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Abstract

A generalization of the Sherrington—Kirkpatrick (SK) model for spin glasses is considered,
in which the interaction matrix is endowed with a variance profile that has no particular
structure and may be sparse. In the first part of the paper, an asymptotic equivalent of
the free energy is derived at sufficiently high temperatures, regardless of the signature of the
variance profile matrix. In the second part, the mean of the spin vector under the Gibbs
measure is estimated using an Approximate Message Passing algorithm based on the Thou-
less—Anderson—Palmer equations. The dynamical approach of Adhikari et al. (J. Stat. Phys.,
2021), originally developed for the classical SK model, is adapted to the present setting to
obtain these results.

1 Model, problem and the results

n
For each integer n > 0, let S(") = [sf?)] be a deterministic symmetric matrix with elements
i,j=1

SE;) > 0 and with a zero diagonal. Let W) = [Wl(j”)] - be a real symmetric n x n random
,]=

matrix such that the random variables {Wi(f)}lgkjgn are independent, and such that Wi(j") ~

J\/’(O,tsl(.;b)) for all i, j € [n] and for some ¢ > 0.

Let 3, = {—1,+1}"™ be the space of vectors of Ising spins with size n. Define the random
P(X,)-valued Gibbs measure G(™ as follows. The measure of a singleton {o} < %, by G is
G (o) = exp(H™(0))/Z™, where H™ is the Hamiltonian defined as

H™ (o) = %O‘TW(TL)O‘ +h(o-1,),

h € R is the amplitude of an external field, and Z(™) = Dles, exp(H™ (0)) is the partition

function. In the particular case where sgm = 1/n for i # j, this model for the Gibbs measure
boils down to the classical Sherrington-Kirkpatrick (SK) model that has been studied at length
in the statistical physics literature, as detailed in the treatises [25, 26, 23]. Since the interactions
between our spins are subjected to the more general variance profile represented by the matrix
S we term our model a SK model with a variance profile.

Let us state our conditions on this matrix. Considering a sequence of positive numbers (K,)

such that K,, < n and K,, — o0, we assume the following:

Assumption 1. It holds that



e There exists a constant C'y > 0 such that 51(';1) < C, K, ! for all n and all i, j € [n].

e The number C,,,, = sup,, H|S(") ||| where [||-]|| is the max row sum norm is finite.

One case of interest covered by Assumption 1 and that can be useful in the fields of statistical
physics, graph inference, and large-dimensional signal estimation among others is the case where
K,, « n, and where there are at most C'.,.q K, non-zero sgn)’s in each row and column of S™ for
some constant Ccarq > 0. We refer to these models as the “sparse” ones.

The first aim of this paper is to study the large n asymptotics of the free energy
! (n)
F,=—-ElogZ
n

in a “high temperature” regime represented by the following assumption:

log 2

Assumption 2. t < .
CI‘OW

Denoting as usual as {-) the mean operator with respect to the measure (G(")®* the second
aim of this paper is to provide a large-n approximation of the mean vector m(™ = (s). Return-
ing to the classical SK model, it is well-known that this vector can be approximated in the high
temperature regime by an Approximate Message Passing (AMP) algorithm by building on the
so-called Thouless-Anderson-Palmer (TAP) equations [9]. The second purpose of this paper is to
generalize this result to our SK model with a variance profile in the temperature regime specified
by Assumption 2.

The conditions on the variance profile that can be found in the mathematical physics litera-
ture are usually much more restrictive than those provided by Assumption 1. Regarding the free
energy computation, this literature is mainly limited to the so-called multi-species model, where it
is assumed that S(™) consists in a finite number of blocks which dimensions scale with n (implying
that K, = n in our setting), and typically, that S () is a non-negative matrix in the semi-definite
positive ordering. These two assumptions are made in, e.g., [5, 24] which deal, on the other hand,
with the free energy problem at all temperatures. More recent contributions dealing with the
multi-species model with the non-negativity assumption include [6, 2, 11, 20]. Cases where this
matrix can be indefinite were discussed in [14, 10, 27, 7]. Diluted variants of the multi-species
model are considered in [21, 3]. Considering the potential applications, graph max k—cut problems
and low-rank matrix estimation problems related with the multi-species model were considered in
[19] and in [17] respectively. It would be useful to extend these results to more flexible and more
general variance profiles such as the ones considered in this paper.

Denoting in all this paper as £ a standard Gaussian random variable, and writing Tanh(z) =
tanh(z + h), define the scalar function g : Ry — Ry as

2
g(x) = ETanh (v/z€)", (1)
Consider the system of equations defined in ¢(™ e R?} as
g™ =15 g(¢™) (2)

where g(q(")) € R? is the vector obtained by an element-wise application of the function g to the
vector ¢(™ (this notational convention regarding scalar functions applied to vectors will be used
all along this paper).

Lemma 1. Under Assumptions 1 and 2, Equation (2) admits an unique solution ¢(™ € R%. Given
any vector ¢(™-0 € R the iterative algorithm ¢(™)*1 = ¢S g(q(™!) converges to this solution.
Moreover, sup,, |¢™ ] < log2 where | - | is the max-norm.



This simple lemma is proven in Appendix A.1 for completeness. The large—n behavior of the
free energy is specified by the following theorem:

Theorem 2. Let Assumptions 1 and 2 hold true. Defining the function
1 & n t T
F, =log2+ — Z [Elog cosh ( qg )f + h) + — (1n — g(q("))) S (1n - g(q(”))) ,
n = in
where ¢(™ = [ql(")]_ is the solution of (2), it holds that F,, is bounded, and moreover, that

F,—F, —— 0.
n—o0
It is seen here that the signature of S(™ has no impact on the form of the large-n approximation
of the free energy.
It is worth considering the particular case of this theorem where the matrix S is doubly
stochastic. In this case, the solution of Equation (2) is reduced to ¢™ = ¢1,, where the scalar ¢ is
the unique solution to g = tg(q). Therefore, as long as the degree of sparsity satisfies K,, — o0, we

recover the expression of the asymptotic free energy of the classical SK model at high temperature
[25]:
Corollary 3 (the doubly stochastic case). Assume that S (") is a doubly stochastic matrix. Then,
it holds under Assumptions 1 and 2 (which reads t < log2) that
t
F, — log 2 + Elog cosh (y/g€ + h) + Z(l —q/t)%, (3)

where ¢ is the unique solution to the scalar equation ¢ = tg(q) on R,.

A particular case that can be useful in the field of statistical physics is the case where S is
a Toeplitz banded matrix with a bandwidth of order K,, — o with K,, « n. Here, K,, represents
the range of the interactions among the spins. Within this range, the random interactions are
furthermore subjected to a variance profile that depends on the distance between the sites as
shown in the statement of the following corollary:

Corollary 4 (banded Toeplitz interaction profile). Let () : {0,...,n — 1} — R, be a function
that satisfies the following assumptions: (™ (i) < Cs/K,, Y., ¥™ (i) = 1/2, and the support

of (™ is included into {1,...,K,}. Let sgb) = ™) (|i — j|), and assume that K, — oo with
K,/n — 0. Then, for ¢ < log2, the convergence (3) holds true.

The proof is provided in Appendix A.2.

We now tackle the approximation problem of m(™) = (o) with the help of an AMP algorithm.
To this end, we need to strengthen a bit Assumption 1. Keeping our sequence K,, — oo with
K, <n, we set:

Assumption 3. The following facts hold true.
e There exists a constant C's > 0 such that 31('?) < C, K, ! for all n and all i, j € [n].

e There exists a constant C'.,.q > 0 such that

Vn, Vie [n],

{] € [n] : SZ(;L) > 0}‘ < CcardKnv
where | - | is the cardinality of a set.

Of course, Assumption 3 implies Assumption 1 with C,ow = sup,, |HS (n) |H satisfying C\ow <
C.Ceaa. If K,, « n, Assumption 3 models the sparse cases alluded to above.

In the remainder, we denote as || - | the Euclidean norm of a vector or the spectral norm of a
matrix. We also write | - |, = | - ||/v/n.



Theorem 5. Let Assumptions 3 and 2 hold true. Assume that K, > logn. Consider the iterates
(¢ ey defined in the statement of Lemma 1 starting with ¢(™° = 0,,. For each [ = 0,1, ...,
let X0 ~ N(0,diag(q™!)). Starting with (™% = 0 and 2(™-! = W) Tanh(0), consider the
following iterative AMP algorithm in [ =1,...

