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Abstract

A generalization of the Sherrington–Kirkpatrick (SK) model for spin glasses is considered,
in which the interaction matrix is endowed with a variance profile that has no particular
structure and may be sparse. In the first part of the paper, an asymptotic equivalent of
the free energy is derived at sufficiently high temperatures, regardless of the signature of the
variance profile matrix. In the second part, the mean of the spin vector under the Gibbs
measure is estimated using an Approximate Message Passing algorithm based on the Thou-
less–Anderson–Palmer equations. The dynamical approach of Adhikari et al. (J. Stat. Phys.,
2021), originally developed for the classical SK model, is adapted to the present setting to
obtain these results.

1 Model, problem and the results

For each integer n ą 0, let Spnq “

”

s
pnq

ij

ın

i,j“1
be a deterministic symmetric matrix with elements

s
pnq

ij ě 0 and with a zero diagonal. Let W pnq “

”

W
pnq

ij

ın

i,j“1
be a real symmetric n ˆ n random

matrix such that the random variables tW
pnq

ij u1ďiăjďn are independent, and such that W
pnq

ij „

N p0, ts
pnq

ij q for all i, j P rns and for some t ą 0.
Let Σn “ t´1,`1un be the space of vectors of Ising spins with size n. Define the random

PpΣnq–valued Gibbs measure Gpnq as follows. The measure of a singleton tσu Ă Σn by Gpnq is
Gpnqpσq “ exppHpnqpσqq{Zpnq, where Hpnq is the Hamiltonian defined as

Hpnqpσq “
1

2
σJW pnqσ ` h pσ ¨ 1nq ,

h P R is the amplitude of an external field, and Zpnq “
ř

σPΣn
exppHpnqpσqq is the partition

function. In the particular case where s
pnq

ij “ 1{n for i ‰ j, this model for the Gibbs measure
boils down to the classical Sherrington-Kirkpatrick (SK) model that has been studied at length
in the statistical physics literature, as detailed in the treatises [25, 26, 23]. Since the interactions
between our spins are subjected to the more general variance profile represented by the matrix
Spnq, we term our model a SK model with a variance profile.

Let us state our conditions on this matrix. Considering a sequence of positive numbers pKnq

such that Kn ď n and Kn Ñ 8, we assume the following:

Assumption 1. It holds that
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• There exists a constant Cs ą 0 such that s
pnq

ij ď CsK
´1
n for all n and all i, j P rns.

• The number Crow “ supn
∣∣∣∣∣∣Spnq

∣∣∣∣∣∣ where |||¨||| is the max row sum norm is finite.

One case of interest covered by Assumption 1 and that can be useful in the fields of statistical
physics, graph inference, and large-dimensional signal estimation among others is the case where

Kn ! n, and where there are at most CcardKn non-zero s
pnq

ij ’s in each row and column of Spnq for
some constant Ccard ą 0. We refer to these models as the “sparse” ones.

The first aim of this paper is to study the large n asymptotics of the free energy

Fn “
1

n
E logZpnq

in a “high temperature” regime represented by the following assumption:

Assumption 2. t ă
log 2

Crow
.

Denoting as usual as x¨y the mean operator with respect to the measure pGpnqqb8, the second
aim of this paper is to provide a large–n approximation of the mean vector mpnq “ xσy. Return-
ing to the classical SK model, it is well-known that this vector can be approximated in the high
temperature regime by an Approximate Message Passing (AMP) algorithm by building on the
so-called Thouless-Anderson-Palmer (TAP) equations [9]. The second purpose of this paper is to
generalize this result to our SK model with a variance profile in the temperature regime specified
by Assumption 2.

The conditions on the variance profile that can be found in the mathematical physics litera-
ture are usually much more restrictive than those provided by Assumption 1. Regarding the free
energy computation, this literature is mainly limited to the so-called multi-species model, where it
is assumed that Spnq consists in a finite number of blocks which dimensions scale with n (implying
that Kn “ n in our setting), and typically, that Spnq is a non-negative matrix in the semi-definite
positive ordering. These two assumptions are made in, e.g., [5, 24] which deal, on the other hand,
with the free energy problem at all temperatures. More recent contributions dealing with the
multi-species model with the non-negativity assumption include [6, 2, 11, 20]. Cases where this
matrix can be indefinite were discussed in [14, 10, 27, 7]. Diluted variants of the multi-species
model are considered in [21, 3]. Considering the potential applications, graph max κ–cut problems
and low-rank matrix estimation problems related with the multi-species model were considered in
[19] and in [17] respectively. It would be useful to extend these results to more flexible and more
general variance profiles such as the ones considered in this paper.

Denoting in all this paper as ξ a standard Gaussian random variable, and writing Tanhpxq “

tanhpx` hq, define the scalar function g : R` Ñ R` as

gpxq “ ETanh
`?
xξ
˘2
, (1)

Consider the system of equations defined in qpnq P Rn
` as

qpnq “ tSpnqgpqpnqq (2)

where gpqpnqq P Rn
` is the vector obtained by an element-wise application of the function g to the

vector qpnq (this notational convention regarding scalar functions applied to vectors will be used
all along this paper).

Lemma 1. Under Assumptions 1 and 2, Equation (2) admits an unique solution qpnq P Rn
`. Given

any vector qpnq,0 P Rn
`, the iterative algorithm qpnq,l`1 “ tSpnqgpqpnq,lq converges to this solution.

Moreover, supn }qpnq}8 ă log 2 where } ¨ }8 is the max–norm.
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This simple lemma is proven in Appendix A.1 for completeness. The large–n behavior of the
free energy is specified by the following theorem:

Theorem 2. Let Assumptions 1 and 2 hold true. Defining the function

F n “ log 2 `
1

n

n
ÿ

i“1

E log cosh

ˆ

b

q
pnq

i ξ ` h

˙

`
t

4n

´

1n ´ gpqpnqq

¯J

Spnq
´

1n ´ gpqpnqq

¯

,

where qpnq “

”

q
pnq

i

ın

i“1
is the solution of (2), it holds that F n is bounded, and moreover, that

Fn ´ F n ÝÝÝÑ
nÑ8

0.

It is seen here that the signature of Spnq has no impact on the form of the large-n approximation
of the free energy.

It is worth considering the particular case of this theorem where the matrix Spnq is doubly
stochastic. In this case, the solution of Equation (2) is reduced to qpnq “ q1n where the scalar q is
the unique solution to q “ tgpqq. Therefore, as long as the degree of sparsity satisfies Kn Ñ 8, we
recover the expression of the asymptotic free energy of the classical SK model at high temperature
[25]:

Corollary 3 (the doubly stochastic case). Assume that Spnq is a doubly stochastic matrix. Then,
it holds under Assumptions 1 and 2 (which reads t ă log 2) that

Fn ÝÝÝÑ
nÑ8

log 2 ` E log cosh p
?
qξ ` hq `

t

4
p1 ´ q{tq2, (3)

where q is the unique solution to the scalar equation q “ tgpqq on R`.

A particular case that can be useful in the field of statistical physics is the case where Spnq is
a Toeplitz banded matrix with a bandwidth of order Kn Ñ 8 with Kn ! n. Here, Kn represents
the range of the interactions among the spins. Within this range, the random interactions are
furthermore subjected to a variance profile that depends on the distance between the sites as
shown in the statement of the following corollary:

Corollary 4 (banded Toeplitz interaction profile). Let ψpnq : t0, . . . , n ´ 1u Ñ R` be a function
that satisfies the following assumptions: ψpnqpiq ď Cs{Kn,

ř

i ψ
pnqpiq “ 1{2, and the support

of ψpnq is included into t1, . . . ,Knu. Let s
pnq

ij “ ψpnqp|i ´ j|q, and assume that Kn Ñ 8 with
Kn{n Ñ 0. Then, for t ă log 2, the convergence (3) holds true.

The proof is provided in Appendix A.2.

We now tackle the approximation problem of mpnq “ xσy with the help of an AMP algorithm.
To this end, we need to strengthen a bit Assumption 1. Keeping our sequence Kn Ñ 8 with
Kn ď n, we set:

Assumption 3. The following facts hold true.

• There exists a constant Cs ą 0 such that s
pnq

ij ď CsK
´1
n for all n and all i, j P rns.

• There exists a constant Ccard ą 0 such that

@n, @i P rns,
ˇ

ˇ

ˇ

!

j P rns : s
pnq

ij ą 0
)
ˇ

ˇ

ˇ
ď CcardKn,

where | ¨ | is the cardinality of a set.

Of course, Assumption 3 implies Assumption 1 with Crow “ supn
∣∣∣∣∣∣Spnq

∣∣∣∣∣∣ satisfying Crow ď

CsCcard. If Kn ! n, Assumption 3 models the sparse cases alluded to above.
In the remainder, we denote as } ¨ } the Euclidean norm of a vector or the spectral norm of a

matrix. We also write } ¨ }n “ } ¨ }{
?
n.
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Theorem 5. Let Assumptions 3 and 2 hold true. Assume that Kn ě log n. Consider the iterates
pqpnq,lqlPN defined in the statement of Lemma 1 starting with qpnq,0 “ 0n. For each l “ 0, 1, . . .,
let Xpnq,l „ N p0,diagpqpnq,lqq. Starting with xpnq,0 “ 0 and xpnq,1 “ W pnq Tanhp0q, consider the
following iterative AMP algorithm in l “ 1, . . .

xpnq,l`1 “ W pnq Tanh
´

xpnq,l
¯

´ diag
´

tSpnq1n ´ qpnq,l`1
¯

Tanh
´

xpnq,l´1
¯

“ W pnq Tanh
´

xpnq,l
¯

´ diag
´

tSpnqETanh1
´

Xpnq,l
¯¯

Tanh
´

xpnq,l´1
¯

. (4)

Then, the vector mpnq “ xσy satisfies

lim
kÑ8

lim sup
n

E
›

›

›
mpnq ´ Tanh

´

xpnq,k
¯
›

›

›

2

n
“ 0.

2 Proofs

In the remainder, we omit the superscript pnq from the notations unless when useful. We denote
as C ą 0 a constant that depends on Crow, Cs, Ccard and t at most, and that can change from a
display to another.

