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Hn = Yn + An

• YnH K B N × n? BD F @ C C B G ?H^ _H G N H D F J ` J D F J D G IJ D G J ? J F Ja J C J D GK N BbH D A ` @K K H ca dFHe J ? J D G b B?H BD IJKf
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9 N BD D @ D´³ K C © G © Ba H Dµ @? C BGH @D ` J ? ? J IJH b J BD G J D D B @µ G N J N × n? BD F @ C = ;= ¬

IN BD D Ja Hn «

Cn

(
ς2

)
=

1

N

¶ log det

(
IN +

1

ς2
HnHH

n

)

_ N J ? J ς2H K B· D @ _ D ` B? BC J G J ? ­D @H K J b B?H BD IJ ®f

; Dµ @? C B GH @D G N J @? d « NCn

(
ς2

)H K G N J C B^ H C © C F B G B ? B G J B G G BH D B ca J c d G N J G ? BD K C H K K H @ D

K dK G J Cf

¸ j y n mh v pt vw Cn
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• Cn

(
ς2

)
=¶ 1

N

N∑

i=1

log

(
1 +

λi,n

ς2

)
=¶

∫
log

(
1 +

t

ς2

)
µn(dt) _ N J ? J µnH K G N J

K ` J IG ? Ba C J BK © ? J ­J C `H ?H I Ba FH K G ?H c© GH @D @µ JH A J D b Ba © JK {λ1,n, . . . , λN,n} ® @µ

HnHH
nf

• ½H b J D B IJ ? G BH D K G B GH K GH I Ba C @ F Ja µ @? Hn¾ @ D J N @ ` JK G N B G G N J K ` J IG ? Ba C J BK © ? J µn

I @D b J ? A JK _ J B· a d G @ B F J G J ? C H D H K GH I¿ H C H G 9 ` J IG ? Ba `? @ c B cH a H G d= J BK © ? J ­¿ 9 = ® µ¾ H D

@? F J ? G @ N Bb J

Cn

(
ς2

)
−−−−→
n→∞

C∗ (
ς2

)
=

∫
log

(
1 +

t

ς2

)
µ(dt) .

• À J K G © F d µnH D G N J BK d C ` G @ GH I ? J AH C J ¾ @? J Á © H b Ba J D Ga d¾ H GK 9 GH Ja G ÂJK Ã ? BD K µ @? C ­9 Ã ®

fµn
(z) =

∫
1

t− z
µn(dt) .

• À J B· I @D b J ? A J D IJ @µ µnG @ _ B? FK µH K J Á © H b Ba J D G G @ I @D b J ? A J D IJ @µ fµn
(z)G @ _ B? FK

G N J 9 Ã fµ(z) @µ G N J ¿ 9 = µf
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ÇE H IJ BD Ç È N BD D Ja = @ F Ja

Hn = Zn + Bn

• Zn =
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Z

(n)
i,j

]¾ Ja J C J D GK @µ B ½ B© K K H BD K G B GH @ D B? d G _ @ FH C J D K H @ D Ba `? @ IJK K _H G N

I @ b B?H BD IJ µ © D IGH @D κ «
¶ [

Z
(n)
i1,j1

Z
(n)
i2,j2

∗]
=

1

n
κ (i1 − i2, j1 − j2)
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È N BD D Ja C B G ?H^ H K FNHnFH
n _ N J ? J FlH K G N J l × l ¨ @© ?H J ? C B G ?H^ BD F

Hn = Yn + An

•Ë a J C J D GK @µ Yn =
[
Y

(n)
i,j

] _ ?H G G J D Y
(n)
i,j =

σij(n)√
n

Xij _H G N XijK G BD F B? F ½ B© K K H BD

H D F J ` J D F J D G ? BD F @ C b B?H B ca JKf

• AnH K B F J G J ? C H D H K GH I C B G ?H^ f

9 @ C J GH C JK _ J K N Ba a BK K © C J «

Ì<Í �<Î B?H BD IJ `? @Ï a J H K σij(n)2 = σ2

(
i

N
,
j

n

)

