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Explicit Convergence Rate of a Distributed
Alternating Direction Method of Multipliers

F. Iutzeler, P. Bianchi, Ph. Ciblat, and W. Hachem

Abstract—Consider a set of N agents seeking to solve dis-
tributively the minimization problem inf, 25:1 fn(z) where
the convex functions f,, are local to the agents. The popular
Alternating Direction Method of Multipliers has the potential
to handle distributed optimization problems of this kind. We
provide a general reformulation of the problem and obtain a
class of distributed algorithms which encompass various network
architectures. The rate of convergence of our method is consid-
ered. It is assumed that the infimum of the problem is reached
at a point x,, the functions f, are twice differentiable at this
point and > V?f,(x,) > 0 in the positive definite ordering of
symmetric matrices. With these assumptions, it is shown that the
convergence to the consensus x, is linear and the exact rate is
provided. Application examples where this rate can be optimized
with respect to the ADMM free parameter p are also given.

Index Terms—Distributed optimization, Consensus algorithms,
Alternating Direction Method of Multipliers, Linear convergence,
Convergence rate.

I. INTRODUCTION

Consider a set of N > 1 computing agents that seek to solve
collectively a minimization problem. Given that Agent n has
at its disposal a private convex cost function f, : RF —
(—o00,00] where K is some positive integer, the purpose of
the agents is to solve distributively the minimization problem

A distributive (or decentralized) scheme is meant here to be
an iterative procedure where at a each iteration, each agent
updates a local estimate in the parameter space R¥ based on
the sole knowledge of this agent’s private cost function and on
a piece of information it received from its neighbors through
some communication network. Eventually, the local estimates
will converge to a common value (or consensus) which is a
minimizer (assumed to exist) of the aggregate cost function
S fa

Instances of this problem appear in learning applications
where massive training data sets are distributed over a network
and processed by distinct machines [1], [2], in resource
allocation problems for communication networks [3], [4], or
in statistical estimation problems by sensor networks [5], [6].

The proximal splitting methods [7] have recently attracted
a large interest in the fields of statistics, signal processing and
communication theory thanks to their convergence properties
and to their ability to deal with large scale and decentralized
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problems. Among these, one of the most emblematic is the
Alternate Direction Method of Multipliers (ADMM). In [8],
Schizas et al. showed that ADMM easily lends itself to a
distributed implementation of Problem (1). Since then, dis-
tributed versions of ADMM applied to consensus problems
have been explored in many works (see [9]-[14] as a non-
exhaustive list). In this paper, we provide a general framework
inspired from [8] which allows to distribute an optimization
problem on a set of agents. From a formal point of view,
we do not assume the existence of a pre-existing “graph”
whose edges would correspond to pairs of communicating
agents. Instead, our framework relies on the introduction of
components Ay, ..., Ar, each of which is a subset of agents.
i) In the case where the A,’s are pairs of agents, our algorithm
will involve pairwise communications between agents, as in
e.g. [11]. ii) Identifying the A,’s with larger sets of agents
(clusters), our algorithm will be distributed at the cluster level.
For instance, our framework encompasses the case of loosely
coupled computer clusters composed of tighly coupled parallel
machines. iii) Finally, when the collection of components
Ay, ..., Ay is reduced to a single set A; = {1,..., N} (that
is, L = 1), our algorithm reduces to the parallel ADMM
algorithm described in [15, Chapter 7], in which all agents
output are reduced in a centralized fashion at each iteration
of the algorithm. Otherwise stated, our framework yields a
continuum of algorithms ranging from a fully centralized to a
fully distributed setting.

The main contribution of this paper deals with the rate of
convergence of ADMM in the framework of Problem (1).
It is assumed that the infimum of Problem (1) is attained
at a point x,, the functions f, are twice differentiable at
this point, and Y V?f,(z,) > 0 in the positive definite
ordering of symmetric matrices. With these assumptions,
the linear convergence of the ADMM iterates is shown, and
most of all, their convergence rate is explicitly provided.
Our result potentially allows to evaluate the impact of the
communication network on the performance, as well as
the effect of the step-size. Application examples where the
step-size can be optimized are also given.

The method behind the proof is as follows. We first assume
that the functions f,, are quadratic. In that case, an ADMM
iteration boils down to an affine transformation that we denote
as Cx+1 = Rk + d. These iterates converge at an exponential
rate that can be explicitly obtained through an analysis of the
eigenstructure of the matrix R. Turning to the general case, an
ADMM iteration for k large enough is shown to be a perturbed
version of an affine transformation similar to the quadratic
case. A close look at the perturbation terms shows that they



lie in such an eigenspace of R that the analysis of the quadratic
case remains essentially effective.

Beyond the framework of distributed optimization, we
believe that our technique can be used to characterize the
rate of convergence of ADMM in more general constrained
minimization settings where the objective function is smooth
in a neighborhood of the solution.

The ADMM rate of convergence was recently investigated
in [9], [16]-[19] where the O(1/k) convergence rate was
established in the case where the objective functions are not
necessarily smooth.