We shall approximate the free energy at high temperature via the so-called Guerra’s interpo-
lation of the Hamiltonian. In our setting, this gives the following scheme. Let

η “
“

ηi
‰n

i“1
„ N p0,diagpqqq

be independent with W , where we recall that q is the unique solution of the system q “ tSgpqq as
shown by Lemma 1. Given u P r0, 1s, define the Hamiltonian on the space of spins Σn as

Hupσq “

?
u

2
σJWσ ` h pσ ¨ 1q `

?
1 ´ u pσ ¨ ηq ,

and consider the Gibbs measure Gu defined on Σn as Gupσq “ exppHupσqq{Zu where Zu “
ř

σ exppHupσqq is the partition function. Our Gibbs measure of interest is of course G1, and its
free energy is Fn “ n´1E logZ1. The Hamiltonian Hu is an interpolation between the Hamiltonian
of interest H1 and the Hamiltonian H0 which free energy has a tractable expression.

To pursue, we introduce some notations. Given a set of indices A Ă rns, we write Ac “ rnszA.
Given a vector x “ rxis P Rn we denote respectively xA P Rn the vector x which elements xi are
set to zero when i P Ac.

We denote as Hu,pAq the reduced Hamiltonian obtained by removing the spins tσiuiPA from
the system. More precisely, this Hamiltonian is written as

Hu,pAqpσAcq “

?
u

2
σJ
AcWσAc ` h pσAc ¨ 1nq `

?
1 ´ u pσAc ¨ ηAcq ,

and is considered as a Hamiltonian on t´1,`1u|Ac
|. We denote as Gu,pAqpσAcq9 exppHu,pAqpσAcqq

the Gibbs probability measure on t´1,`1u|Ac
| which Hamiltonian is Hu,pAqpσAcq. For i P Ac,

we also denote as mpAq,i the mean of the spin σi with respect to Gu,pAq. Conventionally, we
write mpAq,i “ 0 when i P A so that we can define the vector mpAq “ rmpAq,isiPrns P Rn. When
A “ ti1, . . . , iku, we sometimes write mpi1,...,ikq “ rmpi1,...,ikq,isi for the vector mpAq “ rmpAq,i si.
Of course, mpHq “ m “ rmis.

Proof idea. Our starting point will be the approach of Adikhari et.al. in [1], where the SK
case with u “ 1 was considered. This approach falls within a research axis that dates back up
to our knowledge to the work of Comets and Neveu [13], and that considers the SK model from
a stochastic calculus perspective. Denoting as x¨yu the mean with respect to the measure Gb8

u ,
the first step is to show that the covariances mij “

@

pσi ´ xσiyuqpσj ´ xσjyuq
D

u
for i ‰ j satisfy
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Em2
ij „ 1{Kn. This is shown in Lemma 6 below, which is a straightforward adaptation of [1] to

the variance profile case of interest in this paper.
Using this result, the “pre-TAP” bound

E

˜

mi ´ Tanh

˜

?
u
ÿ

k

Wikmpiq,k `
?
1 ´ uηi

¸¸2

ď
C

Kn
, (5)

as well as the bound

E
`

ml ´mpiq,l

˘2
ď

C

Kn
, l ‰ i

can be obtained. These bounds are generalizations to our model of quite well-known results in the
SK literature, see, e.g., [25, Lemma 1.7.4]. Here, they will serve two purposes.

First, defining the random vector

R12 “
“

R12piq
‰n

i“1
“ tSpσ1σ2q,

where σ1σ2 is the vector obtained by an elementwise product of the elements of the replicas σ1

and σ2, it can be deduced from these bounds that E
@

}R12 ´ q}2n

D

u
ď CK

´1{2
n (Lemma 8 below).

Employing the usual Guerra’s interpolation trick in order to compute the free energy of G1, we can

see that thanks to the bound E
@

}R12 ´ q}2n

D

u
ď CK

´1{2
n , the “annoying” term obtained through

this interpolation is negligible, which leads to Theorem 2. We note here that in the references
cited above which deal with the multi-species model, it is assumed that S is a non-negative matrix
specifically to force this term to be non-positive.

Second, the bound (5) taken for u “ 1 leads to the construction (13) for approximating mi,
as was done in Chen and Tang in [12] for the SK model. Starting from this construction, we
shall devise a series of approximations of the vector m “ rmis that will ultimately lead to the
AMP approximation given by Theorem 5. These approximations will be based on the approach
of Bayati et.al. in [8], devoted to the classical AMP algorithm, which was generalized to the AMP
algorithm with an interaction matrix with a variance profile in [18].

2.1 Adapting the approach of [1] to the SK model with a variance profile

We need to introduce some more notations. For a set A Ă rns, we need to work on the conditional
interpolated Gibbs measure Gup¨|σAq given σA, which is the measure on t´1,`1u|Ac

| with the

Hamiltonian σAc ÞÑ H
rAs
u pσAcqpσAq given as

HrAs
u pσAcqpσAq “

?
u

2
σJ
AcWσAc ` h pσAc ¨ 1q `

?
1 ´ u pσAc ¨ ηAcq `

?
uσJ

AcWσA.

Given i, j P Ac, we denote as m
rAs

i pσAq and m
rAs

ij pσAq the mean of σi and the covariance of σi and

σj with respect to the conditional probability Gup¨|σAq. We also write m
ri1,...,iks

i and m
ri1,...,iks

ij

for m
rAs

i and m
rAs

ij respectively when A “ ti1, . . . , iku. For i P A and a real function fpσAq, we
also define the functions σAztiu ÞÑ δifpσAztiuq and σAztiu ÞÑ εifpσAztiuq as

δifpσAztiuq “
1

2

`

fpσAq|σi“1 ´ fpσAq|σi“´1

˘

,

and

εifpσAztiuq “
1

2

`

fpσAq|σi“1 ` fpσAq|σi“´1

˘

.

The following key identity can be obtained by direct calculation and is provided in [1, Eq. (3.1)]:

m
rAs

ij “

ˆ

1 ´

´

m
rAs

i

¯2
˙

δim
rAYtius

j (6)
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for i, j P Ac with i ‰ j. Following [1], we consider
?
uWij as the value at tu of the process

?
sijBijpvq where Bij is a standard Brownian Motion. Given a set A Ă rns and an index i P Ac, it

is possible to obtain a characterization of δim
rAYtius

j pσAq with the help of Itô’s lemma. Similarly
to [1, Eq. (3.3)], we obtain by this lemma

δim
rAYtius

j pσAq “
ÿ

kRAYtiu

?
sik

ż tu

0

εim
rAYtius

kj pσAqpvqdBikpvq

´
ÿ

kRAYtiu

sik

ż tu

0

δi

´

m
rAYtius

k m
rAYtius

kj

¯

pσAqpvqdv.

(here, εim
rAYtius

kj pσAqpvq is of course the value of εim
rAYtius

kj pσAq for which
?
uWij in the Hamil-

tonian is replaced with
?
sijBijpvq, and similarly for the second integrand).

This Itô characterization of δim
rAYtius

j together with the identity (6) lie at the basis of proof of
the following result, which is an adaptation of [1, Lemma 3.1] to our situation. For completeness,
we provide this proof in Appendix A.3.

Lemma 6. For t P r0, log 2{Crowq, there exists a constant C such that

Em2
ij ď

C

Kn
for all i ‰ j.

With the help of the previous lemma, we obtain the following result by a straightforward
adaptation of the proof of [1, Lemma 4.1]:

Lemma 7. For t P r0, log 2{Crowq, there exists a constant C such that

E

˜

mi ´ Tanh

˜

?
u
ÿ

k‰i

Wikmpiq,k `
?
1 ´ uηi

¸¸2

ď
C

Kn
,

and

E
`

ml ´mpiq,l

˘2
ď

C

Kn

for each i ‰ l P rns.

Building the random vector R12 “ tSpσ2σ2q from two i.i.d. vectors σ1 and σ2 under Gu (the
so-called replicas), we can now use this result to show that E

@

}R12 ´ q}2n

D

u
converges to zero

uniformly in u P r0, 1s:

Lemma 8. For t P r0, log 2{Crowq, there exists a constant C such that

E
A

}R12 ´ q}
2
n

E

u
ď

C
?
Kn

.

Proof. Writing R12 “ rR12piqsni“1, we first show that

E
@

pR12piq ´ xR12piqyuq2
D

u
ď C{

a

Kn. (7)

We write

E
@

pR12piq ´ xR12piqyuq2
D

u
“ E

@

R12piq2
D

u
´ E xR12piqy

2
u

“ E
ÿ

j,ℓ

t2sijsiℓ
@

σ1
jσ

2
jσ

1
ℓσ

2
ℓ

D

u
´ E

˜

ÿ

j

tsij xσjy
2
u

¸2

“
ÿ

jℓ

t2sijsiℓE
”

xσjσℓy
2
u ´ xσjy

2
u xσℓy

2
u

ı

,
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where σ1 “ rσ1
i s and σ2 “ rσ2

i s. The contribution of the terms j “ ℓ is bounded by C{Kn.

Regarding the terms j ‰ ℓ, we note that xσjσℓy
2
u ´ xσjy

2
u xσℓy

2
u “ mjℓpmjℓ ` 2mjmℓq and we use

Lemma 6 to obtain (7), which leads to the inequality

E
A

}R12 ´ xR12yu}
2
n

E

u
ď C{

a

Kn.

To obtain the result of the lemma, it remains to prove that

E }xR12yu ´ q}
2
n ď C{

a

Kn. (8)

The proof of this result is just an adaptation of the proof of [1, Proposition 1.2] to our context.
The main modifications are related with the fact that Equation (2) is no more a scalar equation.

We write p “ rpis
n
i“1 “ xR12yu “ tSm2. Given a set A “ ti1, . . . , iku Ă rns and an index i P A,

we write for brevity

Tanhpi1,...,ikqpiq “ Tanh

˜

ÿ

l

?
uWilmpi1,...,ikq,l `

?
1 ´ uηi

¸

.

Recall that mpi1,...,ikq,l “ 0 if l P A, and notice that tWilulRA and tmpi1,...,ikq,lul are independent,
a fact that we shall used repeatidly in the proof without further mention. We also write

ppi1,...,ikq,i “
ÿ

l

tsilm
2
pi1,...,ikq,l “

”

tSm2
pi1,...,ikq

ı

i
,

to be compared with pi “
ř

l tsilm
2
l .

Our first purpose is to show that

|Epi ´ rtSEgpup` p1 ´ uqqqsi| ď C{
a

Kn. (9)

Using Lemma 7, we have that

E
ˇ

ˇ

ˇ
m2

i ´ Tanh2piq,i

ˇ

ˇ

ˇ
ď 2E

ˇ

ˇmi ´ Tanhpiq,i

ˇ

ˇ ď C{
a

Kn.