_ N J ? J σ2(x, y)H K B I @D GH D © @© K µ © D IGH @D

@D [0, 1]2 I Ba a J F Ba H C H G b B?H BD IJ `? @Ï a Jf
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¨ @? BK d C ` G @ GH IK G © F d¾ C @ F Ja ª I BD c J ? J `a B IJ F _H G N C @ F Ja L _H G N

•Õ K K © C ` GH @ D Ì<Í � _H G N σ2(x, y) = Γ(x, y) _ N J ? J

Γ(x, y) =
∑

i,j

κ(i, j)e−2ıπ(ix−jy)

H K G N J 9 ` J IG ? Ba Ö J D K H G d @µ G N J `? @ IJK K Zi,jf
• AnH K G N J G _ @Ø× FH C J D K H @D Ba ¨ @© ?H J ? Ã ? BD K µ @? C @µ Bnf
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• Yn =
[
Y

(n)
i,j

] _H G N Y
(n)
i,j =

σij(n)√
n
Xij¾ ? BD F @ C b B?H B ca JK Xij B? J IJ D G J ? J F © D H G

b B?H BD IJ H H Ff

À J ? Ja J BK J ½ B© K K H BD H G d BK K © C ` GH @ D @ D Xijf
• AnH K B F J G J ? C H D H K GH I C B G ?H^ f

À H G N B ` `? @ `?H B G J B F FH GH @ D Ba BK K © C ` GH @D K ¾

• È N B? B IG J ?HÙ J G N J BK d C ` G @ GH I c J N BbH @© ? @µ G N J K ` J IG ? Ba C J BK © ? J µn @µ HnHH
n BK

n→ ∞ BD F N/n→ c > 0¾ @? J Á © H b Ba J D Ga d¾ H GK 9 Ã fµn
(z)f
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Õ K K © C J Ì<Í �¾ àë �ë ¾ ∃ Ba H C H G b B?H BD IJ `? @Ï a Jf

• ½H ? · @³ ì O « µn I @D b J ? A JK _ J B· a d G @ B F J G J ? C H D H K GH I `? @ c B cH a H G d C J BK © ? J µ _ N H IN 9 Ã

fµ(z)N BK G N J µ @? C fµ(z) =

∫ 1

0

p(u, z)duf

¨© D IGH @D p(u, z) I @D GH D © @© K H D uµ @? J b J ? d z¾ 9 Ã @µ B `? @ c B cH a H G d C J BK © ? J H D zµ @?

J b J ? d u¾ F J Ï D J F BK G N J © D H Á © J K @a © GH @ D @µ BD H C `a H IH G J Á © B GH @Df

•9 BC J ? JK © a G I BD c J F J F © IJ Fµ ? @ C G N J _ @? · @µ í @© G J G F J = @ D b Ja ¾î N @? © DÙ N dH BD F

Î BK H a IN © I· ­ ìP ®f

•Õ D F Ba K @µ ? @ C 9 N a d B· N G J D · @³ K ­ ìP ® ? JK © a G K G BG J Fµ @? À H A D J ? ½ B© K K H BD C B G ?H IJKf Ú H K

B ` `? @ B IN c BK J F @ D G N J I @ D IJ ` G @µ µ ? J J D JK K _H G N BC Ba A BC B GH @Df
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È BK J

• σ(x, y) = σH K B I @D K G BD G ¾ àë �ë ¾ YnN BK H H F Ja J C J D GK ¾

• Ã N J K ` J IG ? Ba C J BK © ? J νn @µ AnAH
n I @ D b J ? A JK _ J B· a d

νn =⇒ ν

G ? J B G J F c d í ? J D G Ö @Ù H J ? BD F 9 H a b J ? K G JH D ­ Oõ ® « µn I @D b J ? A JK G @ B F J G J ? C H D H K GH I

