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� < 9 � � : 9  = + � : = $ & � � � $ � � = � � � �  � � = : � 9 < > = � � >  9 � < 9 � � : 9  = � = An � � � � � & 
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� 9 � > < � = N ×N � � � = > � < : < � � = Tn(z) � � � >  9 � � =   =

mµn
(z) − 1

N
trTn(z) −−−−→

n→∞
0 presque sûrement sur � − � + .

1

N
trTn(z) = � �  9 � 5 mνn

(z) �# � : = � = � � > = � = � > � ( 9 ( <  < � � � � � = > � < : < � � = νn � � <

9 � � > � � < � = µn � 9 : �  = � = : � � � � � � > � � � � = % � : � � < � : � � : � < : � = ( � > : � = f(t)  

∫
f(t)µn(dt) −

∫
f(t)νn(dt) −−−−→

n→∞
0
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 � � � 9 ; � : �

1
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N
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1
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N
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i=1

∫
1

t− z
δλi,n

=

∫
1

t− z
µn(dt) = mµn

(z)

• � = � $ : < � � = ' � � : � < � � > = >  = � � < 9 � � : 9  = � � = � > � � �  ; 9 : � = � Qn(z) = �

Q̃n(z) = (H∗
nHn − zIn)

−1 �

• 1
N trTn(z) � = > 9 # 9 � � > � � < � 9 : � � = 1

N trQn(z) �
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� : � � > < ; 9 : � In (ρ) � 9 > > 9 � � � > � � ρ  : � � � 9 ; � : �

In (ρ) =

∫ ∞

ρ

(
1

ω
−�

1
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)
dω =

∫ ∞

ρ

(
1

ω
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(−ω)
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dω

� mµn
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1

N
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ρ
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1
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� ; = � � � =  � � = � $ & � � � $ � � = � � � � �  = � 9 � � � : � > 9  � < � � = � � � � � �  

• & = � & � � � � = � = N � � � 9 � < � : � % � : � � < � : : =   = �

ti(z) =
1

−z +
1

n

n∑

j=1

σ2
ij

1 + 1
n

∑N
l=1 σ

2
ljtl(z)

9 � � = � � : = � �  � � < � : � : < � � = (t1(z), · · · , tN (z)) � �  = � ti(z) � � : � � = � � 5 � = � = � � > = � � =

� > � ( 9 ( <  < � � �

• � > = � � � = � � > = � = : �  

1

N
trQn(z) − 1

N

N∑

i=1

ti(z) −−−−→
n→∞

0 ∀z ∈ � − � + .

&
# 9 � � > � � < � 9 : � � � � = > � < : < � � = = � �  9 � 9 � > < � = T(z) = diag(ti(z)) �
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 � � � �

� � � � � � # � � � # � 
 � � � � # 
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� � 9 > � < > � = In (ρ) =

∫ ∞

ρ

(
1

ω
−�

1

N
trQn (−ω)

)
dω = � � � > � � �  � 9 � � > � � � � = : �  : � � �
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& 9 � � 9 : � < � �

Īn(ρ) = − 1

N

N∑

i=1

log ρti(−ρ) +
1

N

n∑

j=1

log

(
1 +

1

n

N∑

l=1

σ2
ljtl(−ρ)

)

− 1

Nn

∑

i=1:N,j=1:n

σ2
ijti(−ρ)

1 + 1
n

∑N
l=1 σ

2
ljtl(−ρ)

� 9 � < � % 9 < �

In (ρ) − Īn (ρ) −−−−→
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4 � <  : � � � 9 ; � : � � : = � 5 & µ � 5 9 � 5 �# � � > < �

mµ(z) =

∫ 1

0

k(u, z)du

� � k(u, z) = � �  9 � �  � � < � : � : < � � = � = # � � � 9 � < � :

k(u, z) =
1

−z +

∫ 1

0

σ2(u, t)