Observing that the conditional distribution of the random variable
ř

l

?
uWilmpiq,l `

?
1 ´ uηi

with respect to the σ–field F´i generated by tWkℓ : k, l ‰ i, k ă l, ηj : j ‰ iu is N p0, uppiq,i `

p1 ´ uqqiq, we have

ETanh2piq,i “ E
”

E
”

Tanh2piq,i | F´i

ıı

“ Egpuppiq,i ` p1 ´ uqqiq.

By Lemma 7, we know that Epml´mpiq,lq
2 ď C{Kn for l ‰ i. Therefore, E|m2

l ´Em2
piq,l| ď C{

?
Kn,

and then, E|pi ´ ppiq,i| ď C{
?
Kn. Since g is Lipschitz (see the proof of Lemma 1), we obtain that

|Eg pupi ` p1 ´ uqqiq ´Eg
`

uppiq,i ` p1 ´ uqqi
˘

| ď C{
?
Kn, and we deduce from these bounds that

ˇ

ˇEm2
i ´ Eg pupi ` p1 ´ uqqiq

ˇ

ˇ ď C{
a

Kn,

and the bound (9) follows.
Next, we show that

ˇ

ˇEp2i ´ ErtSgpup` p1 ´ uqqqs2i

ˇ

ˇ ď C{
a

Kn (10)

along the same principle. For i ‰ j, we have by Lemma 7 again that

E|m2
im

2
j ´ Tanhpiqpiq2 Tanhpjqpjq2| ď C{

a

Kn.

7



We now need to replace Tanhpiqpiq and Tanhpjqpjq with Tanhpi,jqpiq and Tanhpi,jqpjq respectively.
We have

E
`

Tanhpiq,i ´Tanhpi,jq,i

˘2
ď uE

˜

ÿ

r

Wirmpiq,r ´
ÿ

r

Wirmpi,jq,r

¸2

ď 2u
ÿ

r‰j

EW 2
irEpmpiq,r ´mpi,jq,rq2 ` 2uEW 2

ijm
2
piq,j

ď C{Kn.

This implies that E|m2
im

2
j ´ ETanhpi,jqpiq2 Tanhpi,jqpjq2| ď C{

?
Kn. Denoting as F´pi,jq the σ–

field generated by tWkl : k, l R ti, ju, k ă l, ηr : r R ti, juu, and writing as L p¨ | F´pi,jqq the
conditional distribution with respect to this σ–field, we have

L

ˆ„
ř

r

?
uWirmpi,jq,r `

?
1 ´ uηi

ř

r

?
uWjrmpi,jq,r `

?
1 ´ uηj

ȷ

| F´pi,jq

˙

“ N
ˆ

0,

„

uppi,jq,i ` p1 ´ uqqi 0
0 uppi,jq,j ` p1 ´ uqqj

ȷ˙

,

which shows that

ETanhpi,jqpiq2 Tanhpi,jqpjq2 “ Egpuppi,jqpiq ` p1 ´ uqqiqgpuppi,jqpjq ` p1 ´ uqqjq.

Similarly to above, we also have E|ppi,jqpiq ´ pi| ` E|ppi,jqpjq ´ pj | ď C{
?
Kn, thus,

ˇ

ˇETanhpi,jqpiq2 Tanhpi,jqpjq2 ´ Egpupi ` p1 ´ uqqiqgpupj ` p1 ´ uqqjq
ˇ

ˇ ď C{
a

Kn

since g is Lipschitz and bounded. Gathering these bounds, we obtain that
ˇ

ˇEm2
im

2
j ´ Egpupi ` p1 ´ uqqiqgpupj ` p1 ´ uqqjq

ˇ

ˇ ď C{
a

Kn,

and since p2i “
ř

k,ℓ siksiℓm
2
km

2
ℓ , the bound (10) follows.

From Inequalities (9) and (10), we have

}Ep´ EtSgpXpq}n ď C{
a

Kn and
ˇ

ˇE}p}2n ´ E}tSgpXpq}2n

ˇ

ˇ ď C{
a

Kn,

where we wrote Xp “ up` p1 ´ uqq for notational simplicity.
Since the spectral norm }S} satisfies }S} ď |||S|||, it holds by Assumptions 1 and 2 that the

function x P Rn
` ÞÑ tSgpxq is Lipschitz for the Euclidean norm with a Lipschitz constant α ă 1

independent of n. From what precedes, we therefore have

E}p´ Ep}2n ď E}p´ tSgpEXpq}2n

“ E}p}2n ` }tSgpEXpq}2n ´ 2n´1 pEp ¨ tSgpEXpqq

“ E}tSgpXpq}2n ` }tSgpEXpq}2n ´ 2n´1 pEtSgpXpq ¨ tSgpEXpqq ` Op1{
a

Knq

“ E}tSgpXpq ´ tSgpEXpq}2n ` Op1{
a

Knq

ď α2E}p´ Ep}2n ` Op1{
a

Knq

which implies that
E}p´ Ep}2n ď C{

a

Kn. (11)

From this result, we have

}Ep´ tSgpEXpq}n ď }EtSgpXpq ´ tSgpEXpq}n ` C{
a

Kn ď E}p´ Ep}n ` C{
a

Kn ď C{K1{4
n .

Finally,

}Ep´ q}n ď }tSgpuEp` p1 ´ uqqq ´ tSgpuq ` p1 ´ uqqq}n ` C{K1{4
n ď α}Ep´ q}n ` C{K1{4

n ,

which leads to
}Ep´ q}n ď C{K1{4

n .

Together with (11), we obtain the bound (8), and the lemma is proven.
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2.2 Proof of Theorem 2

Since g is a bounded function, the quadratic form in the expression of F n is bounded. By Lemma 1,
}q}8 is bounded, thus, the second term in the expression of F n is bounded, hence the boundedness
of F n.

To establish Theorem 2, we use the classical Guerra’s approach based on the interpolated
Hamiltonian Hu. Defining the function φ on r0, 1s as

φpuq “
1

n
E logZpnq

u “
1

n
E log

ÿ

σPΣn

eHupσq,

we have

φp0q “ log 2 `
1

n

n
ÿ

i“1

E log cosh p
?
qiξ ` hq , and

φp1q “ Fn.

We need to compute the derivative φ1puq “ n´1 xBuHupσqyu. Writing

Upσ1, σ2q “ EpBuHupσ1qqHupσ2q “
t

4
pσ1σ2qJSpσ1σ2q ´ 2

`

pσ1σ2q ¨ Sgpqq
˘

,

we know by the well-known Gaussian integration by parts formula, see, e.g., [23, Lemma 1.1], that

φ1puq “
1

n
E
@

Upσ1, σ1q ´ Upσ1, σ2q
D

u

“
t

4n
p1 ´ gpqqqJSp1 ´ gpqqq ´

t

4n
E
@

pσ1σ2 ´ gpqqqJSpσ1σ2 ´ gpqqq
D

u
.

Noticing that }σ2σ2 ´ gpqq}8 ď 2 and using Lemma 8, we have

t

4n

ˇ

ˇE
@

pσ1σ2 ´ gpqqqJSpσ1σ2 ´ gpqqq
D

u

ˇ

ˇ ď
1

2
E
@

}tSpσ1σ2 ´ gpqqq}n
D

u
“

1

2
E x}R12 ´ q}nyu ď

C

K
1{4
n

where we recall that the constant C does not depend on u. Writing

Fn “ φp1q “ φp0q `

ż 1

0

φ1puqdu,

and using the last bound, we obtain the result of Theorem 2.

2.3 Proof of Theorem 5

In all the remainder of the paper, we shall work on the original Hamiltonian defined in the
introduction, and the use of Lemma 7 will be restricted to u “ 1.

The first bound obtained for u “ 1 in the statement of Lemma 7 can be rewritten as

max
iPrns

Epmi ´ TanhprWmpiqsiqq2 ď C{Kn.

By a straightforward adaptation of this lemma, we obtain that for a fixed integer M ą 0, it holds
that

max
AĂrns,|A|“M

max
iPAc

E
`

mpAq,i ´ Tanh
`“

WmpAYtiuq

‰

i

˘˘2
ď

C

Kn
, (12)

This bound will be at the basis of our proof. Let us fix an integer k ą 0. Given indices i1, i2, . . . , ik P

rns which are all different, we obtain thanks to the bound (12) that

mi1 “ Tanh
´

“

Wmpi1q

‰

i1

¯

` e1 (13)

mpi1q,i2 “ Tanh
´

“

Wmpi1,i2q

‰

i2

¯

` e2

¨ ¨ ¨

mpi1,...,ik´1q,ik “ Tanh
´

“

Wmpi1,...,ikq

‰

ik

¯

` ek

9



with Ee2l ď C{Kn for each l P rks.
This construction will be at the basis of a series of approximations of the vector m ending with

the one provided by the AMP algorithm of Theorem 5. We first define the sequence of families
of Rn–valued vectors ty1

pA1q
uA1Ărns,|A1|“k´1, ty2

pA2q
uA2Ărns,|A2|“k´2, ..., tyku as follows. We write

yl
pAlq

“ ryl
pAlq,isiPrns, and we set yl

pAlq,i “ ´h if i P Al in such a way that Tanhpyl
pAlq,iq “ 0 if

i P Al. With this convention, given indices i1, i2, . . . , ik P rns which are all different, we set

y1pi1,...,ik´1q,ik
“
“

Wmpi1,...,ikq

‰

ik

y2pi1,...,ik´2q,ik´1
“

”

W Tanh
´

y1pi1,...,ik´1q

¯ı

ik´1

y3pi1,...,ik´3q,ik´2
“

”

W Tanh
´

y2pi1,...,ik´2q

¯ı

ik´2

¨ ¨ ¨

yki1 “

”

W Tanh
´

yk´1
pi1q

¯ı

i1
.

The same kind of construction is provided in [12]. To make things clearer to the reader, let us
assume that k “ 3. Then we have

y3i1 “
ÿ

i2Rti1u

Wi1i2 Tanh

¨

˝

ÿ

i3Rti1,i2u

Wi2i3 Tanh

¨

˝

ÿ

i4Rti1,i2,i3u

Wi3i4mpi1,i2,i3q,i4

˛

‚

˛

‚.