`? @ c B cH a H G d C J BK © ? J _ N H IN 9 Ã f(z)H K G N J © D H Á © J K @a © GH @ D G @
f(z) =

∫
ν(dt)

−z
(
1 + cσ2f(z)

)
+ (1 − c)σ2 +

t

1 + cσ2f(z)

H D G N J Ia BK K @µ 9 Ã @µ `? @ c B cH a H G d C J BK © ? JK @ b J ?ö +f
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Ú B IN J C ¾ ¿ @© c BG @D ¾ 7 B ÂH C ³ OÛ «

•Ë ^ H K G J D IJ @µ Ba H C H G b B?H BD IJ `? @ Ï a J Ì Í �f

•= @ C J D G BK K © C ` GH @D « ∃ ε > 0 _ N J ? J ¶ |Xij |4+ε
<∞f

È BD c J a H A N G J D J F c d B G ? © D I B GH @D B? A © C J D G ­ í BH BD F 9 H a b J ? K G JH D ®f

• An FH B A @D Ba ¾ àë �ë ¾ _ N J D n ≥ N ­ _ N H IN _ J K N Ba a BK K © C J ®¾ N BK G N J µ @? C

An =




A11 · · · · · · 0
f f f fff

0 ANN · · · 0




• 1

N

N∑

i=1

δ(i/N,|Aii|2) =⇒ H(dt, dλ)¾ I @ C ` B IGa dK © ` ` @? G J F `?f C J BK © ? J H D [0, 1] ×ö +f

Ç9 G @D A J ? Ç G N BD I @D b J ? A J D IJ @µ G N J J C `H ?H I Ba FH K G ?H c© G @D 1

N

N∑

i=1

δ|Aii|2f
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•E JK @a b J D G H K Qn(z) =
(
HnHH

n − zIN

)−1f 9 Ã BK K @ IH B G J F _H G N G N J K ` J IG ? Ba C J BK © ? J

µn @µ HnHH
n «

fµn
(z) =

∫
1

t− z
µn(dt) =

1

N

N∑

i=1

1

λi,n − z
=

1

N
trQn(z)

•¿ J G µ̃N c J G N J K ` J IG ? Ba C J BK © ? J @µ HH
nHnf Õ K K @ IH BG J F 9 Ã H K fµ̃n

(z) = 1
N trQ̃n(z)

_H G N Q̃n(z) =
(
HH

nHn − zIn

)−1f

• À J K G © F d Â @H D Ga d G N J I @D b J ? A J D IJ @µ fµn

BD F fµ̃n
c d I @ D K H F J ?H D A G N J FH B A @D Ba G J ? C K

Qii(z) BD F Q̃jj(z) @µ Qn(z) BD F Q̃n(z)f
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• À J JK G B ca H K N I @D b J ? A J D IJ @µ C J BK © ? JK
Ln(z, du, dλ) =

1

N

N∑

i=1

Qii(z) δ( i
N

,|Aii|2)(du, dλ)

L̃n(z, du, dλ) =
1

n

N∑

j=1

Q̃jj(z) δ( j

n
,|Ajj |2)(du, dλ)

+
1

n

n∑

j=N+1

Q̃jj(z) δ j

n
(du) ⊗ δ0(dλ)
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• È @D K H F J ? G N J µ @a a @ _H D AK dK G J C «µ @? J b J ? d c @ © D F J F I @D GH D © @© K g¾

∫
g dπ(z, du, dλ) =

∫
g(u, λ)

−z − z
∫
σ2(u, t)dπ̃(z, dt, dζ) + λ

1+c
R

σ2(t,cu)dπ(z,dt,dζ)

H(du, dλ)

∫
g dπ̃(z, du, dλ) = c

∫
g(cu, λ)