(AL — (%) Tanh (:z:(")’l> — diag (tS(")ln — q(”)’Hl) Tanh <z(")’171)

= W) Tanh (a:(")’l) — diag (tS’(")E Tanh’ (X(")’l>> Tanh (x(”)’l_1> . (4)

Then, the vector m(™ = (o) satisfies

2
lim limsupE Hm(") — Tanh (a:(")’k) H =0.

k—a0 n n

2 Proofs

In the remainder, we omit the superscript (™ from the notations unless when useful. We denote
as C' > 0 a constant that depends on C\oy, Cs, Ccarq and t at most, and that can change from a
display to another.

We shall approximate the free energy at high temperature via the so-called Guerra’s interpo-
lation of the Hamiltonian. In our setting, this gives the following scheme. Let

n=[n];_, ~N(0,diag(q))

be independent with W, where we recall that ¢ is the unique solution of the system ¢ = tSg(q) as
shown by Lemma 1. Given u € [0,1], define the Hamiltonian on the space of spins ¥, as

Hu(a)=gUTWU—&-h(U-l)—i—vl—u(U'ﬁ)’

and consider the Gibbs measure G, defined on ¥, as G,(o) = exp(H,(0))/Z, where Z, =
>, exp(Hy(0)) is the partition function. Our Gibbs measure of interest is of course G, and its
free energy is F,, = n~'Elog Z;. The Hamiltonian H,, is an interpolation between the Hamiltonian
of interest H; and the Hamiltonian Hy which free energy has a tractable expression.

To pursue, we introduce some notations. Given a set of indices A < [n], we write A® = [n]\A.
Given a vector z = [z;] € R™ we denote respectively 24 € R™ the vector z which elements x; are
set to zero when i € A°.

We denote as H, 4) the reduced Hamiltonian obtained by removing the spins {o;}ica from
the system. More precisely, this Hamiltonian is written as

u
Hu,(A)<UAC> = %UXCWUAC + h(UAc . 1n) + \/1 _U(O'Ac "I’]Ac)7

and is considered as a Hamiltonian on {—1, +1}/4°l. We denote as G, (a)(cac)ocexp(H, (a)(0ac))

the Gibbs probability measure on {—1, +1}/4°! which Hamiltonian is H, (a)(0ac). For ie A
we also denote as m(4),; the mean of the spin o; with respect to G, 4). Conventionally, we
write m(4); = 0 when i € A so that we can define the vector ma) = [m(a),i]ie[»] € R". When
A = {i1,..., i}, we sometimes write m;, . ;) = [M(,,....i),i)i for the vector may = [meay; Ji-
Of course, m g = m = [m,].

Proof idea. Our starting point will be the approach of Adikhari et.al. in [1], where the SK
case with u = 1 was considered. This approach falls within a research axis that dates back up
to our knowledge to the work of Comets and Neveu [13], and that considers the SK model from
a stochastic calculus perspective. Denoting as (-, the mean with respect to the measure G&®,
the first step is to show that the covariances m;; = {(o; — (o), )(0j — <0’j>u)>u for i # j satisfy



EmZ; ~ 1/K,. This is shown in Lemma 6 below, which is a straightforward adaptation of [1] to
the variance profile case of interest in this paper.
Using this result, the “pre-TAP” bound

2
C
E (mi — Tanh (ﬁz Wirkmy e + V1 — um>> < T (5)
k n

as well as the bound

E (ml — m(i)J)z < l#1

K,
can be obtained. These bounds are generalizations to our model of quite well-known results in the
SK literature, see, e.g., [25, Lemma 1.7.4]. Here, they will serve two purposes.

First, defining the random vector

R12 = [R12(Z)]:’=1 = t5(0'10'2>,

1 1

where o'o? is the vector obtained by an elementwise product of the elements of the replicas o
and o2, it can be deduced from these bounds that E{|Ri2 —¢|2), < CK;"? (Lemma 8 below).
Employing the usual Guerra’s interpolation trick in order to compute the free energy of G, we can
see that thanks to the bound E(|Ri2 — ¢[3),, < CK, "2, the “annoying” term obtained through
this interpolation is negligible, which leads to Theorem 2. We note here that in the references
cited above which deal with the multi-species model, it is assumed that S is a non-negative matrix
specifically to force this term to be non-positive.

Second, the bound (5) taken for v = 1 leads to the construction (13) for approximating m;,
as was done in Chen and Tang in [12] for the SK model. Starting from this construction, we
shall devise a series of approximations of the vector m = [m;] that will ultimately lead to the
AMP approximation given by Theorem 5. These approximations will be based on the approach
of Bayati et.al. in [8], devoted to the classical AMP algorithm, which was generalized to the AMP
algorithm with an interaction matrix with a variance profile in [18].

2.1 Adapting the approach of [1] to the SK model with a variance profile

We need to introduce some more notations. For a set A  [n], we need to work on the conditional
interpolated Gibbs measure G, (:|c4) given o4, which is the measure on {—1, +1}/4°l with the

Hamiltonian o4 — H (0ac)(oa) given as

HM (5 4)(o4) = gUZCWUAC +h(oac-1)+ V1 —u(oae-nac) + Vuo e Waos.

(4]

Given 7, j € A°, we denote as m;" - (04) and mz[;‘] (04) the mean of ¢; and the covariance of o; and

o; with respect to the conditional probability G, (-|c4). We also write ml[il""’ik] and ml[;l""’i’“]
for ml[-A] and ml[f] respectively when A = {i1,...,ix}. For i € A and a real function f(o4), we
also define the functions o 4\(;y = 0;f(04\(;y) and o4\ = €if(0a\(}) as
1
difloag) =5 (f(0A)joiz1 — f(0A)j0i=—1) 5
and )
eif(oapy) = 5 (f(oa)joiz1 + F(0A)|os=—1) -
The following key identity can be obtained by direct calculation and is provided in [1, Eq. (3.1)]:
2 .
) = (1= (mf)") a0 ©)



for ¢,j € A® with ¢ # j. Following [1], we consider /ulW;; as the value at tu of the process
\/3i; Bij(v) where B;; is a standard Brownian Motion. Given a set A < [n] and an index ¢ € A°, it

is possible to obtain a characterization of 5imE.AU{i}](

to [1, Eq. (3.3)], we obtain by this lemma

o4) with the help of 1t6’s lemma. Similarly

s o) = Y] \/ff eimis "M (04) (v)dBix (v)

k¢ Au{i}

" A ][40 )]
- > zkf mf] )(UA)(U)dv.

kg Au{i}

(here, szm,[;;‘v{i}] (04)(v) is of course the value of EZmIEAU{ gl (04) for which /uW;; in the Hamil-
tonian is replaced with ,/5;;B;;(v), and similarly for the second integrand).

This It6 characterization of 6imJ[-AU{i}] together with the identity (6) lie at the basis of proof of
the following result, which is an adaptation of [1, Lemma 3.1] to our situation. For completeness,
we provide this proof in Appendix A.3.

Lemma 6. For t € [0,10g2/C\ow), there exists a constant C' such that
C
2 . .
Em;; < K. for all ¢ # j.

With the help of the previous lemma, we obtain the following result by a straightforward
adaptation of the proof of [1, Lemma 4.1]:

Lemma 7. For ¢ € [0,1og2/C\.w), there exists a constant C' such that

2
E (mi — Tanh <\/ﬂ Z Wigmyr + V1 — um)) <

<
ki Kn

and o
2
E (mi —ma)” < 2
for each i # [ € [n].
Building the random vector Ris = tS(0?0?) from two i.i.d. vectors o! and o2 under G, (the
so-called replicas), we can now use this result to show that E(|Rys — q\|,2l>u converges to zero
uniformly in u € [0, 1]:

Lemma 8. For t € [0,10g2/C\oy), there exists a constant C such that

C
VK,

E(|Riz—dl}) <
Proof. Writing Rya = [R12(4)]?, we first show that

E{(Ri2(i) — (R12(0)),)*), < C/\/EKn. (7)

We write

E{(Ru2(i) — (Ri2(i)),)?), = E{R12(0)%), — E{Rus(i))’
_ EZt sijsit{o}0; oeaz> —E <2ts” (o), )
- Zt sigsulE (0,00 = (0,0} 0%
je



where 0! = [o}] and 0? = [0?]. The contribution of the terms j = ¢ is bounded by C/K,.