We notice here that the family tWi1i2ui2 is independent of the family of random variables Tanhp...q
that follow these terms in the first summand, the family tWi2i3ui3Rti1,i2u is independent from what

follows, and so on. More formally, by writing y0
pi1,...,ikq

“ Tanh´1
pmpi1,...,ikqq, we have

ylpi1,...,ik´lq,ik´l`1
“

ÿ

jRti1,...,ik´l`1u

Wik´l`1,j Tanhpyl´1
pi1,...,ik´l`1q,jq, l P rks,

and we observe that the families tWik´l`1,jujRti1,...,ik´l`1u and tTanhpyl´1
pi1,...,ik´l`1q,jujRti1,...,ik´l`1u

are independent for each l P rks. The same kind of remark will hold for the next two algorithms.
We call this phenomenon the “independence along a path of indices”.

The next algorithm is similar to the previous one except for the fact that the initial value is
Tanhp0q instead of beingmpi1,...,ikq. Namely, we define the Rn–valued vectors tx̃1

pA1q
uA1Ărns,|A1|“k´1,

tx̃2
pA2q

uA2Ărns,|A2|“k´2, ..., tx̃ku with x̃l
pAlq

“ rx̃l
pAlq,isiPrns as follows (as above, x̃l

pAlq,i “ ´h if

i P Al): for indices i1, . . . , ik which are all different, we set

x̃1pi1,...,ik´1q,ik
“
“

Wpi1,...,ikq Tanhp0q
‰

ik

x̃2pi1,...,ik´2q,ik´1
“

”

W Tanh
´

x̃1pi1,...,ik´1q

¯ı

ik´1

¨ ¨ ¨

x̃ki1 “

”

W Tanh
´

x̃k´1
pi1q

¯ı

i1
,

where Wpi1,...,ikq is the matrix W in which the rows i1, . . . , ik and the columns i1, . . . , ik are set to
zero.

Our next step consists in replacing the function Tanh with a polynomial. Writing

fpxq “

d
ÿ

ℓ“0

αℓx
ℓ

10



as a degree–d polynomial, we define the iterates x̌1
pi1,...,ik´1q

, x̌2
pi1,...,ik´2q

, ..., x̌k with the same

notational conventions as above as

x̌1pi1,...,ik´1q,ik
“
“

Wpi1,...,ikqfp0q
‰

ik

x̌2pi1,...,ik´2q,ik´1
“

”

Wfpx̌1pi1,...,ik´1qq

ı

ik´1

¨ ¨ ¨

x̌ki1 “

”

Wfpx̌k´1
pi1q

q

ı

i1
,

by setting fpx̌l
pAlq,iq “ 0 if i P Al. The iterations for these two last algorithms can be rewritten as

follows for later use. Writing Al “ ti1, . . . , ik´lu for l “ 0, . . . , k, we have for l P rks

x̃lpAlq,ik´l`1
“

ÿ

rRAl´1

Wik´l`1,r Tanhpx̃l´1
pAl´1q,rq, and (14)

x̌lpAlq,ik´l`1
“

ÿ

rRAl´1

Wik´l`1,rfpx̌l´1
pAl´1q,rq, (15)

starting with x̌0
pA0q,r “ x̃0

pA0q,r “ 0.
As said above, the three preceding algorithms share the property of the independence along a

path of indices. In order to be able to use the approach of [8] and [18] as announced at the beginning
of this section, we need to introduce another kind of dependence, namely the one based on the
so-called Non-Backtraking (NB) iterations. At every iteration l, our next algorithm produces a
family of vectors žl

pjq
“ ržl

pjq,isiPrns as follows. We initialize the algorithm with ž0
pjq,i “ 0, and write

žℓ`1
pjq,i “

ÿ

r‰j

Wirfpžℓpiq,rq.

Furthermore, stopping at Iteration k, we set

žki “
ÿ

r

Wirfpžk´1
piq,rq.

Our last intermediate is the following AMP algorithm with the polynomial activation function f .
Starting with z0 “ 0 and z1 “ Wfp0q, it reads

zl`1 “ Wf
`

zl
˘

´ diag
`

pW dW qf 1pzlq
˘

f
`

zl´1
˘

. (16)

For a better readability, we summarize the main features of these five algorithms along with the
AMP algorithm (4) in the following table:

Activation function Algorithm structure Initialization
yl

p¨¨¨ q
Tanh independence along a path of indices mp¨¨¨ q

x̃l
p¨¨¨ q

Tanh independence along a path of indices Tanhp0q

x̌l
p¨¨¨ q

polynomial f independence along a path of indices fp0q

žl
p¨q

polynomial f NB fp0q

zl polynomial f AMP z0 “ 0, z1 “ Wfp0q

xl Tanh AMP x0 “ 0, x1 “ W Tanhp0q

We shall develop below a sequence of approximation results starting with the vector m and
ending with xk. Before we begin, some new notations and preliminary results are necessary.

We say that a real continuous function φ belongs to the set PL of pseudo-Lipschitz functions
if there exists C ą 0 and an integer a ą 0 such that

|φpxq ´ φpyq| ď C|x´ y| p1 ` |x|a ` |y|aq .

11



It is easy to show that each polynomial belongs to PL, and so is the case of the functions Tanh and
Tanh1. Pseudo-Lipschitz functions are conveniently used as test functions in the AMP literature,
see, e.g., [16].

Given i, j P rns with i ‰ j, we also denote as F´i and F´pi,jq the σ–fields generated by the
random variables tWkl : k ă l and k, l P rnsztiuu and tWkl : k ă l and k, l P rnszti, juu

respectively. The notation A
pnq

l “ Al will always refer to a set of indices Al Ă rns such that
|Al| “ k ´ l.

We begin with an approximation result related with the function Tanh and its derivative:

Lemma 9. Let C ą 0. For each e ą 0, there exists a polynomial pe such that pep0q “ Tanhp0q,

max
αPr0,Cs

E ppepαξq ´ Tanhpαξqq
2

ď e and max
αPr0,Cs

E
`

p1
epαξq ´ Tanh1

pαξq
˘2

ď e.

Proof. Given a small δ ą 0, it is known, see [22, Th. 1] or [15], that there exists a polynomial u
on R such that

@x P R,
ˇ

ˇupxq ´ Tanh1
pxq

ˇ

ˇ ď δ exppδx2q.

Defining the polynomial U as

Upxq “ Tanhp0q `

ż x

0

upsq ds

we obtain that |Upxq ´ Tanhpxq| “ |
şx

0
pupsq ´ Tanh1

psqq ds| ď δ|x| exppδx2q. Therefore, given
α ą 0 not too large, we have after a simple derivation that

Epupαξq ´ Tanh1
pαξqq2 ď δ2{

a

1 ´ δα2, and

EpUpαξq ´ Tanhpαξqq2 ď δα2{p1 ´ δα2q3{2.

By assumption, 0 ď α2 ď C2. Thus, by setting δ small enough, we can take pe “ U .

Given a polynomial f , we need to introduce the sequence pq̌lqlPN of Rn
`–valued vectors defined

recursively as

q̌0 “ 0, q̌l`1 “ tSEf
´

qX l
¯

, (17)

where qX l „ N p0,diagpq̌lqq.

Lemma 10. The iterations ql defined in the statement of Theorem 5 satisfy supl }ql}8 ď log 2.
Let e be a positive number such that

?
e ď p1 ´ log 2q{10. Let pe be a polynomial such that

pep0q “ Tanhp0q and

max
αPr0,1s

E ppepαξq ´ Tanhpαξqq
2

ď e,

which existence is guaranteed by Lemma 9. Consider the iterates q̌l provided by equations (17).
with f “ pe. Then, supl }q̌l}8 ď 1, and supl }q̌l ´ ql}8 ď 10

?
e.

Proof. Recall the expression of g in (1). The bound on }ql}8 follows from q0 “ 0, 0 ď gpqq ă 1
and |||tS||| ă log 2.

We now show that }q̌l}8 ď 1 and }q̌l ´ ql}8 ď 10
?
e by recurrence on l. This is trivial for

l “ 0 since q̌0 “ q0. Assume that this is true for l. Since x2 ´ y2 “ 2ypx´ yq ` px´ yq2, we have
for each a P r0, 1s that

|Epepaξq2 ´ ETanhpaξq2| ď 2E|pepaξq ´ Tanhpaξq| ` Eppepaξq ´ Tanhpaξqq2 ď 3
?
e.

Remembering that g is 1–Lipschitz (see the proof of Lemma 1), we obtain from what precedes
that

}q̌l`1 ´ ql`1}8 ď plog 2q}Epep qX lq2 ´ gpqlq}8 ď plog 2q

´

}q̌l ´ ql}8 ` }Epep qX lq2 ´ gpq̌lq}8

¯

ď 13plog 2q
?
e ď 10

?
e,

and furthermore, }q̌l`1}8 ď log 2 ` 10
?
e ď 1.
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We now turn to the approximation results alluded to above.

Lemma 11. It holds that EpTanhpyki q ´miq
2 ď C{Kn.

Proof. It is clear from the bound (12) that E
´

Tanhpy1
pi1,...,ik´1q,ik

q ´mpi1,...,ik´1q,ik

¯2

ď C{Kn.

Given l ě 2, assume that E
´

Tanhpyl
pi1,...,ik´lq,ik´l`1

q ´mpi1,...,ik´lq,ik´l`1

¯2

ď C{Kn. Since Tanh

is 1-Lipschitz, we have thanks to the independence along a path of indices property that

E
´

Tanhpyl`1
pi1,...,ik´l´1q,ik´l

q ´mpi1,...,ik´l´1q,ik´l

¯2

“ E
ˆ

Tanh

ˆ

”

W Tanhpylpi1,...,ik´lqq

ı

ik´l

˙

´ Tanh
´

“

Wmpi1,...,ik´lq

‰

ik´l

¯

´ el

˙2

where Ee2l ď C{Kn. Therefore,

E
´

Tanhpyl`1
pi1,...,ik´l´1q,ik´l

q ´mpi1,...,ik´l´1q,ik´l

¯2

ď 2E
ˆ

”

W Tanhpylpi1,...,ik´lqq

ı

ik´l

´
“

Wmpi1,...,ik´lq

‰

ik´l

˙2

` C{Kn

ď 2
ÿ

r

tsik´l,rE
´

Tanhpylpi1,...,ik´lq,rq ´mpi1,...,ik´lq,r

¯2

` C{Kn

ď C{Kn.

Lemma 12. It holds that Epx̃ki ´ yki q2 ď 4plog 2qk.

Proof. By recurrence. For different indices i1, . . . , ik, we have

Epx̃1pi1,...,ik´1q,ik
´ y1pi1,...,ik´1q,ik

q2 ď t
ÿ

r

sik,rEpTanhp0q ´mpi1,...,ikq,rq2 ď 4 log 2.