−z − cz
∫
σ2(t, cu)dπ(z, dt, dζ) + λ

1+
R

σ2(u,t)dπ̃(z,dt,dζ)

H(du, dλ)

+ (1 − c)

∫ 1

c

g(u, 0)

−z − cz
∫
σ2(t, u)dπ(z, dt, dζ)

du

9 dK G J C N BK B © D H Á © J K @a © GH @D (π, π̃)H D B IJ ? G BH D Ia BK K @µ I @ C `a J^ C J BK © ? JK ­G N J

9 GH Ja G ÂJK · J ? D Ja K ®f

• π BD F π̃ B? J G N J a H C H GK @µ Ln BD F L̃nH D G N J _ J B· I @D b J ? A J D IJ @µ I @ C `a J^ C J BK © ? JKf

• Ã N J a H C H G 9 Ã fµ BD F fµ̃ B? J G N J D

fµ(z) =

∫
π(z, dt, dλ) and fµ̃(z) =

∫
π̃(z, dt, dλ)
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• À J BK K © C J σ2(x, y)D @D G ?H b H Ba BD F AnN BK D @ ` B? GH I© a B? K G ? © IG © ? Jf

• ÖHÿ I© a G G @ F J bH K J K H C `a J I @ D FH GH @ D K µ @? G N J J^ H K G J D IJ @µ Ba H C H G K ` J IG ? Ba C J BK © ? J ¾

àë �ë ¾ BD ÇJ^ G J D K H @ D Ç @µ BK K © C ` GH @ D 1

N

N∑

i=1

δ(i/N,|Aii|2) =⇒ H(dt, dλ)G N B G _ J © K J F

µ @? G N J I BK J AnH K FH B A @ D Baf

•Õ D Ba G J ? D BGH b J B ` `? @ B IN «a @ @· µ @? B F J G J ? C H D H K GH I B ` `? @^ H C B GH @D @µ G N J J C `H ?H I Ba

9 Ã « G N J ? J J^ H K GK B B N ×N F J G J ? C H D H K GH I C B G ?H^ µ © D IGH @D Tn(z)K © IN G N B G

fµn
(z) − 1

N
trTn(z) −−−−→

n→∞
0 almost surely

Ã N H K Ç F J G J ? C H D H K GH I B ` `? @^ H C B GH @D Ç F B G JK c B I· G @ ½H ? · @f
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Ú B IN J C ¾ ¿ @© c BG @D ¾ 7 B ÂH C ³ OÛ ­ `? J `?H D G ® «Ë ^ G J D K H @ D @µ ½H ? · @³ K ? JK © a G BD FK H C `a H Ï I B GH @D

@µ N H K `? @ @µ ¾ B ` `? @^ H C B GH @ D @µ 9 N BD D @ D³ K C © G © Ba H Dµ @? C B GH @ Df

>? @ ca J C « B ` `? @^ H C B G J G N J K ` J IG ? Ba C J BK © ? J @µ Hn = Yn + An _H G N

• Y
(n)
i,j =

σij(n)√
n
Xij _H G N Xij IJ D G J ? J F © D H G b B?H BD IJ H H F BD F¶ |X11|4+ε

<∞µ @?

K @ C J ε > 0f ¿ BK G BK K © C ` GH @ D I BD c J a H A N G J D J Ff

• sup
i,j,n

σ2
ij(n) <∞f

•Ë © Ia H F J BD D @? C K @µ ? @ _K BD F I @a © C D K @µ An© D H µ @? C a d c @© D F J Ff

½H ? · @ BK K © C J F c @ © D F J F D JK K @µ `1D @? C K @µ ? @ _K BD F I @a © C D Kf

; D _H ? Ja JK K I @ C C © D H I BGH @D K ¾ I @a © C D K @µ AnN Bb J G d `H I Ba a d G N J µ @? C