K2 ?
Regarding the terms j # ¢, we note that <0’j0’@>i - <0’j>i <O’[>i = mje(mje + 2m;jmy) and we use
Lemma 6 to obtain (7), which leads to the inequality

E{|Ri — (Rux),|2) < O/,
u
To obtain the result of the lemma, it remains to prove that

E |[(Ri2), — dl? < C/\/K,. (8)

The proof of this result is just an adaptation of the proof of [1, Proposition 1.2] to our context.
The main modifications are related with the fact that Equation (2) is no more a scalar equation.

We write p = [p;]!; = (Ri2), = tSm?. Given aset A = {iy,...,ix} < [n] and an index i € A,
we write for brevity

Recall that m;, . ;). = 0if l € A, and notice that {Wj }iga and {m, . .} are independent,
a fact that we shall used repeatidly in the proof without further mention. We also write

2 2
Pliv,... in),i = Ztsilm(il,...,ik),l = [t‘gm(il,m,ik)]i’
I

to be compared with p; = >, tsl-lm?.
Our first purpose is to show that

|Ep; — [tSEg(up + (1 — u) < C/A/K 9)
Using Lemma 7, we have that

E|m? — Tanh%i),i < 2E |m; — Tanhg;) ;[ < < OV K.

Observing that the conditional distribution of the random variable Y, v/uWym;y ; ++/1 — un;

with respect to the o-field .#_; generated by {Wye : k,l # i,k <1, n; : j # i} is N(O,up(i),i +
(1 —u)g;), we have

ETanh?, ; = E [E [Tanh%iw | ﬁ_i“ — Eg(upayi + (1 - u)g:).

By Lemma 7, we know that E(m;—m; ;)* < C/K, for | # i. Therefore, ]E|ml2—IEma,)_’l| < C/VEK,,
and then, E|p; — p(;),;| < C/+/K,. Since g is Lipschitz (see the proof of Lemma 1), we obtain that
IEg (up; + (1 —u)g;) —Eg (up@y,i + (1 —u)g;) | < C/+/K,, and we deduce from these bounds that

|Emz2 —Eg (upi (1 —u Qz | C/\/ ns

and the bound (9) follows.
Next, we show that

[Ep? — E[tSg(up + (1 — wa)?| < O/VE, (10)

along the same principle. For ¢ # j, we have by Lemma 7 again that

EJm?m? — Tanhg, (i)? Tanh) (7)?] < C/V/E,.



We now need to replace Tanh;) (i) and Tanh;(j) with Tanh; ;y(i) and Tanh; ;(j) respectively.
We have

2
E (Tanh( )i — Tanh(z ), Z) < ulE (Z Wirm(i),r - Z Wirm(i,j),r)

< 2u Y EW2E(m), — mj).)* + 2uEWSm?,
r#j
< C/K,.
This implies that E|mim? — ETanhy; ;(i)? Tanh; ;(4)?| < C/+v/K,. Denoting as .#_(; ;) the o
field generated by {Wi; : k,1 ¢ {i,j}, k <1, n, : v ¢ {i,j}}, and writing as Z(- | F_; ;)) the
conditional distribution with respect to this o—field, we have

K% Z \Fme(z,] V1= | F
2 VUWimg iy +\/17u77 —(.3)

»J

e + (1= u)g, 0
_ (o0, 4P ’
< [ 0 up(i, g5 + (1 —u)g;

which shows that
E Tanhy; ;(é)® Tanh; ) (7)* = Bg(upg ) (i) + (1 — w)gi)g(upg ) (5) + (1 — w)g;).
Similarly to above, we also have E|p(; j)(i) — pi| + E|p¢ ;) (j) — pj| < C/v/ Ky, thus,

|E Tanhy; ;) (i) Tanh ()% — Bg(up: + (1 — u)g)g(up; + (1 —u)q;)| < C/v/ Ky
since g is Lipschitz and bounded. Gathering these bounds, we obtain that

[Emim? — Eg(up; + (1 — u)q;)g(up; + (1 —u)q;)| < C//Kn,
and since p? = Zk,z Siksiemim, the bound (10) follows.
From Inequalities (9) and (10) we have
|Ep — EtSg(Xp)l,, < C/v/Kn and  [E[p[} - E[tSg(X,)7] < C/v/ K,

where we wrote X, = up + ( 1 — u)q for notational simplicity.
Since the spectral norm ||S| satisfies | S| < [||S]||, it holds by Assumptions 1 and 2 that the
function x € R} — tSg(x) is Lipschitz for the Euclidean norm with a Lipschitz constant o < 1

independent of n. From what precedes, we therefore have
Elp —Ep|; <Elp — tSg(EX,)];

I
= E[p[, + [tSg(EX,)[7 — 2n~" (Ep - tSg(EX,))
= E[tSg(X,)I7 + Hth(EX )7 =207 (BtSg(X,) - tSg(EX,)) + O(1/v/Kn)
= E[tSg(X,) — tSg(EX,)[5 + O(1/v/K,)
o’Ellp — Ep; + O(1/v/Ky)
which implies that
Elp — Ep|2 < C/v/Ko. (11)
From this result, we have
|Ep — tSg(EX,)|n < [EtSg(X,) — tSg(EXy)|n + C/v/Kn < Elp — Epll + C/v/Kn < C/K/*.
Finally,
|Ep — qlln < [¢Sg(uBp + (1 = u)q) — tSg(uq + (1 — w)q)|n + C/K/* < alEp — gl + C/K Y,

which leads to
|Ep — g, < C/K}A.

Together with (11), we obtain the bound (8), and the lemma is proven. O



2.2 Proof of Theorem 2

Since g is a bounded function, the quadratic form in the expression of F',, is bounded. By Lemma 1,
l¢lloo is bounded, thus, the second term in the expression of F, is bounded, hence the boundedness
of F,,.

To establish Theorem 2, we use the classical Guerra’s approach based on the interpolated

Hamiltonian H,,. Defining the function ¢ on [0, 1] as
1 1
o(u) = —Elog Z{™ = —Elog Z eHul)
n n cEY,

we have
1 n
p(0) = log2 + ~ Y Elogcosh (v/gi§ +h), and
i=1
o(1) = Fn.
We need to compute the derivative ¢'(u) = n™' (0, H,(c)),,. Writing
t
Ulo,0) = B@uHu (o) Hu(0?) = 4
we know by the well-known Gaussian integration by parts formula, see, e.g., [23, Lemma 1.1], that

c'o®)1S(c'o?) =2 ((c'0?) - Sg(q)),

¢'(u) = %E {U(a*, ") — U(01,02)>u
t t
— L0 @) TS0~ g(0) ~ B (00— 9(a) TS (00 ~ 6(a)),,
Noticing that [020? — g(q)|e < 2 and using Lemma 8, we have

ﬁ ‘]E<(0'10'2 — Q(Q))TS(0102 _ g(q))>u| < %E<Ht5(0102 _ 9((1))Hn>u _ %E<HR12 gl < KS{M

where we recall that the constant C' does not depend on u. Writing
1

Fo = (1) = (0) + f o (u)d,

and using the last bound, we obtain the result of Theorem 2.

2.3 Proof of Theorem 5

In all the remainder of the paper, we shall work on the original Hamiltonian defined in the
introduction, and the use of Lemma 7 will be restricted to u = 1.
The first bound obtained for u = 1 in the statement of Lemma 7 can be rewritten as

m{a}(E(mi — Tanh([Wm;]:))* < C/K,.
€N

By a straightforward adaptation of this lemma, we obtain that for a fixed integer M > 0, it holds
that

2 C
Ac[?],?ﬁ:Mﬂ%%dE (m(ay,; — Tanh ([Wm(Au{i})]i)) < K. (12)
This bound will be at the basis of our proof. Let us fix an integer £ > 0. Given indices i1, 4a, ..., €
[n] which are all different, we obtain thanks to the bound (12) that
m;, = Tanh ([Wm(il)]il) + e (13)

M(i,),i, = Tanh ([Wm(,-hh)]iz) + e



with Ee? < C/K,, for each [ € [k].

