrate this by the direct

computation of MQ(N) for these two ensembles.
In the case of GOE, we have

N N
1 2 1 N(N-1) 1 11
— EH?2 = = EA2 — EA2 =Y /4 - -4
N X L= S BAL ¢ S Bl = NG ot = ey

z,y=1 <y

This relation reproduce (3.2) with k = 1.
The first nontrivial moment of anti-symmetric matrices reads as

N
1 2 N(N-1) 1 1
— EH?2 = 2N"ER2 =\~
Nggl Ty N;:; Ty AN?2 4 4N
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that agrees with (3.24).

Finally, let us point out the difference between GOE and anti-symmetric
ensemble with respect to the first term of the expansion of D) given by (3.3)
and (3.23), respectively. This indicates that Gaussian Hermitian anti-symmetric
ensemble represent a different universality class of the spectral properties of
random matrices than that of GOE (see for example, the monograph [16]).

4 Gaussian Band random matrices

Now let us consider the ensemble of Hermitian random matrices given by the

formula
[HOD)  — H,y Ty, 2y =1,....N, (4.1)

zy
where {Hy,, <y} are the same as in (5.2) and determine the GUE with the

probability distribution (1.1). The elements of non-random matrix U = U®V:?)
are determined by relation
1 T —y
Ugy = 3 u< 5 >, z,y=1,...,N,
where u(t), t € R is a positive even piece-wise continuous function such as
oo

supu(t) = up < oo and / u(t) dt = uy.

teR oo
Without loss of generality, we can consider ug = 1. We assume also that

u(t),t > 0 is monotone. If w(t) is given by the indicator function of the in-
terval (—1/2,1/2), then matrices (4.1) are of the band form. We keep the term
of band random matrices when regarding the ensemble (4.1) in the general case.

It is known (see for instance [5, 17]) that the moments of H(V*) converge in
the limit of 1 < b < N to the moments of the semicircle law;

1 2%k
MY =0, MY —E {N Te [ } —mp(w),  (43)

where the numbers {my(uy1), k > 0} are given by recurrent relations

k—1

my(uy) = % ka—l—j(ul) mj(ui), mo(ur) = 1.
=0

The generating function fi(r) = Y 7% my(u;) is related with f(7) (1.7) by
equality f1(7) = f(7u1) and therefore

mg(uy) = u’f mp.
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4.1 Main results

In this section we present non-asymptotic estimate for the moments of Mz(,iv’b).
This improves proposition (4.3). Let us denote

W 1 1R (1
i = :bwl_zoo“(b)'

(b)

Clearly %1 > uy and ﬂlb — uy as b — oo.

Theorem 4.1.
Given o > 1/12, there exists @ > 0 such that the estimate
Nb (k+1)3 .
M2(k ) < (1 —|—o¢ub72 my (1), (4.4)
(k+1)°

where 4 = max{dy,1/8}, holds for all values of k,b such that
b<N.

TS@and

The proof of this theorem is obtained by using the method described in sec-
tion 2. We consider mathematical expectations of variables Loy (z) = (H?*),.
and derive recurrent relations for them and related covariance variables. Cer-
tainly, these relations are of more complicated structure than those derived for
GUE in section 2. However, regarding the estimates for Ma, = ELg(x) by
auxiliary numbers By, one can observe that equalities for By, and related num-
bers Rg” is almost the same as the system (2.22)-(2.23) derived for GUE. This
allows us to say that the system (2.22)-(2.23) plays an important role in random
matrix theory and is of somewhat canonical character. The estimates for the

moments MQ(,iv’b) follow immediately.

4.2 Moment relations and estimates

In what follows, we omit superscripts (N, b) when no confusion can arise. The
integration by parts formula, when applied to band random matrices (4.1) gives

-1
1 . »
E{H,, (H)w} = 1 Uss S E{(H)is (H )} (4.5)
§=0
Regarding Ly, (z) = (H*),., we obtain equality

2k—2
ELo(z) = i Z E{Lox—o—j(x) L;[x]},
§=0
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where we denoted

N
1 r—y -
Ll = 53w (55 ()
y=1
Introducing variables My (z) = ELi(z) and M [x] = ELg[z], we obtain equality
1 1
2
Mai(w) = 3 3 Ma—aaj(w) Moylo] + (D 5. [a)),  (46)
=0

where we denoted

DSz, 2) = Y. E{LZ (x) Lg,[a]} (4.7)

a1tas=2k—2

In (4.6) we have used obvious equality Moy (z) = 0.