C√
N

[1, exp(ıω), . . . , exp(ı(N − 1)ω)]
T

`1D @? C H D I? J BK JK H D √
N _ N H a J Ë © Ia H F J BD ­ `2 ® D @? C H K c @© D F J Ff
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¿ J G D(j) = diag
([
σ2

1j , . . . , σ
2
Nj

])
and D̃(i) = diag

([
σ2

i1, . . . , σ
2
in

])f

• Ã N J F J G J ? C H D H K GH IK dK G J C @µ N + nJ Á © B GH @ D K «

ψ(i)(z) =
−1

z
(
1 + 1

n tr
(
D̃(i)T̃(z)

)) for 1 ≤ i ≤ N,

ψ̃(j)(z) =
−1

z
(
1 + 1

n tr
(
D(j)T(z)

)) for 1 ≤ j ≤ n,

_ N J ? J

Ψ(z) = diag
([
ψ(1)(z), . . . , ψ(N)(z)

])
, Ψ̃(z) = diag

([
ψ̃(1)(z), . . . , ψ̃(n)(z)

])

T(z) =
(
Ψ−1(z) − zAΨ̃(z)AH

)−1

, T̃(z) =
(
Ψ̃

−1
(z) − zAHΨ(z)A

)−1

B F C H GK B © D H Á © J K @a © GH @D (ψ(1), . . . , ψ(N), ψ̃(1), . . . , ψ̃(n))H D G N J Ia BK K @µ 9 GH Ja G ÂJKÃ ? BD K µ @? C K @µ `? @ c B cH a H G d C J BK © ? JK @ b J ?ö +f
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•Õ a C @K G K © ? Ja d¾

(
1

N
trQn(z) − 1

N
trTn(z)

)
−−−−→
n→∞

0 ∀z ∈ � −ö +,

(
1

n
trQ̃n(z) − 1

n
trT̃n(z)

)
−−−−→
n→∞

0 ∀z ∈ � −ö +
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= © G © Ba H Dµ @? C B GH @D I BD c J _ ?H G G J D

Cn

(
ς2

)
=

∫ ∞
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1
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−¶ 1

N
trQn (−ω)
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dω

È @ C cH D H D A G N H K J^ `? JK K H @D _H G N G N J a BK G ? JK © a G ¾ _ J I BD JK G B ca H K N «

¿ J G

Cn(ς2) =
1

N
log det

[
Ψ

(
−ς2

)−1

ς2
+ AΨ̃

(
−ς2

)
AH

]

+
1

N
log det

Ψ̃
(
−ς2

)−1

ς2
− ς2

Nn

∑

i=1:N

j=1:n

σ2
ijTii(−ς2)T̃jj(−ς2)

_ N J ? J Tii BD F T̃jj B? J G N J FH B A @D Ba Ja J C J D GK @µ Tn(z) BD F T̃n(z)f Ã N J D
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(
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− Cn(ς2) −−−−→
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¯ U X \ Æó 
 �V Y U X Z WX S Zº � ZV WV U� ] ² T(z)

Ë ^ H K G J D IJ BD F © D H IH G d @µ Tn(z) BD F T̃n(z) BK K @a © GH @D K @µ G N J K dK G J C @µ N + n

J Á © BGH @D K B c @ b Jf

•Ë ^ H K G J D IJ c d BD H G J ? BGH b J K IN J C Jf
• 8 D H IH G dH D B IJ ? G BH D ? J AH @D @µ �f ; D � −ö + c d BD Ba d GH I I @ D GH D © B GH @ Df

• 8K J BD J^ G J D K H @D @µ I @ C `a J^ BD Ba dK H K ? JK © a GK B c @ © G 9 GH Ja G ÂJK G ? BD K µ @? C K @µ

`? @ c B cH a H G d C J BK © ? JK @ b J ?ö + «a J G T(z) c J BD BD Ba d GH I Ba C B G ?H^ µ © D IGH @ D @D