This construction will be at the basis of a series of approximations of the vector m ending with
the one provided by the AMP algorithm of Theorem 5. We first define the sequence of families
of R"—valued vectors {y(lAl)}Alc[nL‘Aﬂ:k_l, {y(2A2)}A2C[n]7‘A2|:k_2, <., {y*} as follows. We write
yéAz) = [yéAl)J]iE[n]; and we set yéAl),i = —h if i € A; in such a way that Tanh(yéAl)J.) = 0 if
1 € A;. With this convention, given indices i1, g, ..., i € [n] which are all different, we set

i = [Wm(i1,-~~7ik)]‘

Y(irseryir—n)yin ik

2 [ 1
y(i1,~~~,ik—2),ik—1 = 7WTa‘nh (y(il,...,ik_l))],

Tk—1

3 [ 2
Y(is,osinos)si—a — _W Tanh (y(ilwv-»ik—Q))]»

Tk—2

yfl = | W Tanh (yﬁ?;)] .
L 71

The same kind of construction is provided in [12]. To make things clearer to the reader, let us
assume that k = 3. Then we have

y?l = Z Wi1i2 Tanh 2 Wi2i3 Tanh Z Wi3i4m(i17i27i3))i4
iag{i1} ig#{ir,ia} ia¢{i1,i2,i3}

We notice here that the family {W;,;,}s, is independent of the family of random variables Tanh(...)
that follow these terms in the first summand, the family {W;,:, }i ¢, ,ip} 15 independent from what

follows, and so on. More formally, by writing y?il ,,,, ) = Tanhfl(m(ih”_,ik)), we have
l -1
Y(ig,eminmt)sin—t41 Z Wik*“rl’j Tanh(y(il7"‘5ik—l+l)7j)7 Le [k]’

J#{i1,sip—141}

e 1—
and we observe that the families {Wi, .., j}igfi,....in_1,) and {Tanh(y(iiwik_l“)’j}j¢{il,___J-IHH}
are independent for each [ € [k]. The same kind of remark will hold for the next two algorithms.
We call this phenomenon the “independence along a path of indices”.

The next algorithm is similar to the previous one except for the fact that the initial value is
Tanh(0) instead of being m;, .. ;,). Namely, we define the R"—valued vectors {j%Al)}z‘hC[n],\z‘h |=k—1

{Za,)} Ascnl | Asl=b—2, -y 12"} With Z{, ) = [{ 4, ;]icn) as follows (as above, Z{,,, = —h if
1 € Ay): for indices 41, ..., i which are all different, we set

~1
m(il1~~7ik—1)7ik = [W(i17~~-vik) Tanh(o)]ik

~2 ~1
By i)y = | W Tanh (x(_)>]k7

# = [wram (z57))]
1 i1) i

where W; ;. is the matrix W in which the rows iy, ..., i, and the columns iy, ..., are set to
Zero.
Our next step consists in replacing the function Tanh with a polynomial. Writing

d
flx) = Z aprt
=0

10



as a degree—d polynomial, we define the iterates a':%Z ..., #¥ with the same

notational conventions as above as

1

Finseinyin = [Winin [O)];,
.2 ~1
Ligperyin_z)sinog — [Wf(w(ilrnvik—l))]i

1yeeyip—1)’? x(il,uwik—Q)’

= [wret)], -

by setting f(abl(Al) ;) = 0if i € A;. The iterations for these two last algorithms can be rewritten as
follows for later use. Writing A; = {i1,...,ix—;} for I =0,..., k, we have for [ € [k]

jl(Al)aik—Hl = Z Wlk 1+1,7 Tanh( l( ). ) and (14)
rEAI—1

j:l(Az),ik,—zH - Z Wi,_ L+177‘f( (Az 1) ) (15)
rEAI—1

starting with :E(()Ao)ﬂ“ = :E?AO)_T = 0.

As said above, the three preceding algorithms share the property of the independence along a
path of indices. In order to be able to use the approach of [8] and [18] as announced at the beginning
of this section, we need to introduce another kind of dependence, namely the one based on the
so-called Non-Backtraking (NB) iterations. At every iteration [, our next algorithm produces a
family of vectors Zéj) = [73@)714]1‘6[”] as follows. We initialize the algorithm with é?j),i = 0, and write

= WA,
r#j

Furthermore, stopping at Iteration k, we set
sk Sk—1
= Z W“"f(z(z)f)
T

Our last intermediate is the following AMP algorithm with the polynomial activation function f.
Starting with 20 = 0 and 2! = W £(0), it reads

L=Wf (') —diag (WO W)f'(zh) f(z). (16)

For a better readability, we summarize the main features of these five algorithms along with the
AMP algorithm (4) in the following table:

Activation function Algorithm structure Initialization
yé) Tanh independence along a path of indices my..
.f?l() Tanh independence along a path of indices Tanh( )
il( ) polynomial f independence along a path of indices f(0)
z"é,) polynomial f NB ( )
2t polynomial f AMP 20 =0,z = WF(0)
! Tanh AMP 29 = 0,2! = W Tanh(0)

We shall develop below a sequence of approximation results starting with the vector m and
ending with z*. Before we begin, some new notations and preliminary results are necessary.

We say that a real continuous function ¢ belongs to the set PL of pseudo-Lipschitz functions
if there exists C' > 0 and an integer a > 0 such that

o(z) — )| < Clz —y[ (1 + || + |y[*) .

11



It is easy to show that each polynomial belongs to PL, and so is the case of the functions Tanh and
Tanh’. Pseudo-Lipschitz functions are conveniently used as test functions in the AMP literature,
see, e.g., [16].

Given 4,7 € [n] with i # j, we also denote as .#_; and .Z#_; ;) the o—fields generated by the
random variables {Wy; : k < [ and k,l € [n]\{i}} and {Wy; : k < [ and k,l € [n]\{4,5}}
respectively. The notation Al(") = A; will always refer to a set of indices A; < [n] such that
|A;] =k —1.

We begin with an approximation result related with the function Tanh and its derivative:

Lemma 9. Let C' > 0. For each e > 0, there exists a polynomial p,. such that p.(0) = Tanh(0),

E (pe — Tanh 2< d E (v — Tanh’ 2< .
e (pe(af) — Tanh(af))” <e an e (p..(a€) — Tanh’(a€))” < e

Proof. Given a small § > 0, it is known, see [22, Th. 1] or [15], that there exists a polynomial u
on R such that
Vo e R, |u(z) — Tanh'(z)| < § exp(dz?).

Defining the polynomial U as

U(x) = Tanh(0) + f: u(s) ds

we obtain that |U(z) — Tanh(z)| = | §;(u(s) — Tanh'(s)) ds| < d|z|exp(éz?). Therefore, given
« > 0 not too large, we have after a simple derivation that

E(u(a€) — Tanh'(a))? < §?/4/1 — 6a?, and

E(U(ag) — Tanh(ag))? < 6a°/(1 — 6a°)*/>.

By assumption, 0 < a? < C2. Thus, by setting § small enough, we can take p, = U. O

Given a polynomial f, we need to introduce the sequence (¢')ien of R’} —valued vectors defined
recursively as

P =0, ¢+ =tSEf ()?l) , (17)

where X! ~ N(0, diag(!)).

Lemma 10. The iterations ¢’ defined in the statement of Theorem 5 satisfy sup; | ¢[, < log2.
Let e be a positive number such that /e < (1 —log2)/10. Let p. be a polynomial such that
pe(0) = Tanh(0) and

max E (p.(af) — Tanh(a€))® < e,
«€e[0,1]

which existence is guaranteed by Lemma 9. Consider the iterates ¢' provided by equations (17).
with f = p.. Then, sup; |¢'|» < 1, and sup; ||¢' — ¢'[|c < 104/e.

Proof. Recall the expression of g in (1). The bound on |¢'| follows from ¢° = 0, 0 < g(q) < 1
and ||tS]| < log2.

We now show that |¢'| < 1 and |¢' — ¢|x < 104/e by recurrence on I. This is trivial for
I =0 since ¢° = ¢°. Assume that this is true for [. Since 2% — y? = 2y(z — y) + (x — y)?, we have
for each a € [0, 1] that

|Ep.(a¢)? — E Tanh(aé)?| < 2E|p.(a&) — Tanh(a&)| + E(p.(a&) — Tanh(aé))? < 3+/e.

Remembering that g is 1-Lipschitz (see the proof of Lemma 1), we obtain from what precedes
that

13 = ¢+ oo < (log 2)[Epe(X')? — g(¢")]o0 < (log 2) (||ql ~¢'loo + |Epe(X*)? ~ g(ql)\|w>
< 13(log2)v/e < 104/e,
and furthermore, '], <log?2 + 104/e < 1. O

12



We now turn to the approximation results alluded to above.

Lemma 11. It holds that E(Tanh(y¥) — m;)? < C/K,,.