The authors of [20] consider the problem
Miny. Ag+By=c f(x) + g(y) where one of the two objective
functions is strongly convex and has a Lipschitz continuous
gradient. They establish the linear convergence of the iterates
and provide upper bounds on the rate of convergence.
The works [21] considers the quadratic or linear problem
ming: az=p.o>0 T*Qx + c*x where () is a symmetric positive
semidefinite matrix that may be equal to zero. The linear
convergence of ADMM near the solution is established. A
similar problem is investigated in [22] where an upperbound
on the decay rate is provided, along with the step size which
minimizes the latter upperbound.

The distributed consensus problem considered in this paper
was also studied by [11], [12] and [13]. The algorithm studied
by [12] strongly relies on the introduction of an inner loop
at each iteration of the algorithm. The authors of [13] focus
on quadratic programming and introduce a specific type of
preconditioning for analysis purposes which also modifies
the structure of the algorithm. Hence, both algorithms in
[12] and [13] differ from the natural ADMM of interest in
[11] and in the present paper. The authors of [11] prove the
linear convergence of ADMM in a distributed setting, and
provide an upper bound on the norm of the primal error. The
bound of [11] is moreover uniform w.r.t. the choice of the
functions f, on a class of strongly convex functions with
Lipschitz continuous gradients. However, work is needed
to fill the substantial gap between the bound of [11] and
the practice. The aim of this paper is to obtain an exact
and informative characterization of the convergence rate.
In addition, the proof of [11] relies on the assumption that
the functions f,, are smooth strongly convex functions with
Lipschitz continuous gradients, whereas the present paper
relies on weaker assumptions.

Finally, let us mention the recent preprint [23] that
considers the non smooth case. Using an approach similar to
the one used in [24], the linear convergence of the iterates is
established in the case where the step-size for updating the
multipliers is small enough. No explicit convergence rate is
provided.

After setting our assumptions in Section II, we show how
Problem (1) can be distributively solved by ADMM after being
adequately reformulated. We then state our main convergence
result in Section III. In Section IV, we provide an illustration
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of our result in some special cases where the rate admits a
simple and informative expression. The main result is proven
in Section V. In Section VI, some numerical illustrations are
provided. The conclusion is provided in Section VIL.

II. ASSUMPTIONS, ALGORITHM DESCRIPTION
A. Assumptions and problem reformulation

Let us denote by I'g(R¥) the set of proper, lower semicon-
tinuous, and convex functions from R¥ to (—oco, oo] where K
is an integer. The proximity operator of a function h € I'o(R™)
is the mapping defined on R" — R" by

1
prox,, (z) = argmin(h(w) + in — x\|2> .

Denote as A = {1,..., N} the set of agents. The assumptions
on the functions f,, considered in this paper are the following:

Assumption 1 For any n € A, f, € To(RE).

Assumption 2 The infimum of the problem (1) is attained at
a point x,. At T, the functions f, are twice differentiable and
their Hessian matrices satisfy

N
> VP fala,) > 0.
n=1

These assumptions clearly imply that the minimizer x, is
unique. Observe that the functions f,, are not required to be
strictly or strongly convex at an individual level. Moreover, no
global property of the gradients such as the existence or the
Lipschitz continuity is assumed. We only require the two-fold
differentiability of the functions f, and the strong convexity
of 3" fn(x) at a local level.

Along the idea of [8], we now provide another formulation
of Problem (1) that will lead us to a distributed optimization
algorithm. Thanks to Assumption 3 below, the two formula-
tions will be shown to be equivalent.

We introduce some notations. Given any positive integer
¢, an element z of R will be often denoted as z =
(x(1),...,2(¢f)) where z(m) € RX for m = 1,...,¢. Let
C; be the linear subspace of R‘X whose elements z =
(z(1),...,z(¥)) satisfy (1) = x(2) = --- = z({). Denoting
by 1, the ¢ x 1 vector of ones and by ® the Kronecker
product, the orthogonal projection matrix on this subspace is
Py =J,® I where J, = g_llzlz.

Given a positive integer L, let A;,..., Ap be a collection
of subsets of A such that the cardinality of any set A, satisfies
|Ag| > 1. Define the functions

f: RNE 5 (—00,00]
= @)=Y fala(n)
and
g: RMIE o RALIE 3 (00, o0]

z= (20, ..., 2(F)

— g(2) =31 10, (29)

where 1 is the indicator function of C, defined to be equal
to zero on C' and to oo outside this set.

For any subset of agents A C A, let S : RNE — RIAIK pe
the selection operator Sqaz = (2(n))nec. This linear operator
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admits the matrix representation Syx = (5S4 ® Ik )z where
the matrix S4 is a |A| x N selection matrix, i.e., its elements
are valued in {0, 1}, it has one non zero element per row, and
it has one non zero element at most per column. Finally, set
T= ZlL |Ae| and define the linear operator

M: RVKE _, RTK
x — Mz = (Sa,(2)l, = (S® Ix)x
where
Sa,
s=| :
Sa,

is a T' x N matrix. Operator M will be identified from now
on with the matrix M = S ® I.
With these definitions, we now consider the optimization
problem
inf f(z)+g(Mz).