� + = {z : =z > 0}K © IN G N B G =T(z) ≥ 0 @D � + BD F =zT(z) ≥ 0 @D � +¾ ­ BK D @D

D J A B GH b J C B G ?H IJK ®f Ã N J D G N J ? J J^ H K GK B C B G ?H^ C ≥ 0 BD F B C BG ?H^ b Ba © J F C J BK © ? J

µ I B? ?H J F c dö +K © IN BK µ(A) ≥ 0µ @? J b J ? d í @? Ja K J G A @µ ö +¾ BD F

T(z) = C +

∫
1

t− z
µ(dt) with tr
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1

1 + t
µ(dt) <∞
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¯ U X \ Ê ó � Z UR ] º � WV Z ñ Z X Ô ² � Z W UV ] Z Y R(z)S Zº R̃(z)

À J H D G ? @ F © IJ H D G J ? C J FH B G J C B G ?H IJK Rn(z) BD F R̃n(z) F J Ï D J F BK «

b(i)(z) =
−1

z
(
1 + 1

n tr
(
D̃(i)Q̃(z)

)) , B(z) = diag
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b̃(j)(z) =
−1
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1 + 1

n tr
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B−1(z) − zAB̃(z)AH

)−1

, R̃(z) =
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)−1
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¯ U X \ Ê ó � Z UR ] º � WV Z ñ Z X Ô ² � Z W UV ] Z Y R(z)S Zº R̃(z)

À J K N @ _ G N B G µ @? BD d FH B A @D Ba C B G ?H IJK Un BD F ŨnK © IN G N B G supn ‖Un‖ <∞ BD F

supn ‖Ũn‖ <∞¾ _ J N Bb J @D � +¾

¶ ∣∣ 1
n tr ((Qn(z) −Rn(z))Un)

∣∣2+ε/2
< Cst × n−(1+ε/4) and

¶ ∣∣∣ 1
n tr

((
Q̃n(z) − R̃n(z)

)
Ũn

)∣∣∣
2+ε/2

< Cst × n−(1+ε/4)

Ö J ?H b BGH @D K Ba @D A G N J a H D JK @µ G N @K J @µ í ? J D G Ö @Ù H J ? BD F 9 H a b J ? K G JH D ­ O õ ®f

í BH BD F 9 H a b J ? K G JH D´³ K ­ ì
 ®a J C C BH K @µ `?H C J H C ` @? G BD IJ «H D @© ? I @ D G J^ G ¾ µ @? BD d p ≥ 2¾
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∣∣∣∣
1

N
xH

NZNxN − 1

N
trZN

∣∣∣∣
p

<
Cst
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µ @? xN = [X1, . . . , XN ]
T _H G N XiH H F IJ D G J ? J F © D H G b B?H BD IJ ? BD F @ C b B?H B ca JK _H G N

¶ |X11|2p
<∞¾ BD F ZNH K B N ×N? BD F @ C C B G ?H^ H D F J ` J D F J D G @µ xNK © IN G N BG

supN ‖ZN‖ <∞f
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¯ U X \ � ó 1
n trRV Y W� ] YX U ] 1

n trT

À J K N @ _ G N B G H D B IJ ? G BH D ? J AH @ D D @µ � +¾

¶
∣∣∣∣
1

n
tr

(
R(z) − T(z)

)∣∣∣∣
2+ε/2

<
Cst

n1+ε/4
and

¶

∣∣∣∣
1

n
tr

(
R̃(z) − T̃(z)

)∣∣∣∣
2+ε/2

<
Cst

n1+ε/4

; F J B «
E J I Ba a G N B G b(i)(z) =

−1

z
(
1 + 1

n tr
(
D̃(i)Q̃(z)

))f

¨? @ C K G J ` L _H G N Ũ = D̃(i) _ J N Bb J 1

n
tr

(
D̃(i)Q̃(z)