2

Proof. Tt is clear from the bound (12) that E (Taunh(y(li1 i) m(i17___,ik71),ik) < C/K,.
2

Given [ > 2, assume that E (Tanh(yéil7~--,ik—1),ik—1+1) — My in)vinoisr ) < C/Kp. Since Tanh

is 1-Lipschitz, we have thanks to the independence along a path of indices property that

2
1+1
E (Tanh(y(it,...,ik,l,l),ik,l) = M(iy,..., ik—L—l)vik—l)

2
) — Tanh ([Wm(ih'“’ik*l)]ik,l) - 6[)

=F (Tanh ([W Tanh(yéi1 ____ ik—t)):l

Th—1

where Ee? < C/K,,. Therefore,

2
1+1
& (Tanh(y(?;7~--7ik7171)71'k71) o m(ilx""ik—l—l)’ik—l)

k—1

2
<2E ([WTanh(yéil,..,,ik_n)]i — W, ““‘”]"kl> O/

2
<23 tsi, ,E (Tanh(yéil _____ ) = m(u,...,ikfo,r) +O/K,

< C/K,.

Lemma 12. It holds that E(Z¥ — y¥)? < 4(log 2)*.

Proof. By recurrence. For different indices i1, ..., 1, we have
E(i:bl _____ ie1) e y(lil,...,ik_l),ik)Q < tz i, E(Tanh(0) — m(il,...,ik),r>2 < 4log2.
I

For | > 1, assume that E(Z(, ;. =Y i i) < 4(log2)'. Then, by using the

independence along a path of indices property and doing the same calculation as above, we get
that E(z;! —yi! )2 < 4(log 2)!*1. O

A1yeenyil—1-1),0k—1 yeesll—1—1)y0k—1

Proposition 13. For each b > 0 and each [ € [k], it holds that

(n).l

b
supmaxmaxE|Z"0 | < oo. (18)
(AL )az

n A;") i€ [n]

For a function ¢ € PL, an integer [ € [k], a sequence of sets S(™ e [n] with |S™| — o0, a sequence
of |8 |-tuples (B™);cs(m such that |3™| < 1, a sequence of sets of the type Ag”), and a number
b > 0 which are all arbitrary, it holds that

b
E

1 n - (n),l n F(n),l
B > B )w(xEA)gnw) — BV Ep(XM)

ieS(n)

— o (19)

n—0ao0

Proof. In the expression (15) of :EZ(AZ) in_1410 We have set |A;| = k—1. We need to extend a bit this

expression to include a set of indices B < [n] that might be larger than A; by writing for i ¢ B:

<1 ~1—1
T(B)i = Z Wir f(Z(501iy).0):
r¢B

13



which provides consistent iterations one we set ?) = 0. We also write

Stey)” =t 2 sinf (@ (pLgy..)

r¢B

We notice that (c(l B)J.)2 is the conditional variance of fl( - given .#_;, a fact that we shall use
repeatidly in the proof.

The moment bound (18) can be proven by recurrence on [. For | = 1, consider a set A;
and an index i ¢ A;. Since i%Al)’i = f(0) Xga, Wir, it is clear that the bound (18) holds
true for [ = 1. Assuming (18) is true for [, let i € A; and A;41 = A\{i}. We have here

1 5 .
(ZHI) ;= ngzA,H WiT.f(xl(Al)’r), and thus,

| Sl I+1 b b

E LA |: LT(aia),i | Fi :| (C(AH—l)v )E[E|

which is bounded by the recurrence assumption.
We now prove by recurrence on [ the convergence (19) as well as

E(&{a,).» — (a,00p0)° — 0 (20)

for all sequences (Al(n)), (in) with i, ¢ Al(n), and (r,) with r,, ¢ Al(n) U {in}

We first notice that at the left hand side of (19), the terms for which i € A; have a negligible
contribution. Thus, in all the remainder of the proof, we can assume without generality loss that
Sn A = for each | € [k].

Let us start our recurrence with [ = 1. As above, consider a set A; and an index i ¢ A;. We

have
E(i{s,)) = Ep (f(O) > W) = Ep (st if) -
r¢Aq
We also have |p(z) — ¢(y)| < Clz — y|(1 + |z|* + |y|*) for some C,a > 0. Recalling that
X! = [X!] ~ N(0,diag(¢')), we can write that X} = /¢ 1¢. Note also that ¢} = tf(0)2>], s and
that (c(lAl),i)2 = t£(0)* X g, Sir With [A1] =k — 1. With this, we have

Eo(#(a,),) — Eo(X])| < Clsayys — A GEIENQ + (sfay),) €1 + (@)*21€])

which converges to zero for each sequence of sets (Ag")) and sequence of indices (i,). We now
show that

2
\5|2 (Zﬂ P(#(ay),0) @E@()VQ:I)) — 0. (21)

€S

By developing the square, we obtain a sum jes - The diagonal ¢ = j is easily shown to be

O(1/|S]). Let us show that for ¢ # j, it holds that
E (@(#ta,).) ~Eo(XD) (¢(@ta,);) ~Eo(X))) — 0. (22)

Sin(xiwe shozved that E@(i%Al),i) — Ecp()?}) — 0, it remains to show that E@(f%Al),i)W(f%Al),j) -
Ep(X})E@(X}) — 0 to obtain (22). We first have

E(&(a,),i = E(a,05.)" = FOPEW < C/K,
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which establishes in passing (20) for [ = 1. Also, by using the pseudo-Lipschitz property of ¢, we
have (details for obtaining the terms o,,(1) below omitted):

EW(i‘%Al)yi)w(i‘%Al);j) = Egp(j%Alu{j})xi)w(i%AlU{i})vj) +on(1)

=Ep | £(0) >, Wi leo|£0) D Wi |+o0n(1)
ré¢Aru{j} ré¢A1u{i}
= Eo(S(a, 0518 EL(S(a, o1y 56) + 0n(1)
= Eo(X])Ep(X}) + 0n(1),
hence (22). By the moment bound (18) and dominated convergence, the convergence (21) holds
true.
Given any moment b > 2, we also have
W\ 170

B 1/
sup|8| E|Y Bipl#ia,) — BEAXD| | <sup ) <o

€S

51 2 (Elolatan) - B

€S

thanks to (18), where the sup is taken on S(™), (5£"))i€$<yz)7 and Agn). The convergence (19)
follows for [ = 1.
Assume the recurrence assumption is true for I. Letting i € A; and A;41 = A;\{i}, we have

]Egp(ml(;llﬂ) l <Z erf Al)7 ) | 91‘| ) Ew(géz;l)ig)

ré¢A;

Recalling that § 'l“ =t sirEf ()v(ﬁ)Q, we have by using the recurrence assumption and the fact
that |A4;] = k — l is fixed that

2
E (5.7 —d") —o

Writing )@H = qf“g, we have

(il ) — Ep(XE < CEIGL ), — /@ DIEN + (5L ) ) el + @ )™2lel®),

we then have that _
Ep(#h,. ). —Ep(Xi) =0,
by Cauchy-Schwarz and the bound (18).
We now show that

2

1 I+1

|$|2 (Z B! )0) — BiEp(X!* )> - 0. (23)
€S

As for the case | = 1, this will be true if we prove that Ep(F Z(H l)ﬂ,)(p(a:l*l )— E@(XZH)IEQQ(XZH)

(Ar41),J
0 for i # j. We write

vl 1 vl ~ 1 ~l ~l
i~ Hhogni = 2 Wi (f(x(Am) - f(xmlu{j})m)) + Wij f(Z(a,),5)
r¢Air10{j}

= X1+ X2-

We obviously have Ex3 — 0. Moreover, since the random vectors [W;,.], and [ T4 Z(Alu{j}) e
in the expression above are independent, we have

2
Exi =EE[X} | #.:]= >, tsiwE (f(i’l(Al),r) - f(‘fl(Alu{j}),r)>
r¢Aip10{j}

15



which converges to zero by using the recurrence assumption (20), the bound (18), and the pseudo-
Lipschitz property of f as a polynomial. We thus obtain that

2
1 i1
E (‘T(Az+1),i B (Al+1U{]})1 ) -0,

and the convergence (20) is true for [ + 1. Using the pseudo-Lipschitz property of ¢, this last
result, and the bound (18), we also have

~l4+1 I+ _ I+ i1
E ( T(Ary1),i )QO( (Al+1);]) o Ew(x(AHlU{j})ﬂ)gp(x(z‘llﬂU{i}),j) + O"(l)
I+1 I+1
= Bo(s(ar o )P (S oy g€2) + on(D),

where [£1,&]T ~ N(0, I3) is a vector independent of everything else. The remainder of the proof is
similar to the case [ = 1 with the difference that now we need the recurrence assumption to obtain

that E(C(lz,,lﬂu{j}),i —4/d™)? — 0. This leads to (23), and this convergence can be upgraded to

any moment thanks to (18). The proof of Proposition 13 is complete. O

Lemma 14. For each € > 0, there is a polynomial f. such that the iterates (15) with f = f.
satisfy
lim sup max E(&F — #F)? < e.
n i€[n]

This polynomial can be chosen in such a way that f.(0) = Tanh(0), and

aerﬁ)a\)jj E (fa (045) Tanh(ag))2

for some e > 0 that depends only on €.