To get the estimates to the terms standing on the right-hand sides of (4.6)
and (4.7), we need to consider more general expressions than M and D intro-
duced above. Let us consider the following variables

Mé;rvgr)(x) - E {(leq,yala . ‘IJyTHpTH)m} , (4.8)
where we denoted 7, = (p1,p2,...,pr+1) With E:;l p; = 2k, the vector 3, =
(y1,...,yr) and ¥, denotes the diagonal matrix

t —
(\I’y)st(sstU(by>’ S,t:].,...,N.

One can associate the right-hand side of (4.8) with 2k white balls separated into
r 4+ 1 groups by r black balls.
The second variable we need is

D{nteal i) (zy) = B{ L, (21) L, [x2] -+~ L] [xg] }, (4.9)
ﬂT(QT)
where ay = (a1,...,a4) and T, = (z1,...,2,). We also denote |a,| = D7 | a;.
So, we have the set of |a,| white balls separated into ¢ boxes by ¢ — 1 walls.
The brace under the last product means that the set {ai|az| - -|as} of walls

and white balls is separated into r + 1 groups by r black balls. The places where
the black balls are inserted depend on the vector oy.

Let use derive recurrent relations for (4.8) and (4.9). These relations resem-
ble very much those obtained in section 2. First, we write identity

N
M) (z) = S OE{H,, (H? 0, H ¥, H) ),
s=1
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and apply the integration by parts formula (4.5). We obtain equality

MG @)= Y B{Lay(2)Laylz] }.
a1 tas=2k—2 o (yr’a2)

In this relation the partition 7’ is different from the original 7 from the left-hand
side. It is not difficult to see that 7’ depends on particular values of a; and as,
i.e. on the vector (a1, as). Returning to the denotation M = E{L}, we obtain
the first main relation

M @) = YT My () Myl + Y0 DR e (g, [a]).
a1+a2:2k—2%/_/ a1 tas=2k—2
7"/(3/7‘70‘2)
(4.10)
Let us consider
Dz(g’,zggaq) ) (3 Z E{ Hzls H* 71)8?61 |:L22 [IQ] e qu [‘Tq]] }
7”"(177*70‘:1)

and apply (4.5) to the last mathematical expectation. We get

a172

S\, 1 o
DU 0 (@) = 7 D2 B{ Loy (00) Larlan] [ L, ] -+ LG, ] }
a’=0
(Gl )
1 q aifl
j i—1—j -1
+ YOS CE{ (HIW, HO T I, HY ) L2 [wa] - x e - LY ] )
i=2 j=0
7o (T zr0ll 1 (D)
(4.11)
In these expressions, 7’ and 7" designate partitions different from 7; they de-
pend on the vectors ag 1 = (a1 —2—a’,d’,az,...,a,) and
04;/+1(i) =(j,ai—1—j,a1 —l,as,...,0;-1,ai_1,...,aq),
respectively; also ..o = (4, 21,¥1,%2,.-.,¥r). The notation x; in the last

product of (4.11) means that the factor L,, is absent there. Repeating the
computations of section 2, we arrive at the second main relation

Dzl @ ZTz» (112
where
al 2
Z Mo, —o-ar(21) D, (1], 2], - [));
a’ 0

7L (G0 )
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a12

Z Ma1 2—a’ l’l] D((lq),w ($17[x2]7"'7[$q]);
a/ 0

ﬂ—r (yT ,(lq+1)

1% (g1 Fral)
T3 = 1 Z Dy ot ol amag (@1 [21], [22], - [220));

a’=0
1 a1 —2 )
Ti=—1 > DOy wlenlar]) DT, (ol )
0 G, 1)
q a;—1
T Z > Mayya,—2(z1) DS, (w2l [l [2agals
=20 )
and finally
q a;—1