For l ě 1, assume that Epx̃l
pi1,...,ik´lq,ik´l`1

´ yl
pi1,...,ik´lq,ik´l`1

q2 ď 4plog 2ql. Then, by using the

independence along a path of indices property and doing the same calculation as above, we get
that Epx̃l`1

pi1,...,ik´l´1q,ik´l
´ yl`1

pi1,...,ik´l´1q,ik´l
q2 ď 4plog 2ql`1.

Proposition 13. For each b ą 0 and each l P rks, it holds that

sup
n

max
A

pnq

l

max
iPrns

E
ˇ

ˇ

ˇ

ˇ

x̌
pnq,l

pA
pnq

l q,i

ˇ

ˇ

ˇ

ˇ

b

ă 8. (18)

For a function φ P PL, an integer l P rks, a sequence of sets Spnq P rns with |Spnq| Ñ 8, a sequence

of |Spnq|–tuples pβ
pnq

i qiPSpnq such that |β
pnq

i | ď 1, a sequence of sets of the type A
pnq

l , and a number
b ą 0 which are all arbitrary, it holds that

E

ˇ

ˇ

ˇ

ˇ

ˇ

1

|Spnq|

ÿ

iPSpnq

β
pnq

i φpx̌
pnq,l

pA
pnq

l q,i
q ´ β

pnq

i Eφp qX
pnq,l
i q

ˇ

ˇ

ˇ

ˇ

ˇ

b

ÝÝÝÑ
nÑ8

0. (19)

Proof. In the expression (15) of x̌l
pAlq,ik´l`1

, we have set |Al| “ k´ l. We need to extend a bit this

expression to include a set of indices B Ă rns that might be larger than Al by writing for i R B:

x̌lpBq,i “
ÿ

rRB

Wirfpx̌l´1
pBYtiuq,rq,
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which provides consistent iterations one we set x̌0
p¨q,¨ “ 0. We also write

pς lpBq,iq
2 “ t

ÿ

rRB

sirfpx̌l´1
pBYtiuq,rq2.

We notice that pς l
pBq,iq

2 is the conditional variance of x̌l
pBq,i given F´i, a fact that we shall use

repeatidly in the proof.
The moment bound (18) can be proven by recurrence on l. For l “ 1, consider a set A1

and an index i R A1. Since x̌1
pA1q,i “ fp0q

ř

rRA1
Wir, it is clear that the bound (18) holds

true for l “ 1. Assuming (18) is true for l, let i P Al and Al`1 “ Alztiu. We have here
x̌l`1

pAl`1q,i “
ř

rRAl`1
Wirfpx̌l

pAlq,rq, and thus,

E
ˇ

ˇ

ˇ
x̌l`1

pAl`1q,i

ˇ

ˇ

ˇ

b

“ EE
„

ˇ

ˇ

ˇ
x̌l`1

pAl`1q,i

ˇ

ˇ

ˇ

b

| F´i

ȷ

“ Epς l`1
pAl`1q,iq

bE|ξ|b

which is bounded by the recurrence assumption.
We now prove by recurrence on l the convergence (19) as well as

Epx̌lpAlq,r ´ x̌lpAlYtiuq,rq2 Ñ 0 (20)

for all sequences pA
pnq

l q, pinq with in R A
pnq

l , and prnq with rn R A
pnq

l Y tinu.
We first notice that at the left hand side of (19), the terms for which i P Al have a negligible

contribution. Thus, in all the remainder of the proof, we can assume without generality loss that
S XAl “ H for each l P rks.

Let us start our recurrence with l “ 1. As above, consider a set A1 and an index i R A1. We
have

Eφpx̌1pA1q,iq “ Eφ

˜

fp0q
ÿ

rRA1

Wir

¸

“ Eφ
´

ς1pA1q,iξ
¯

.

We also have |φpxq ´ φpyq| ď C|x ´ y|p1 ` |x|a ` |y|aq for some C, a ą 0. Recalling that
qX l “ r qX l

is „ N p0,diagpq̌lqq, we can write that qX1
i “

a

q̌1i ξ. Note also that q̌1i “ tfp0q2
ř

r sir and
that pς1

pA1q,iq
2 “ tfp0q2

ř

rRAl
sir with |A1| “ k ´ 1. With this, we have

ˇ

ˇ

ˇ
Eφpx̌1pA1q,iq ´ Eφp qX1

i q

ˇ

ˇ

ˇ
ď C|ς1pA1q,i ´

b

q̌1i |E|ξ|p1 ` pς1pA1q,iq
a|ξ|a ` pq̌1i qa{2|ξ|aq

which converges to zero for each sequence of sets pA
pnq

1 q and sequence of indices pinq. We now
show that

1

|S|2
E

˜

ÿ

iPS
βiφpx̌1pA1q,iq ´ βiEφp qX1

i q

¸2

Ñ 0. (21)

By developing the square, we obtain a sum
ř

i,jPS ¨ ¨ ¨ . The diagonal i “ j is easily shown to be
Op1{|S|q. Let us show that for i ‰ j, it holds that

E
´

φpx̌1pA1q,iq ´ Eφp qX1
i q

¯´

φpx̌1pA1q,jq ´ Eφp qX1
j q

¯

Ñ 0. (22)

Since we showed that Eφpx̌1
pA1q,iq ´ Eφp qX1

i q Ñ 0, it remains to show that Eφpx̌1
pA1q,iqφpx̌1

pA1q,jq ´

Eφp qX1
i qEφp qX1

j q Ñ 0 to obtain (22). We first have

Epx̌1pA1q,i ´ x̌1pA1Ytjuq,iq
2 “ fp0q2EW 2

ij ď C{Kn
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which establishes in passing (20) for l “ 1. Also, by using the pseudo-Lipschitz property of φ, we
have (details for obtaining the terms onp1q below omitted):

Eφpx̌1pA1q,iqφpx̌1pA1q,jq “ Eφpx̌1pA1Ytjuq,iqφpx̌1pA1Ytiuq,jq ` onp1q

“ Eφ

¨

˝fp0q
ÿ

rRA1Ytju

Wir

˛

‚φ

¨

˝fp0q
ÿ

rRA1Ytiu

Wjr

˛

‚` onp1q

“ Eφpς1pA1Ytjuq,iξqEφpς1pA1Ytiuq,jξq ` onp1q

“ Eφp qX1
i qEφp qX1

j q ` onp1q,

hence (22). By the moment bound (18) and dominated convergence, the convergence (21) holds
true.

Given any moment b ą 2, we also have

sup
1

|S|

¨

˝E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPS
βiφpx̌1pA1q,iq ´ βiEφp qX1

i q

ˇ

ˇ

ˇ

ˇ

ˇ

b
˛

‚

1{b

ď sup
1

|S|

ÿ

iPS

ˆ

E
ˇ

ˇ

ˇ
φpx̌1pA1q,iq ´ Eφp qX1

i q

ˇ

ˇ

ˇ

b
˙1{b

ă 8

thanks to (18), where the sup is taken on Spnq, pβ
pnq

i qiPSpnq , and A
pnq

1 . The convergence (19)
follows for l “ 1.

Assume the recurrence assumption is true for l. Letting i P Al and Al`1 “ Alztiu, we have

Eφpx̌l`1
pAl`1q,iq “ EE

«

φ

˜

ÿ

rRAl

Wirfpx̌lpAlq,rq

¸

| Fi

ff

“ Eφpς l`1
pAl`1q,iξq

Recalling that q̌l`1
i “ t

ř

r sirEfp qX l
rq2, we have by using the recurrence assumption and the fact

that |Al| “ k ´ l is fixed that

E
´

pς l`1
pAl`1q,iq

2 ´ q̌l`1
i

¯2

Ñ 0.

Writing qX l`1
i “

b

q̌l`1
i ξ, we have

|Eφpς l`1
pAl`1q,iξq ´ Eφp qX l`1

i q| ď CE|pς l`1
pAl`1q,i ´

b

q̌l`1
i |q|ξ|p1 ` pς l`1

pAl`1q,iq
a|ξ|a ` pq̌l`1

i qa{2|ξ|aq,

we then have that
Eφpx̌l`1

pAl`1q,iq ´ Eφp qX l`1
i q Ñ 0,

by Cauchy-Schwarz and the bound (18).
We now show that

1

|S|2
E

˜

ÿ

iPS
βiφpx̌l`1

pAl`1q,iq ´ βiEφp qX l`1
i q

¸2

Ñ 0. (23)

As for the case l “ 1, this will be true if we prove that Eφpx̌l`1
pAl`1q,iqφpx̌l`1

pAl`1q,jq´Eφp qX l`1
i qEφp qX l`1

j q Ñ

0 for i ‰ j. We write

x̌l`1
pAl`1q,i ´ x̌l`1

pAl`1Ytjuq,i “
ÿ

rRAl`1Ytju

Wir

´

fpx̌lpAlq,rq ´ fpx̌lpAlYtjuq,rq

¯

`Wijfpx̌lpAlq,jq

“ χ1 ` χ2.

We obviously have Eχ2
2 Ñ 0. Moreover, since the random vectors rWirsr and rx̌l

pAlq,r, x̌
l
pAlYtjuq,rsr

in the expression above are independent, we have

Eχ2
1 “ EE

“

χ2
1 | F´i

‰

“
ÿ

rRAl`1Ytju

tsirE
´

fpx̌lpAlq,rq ´ fpx̌lpAlYtjuq,rq

¯2
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which converges to zero by using the recurrence assumption (20), the bound (18), and the pseudo-
Lipschitz property of f as a polynomial. We thus obtain that

E
´

x̌l`1
pAl`1q,i ´ x̌l`1

pAl`1Ytjuq,i

¯2

Ñ 0,

and the convergence (20) is true for l ` 1. Using the pseudo-Lipschitz property of φ, this last
result, and the bound (18), we also have

Eφpx̌l`1
pAl`1q,iqφpx̌l`1

pAl`1q,jq “ Eφpx̌l`1
pAl`1Ytjuq,iqφpx̌l`1

pAl`1Ytiuq,jq ` onp1q

“ Eφpς l`1
pAl`1Ytjuq,iξ1qφpς l`1

pAl`1Ytiuq,jξ2q ` onp1q,

where rξ1, ξ2sJ „ N p0, I2q is a vector independent of everything else. The remainder of the proof is
similar to the case l “ 1 with the difference that now we need the recurrence assumption to obtain

that Epς l`1
pAl`1Ytjuq,i ´

b

q̌l`1
i q2 Ñ 0. This leads to (23), and this convergence can be upgraded to

any moment thanks to (18). The proof of Proposition 13 is complete.