1 + c
∫ 1

0
σ2(x, t)k(x, z)dx

dt

� 9 : �  9 �  9 � � = � = � % � : � � < � : � k(u, z) � =   = � � � =
k(u, z) = � �  9 � 5 �# � : = � = � � > = � = � > � ( 9 ( <  < � � � � � > � � � � u �

k(u, z) = � � � � : � < : � = = : u �
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1 > � � = � # = � < � � = : � = �# � : = � 5 &  In(ρ) � � : ; = > � = '

In(ρ) −−−−→
n→∞

I∗(ρ)

I∗(ρ) = −
∫ 1

0

log (ρk (u,−ρ)) du

+
1

c

∫ 1

0

log

(
1 + c

∫ 1

0

σ2(x, u)k (x,−ρ) dx
)
du

−
∫

[0,1]2

σ2(x, y)k (x,−ρ)
1 + c

∫ 1

0
σ2(u, y)k (u,−ρ) du
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� � � �  � ! � ! � � � � � � � � � � � � ! �

 � 
 ! , � * . � � � � � � 
 � � � � � 
 Hn = Yn + An 	 � � � 	 � � � � 
 
 	 


• Y
(n)
i,j =

σij(n)√
n
Xij � � � 
 � Xij � � � � � � � 	 � 
 � � � � � 
 � � 
 � � � � � � � 
 � 
 � � |X11|4+ε

<∞

� � 	 � 	 � ε > 0 �

• sup
i,j,n

σ2
ij(n) <∞ �

•  � � � 
 � 
 	 � � � � � 
 � � 
 � � 
 � � � � � 
 � 
 � � 
 � � � � � � � 
 � � 
 An 	 � � � � � � � � 
 � � � � � � � 
 � �

� � � � Dj = diag
([
σ2

1j , . . . , σ
2
Nj

])


 � D̃i = diag
([
σ2

i1, . . . , σ
2
in

])

�
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 � � � 
 � � � � � � � 
 � 
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 	 � � � � � � �

ψ(i)(z) =
−1

z
(
1 + 1

n tr
(
D̃(i)T̃(z)

)) for 1 ≤ i ≤ N,

ψ̃(j)(z) =
−1

z
(
1 + 1

n tr
(
D(j)T(z)

)) for 1 ≤ j ≤ n,

� �

Ψ(z) = diag
([
ψ(1)(z), . . . , ψ(N)(z)

])
, Ψ̃(z) = diag

([
ψ̃(1)(z), . . . , ψ̃(n)(z)

])

T(z) =
(
Ψ−1(z) − zAΨ̃(z)A∗

)−1

, T̃(z) =
(
Ψ̃

−1
(z) − zA∗Ψ(z)A

)−1

� � � 
 � 	 � 
 � � � 	 � � � � 	 � � 
 	 
 (ψ(1), . . . , ψ(N), ψ̃(1), . . . , ψ̃(n)) � � � � � � � � � � � 
 � 
 � � � � 


� 
 � 	 � 
 � � 
 � � � � � � � � � � � � � � � � 
 � � � � � + � � � � � � � � 
 	 � � 	 � � 
 � 
 	 
 � � � 
 � 
 � � 	

(
1

N
trQn(z) − 1

N
trTn(z)

)
−−−−→
n→∞

0 ∀z ∈ � − � +,

(
1

n
trQ̃n(z) − 1

n
trT̃n(z)

)
−−−−→
n→∞

0 ∀z ∈ � − � +
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# < : % � > � 9 � < � : � � � � =   = � = 5 $ 9 : : � : �

� & � � � $ � � = � > � 9  < � � = � = : � � � � � : < � 9 � < � : � : � � � > < � � = � � � : � 9 > � < � �  < = >   = � � �  � : : = � � =  9

� � � � � � � 9 : � = � = 3 < � = � � � : � � & � < � � = � = : � � =  9 % � > � =

C√
N




1

exp(ıω)

���

exp(ı(N − 1)ω)




= : � 9 : � � � = ; = � � = � > � � = � < > = � � < � : � �# 9 > > < ; � = � 
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 � � � � � � # � 
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� � 9 > � < > � = In (ρ) =