1 (=17 5 (Fhy0,al (i)
T = — Z Z Da1+ai—§,2az,.t2aij17az+1,...,aq (xla [x2]a ceey [xi—l]’ [%4—1], T [xq])

Now let us introduce auxiliary numbers {EéN’b), k >0} and

R&‘{;N’b) R(@:N.b) for ¢>0anda; >0,

a1,...,aq’
determined for all integer k,q and a; by the following recurrent relations (in

B and R, we omit superscripts N and b). Regarding {B}, we set By =1 and
determine By by relation

.~ k-1
~ ’LL ~
By E Bi_1-;B; +Z > RP ., k>1 (4.13)
Jj=0 a1 +az=2k—2

Regarding {R}, we set R =1 and R = 0. We also assume that quq) =0
when either ¢ > || or one of the variables a; is equal to zero. The recurrent

relation for R is

i (@)
B o= DI N

§=0
1 a1727j 1
H(g+1) (2) (g—1)
7 2 B et g E, Ra1 2y e e,
j=0
§ ’ q—2) E (q 1)
a;B ‘11+a1 2Ra2 ,,,,, Q51,054 1,...,0q ailRy) @i 1,054 1,0,q "
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Existence and uniqueness of the numbers B and R follow from the triangular
scheme described above in section 2.

Using the triangular scheme of section 2, it is easy to deduce from relations
(4.10) and (4.11) that

sup Még“%)(x) < By (4.15)
Z,Yr
and .
sup [DSTr )0 (2, [wa), . [2g]) | S R, (4.16)

Tq,Yr

Let us note that when regarding (4.15) with & = 0, we have used the property

of u (4.2)
M) () = I« (x;yz) <ur <l
i=1

Now, let us introduce two more auxiliary sets of numbers By, and R(g),. We
determine them by relations

~ k—1
— U _ _ 1= _
By = Zl Zkalijj + ZRl(f_)l, By =1, (417)
=0
and
— ul 2 2j+2)(2j+1) —
Rl(cq) Z Rl(cq)l ] 4b2 Z Rl(cq 1 )] 2 BjJr
7=0
2k%(qg— 1) =(o—
fR("“) + = ZRk R 755)2 )@Y, (4.18)
It is clear that
Bk S Bk and Z R((;i)’“waq S R](Cq) (419)
ar+...aq=2k

The main technical result of this section is as follows.

Proposition 4.1.
Let & = max{ay,1/8}. Given A > 1/16, there exists 0 > 0 such that the
estimate

At 72

fl(T) + bTW i (420)

holds for all values of k < ko, where ko verifies condition ki < 0b*. Also there

exists C
1

34
24<C<maux{—4}
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such that inequalities

F(2) 4*(3s)! T 491
R <C e | (1= 1), (4.21a)

and

~s+1 |
(2541) @*11(3s + 3)! T
R <C a2 A —ra >, (4.21b)

hold for all values of k and s such that

with ¢ = 2s and q = 2s + 1, respectively.

The proof of this proposition can be obtained by repeating the proof of
Proposition 2.1 with obvious changes. The only difference is related with the
presence of the factors 4y in (4.17) and (4.18). This implies corresponding
changes in the generating functions used in estimates (4.20) and (4.21). Also,
the conditions for A (2.29) and C (2.38), (2.43) are replaced by conditions

3C A%y

Ai
ST RRT?

0,

Js1+C(1—051)

C > 21

+20(1+10aC(1 4 C) + 24, AC)

and
1794 > 20 + 3aC + 186uu, A.

The last inequality forces us to use 4 instead of @1 in the proof. Otherwise, we
should assume that @; > 1/8. We believe this condition is technical and can be
avoided.

4.3 Spectral norm of band random matrices

Using this result, we can estimate the lower bond for b to have the spectral
norm of ||HV:0)|| = ADD bounded.

Theorem 4.2 If 1 < (log N)3/2 < b, then Ao — \/u; with probability 1.