Lemma 14. For each ε ą 0, there is a polynomial fε such that the iterates (15) with f “ fε
satisfy

lim sup
n

max
iPrns

Epx̌ki ´ x̃ki q2 ď ε.

This polynomial can be chosen in such a way that fεp0q “ Tanhp0q, and

max
αPr0,

?
2s

E pfεpαξq ´ Tanhpαξqq
2

ď e

for some e ą 0 that depends only on ε.

Proof. Given a small e ą 0, Lemma 9 shows that there exists a polynomial pe such that pep0q “

Tanhp0q, and

max
αPr0,

?
2s

E ppepαξq ´ Tanhpαξqq
2

ď e.

Unfolding the iterations (15) with f “ pe, we shall show by recurrence on l that for each l P rks,

lim sup
n

max
Al,i

Epx̌lpAlq,i ´ x̃lpAlq,iq
2 ď Ce, and

lim sup
n

max
Al,i

E
´

pepx̌lpAlq,iq ´ Tanhpx̃lpAlq,iq

¯2

ď Ce,

where C ą 0 is a constant that can change from an iteration to another. Setting e “ ε{C at the
kth iteration, we obtain our result with fε “ pe.

The following results are needed before starting our recurrence. For any polynomial f , we have
from the expressions (14) and (15) that for each Al`1 and each i R Al`1 that

L

˜«

x̌l`1
pAl`1q,i

x̃l`1
pAl`1q,i

ff

| Fi

¸

“ N
´

0, Rl`1
pAl`1q,i

¯

with Rl`1
pAl`1q,i “

«

rRl`1
pAl`1q,is11 rRl`1

pAl`1q,is12

rRl`1
pAl`1q,is21 rRl`1

pAl`1q,is22

ff

satisfying

rRl`1
pAl`1q,is11 “ t

ÿ

rRAl

sirfpx̌lpAlq,rq2, rRl`1
pAl`1q,is22 “ t

ÿ

rRAl

sir Tanhpx̃lpAlq,rq2, and

rRl`1
pAl`1q,is12 “ t

ÿ

rRAl

sirfpx̌lpAlq,rqTanhpx̃lpAlq,rq

with Al “ Al`1 Y tiu. By consequence,

L
´

x̌l`1
pAl`1q,i ´ x̃l`1

pAl`1q,i | Fi

¯

“ N

˜

0, t
ÿ

rRAl

sir

´

fpx̌lpAlq,rq ´ Tanhpx̃lpAlq,rq

¯2
¸

.
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We now tackle our recurrence. For l “ 1, considering a set A1 and an index i R A1, we have
x̌1

pA1q,i “ x̃1
pA1q,i „ N p0, rR1

pA1q,isabq with

@a, b P t1, 2u, rR1
pA1q,isab “ tTanhp0q2

ÿ

rRA1

sir ď 1

by Lemma 10. By the construction of pe, we therefore have that

E
´

pepx̌1pA1q,iq ´ Tanhpx̃1pA1q,iq

¯2

ď e,

and the recurrence assumption is true for l “ 1. Assume it is for l ą 1. Let i P Al and
Al`1 “ Alztiu. Then we have

Epx̌l`1
pAl`1q,i ´ x̃l`1

pAl`1q,iq
2 “ EE

”

px̌l`1
pAl`1q,i ´ x̃l`1

pAl`1q,iq
2 | F´i

ı

“ t
ÿ

rRAl`1

sirE
´

pepx̌lpAlq,rq ´ Tanhpx̃lpAlq,rq

¯2

which is bounded by Ce by the recurrence assumption. Since Tanh is Lipschitz, we can furthermore
write

E
´

pepx̌l`1
pAl`1q,iq ´ Tanhpx̃l`1

pAl`1q,iq

¯2

ď 2E
´

pepx̌l`1
pAl`1q,iq ´ Tanhpx̌l`1

pAl`1q,iq

¯2

` 2Epx̌l`1
pAl`1q,i ´ x̃l`1

pAl`1q,iq
2,

and we need to control the first term at the right hand side. Using the bound (18), we can write

E
´

pepx̌l`1
pAl`1q,iq ´ Tanhpx̌l`1

pAl`1q,iq

¯2

ď EE
„

´

pepx̌l`1
pAl`1q,iq ´ Tanhpx̌l`1

pAl`1q,iq

¯2

| F´i

ȷ

1
rRl`1

pAl`1q,i
s11ď2 ` CP

”

rRl`1
pAl`1q,is11 ą 2

ı1{2

.

The first term at the right hand side is bounded by e by the construction of pe. Regarding the
second term, invoking the previous proposition with S “ tr P rns : sir ą 0, r R Alu, and using
that |Al| is fixed, we obtain that

max
Al`1,i

E
´

rRl`1
pAl`1q,is11 ´ q̌l`1

i

¯2

ÝÝÝÑ
nÑ8

0.

Since q̌l`1
i ď 1, we obtain that maxAl`1,i P

”

rRl`1
pAl`1q,is11 ą 2

ı

Ñ 0, and the recurrence assumption

is verified for l ` 1.

We now manage the iterates x̌l, žl and zl which are all built around a polynomial activation
function. Due to this polynomial nature, we can express these terms with the help of a tree
formalism. The tree structure below is a simplification of the structure of [8].

Let T “ pV pT q, EpT qq be a rooted tree with the vertex set V pT q and edge set EpT q. The root
of this tree is denoted ˝, and the distance of a vertex u to ˝ is |u|. The root has one child (thus,
this is a planted tree), and every vertex other than ˝ can have up to d children. We denote as
πpuq the parent of the vertex u, where the vertices are oriented towards the root. Thus, u Ñ v
is equivalent to v “ πpuq. Every vertex v has a label ℓpvq P rns. The number of children of v is
denoted cpvq. We denote as LpT q the set of leaves of T . If a leaf v P LpT q has a maximal depth
in the tree, we attribute to this leaf a number cpvq P t0, . . . du as if this vertex was the parent of
cpvq children which were pruned from the tree. If the depth of this leaf v P LpT q is not maximal,

then we keep the natural value cpvq “ 0. We also use the following notations: T k
is the set of

such labelled trees, with depth k at most. qT k Ă T k
is the subset that satisfies the following
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condition: there is no path v1 “ ˝ Ð v2 Ð ¨ ¨ ¨ Ð vi in which there exists two identical labels

ℓp¨q. Furthermore, T k Ă T k
is the subset that satisfies the following non-backtracking condition:

if v1 “ ˝ Ð v2 Ð ¨ ¨ ¨ Ð vi, then the corresponding sequence of labels ℓp¨q non-backtracking. This
means that for each j P ri ´ 2s, the three labels ℓpvjq, ℓpvj`1q and ℓpvj`2q are distinct. T k

i Ă T k

is the subset of trees in T k for which the label ℓp˝q of the root is i, and of course, the label of the

child v of the root satisfies ℓpvq ‰ i. We apply a similar definition for qT k
i . Notice that qT k

i Ă T k
i .

Such a tree will be called a non-backtracking tree (NBT).
Given a tree T , write

W pT q “
ź

puÑvqPEpT q

Wℓpuqℓpvq, ΓpT q “
ź

puÑvqPEpT q

αcpuq, and x̌pT q “
ź

vPLpT q

px̌0ℓpvqqcpvq,

where we recall that the αℓ’s are the coefficients of the polynomial f .
With this formalism, similarly to [8, Lemma 1], we have

žki “
ÿ

TPT k
i

W pT qΓpT qx̌pT q and x̌ki “
ÿ

TP qT k
i

W pT qΓpT qx̌pT q.

Given an integer b ą 0 and b trees T1, . . . , Tb P T k

i , define the graph G “ GpT1, . . . , Tbq as being
the rooted, undirected, and labelled graph obtained by merging the nodes of these trees that have
the same label ℓp¨q. This common label will be the label of the resulting node in G. Of course, the
root node ˝ of G will have the label ℓp˝q “ i. The other nodes are numbered, say, in the increasing
order of their labels. The edges of G are furthermore unweighted.

For a tree T labelled as above and for j, l P rns, define

ϕpT qjl “ |tpu Ñ vq P EpT q, tℓpuq, ℓpvqu “ tj, luu| .

Finally, recalling Assumption 3, we define the set K as

K “ tti, ju Ă rns, sij ą 0u ,

and the section Ki for i P rns as
Ki “ tj P rns, sij ą 0u .

The following lemma is proven in Appendix A.4.

Lemma 15. Let b, r ě 2 be two integers. Let A Ă pT k
i qbb be such that each b–tuple pT1, . . . , Tbq P

A satisfies the two following conditions:

• |V pGpT1, . . . , Tbqq| ď r.

• When
řb

k“1 ϕpTkqjl ą 0, it holds that tj, lu P K.

Then,
|A| ď CKr´1

n .

Proposition 16. For each even integer b ě 2, it holds that E
`

x̌ki ´ žki
˘b

ď C{Kn and E
`

žki ´ zki
˘b

ď

C{Kn .

Combining the results of this proposition with the bound (18), we obtain that

@b ą 0, sup
n

max
iPrns

E
ˇ

ˇzli
ˇ

ˇ

b
ă 8 (24)

for each b ą 0, a bound that will be useful later.
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Proof. We know that for each T1, . . . , Tb P T k
i zqT k

i , it holds that
ř

jăl ϕpT1qjl ` ¨ ¨ ¨ ` ϕpTbqjl ď Cb

with Cb “ bp1 ` d` ¨ ¨ ¨ ` dk´1q. For r P rCbs, define the set Ciprq as

Ciprq “

!

pT1, . . . , Tbq : T1, . . . , Tb P T k
i zqT k

i ,

@j ă l, ϕpT1qjl ` ¨ ¨ ¨ ` ϕpTbqjl ‰ 1,

@j ă l, ϕpT1qjl ` ¨ ¨ ¨ ` ϕpTbqjl ą 0 ñ tj, lu P K,
ÿ

jăl

ϕpT1qjl ` ¨ ¨ ¨ ` ϕpTbqjl “ r
)

.

With this definition, we have

Epžki ´ x̌ki qb “ E
ÿ

T1,...,TbPT k
i z qT k

i

ΓpT1q . . .ΓpTbqxpT1q . . . xpTbqW pT1q . . .W pTbq

“ E
Cb
ÿ

r“2

ÿ

pT1,...,TbqPCiprq

ΓpT1q . . .ΓpTbqxpT1q . . . xpTbqW pT1q . . .W pTbq

ď C
Cb
ÿ

r“2

ÿ

pT1,...,TbqPCiprq

|EW pT1q . . .W pTbq| .