∫ ∞

ρ

(
1

ω
−�

1

N
trQn (−ω)

)
dω = � � � � $ � � > � � = 6  : � � � � � � ; � : �

� � 9 (  < > '

 � 
 ! , � * . � � � � �

In(ρ) =
1

N
log det

[
Ψ (−ρ)−1

ρ
+ AΨ̃ (−ρ)A∗

]

+
1

N
log det

Ψ̃ (−ρ)−1

ρ
− ρ

Nn

∑

i=1:N

j=1:n

σ2
ijti(−ρ)t̃j(−ρ)

� � ti 
 � t̃j � � � � � 
 � � � � � 
 � � � � � � � � � � 	 � � 
 Tn(z) 
 � � 
 T̃n(z) � � � � � �

In (ρ) − In(ρ) −−−−→
n→∞

0.

7 � 5 6 7



� 
 � � � � � � � 
 � � � � � � � � � � � � 
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• � � � �  = � = � > � : = � � = > � σ2
ij(n) = σ2

R,i(n)σ2
T,j(n) � 9 ; = � � : = � � � � � � � 9 : � = � = 3 < � = �

� An 6= 0 � �

• � < : � <  

H =
1√
n
D

1/2
R

XD
1/2
T

+ A

� � X = � � � �  � � = : � � < < � � = : � > � � � = ; 9 > < 9 : � = 1 = � DR = diag
(
σ2

R,1, . . . , σ
2
R,N

)

= �

DT = diag
(
σ2

T,1, . . . , σ
2
T,n

)
�

• & = � & � � � � = � = N + n � � � 9 � < � : � � � < � � : : = T(z) = � T̃(z) � = > 9 � � : = � � : � & � � � � = � =

� = � � � � � 9 � < � : � �
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# 9 � � > � � < � 9 � < � : � � � = > � < : < � � = � = # < : % � > � 9 � < � : � � � � =   = � = ; < = : �

In(ρ) =
1

N
log det

(
I + δDT +

1

ρ
A∗
(
I + δ̃DR

)−1

A

)

+
1

N
log det

(
I + δ̃DR

)
− ρ

n

N
δδ̃

� � (δ, δ̃) = � �  9 � �  � � < � : � : < � � = � =

δ =
1

n
tr

(
DR

(
ρ
(
I + δ̃DR

)
+ A (I + δDT)

−1
A∗
)−1

)

δ̃ =
1
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DT

(
ρ (I + δDT) + A∗

(
I + δ̃DR

)−1

A

)−1
)
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• � > � (  � � = ' � � < �  = � 9 : 9  � 4 � � � = � 9 <   = N × n

H = Γ
1/2
R

XΓ
1/2
T

+ A

� � A = � �  9 � � � � � � � 9 : � = � = 3 < � = �  X = � � � �  � � = : � � � 9 � � � < = : � < < � ∼ CN (0, 1/n) = �

ΓT = � ΓR � � : �  = � � 9 � > < � = � � = � � ; 9 > < 9 : � = � # � � < � � < � : = � �  9 > � � = � � < � : �

• � > � � ; = > � : = � 9 � > < � = � = � < � � � : < = � � � < � < ; = Q � �  � � < � : � =

max
Q≥0,trQ≤n

� log det

(
IN +

1

ρ
HQH∗

)
.

• 5 �  � � < � : � < > = � � = � > � � � < � � <  = = : � � : � > 9  �
• & 9 � 9 � > < � = HQH∗ � � � � � � =  9 � � � =  � < � = � > � ( 9 ( <  < � � � �# � : = � 9 � > < � = UΣΣ∗U∗ � �

U = � � � : < � 9 < > = = � Σ � � > > = � � � : � 9 � � � � �  = : � : � = : � > � � � � 9 > 9 (  = � � � > < � �  � � $ 9 � � �

• 4  � = > 9 < � 9  � > � � = > � < : = : � � = � 9 � < � < � = > # 9 � � > � � < � 9 � < � : � � � = > � < : < � � = � = I(ρ) � 9 >

> 9 � � � > � � Q �
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