Proof. Using the standard inequality

N,b
M

(va) / < 4k
P{/\max > ul(l +E)} — Nullg(l +€)2ka

we deduce from (4.4) estimate

2 k
(1 +aaEEL 221) )
(N,b) < ~k
P {)\max > Jar(l +5)} <N (4.22)
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that holds for all k + 1 < #Y/3b%/3, where 6 is as in Theorem 4.1. In (4.22), we
have used inequalities my (1) < &’f mop and mog < 1.

Assuming that b = ¢y (log N)?/2, where ¢y — 0o as N — oo, and taking
k+1=1t0"3p%/3 0 <t <1, we obtain the estimate

N
P {)\I(nj\;f) > ur(1+ 5)} < Nexp {—2t¢91/3b2/3 log(1+¢)+ 2aﬂt3} . (u1> .

Uy
(4.23)
Using relation iy = uy(1 4 1/b), we easily deduce from (4.23) that

2/3

P{AND > V(1 +¢)} < N1-Clostrael
with some positive C. Then corresponding series of probability converges and
the Borel-Cantelli lemma implies convergence of /\,(n]\;’,f) to \/ui. Theorem 4.2 is
proved.

Let us complete this subsection with the following remark. If one opti-
mizes the right-hand side of (4.23), one can see that the choice of ¢t = ty =
b/3\/log(1 + €)(ati)~1/26=1/3 gives the best possible estimate in the form

1
V2ot
(N,b)

Once this estimate shown, convergence ,\m]ﬁ;( — /up would be true under
condition that b = O(log N). However, one cannot use the optimal value of tg
mentioned above because this choice makes k& to be k = O(b). This asymptotic
regime is out of reach for the method of this paper.

N exp{—b (log(1 +€))>/?}.

5 Auxiliary relations

5.1 Integration by parts for complex random variables

Let us consider matrices H of the form H = V + iW (2.1), (2.3), where V,,
and W, are jointly independent Gaussian random variables verifying conditions
(2.2a) and
2 2
EV,, =vay, EW; =wyy.

Let us assume that x < y. Then integration by parts formula says that

O(HY) 5 . O(H") g
1 _
EH,,(H")s = vaE{ ooy + iwz E oy (5.1)

It is easy to see that

1 N
O(H") st _ Z Z (HI™ )., %f)?t (H ),
- xy
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l
Z [(HI ™) gu(H )y + (HI) gy (H' ) 5] (5.2)

Similarly

Substituting (5.2) and (5.3) into (5.1), we get equality

l l
EH,y(H') ot = (Vay — Way) Y (H' ™) o (H' ™)yt (vay + way) Y (H ™) oy (H' ™)t
j=1 j=1

(5.4)
It is not hard to check that the same relation is true for variables x > y. Also

l
EH,o(H')ot = Vor D (H' ™) o (H ™). (5.5)

Jj=1

Considering (5.4) and (5.5) with v and w determined by (5.1a), we obtain rela-
tion

l l
1 - n 1 -
Eny st — WZ HJ H J a:t WZ Hj H J) t. (56)

These relations are valid for Gaussian Unitary Ensemble (n = 0), Gaussian
Orthogonal Ensemble (7 = 1) and Gaussian anti-symmetric Hermitian matrices

(n=-1).
Finally one can write that

E Tr(H'™) = ZE{ TrH?~! TeH'™ J}+ Z Z E{(H'™).(H=9),.}.

] 1z,y=1
(5.7)
We deduce also from (5.6) that

E {H,, TrHl}:E{ myz HY, }— Ly, ¢ ”l T (HY (5.8)

5.2 Catalan numbers and related identities
In the proofs, we have used the following identity for any integer r > 1,
1 2k—+2r
[] =r ) m (5.9)

(1 _ 7—)7"+1/2 X (ﬁi;) k
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or in equivalent form,

1 1 (2k + 2r)! 7!
[(1 — T)TH/QL 2%k gl (2r)! . (k+nr)l (5.10)
Two particular cases are important:
(2k+2)(2k+1) B 1
Tk = a=rpn . (5.11)
and (2% + 1)(2k +2)(2k + 3) 1
+ + +
= |5 5.12
3 ==, 12
We also use equality
1 (k1) (kD) (B!
[(1 — T)l+1:| & N l! ok (5-13)
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