Proof. Given a small e > 0, Lemma 9 shows that there exists a polynomial p. such that p.(0) =
Tanh(0), and
max_ E (p.(a€) — Tanh(af))? < e
aeg[0,v/2]

Unfolding the iterations (15) with f = p., we shall show by recurrence on [ that for each [ € [k],

lim sup max]E(jl(Al))i — il(Al))i)z < Ce, and

n Api

2
~1
hmnsuprgla’x]E (p(,(x(Al) ) — Tanh(a:(Alm)) < Ce,
where C' > 0 is a constant that can change from an iteration to another. Setting e = ¢/C' at the
k™ iteration, we obtain our result with f. = pe.

The following results are needed before starting our recurrence. For any polynomial f, we have
from the expressions (14) and (15) that for each A;;; and each ¢ ¢ A;;; that

’ ([ﬂ(j‘zlﬁ ] | 9) N (0REL,),) with R T e
LYWRY (e R [ LW EI i R E
satisfying
[Rl(;irl 1=t Z sirf( m(Al)’ )2, [R(Al+1) =t Z Sir Tanh(x(A) )2, and
réA; TEA
[Rl(:gllﬂ) Jiz =t ;4 Sir f( I(Al) )Tanh(x(A ) )
ré¢A;

with A; = A;1 U {i}. By consequence,

2
Il ~141 ) =1
<z (x(;lH) — I zHl) i | 9) N <O,t Z Sir (f(x(Al)’T) — Tanh(x(Al)yr)) ) .

r¢A;
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We now tackle our recurrence. For [ = 1, considering a set A; and an index ¢ ¢ A;, we have
j%Al)ﬂ = j%Al),l ~ N(O? [R(lAl)7Z]ab) With

Va,be (1,2}, [R{a,las = tTanh(0)* > s <1
r¢Aq

by Lemma 10. By the construction of p., we therefore have that

2
E (Pe(f%Al),i) - Tanh(ii%Al),ﬂ) <e,

and the recurrence assumption is true for [ = 1. Assume it is for [ > 1. Let ¢ € A; and
A1 = A\{¢}. Then we have

2141 ~I+1 2 _ Sl ~l+1 2 ‘
]E(w(AHl)J N x(AH—l)ai) = EE [(m(AHl)J N x(AL+1)’i) | yﬁ’]

2
=t Z sirE (pe(jf‘l(Al),r) - Tanh(il(Al)’r))
r¢Ai41

which is bounded by Ce by the recurrence assumption. Since Tanh is Lipschitz, we can furthermore
write

2 2
Sl Sl+1 SI+1 L1
E (pe(x(zul)yi) N Tanh(ac(;l“)’i)) <2k (pe(x(zlﬂ)vi) N Tanh(m(j‘—\ul)vi))

~ 141 ~l+1 2
F2B(E 0,0 ™ Tapa)

and we need to control the first term at the right hand side. Using the bound (18), we can write

2
Sl+1 S+
E (pe(x(j\zu),i) o Tanh(x(zwl)xi))

2 1/2
<EE [(pe(:zl(;jﬂm) - Tanh(jsl(;llﬂm)) | 32_1] gt 1,0+ CP [[Rm i > 2] :

(AlJrl),i (Al+1)7i
The first term at the right hand side is bounded by e by the construction of p.. Regarding the

second term, invoking the previous proposition with S = {r € [n] : s; > 0,r ¢ A;}, and using
that |4;| is fixed, we obtain that

2
max E ([Rl(+1 ]11 — qv£+1) — 0.

Apyyi Arr)yi n—00
Since q£+1 < 1, we obtain that maxa, , ; P [[Rl(j[‘ll“) Jin > 2] — 0, and the recurrence assumption
is verified for { + 1. O

We now manage the iterates @', 2/ and z! which are all built around a polynomial activation
function. Due to this polynomial nature, we can express these terms with the help of a tree
formalism. The tree structure below is a simplification of the structure of [8].

Let T = (V(T), E(T)) be a rooted tree with the vertex set V(7T') and edge set E(T'). The root
of this tree is denoted o, and the distance of a vertex u to o is |u|. The root has one child (thus,
this is a planted tree), and every vertex other than o can have up to d children. We denote as
m(u) the parent of the vertex u, where the vertices are oriented towards the root. Thus, u — v
is equivalent to v = w(u). Every vertex v has a label £(v) € [n]. The number of children of v is
denoted c(v). We denote as L(T) the set of leaves of T. If a leaf v € L(T') has a maximal depth
in the tree, we attribute to this leaf a number c¢(v) € {0,...d} as if this vertex was the parent of
¢(v) children which were pruned from the tree. If the depth of this leaf v € L(T') is not maximal,

then we keep the natural value c¢(v) = 0. We also use the following notations: 7k is the set of
such labelled trees, with depth k at most. T+ < Tk is the subset that satisfies the following
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condition: there is no path v; = 0 <« vy « .-+ « v; in which there exists two identical labels

¢(+). Furthermore, 7% < T'k is the subset that satisfies the following non-backtracking condition:
if v1 = 0 <= vg « -+ « v;, then the corresponding sequence of labels ¢(-) non-backtracking. This
means that for each j € [i — 2], the three labels £(v;), £(v;41) and £(v;42) are distinct. TF < T*
is the subset of trees in 7% for which the label £(o) of the root is i, and of course, the label of the
child v of the root satisfies £(v) # i. We apply a similar definition for 7,F. Notice that 7;* < T}
Such a tree will be called a non-backtracking tree (NBT).

Given a tree T, write

W) =[] Wewewr TT =[] e, and &(T)= [] @),

(u—v)eE(T) (u—v)eE(T) veL(T)

where we recall that the ay’s are the coefficients of the polynomial f.
With this formalism, similarly to [8, Lemma 1], we have

=), WIOT(T)&T) and &= > W(T)I(T)i(T).
TeTF TeT}

Given an integer b > 0 and b trees T1,...,T, € Tf, define the graph G = G(T1,...,T}) as being
the rooted, undirected, and labelled graph obtained by merging the nodes of these trees that have
the same label £(-). This common label will be the label of the resulting node in G. Of course, the
root node o of G will have the label £(c) = i. The other nodes are numbered, say, in the increasing
order of their labels. The edges of G are furthermore unweighted.

For a tree T labelled as above and for j,[ € [n], define

¢(T)j1 = {(u —v) € E(T), {€(u),£(v)} = {j,1}}].

Finally, recalling Assumption 3, we define the set K as
K ={{i,j} = [n], si; >0},

and the section K; for i € [n] as
K,‘ = {] € [n], Sij > 0}
The following lemma is proven in Appendix A.4.

Lemma 15. Let b,r > 2 be two integers. Let A < (T;¥)®® be such that each b-tuple (T1,...,T}) €
A satisfies the two following conditions:

N

o V(G(Ty,...,Ty))| <.
e When Y0, ¢(Tx);1 > 0, it holds that {j,1} € K.

Then,
Al < CKI™t.

Proposition 16. For each even integer b > 2, it holds that E (&F — Zf)b < C/K, andE (zF — zf)b <
C/K, .