)
=

1

n
tr

(
D̃(i)R̃(z)
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+ ε(i)f

; G ? JK © a GK G N B G b(i)(z) =
−1

z
(
1 + 1

n tr
(
D̃(i)R̃(z)

)) + ε(i) _H G N

¶ ∣∣ε(i)
∣∣2+ε/2

< Cst × n−(1+ε/4)f
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¯ U X \ � ó 1
n trRV Y W� ] YX U ] 1

n trT

9 H C H a B? a d b̃(j)(z) =
−1

z
(
1 + 1

n tr
(
D(j)R(z)

)) + ε̃(j)f

E J I Ba a G N B G

R(z) =
(
B−1(z) − zAB̃(z)AH

)−1

and R̃(z) =
(
B̃−1(z) − zAHB(z)A

)−1

.

9 @¾ © ` G @ G N J ε(i) BD F ε̃(j)¾ C BG ?H IJK B BD F B̃K BGH K µ d G N J K BC J K dK G J C BK Ψ BD F Ψ̃f
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� s j � �� ¶

∣∣∣∣
1

n
tr ((Qn(z) − Rn(z)))

∣∣∣∣
2+ε/2

< Cst × n−(1+ε/4) c d G B· H D A Un = INf

� s j � �� ¶

∣∣∣∣
1

n
tr (Rn(z) − Tn(z))

∣∣∣∣
2+ε/2

< Cst × n−(1+ε/4)H D B ? J AH @ D Df

� vl rj � pjl �j � 1

N
tr (Qn(z) −Tn(z)) −−−−→

n→∞
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¿ J G In
(
ς2

)
=

1

N
log det

(
IN +

1

ς2
HnHH

n

)

K @ G N B G Cn

(
ς2

)
=¶ In

(
ς2

)f

• È¿ Ã @ b J ? In BK n→ ∞ BD F N/n→ c > 0¾ BG a J BK G H D K @ C J ` B? GH I© a B? I BK JK K © IN

BK An = 0H D G N J C @ F Ja Hn = Yn + Anf À J K N Ba a BK K © C J G N H K I BK Jf

• í d C J BD K @µ G N J Ç ½ B© K K H BD B ` `? @^ H C B GH @ D Ç¾ _ J N Bb J BD H F J B @µ G N J Ç @© G B A J

`? @ c B cH a H G d Ç � (In < a given threshold R)f

; D IJ ? G BH D K H G © B GH @D K ¾ G N H K AH b JK G N J `? @ c B cH a H G d G N B G G N J IN BD D Ja I BD D @ G `? @ b H F J F B G B

? BG J Rf

• Ã _ @ G J ? C K «

� È¿ Ã @ b J ? χ1,n = N (In − Cn) BD F b B?H BD IJ F J ?H b B GH @ Df

� íH BK χ2,n = N
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Cn − Cn

) c J G _ J J D C © G © Ba H Dµ @? C B GH @D NCn BD F G N J

F J G J ? C H D H K GH I B ` `? @^ H C B GH @D NCnf
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¼ [ X U X R T χ1,n

Õ ` `? @ B IN « È¿ Ãµ @? C B? GH D A Ba JK BK H D ½H ? · @ BD FH D í BH BD F 9 H a b J ? K G JH D´³ Oõf

7 @ G B GH @ D K «

Y(j)H K G N J N × (n− 1)C B G ?H^ G N B G ? J C BH D K Bµ G J ? J^ G ? B IGH D A I @a © C D j F J D @ G J F BK

y(j)µ ? @ C Yf

Q(j)(z)H K G N J ? JK @a b J D G Q(j)(z) =
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Y(j)Y(j)H − zIn

)−1f

F (j)H K G N J σ−Ï Ja F F (j) = σ
(
y(j), . . . ,y(n)

)f

¶ (j)H K G N J I @D FH GH @D Ba J^ ` J IG BGH @D ¶ [
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n

)
due to¶ (j)I(j)
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n
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