Fix r and assume that Ciprq ‰ H. For each pT1, . . . , Tbq P Ciprq, we have

|EW pT1q . . .W pTbq| “
ź

jăl

ˇ

ˇ

ˇ
EWϕpT1qjl`¨¨¨`ϕpTbqjl

jl

ˇ

ˇ

ˇ
ď CK´r{2

n .

We need to show that |Ciprq| ď CK
r{2´1
n to obtain the first bound in the statement. Given

T1, . . . , Tb P Ciprq, the graph G “ GpT1, . . . , Tbq satisfies

|EpGq| “
ÿ

jăl

1ϕpT1qjl`¨¨¨`ϕpTbqjlě2,

which shows that |EpGq| ď r{2. For any connected graph G1, it is well-known that |V pG1q| ď

|EpG1q| ` 1 with equality if and only if G1 is a tree. The crucial observation here is that since
T1, . . . , Tb P Ciprq, the graph G is not a tree because there is at least one label that is repeated
in some path belonging to T1 (and similarly to T2, ..., Tb). Therefore |V pGq| ď r{2. It remains to
apply Lemma 15 to obtain the first bound.

We now turn to the second bound. In a directed and labelled graph,

• A backtracking path of length 3 is a path a Ñ b Ñ c Ñ d such that ℓpaq “ ℓpcq and
ℓpbq “ ℓpdq.

• A backtracking star is a structure a, b Ñ c Ñ d where ℓpaq “ ℓpbq “ ℓpdq.

In [8, Lemma 3], it is shown that

zki “ žki `
ÿ

TPBk
i

W pT qrΓpT qžpT q

where rΓpT q is bounded and where Bk
i is a certain subset of T k

i such that each T P Bk
i contains at

least one backtracking path of length 3 or a backtracking star.
With this at hand, we have

Epzki ´ žki qb ď C
ÿ

T1,...,TbPBk
i

|EW pT1q . . .W pTbq| .

19



Given an integer r P rCbs, we define the set Diprq similarly to Ciprq above except for the

fact that T1, . . . , Tb P Bk
i instead of T k

i zqT k
i . Fixing r such that Diprq ‰ H, we have that

|EW pT1q . . .W pTbq| ď CK
´r{2
n when pT1, . . . , Tbq P Diprq. Furthermore, for G “ GpT1, . . . , Tbq,

we recall that |EpGq| “
ř

jăl 1ϕpT1qjl`¨¨¨`ϕpTbqjlě2. Due to the presence of a backtracking path of
length 3 or a backtracking star in each of the the trees T1, . . . , Tb, we observe that

2|EpGq| ` 2 ď
ÿ

jăl

ϕpT1qjl ` ¨ ¨ ¨ ` ϕpTbqjl “ r.

Since G is connected, |V pGq| ď |EpGq| ` 1 ď r{2. It remains to apply Lemma 15 again.

Our last approximation result relates the iterates zk with the xk:

Lemma 17. Let CW ą 0 be a constant, and define the probability event E “ r}W } ď CW s. For
each ε ą 0, there is a polynomial fε such that the iterates zl obtained with f “ fε satisfy

lim sup
n

E
”

›

›zk ´ xk
›

›

2

n
1E

ı

ď ε.

This polynomial can be chosen in such a way that fεp0q “ Tanhp0q and

max
αPr0,

?
2s

E pfεpαξq ´ Tanhpαξqq
2

ď c and max
αPr0,

?
2s

E
`

f 1
εpαξq ´ Tanh1

pαξq
˘2

ď c.

for some c ą 0 that depends on ε only.

The proof is close to [18, end of the proof of Theorem 2].

Proof. Given a small c ą 0, Lemma 9 shows that there exists a polynomial pc such that pcp0q “

Tanhp0q,

max
αPr0,

?
2s

E ppcpαξq ´ Tanhpαξqq
2

ď c, and max
αPr0,

?
2s

E
`

p1
cpαξq ´ Tanh1

pαξq
˘2

ď c.

In the proof, δpcq will denote a generic function defined near zero in R` such that δpcq Ñ 0 when
c Ñ 0. Constructing the zl’s with f “ pc, we shall show by recurrence on l that for each l P rks,

lim sup
n

E
›

›zl ´ xl
›

›

2

n
1E ď δpcq and lim sup

n
E
›

›pcpzlq ´ Tanhpxlq
›

›

2

n
1E ď δpcq,

where the function δ can change from an iteration to another. At Iteration k, it will be enough to
choose c such that δpcq ď ε and to set fε “ pc to obtain the result of the lemma.

Starting with l “ 1, we have z1 “ x1 “ Wfp0q “ W Tanhp0q. Similarly to the beginning of

the proof of Lemma 14, we also have E
›

›pcpz1q ´ Tanhpx1q
›

›

2

n
ď c.

Assume now that the recurrence assumption is true for l. Recall the expressions (16) and (4)
of the zl’s and the xl’s respectively. Our first task is to show that

lim sup
n

E
›

›diagppW dW qp1
cpzlqqpcpzl´1q ´ diagptSETanh1

pX lqqTanhpxl´1q
›

›

2

n
1E ď δpcq. (25)

By making use of the bound (24) along with Cauchy-Schwarz, we get

E
›

›diagppW dW ´ tSqp1
cpzlqqpcpzl´1q

›

›

2

n
“

1

n

ÿ

i

E
“

pW dW ´ tSqp1
cpzlq

‰2

i
pcpzl´1

i q2

ď
C

n

ÿ

i

´

E
“

pW dW ´ tSqp1
cpzlq

‰4

i

¯1{2

20



which converges to zero by [18, Lemma 21]. We now write
›

›diagptSp1
cpzlqqpcpzl´1q ´ diagptSETanh1

pX lqqTanhpxl´1q
›

›

n

ď

›

›

›
diagptSpp1

cpzlq ´ Ep1
cp qX lqqpcpzl´1q

›

›

›

n
`

›

›

›
diagptSEp1

cp qX lqqppcpzl´1q ´ Tanhpxl´1q

›

›

›

n

`

›

›

›
diagptSpEp1

cp qX lq ´ ETanh1
pX lqqTanhpxl´1q

›

›

›

n
.

By Cauchy-Schwarz and the bound (24), we have

E
›

›

›
diagptSpp1

cpzlq ´ Ep1
cp qX lqqpcpzl´1q

›

›

›

2

n
ď
C

n

ÿ

i

¨

˝E

˜

ÿ

r

sir

´

p1
cpzlrq ´ Ep1

cp qX l
rq

¯

¸4
˛

‚

1{2

which converges to zero by Propositions 13 and 16.
We also have that

|Ep1
cp qX lq| ď |Ep1

cp qX lq ´ ETanh1
p qXlq| ` |ETanh1

p qXlq| ď 1 `
?
c,

therefore, }diagptSEp1
cp qX lqq} is bounded, and thus,

E
›

›

›
diagptSEp1

cp qX lqqppcpzl´1q ´ Tanhpxl´1qq

›

›

›

2

n
1E ď CE

›

›pcpzl´1q ´ Tanhpxl´1q
›

›

2

n
1E

which lim sup is bounded by δpcq by the recurrence assumption.
We finally have that

|Ep1
cp qX l

iq ´ ETanh1
pX l

iq| ď |Ep1
cp qX l

iq ´ ETanh1
p qX l

iq| ` |ETanh1
p qX l

iq ´ ETanh1
pX l

iq| ď δpcq

by the construction of p1
c and by Lemma 10 that shows that }q̌l ´ ql}8 is small. With this, we

obtain that

E
›

›

›
diagptSpEp1

cp qX lq ´ ETanh1
pX lqqTanhpxl´1q

›

›

›

2

n
ď δpcq,

and (25) follows.
With this, we have

}zl`1 ´ xl`1}n1E ď CW }zl ´ xl}n1E

`
›

›diagppW dW qp1
cpzlqqpcpzl´1q ´ diagptSETanh1

pX lqqTanhpxl´1q
›

›

n
1E

and we get from the recurrence assumption and from (25) that E}zl`1 ´ xl`1}2n1E ď δpcq. Also,
writing

}pcpzl`1q ´ Tanhpxl`1q}n1E ď }pcpzl`1q ´ Tanhpzl`1q}n ` }zl`1 ´ xl`1}n1E

ď }pcpzl`1q ´ Epcp qX l`1q}n ` }Tanhpzl`1q ´ ETanhp qX l`1q}n

` }Epcp qX l`1q ´ ETanhp qX l`1q}n ` }zl`1 ´ xl`1}n1E ,

we see that lim supn E}pcpzl`1q´Epcp qX l`1q}2n1E ď δpcq, and the recurrence assumption is verified
for l ` 1.

2.3.1 Theorem 5: end of proof

Given ε ą 0, we know that we can choose c ą 0 small enough in the statement of Lemma 17
so that the conclusions of this lemma are satisfied. If we make c smaller if necessary, then the
conclusion of Lemma 14 will be true for this same polynomial fε. In this situation, combining
Lemma 17, Proposition 16 with b “ 2, and Lemma 14, we obtain that

lim sup
n

E
›

›x̃k ´ xk
›

›

2

n
1E ď 2ε,
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which implies that

lim sup
n

E
›

›Tanhpx̃kq ´ Tanhpxkq
›

›

2

n
1E ď 2ε.

Using Lemmas 12 and 11, we obtain that

lim sup
n

E
›

›m´ Tanhpxkq
›

›

2

n
1E ď 2ε` 4plog 2qk.

Denoting as }M}8 the max norm of the matrix M , we know from [4, Th. 1.1] that

E}W pnq} ď T pnq,

where

T pnq “ p1 ` δq

˜

2
∣∣∣∣∣∣∣∣∣Spnq

∣∣∣∣∣∣∣∣∣1{2

`
6

a

logp1 ` δq
p}Spnq}8 log nq1{2

¸

for an arbitrary δ ą 0. Furthermore, by Gaussian concentration,

P
”

}W pnq} ě T pnq ` t
ı

ď expp´t2{p2}Spnq}8q2q,

for δ P p0, 1{2s, as given by [4, Cor. 3.9]. By consequence, since Kn ě log n, it holds that there
exists CW ą 0 for which 1E Ñn 1 almost surely. This implies that

lim sup
n

E
›

›m´ Tanhpxkq
›

›

2

n
ď 2ε` 4plog 2qk,

thus, lim supk lim supn E
›

›m´ Tanhpxkq
›

›

2

n
ď 2ε. Since ε is arbitrary, Theorem 5 holds true.