Combining the results of this proposition with the bound (18), we obtain that
Vb > 0, sup ma>]<IE ‘z”b < (24)

n i€[n

for each b > 0, a bound that will be useful later.
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Proof. We know that for each T1, ..., Ty € T\ T, it holds that Y}, _, ¢(T1)j + -+~ + (Th)j < Cb
with Cp = b(1 +d + --- + d*1). For r € [C}], define the set C;(r) as

Ci(r) = {(Tl,...,Tb) LTy, Ty e TR\TE,
Vi<l ¢(Th)ji+ -+ ¢(Tp)j # 1,
Vi<l, o(T)ji+-+¢(Th)u >0 = {j,l} €K,
DT+ + O(Ty)ju = 7’}-
J<l
With this definition, we have

E(zF — ik =E Z 0(T) ... T(Ty)x(Ty) ... 2(T)W(Ty) ... W (Tp)
T1,..., Ty€TF\TF

Ch
=E )] > D(TY) ... D(Ty)x(Ty) ... a(Ty)W(Ty) ... W(Ty)
r=2(T1,...,T%)€C;(r)

Cy
<C), > [EW (Ty) ... W (Ty)|.

=2 (T,...,Ty)€C; (r)

Fix r and assume that C;(r) # . For each (T1,...,Tp) € C;(r), we have

EW(T) ... W(T)| = [[[EWGT 00| < opcorr2
gl n

g<l

We need to show that |C;(r)| < CKJ/*! to obtain the first bound in the statement. Given
Ty,...,Tp € Ci(r), the graph G = G(T1,...,Ty) satisfies

|E(G)‘ = Z ]]‘¢(T1)jz+---+¢>(Tb)jl>2’

g<l

which shows that |E(G)| < r/2. For any connected graph G’, it is well-known that |V(G’)| <
|E(G")| + 1 with equality if and only if G’ is a tree. The crucial observation here is that since
Ti,...,Tp € Ci(r), the graph G is not a tree because there is at least one label that is repeated
in some path belonging to T} (and similarly to T5,...,T;). Therefore |V (G)| < r/2. It remains to
apply Lemma 15 to obtain the first bound.

We now turn to the second bound. In a directed and labelled graph,

o A backtracking path of length 3 is a path a — b — ¢ — d such that ¢(a) = ¢(c) and

£(b) = £(d).
e A backtracking star is a structure a,b — ¢ — d where £(a) = £(b) = £(d).

In [8, Lemma 3], it is shown that

~ . . . k .
where I'(T') is bounded and where BY is a certain subset of 7, such that each T € B¥ contains at

least one backtracking path of length 3 or a backtracking star.
With this at hand, we have

EGF -z <C Y [EW(T)...W(T)|.
Ty,...,TyeBE
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Given an integer r € [Ch], we define the set D;(r) similarly to C;(r) above except for the
fact that T%,...,T, € BF instead of TF\T*. Fixing r such that D;(r) # ¢, we have that
[EW(Ty)... W(Tp)| < CK,"? when (Th,...,Ty) € Di(r). Furthermore, for G = G(T1,...,Tp),
we recall that |E(G)| = X, Lo(1y);i+-+6(Ty); 2. Due to the presence of a backtracking path of
length 3 or a backtracking star in each of the the trees T1, ..., T}, we observe that

2[E(G)| +2< Z¢ T)j+-+o(Ty)j =

I<l
Since G is connected, |V (G)| < |E(G)| + 1 < r/2. Tt remains to apply Lemma 15 again. O
Our last approximation result relates the iterates z* with the z*:

Lemma 17. Let Cy > 0 be a constant, and define the probability event £ = [|W| < Cw]. For
each € > 0, there is a polynomial f. such that the iterates 2! obtained with f = f. satisfy

limsup E [sz — JckHi ]15] <e.
This polynomial can be chosen in such a way that f.(0) = Tanh(0) and

ae%a\xﬂE (f-(a€) — Tanh(ag))® < ¢ and aerﬁ)a\XﬂE (fl(ag) - Tanh’(ag))Q

for some ¢ > 0 that depends on ¢ only.
The proof is close to [18, end of the proof of Theorem 2.

Proof. Given a small ¢ > 0, Lemma 9 shows that there exists a polynomial p. such that p.(0) =
Tanh(0),

aerﬁ)a\xﬂE (pe(a€) — Tanh(af))® < ¢, and aerﬁ)a\xﬂE (pl(af) — Tanh’(ag))z

In the proof, d(c) will denote a generic function defined near zero in R, such that d(c) — 0 when
¢ — 0. Constructing the z!’s with f = p., we shall show by recurrence on I that for each I € [k],

lim sup E Hzl - xl”i le <0(¢) and limsupE Hpc(zl) - Tanh(xl)Hi 1e < 4(e),

where the function § can change from an iteration to another. At Iteration k, it will be enough to
choose ¢ such that d(c) < e and to set f8 Pe to obtain the result of the lemma.

Starting with [ = 1, we have z! = x! Wf( ) = WTanh( ). Similarly to the beginning of
the proof of Lemma 14, we also have E |p.(z') — Tanh(z H

Assume now that the recurrence assumption is true for I. Recall the expressions (16) and (4)
of the z!’s and the z!’s respectively. Our first task is to show that

I

lim sup E |[diag((W © W)pl.(z"))pc(z' ") — diag(tSE Tanh’(X")) Tanh(2' )| 1 < d(c).  (25)

By making use of the bound (24) along with Cauchy-Schwarz, we get

E |diag(W © W — tS)p(=))pe(=" 1) ZE (W OW —tS)p.(H)]; pe(zl1)?
<%Z( [(W oW —iS)p.(z )]Z)l/2
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which converges to zero by [18, Lemma 21]. We now write
|diag(tSpL(=))pe(='"") — diag(tSE Tank!(X")) Tanh ('),
< [atag @S0t (") — BA(X)pe(s1 )|+ |diag(SEA (X)) (oo ") — Tanh(a! )|

n

+ |diag(tS(Ep.(X') — E Tanh'(X')) Tanh(z' ")

n

By Cauchy-Schwarz and the bound (24), we have
a\ 1/2

E | diag(tS(p, (') — Ep,(X"))pe(z")

C<oym (2 sir (PL(:1) - Ep;@i)))

r

which converges to zero by Propositions 13 and 16.
We also have that

IEp.(XY)| < [Ep,(X') — ETanh/(X;)| + [E Tanh'(X;)| < 1 + +/c,

therefore, || diag(tSEp,(X"))| is bounded, and thus,
- 2
E Hdiag(tSEp’c(Xl))(pc(zl_l) — Tanh(ml_l))H 1 < CE Hpc(zl_l) — Tanh(xl_l)Hi 1g

which lim sup is bounded by d(¢) by the recurrence assumption.
We finally have that

IEp.,(X!) — E Tanh’(X!)| < |Ep.(X!) — E Tanh'(X!)| + |E Tanh’(X!) — E Tanh'(X})| < 6(c)

by the construction of p/, and by Lemma 10 that shows that ¢! — ¢'[s is small. With this, we
obtain that

- 2
E Hdiag(tS(Ep'c(Xl) — ETanh/(X?)) Tanh(xlil)H < 4(c),

n

and (25) follows.

With this, we have

HZZ+1 _ xl+1Hn1$ < CWHZl _ £L'l||n]].g

+ | diag(W © W)pL(zY))pe(2'71) — diag(tSE Tanh’ (X)) Tanh(xl_l)Hn 1e
and we get from the recurrence assumption and from (25) that E||z/+1 — 2!*121¢ < §(c). Also,
writing
Hp6(2l+1) - Tanh($l+1)|‘n]15 ‘pC(ZH_l) - Tanh(zl+1)||n + HzHl - 33l+1||n15

pe(2F) = Epe (X[ + | Tanh(z'+1) — E Tanh (X)),
+ [Epe(X'*1) — E Tanh (X[, + 271 — 241, 1e,

<|
<|

we see that lim sup,, E||pe (/1) — Epe(X'1)|21¢ < §(c), and the recurrence assumption is verified
for I + 1. O
2.3.1 Theorem 5: end of proof

Given € > 0, we know that we can choose ¢ > 0 small enough in the statement of Lemma 17
so that the conclusions of this lemma are satisfied. If we make ¢ smaller if necessary, then the
conclusion of Lemma 14 will be true for this same polynomial f.. In this situation, combining
Lemma 17, Proposition 16 with b = 2, and Lemma 14, we obtain that

limsupE chk — kai 1e < 2¢,
n
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which implies that
limsup E | Tanh(#*) — Tanh(z")[” 1¢ < 2.
Using Lemmas 12 and 11, we obtain that

2
||

limsupE |m — Tanh(z*) L < 2e + 4(log 2)".

Denoting as | M| the max norm of the matrix M, we know from [4, Th. 1.1] that
E|W )| < T,

where

1/2 6
"+ T
log(1 + 0)

T = (1 4 §) (2 ]HSW (E |oolog”)1/2>

for an arbitrary § > 0. Furthermore, by Gaussian concentration,
P[IW] = T +t] < exp(—£2/(215™0)?),

for § € (0,1/2], as given by [4, Cor. 3.9]. By consequence, since K, > logn, it holds that there
exists Cy > 0 for which 1¢ —,, 1 almost surely. This implies that

limsupE Hm — Tanh(xk)H: < 2e + 4(log 2)%,
n

thus, lim supy, lim sup,, E Hm — Tanh(zk)Hi < 2e. Since ¢ is arbitrary, Theorem 5 holds true.
We close the paper with some remarks.

Remark 1. The proof for the bound (12) requires the Gaussian assumption on the entries of
the matrix W. This assumption is not essential for the rest of the proof which is based on the
approach of [8, 18]. If we manage to generalize the bound (12) to the non-necessarily Gaussian
case, the proof above will continue to work after some easy adaptations.

Remark 2. The condition K,, > logn is an artifact of our proof due to the fact that we needed
to bound the spectral norm |W/{| in order to approximate our AMP algorithm with a polynomial
activation function with the AMP algorithm with the Tanh activation function. Another possible
proof technique would be to pass from the iterates Z' to the iterates z! without the need of
introducing the polynomial intermediates. This is left for future research.
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A Appendices

A.1 Proof of Lemma 1

By a derivative calculation and the use of the Gaussian integration by parts formula (see, e.g.
the proof of [25, Proposition 1.3.8]), we can show that g is 1-Lipschitz. By Assumptions 1 and 2,
it holds that sup,, |HtS(")H| < 1. Thus, for each n > 0, the function ¢ € R} — tS™g(q) is a
contraction for the | - [ norm on R, and the result follows by Banach’s fixed point theorem.
Since 0 < g(g) < 1, we also have [¢™ [ < [||tS™]|| |9(¢™) ] < log2 by Assumption 2.
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A.2 Proof of Corollary 4
We take out the superscripts (™). Recall that S = [¢(]i — j|)]. For n large enough, let Sei,c be the

circulant deformation of S given as the n x n circulant symmetric matrix which first row is
[0(0) -+ W(K,) 0 - 0 P(K,) - P(1)].

Given a n x n matrix X taken from the Gaussian Orthogonal Ensemble, let W = (t5)®/20 X, and

W = [Wi;] = (t56ixe)®"/? @ X where [A;5]9% = [A}/*]. Recall that H(o) = 0" Wo/2+ h (o - 1)

with the free energy F,,. Define the Hamiltonian H (o) = UTWO'/Q + h(o-1), and let F, be the

associated free energy. Knowing from Corollary 3 that the convergence (3) holds true for ﬁn, all
we need to prove is that F,, — F,, — 0. We can write H(c) = H(o) + E(c) where E(0) is given as

n

K ~
Z Z UinWij.

=n—K,+i

Note that E(o) and H(o) are independent and that the W” s in the expression of E(o) above sat-
isfy EW? = tip(|i—j+n|). By Jensen’s inequality, Elog(}] eH@)+B(@) /3 eH(9)) = Elog (7)) >
E(E(c)) = 0, thus, F, > F,. We also have that

K, n
EE(0)? = tZ Z ¢(|i —j+n|) <tK,.
i=1 —K,

Jensen’s inequality applied to the expectation with respect to the law of E(o) leads to

n g

2n

and the corollary is established.

A.3 Proof of Lemma 6

Using Identity (6), it is enough to bound E(4; ml j )2 In the derivations below, we use It6’s lemma
to obtain the equality. To obtain the first inequality, we extract the terms k = j from the two
sums at the right hand side of the equality, we observe that m[ g € [0, 1], and we use the inequality

ab < (a® + b?)/2. We obtain
E(5;m!")?

= _9 Z ’kJ Ed;m; L2] (mk m%}) )dv + Z ssz slmkj )2dv

k#1 k#1
t .
< 3845t + Z Slkf 5ka] v))? + E(6; (m’E]m][clJ]) (U))2) dv + ( Z 31k> J E(éimgzl (v))%dv
ki, kA, 0

t

< 35yt + Cron max L (]E(sim}[g. ()2 + E(6: (mlg]m,[g.) (@)2) Ao+ Crow |, E(5m! (0)?do

t ) ) t
< 3535t + Crow max L E(1 +m}) (0)2)my) (v)2dv + Crow 0 E(6;mi (v))2dv.
+1

gi=1T

In the last inequality, we used that

(fﬂ(l) +a(=1) ) 2+ (y(l)w(l) - y(—l)fﬂ(—l)>2 < z(1)? + 2(-1)% + y(1)*x(1)* + y(=1)*x(=1)°
2
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We now use that m,[jj] =(1- (m,[j])Q)(Skmgi’k] to obtain that

t t
i i,k i
E(dimg )2 < 3sijt + Chrow max L ]E((Skmg 10))2dv + Chrow . E(Csimg](v))QdU
1

=T

Using Gronwall’s inequality which states that if p(t) < a(t) + Cgé p(v)dv, then ¢(t) < a(t) +
C So v) exp(C(t — v))dv, we obtain by making an Integration by Parts that

t .
E(4; m[z]) < 655t + Crow kmfx J eCmW(t_”l)E(éklm?’kl](Ul))zdvl.
1 %3 Jo
=1

[i7k1

We now similarly consider o5, m ](vl) and focus on the dependence of this random variable on

(Whiks () gy i 5, - APPlying the same argument as above to E(dg, m L kl](vl))Q, we obtain

E(6k1 mghkl] (Ul)) 65k1jt + Crow kgI;rélzankl f ecrow(t_W)E(éksz’lykll’kQ] (Uh UQ))QdU%
ory =1

and thus,

i k1 ks
+C?, max max J J Crow(Zt—v1—v2) (5, mgl’ b z](U v9))?dvydvs,.
kl#h] kz#h] kl

0'17

Iterating, we end up with

C G
E((Sim[’]) < (1 + ( Crowt _ 1) 44 (ec’mwt _ 1)»”,3)
, ¢ t n—2
+ Cf?ow2 max ... max J- s J- eCrOW Ze:l (t—ve) X
k1,5 kn—2#%,3,k1,....kn—3 Jg 0
o;=*1 Tk, o=
S S
E(ékn—Zm‘gl ' 2 (Ula V2, ... ,'Un_Q))2d'U1 e d’l}n_Q’

which leads to the result.

A.4 Proof of Lemma 15

Let us denote as G, the set of rooted, undirected, labelled and connected graphs such that £(o) =
|[V(G)| < r, and the property

{u,v} € B(G) = {(u) € Ky

We denote as R the set of all the elements of G; but without the labels. Given a graph G € G;, let
us denote as G = U(G) € R the unlabelled version of G. With these notations, we have

A= > Y {(Th.... Ty eA: G(T,....Ty) = G}. (26)
GeR GeGi:_
U(G)=G

The summand in this expression is bounded by a constant independent of G. We need to show
that
{GeG : U@G) =G} <CK; " (27)
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Given G € R, denote as o the root node of G, write M = |V (G)|—1, and write V(G)\{c} = [M].
Recalling that G is connected, let us consider a spanning tree of this graph rooted in o. Denote
as 7(v) the parent of the node v in this tree. Writing j, = 4, we obtain that

{GeGi:U®G) =G} <|{(-- im) € [n]™ : Yk e [M], Ik €Ki -

Denoting as L < [M] the set of the leaves of the spanning tree, we can write

{Grsegm) € [ 2 Vhe [M], ji € Ky, }| = > 1
Jiyeim€[n]:
VkE[M], jkEKjﬂ_(k)
- Z > (X Xy
MNL ju€Ks )y PEL JpEK; (1

<CK,LL| > o

ke[MN\L k€K

recalling that |K;| < CK,, for all j and using the inequality |L|K,, < K as soon as K,, = 2. If
we prune the leaves of the original spanning tree, what remains is a tree made of the nodes that
constitute the first sum above plus the root node. We can apply the pruning operation to the new
tree as above, and iterate until exhausting all the set [M] = V(G)\{c}. This leads to

{1y dm) € [ 2 Yk € [M], jr€ Kj, o, } < CKM < CK 7Y,

hence Inequality (27).
It is furthermore easy to check that
R <C

and the lemma is proven.
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