We close the paper with some remarks.

Remark 1. The proof for the bound (12) requires the Gaussian assumption on the entries of
the matrix W . This assumption is not essential for the rest of the proof which is based on the
approach of [8, 18]. If we manage to generalize the bound (12) to the non-necessarily Gaussian
case, the proof above will continue to work after some easy adaptations.

Remark 2. The condition Kn ě log n is an artifact of our proof due to the fact that we needed
to bound the spectral norm }W } in order to approximate our AMP algorithm with a polynomial
activation function with the AMP algorithm with the Tanh activation function. Another possible
proof technique would be to pass from the iterates x̃l to the iterates xl without the need of
introducing the polynomial intermediates. This is left for future research.
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A Appendices

A.1 Proof of Lemma 1

By a derivative calculation and the use of the Gaussian integration by parts formula (see, e.g.
the proof of [25, Proposition 1.3.8]), we can show that g is 1–Lipschitz. By Assumptions 1 and 2,
it holds that supn

∣∣∣∣∣∣tSpnq
∣∣∣∣∣∣ ă 1. Thus, for each n ą 0, the function q P Rn

` ÞÑ tSpnqgpqq is a
contraction for the } ¨ }8 norm on Rn

`, and the result follows by Banach’s fixed point theorem.

Since 0 ď gpqq ă 1, we also have }qpnq}8 ď
∣∣∣∣∣∣tSpnq

∣∣∣∣∣∣ }gpqpnqq}8 ă log 2 by Assumption 2.
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A.2 Proof of Corollary 4

We take out the superscripts pnq. Recall that S “ rψp|i´ j|qs. For n large enough, let Scirc be the
circulant deformation of S given as the nˆ n circulant symmetric matrix which first row is

“

ψp0q ¨ ¨ ¨ ψpKnq 0 ¨ ¨ ¨ 0 ψpKnq ¨ ¨ ¨ ψp1q
‰

.

Given a nˆn matrix X taken from the Gaussian Orthogonal Ensemble, letW “ ptSqd1{2dX, and
ĂW “ rĂWijs “ ptScircqd1{2 d X where rAijsd1{2 “ rA

1{2
ij s. Recall that Hpσq “ σJWσ{2 ` h pσ ¨ 1q

with the free energy Fn. Define the Hamiltonian rHpσq “ σJ
ĂWσ{2 ` h pσ ¨ 1q, and let rFn be the

associated free energy. Knowing from Corollary 3 that the convergence (3) holds true for rFn, all

we need to prove is that Fn ´ rFn Ñ 0. We can write rHpσq “ Hpσq `Epσq where Epσq is given as

Epσq “

Kn
ÿ

i“1

n
ÿ

j“n´Kn`i

σiσjĂWij .

Note that Epσq and Hpσq are independent and that the ĂWij ’s in the expression of Epσq above sat-

isfy EĂW 2
ij “ tψp|i´j`n|q. By Jensen’s inequality, E logp

ř

eHpσq`Epσq{
ř

eHpσqq “ E log
@

eEpσq
D

ě

E xEpσqy “ 0, thus, rFn ě Fn. We also have that

EEpσq2 “ t
Kn
ÿ

i“1

n
ÿ

j“n´Kn`i

ψp|i´ j ` n|q ď tKn.

Jensen’s inequality applied to the expectation with respect to the law of Epσq leads to

rFn ď
1

n
E log

ÿ

σ

eHpσq`EEpσq
2

{2 ď
tKn

2n
` Fn,

and the corollary is established.

A.3 Proof of Lemma 6

Using Identity (6), it is enough to bound Epδim
ris
j q2. In the derivations below, we use Itô’s lemma

to obtain the equality. To obtain the first inequality, we extract the terms k “ j from the two

sums at the right hand side of the equality, we observe that m
ris
jj P r0, 1s, and we use the inequality

ab ď pa2 ` b2q{2. We obtain

Epδim
ris
j q2

“ ´2
ÿ

k‰i

sik

ż tu

0

Eδimris
j pvqδi

´

m
ris
k m

ris
kj

¯

pvqdv `
ÿ

k‰i

sik

ż tu

0

Epεim
ris
kjpvqq2dv

ď 3sijt`
ÿ

k‰i,j

sik

ż t

0

´

Epεim
ris
kjpvqq2 ` Epδi

´

m
ris
k m

ris
kj

¯

pvqq2
¯

dv `

˜

ÿ

k‰i,j

sik

¸

ż t

0

Epδim
ris
j pvqq2dv

ď 3sijt` Crow max
k‰i,j

ż t

0

´

Epεim
ris
kjpvqq2 ` Epδi

´

m
ris
k m

ris
kj

¯

pvqq2
¯

dv ` Crow

ż t

0

Epδim
ris
j pvqq2dv

ď 3sijt` Crow max
k‰i,j
σi“˘1

ż t

0

Ep1 `m
ris
k pvq2qm

ris
kjpvq2dv ` Crow

ż t

0

Epδim
ris
j pvqq2dv.

In the last inequality, we used that

ˆ

xp1q ` xp´1q

2

˙2

`

ˆ

yp1qxp1q ´ yp´1qxp´1q

2

˙2

ď
xp1q2 ` xp´1q2 ` yp1q2xp1q2 ` yp´1q2xp´1q2

2

ď max
i“˘1

xpiq2p1 ` ypiq2q.
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We now use that m
ris
kj “ p1 ´ pm

ris
k q2qδkm

ri,ks

j to obtain that

Epδim
ris
j q2 ď 3sijt` Crow max

k‰i,j
σi“˘1

ż t

0

Epδkm
ri,ks

j pvqq2dv ` Crow

ż t

0

Epδim
ris
j pvqq2dv

Using Gronwäll’s inequality which states that if φptq ď αptq ` C
şt

0
φpvqdv, then φptq ď αptq `

C
şt

0
αpvq exppCpt´ vqqdv, we obtain by making an Integration by Parts that

Epδim
ris
j q2 ď 6sijt` Crow max

k1‰i,j
σi“˘1

ż t

0

eCrowpt´v1qEpδk1
m

ri,k1s

j pv1qq2dv1.

We now similarly consider δk1
m

ri,k1s

j pv1q, and focus on the dependence of this random variable on

pWk1k2
ptqqk2‰i,k1

. Applying the same argument as above to Epδk1
m

ri,k1s

j pv1qq2, we obtain

Epδk1
m

ri,k1s

j pv1qq2 ď 6sk1jt` Crow max
k2‰i,j,k1
σk1

“˘1

ż t

0

eCrowpt´v2qEpδk2
m

ri,k1,k2s

j pv1, v2qq2dv2,

and thus,

Epδim
ris
j q2 ď

6Cs

Kn
t
`

1 ` peCrowt ´ 1q
˘

` C2
row max

k1‰i,j
σi“˘1

max
k2‰i,j,k1
σk1

“˘1

ż t

0

ż t

0

eCrowp2t´v1´v2qEpδk2
m

ri,k1,k2s

j pv1, v2qq2dv1dv2.

Iterating, we end up with

Epδim
ris
j q2 ď

6Cs

Kn
t
`

1 ` peCrowt ´ 1q ` ¨ ¨ ¨ ` peCrowt ´ 1qn´3
˘

` Cn´2
row max

k1‰i,j
σi“˘1

. . . max
kn´2‰i,j,k1,...,kn´3

σkn´2
“˘1

ż t

0

¨ ¨ ¨

ż t

0

eCrow
řn´2

ℓ“1 pt´vℓqˆ

Epδkn´2
m

ri,k1,...,kn´2s

j pv1, v2, . . . , vn´2qq2dv1 . . . dvn´2,

which leads to the result.

A.4 Proof of Lemma 15

Let us denote as Gi the set of rooted, undirected, labelled and connected graphs such that ℓp˝q “ i,
|V pGq| ď r, and the property

tu, vu P EpGq ñ ℓpuq P Kℓpvq.

We denote as R the set of all the elements of Gi but without the labels. Given a graph G P Gi, let
us denote as Ḡ “ UpGq P R the unlabelled version of G. With these notations, we have

|A| “
ÿ

ḠPR

ÿ

GPGi :
UpGq“Ḡ

|tpT1, . . . , Tbq P A : GpT1, . . . , Tbq “ Gu| . (26)

The summand in this expression is bounded by a constant independent of G. We need to show
that

ˇ

ˇ

␣

G P Gi : UpGq “ Ḡ
(
ˇ

ˇ ď CKr´1
n . (27)
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Given Ḡ P R, denote as ˝ the root node of Ḡ, writeM “ |V pḠq|´1, and write V pḠqzt0u “ rM s.
Recalling that Ḡ is connected, let us consider a spanning tree of this graph rooted in ˝. Denote
as πpvq the parent of the node v in this tree. Writing j˝ “ i, we obtain that

ˇ

ˇ

␣

G P Gi : UpGq “ Ḡ
(
ˇ

ˇ ď
ˇ

ˇ

␣

pj1, . . . , jM q P rnsM : @k P rM s, jk P Kjπpkq

(
ˇ

ˇ .

Denoting as L Ă rM s the set of the leaves of the spanning tree, we can write

ˇ

ˇ

␣

pj1, . . . , jM q P rnsM : @k P rM s, jk P Kjπpkq

(
ˇ

ˇ “
ÿ

j1,...,jMPrns :
@kPrMs, jkPKjπpkq

1

“
ÿ

kPrMszL

ÿ

jkPKjπpkq

´

ÿ

pPL

ÿ

jpPKjπppq

1
¯

ď CK |L|
n

ÿ

kPrMszL

ÿ

jkPKjπpkq

1,

recalling that |Kj | ď CKn for all j and using the inequality |L|Kn ď K
|L|
n as soon as Kn ě 2. If

we prune the leaves of the original spanning tree, what remains is a tree made of the nodes that
constitute the first sum above plus the root node. We can apply the pruning operation to the new
tree as above, and iterate until exhausting all the set rM s “ V pḠqzt0u. This leads to

ˇ

ˇ

␣

pj1, . . . , jM q P rnsM : @k P rM s, jk P Kjπpkq

(
ˇ

ˇ ď CKM
n ď CKr´1

n ,

hence Inequality (27).
It is furthermore easy to check that

|R| ď C,

and the lemma is proven.
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