TERNK

Let G = ({1,...,L},€) be the non oriented graph with
{1,...,L} as the set of vertices and with the set of edges
& defined as {¢{,m} € £ if Ay N A,, # 0. Then, we made
the following assumption. Let us remark that our proposed
algorithms described later will be distributed at the subset
level. A coordination will be needed within each subset Ay,
but the exchanges between the subsets are fully distributed.

2

Assumption 3 The following facts hold true:
i) Uy Ae= A
it) The graph G is connected,

We obtain the following lemma.

Lemma 1 Under Assumption 3, x, is a minimizer of Problem
(1) if and only if (x4, ...,x4) is a minimizer of Problem (2).

Proof: The equivalence stated by this lemma will be es-
tablished if we prove that g(Mzx) = Zngl 104, ((@(4))ica,)
is finite if and only if x € Cp. Since G is connected,
there exists ¢; # 1 such that Ay N A, # 0.

Therefore, ZC\A1|(('r(i))i€A1) + ZC\Azl\((x(i))iEAzl)

11,04, (2(8))icasua,, )- Similarly,  there  exists
1

2 {1,61} such that (A1 U Agl) n Ag2 7& @,
therefore ZC\A1|((I(i))i€A1) + ZC|A£ \(( (.))lGAz ) +

ZC|A£2\<(x(i))i€A£2) = 04,04, uAez\(( ())ZEA1UA21UA22)
Pursuing, we obtain that g(Mz) = 1,4, ((2(i))icu,a,)-
By Assumption 3-i), this is equal to 2¢ (). [ |

B. An illustration

In order to be less formal and to have some insights on
our formulation, consider the example given in Figure 1.
In that case, for any =z = (z(1),...,z(5)), the vector Mz
has 3 block-components respectively given by (z(1),x(2)),
(x(4),z(5)) and (x(2),x(3),x(4)), that is:

Ma = (2(1),2(2) , 2(4),2(5) , 2(2), 2(3),2(4)) ()

In this example, the function g is the indicator of the linear
space composed of all vectors of the form

(u’u7 v?”? w7w7w)

“4)

OO0 D—C

5

(@) A; = {1,2} (b) Ay = {4,5}

5
(© As = {2,3,4}

Fig. 1: An example of with L = 3 components.

for any w, v, w. This means that g(z) is equal to zero whenever
z has the form (4) and is equal to +o0o otherwise. When 2z =
Mz, we obtain that g(Mx) is finite only if the vector (3) has
the form (4). This holds if and only if (1) = z(2), x(4)
x(5), (2) = z(3) = z(4). Equivalently, all components of z
should be equal.

C. Instancianting ADMM

We now recall how ADMM can be used to solve Problem
(2) in a distributed manner. ADMM is commonly described
by reformulating Problem (2) into the constrained problem

inf f(x)+

z=Mzx (2)7
and by introducing the so called augmented Lagrangian. This
is the function £, : RVE x RTE x RTE — (—00, 00] defined
as
2
I

‘Cp(xa Za >‘) =

F(@) +9(z) + A\ Ma = 2) + 2 | Ma — 2

where p > 0 is a constant. ADMM consists in the iterations:

Tpy1 = argmin £,(x, 253 Ai) (5a)
zeRNK

Zy1 = argmin L, (241, 23 Ak) (5b)
z€RTK

A1 = Mg + p(MTpq1 — 2341)- (5¢)

A proof of the following result can be found in [15, Ch. 3.2
and Appendix A] combined with Lemma 1. Another proof
using the so called Douglas Rachford splitting can be found
in [25]:

Theorem 1 Under Assumptions 1 to 3, the set of saddle points
of the unaugmented Lagrangian Lo(x,z,\) is nonempty, and
any saddle point is of the form (1n X Ty, LT ®x, Ay ) where
is the unique solution of Problem (1). Moreover, for any initial
value (29, \o), the sequence of ADMM iterates (xy, 2, \k)
converges to a saddle point.



We now make the ADMM equations more explicit and show
how they lead to a distributed implementation. The x and 2z —
update equations above can be respectively rewritten as

Tpy1 = argmin f(z) + g”MCC — (2 — )\k/p)||2, (6)

rERNK

21 = argming(z) + £llz = (Mawpn + Mo @)
z€RTK

Let us partition zj as in the definition of the function g above

(1) L)

and write z, = (2 °,...,%, ). Accordingly, let us write
Ak = ()\,(Cl), ce )\,(CL)) Where A e RI4IK and furthermore,

let us write )\,(f) = (/\Ef) (n1), )\,f) (na),..., )\,(f) (ny4,])) where
)\,(f)(ni) € RX and where n; is the column index of the
non zero element of the row ¢ of S4,. The indices n; of
the elements of )\gf) are therefore the indices of the agents
belonging to the set A,. Using these notations, Equation (7)
can be parallelized into L equations of the form

p 1
Bllz = (Sazeer + A7 /0)|1%,

z,(cll = argmin zC‘A“( z) + 5

zeRIAeIK

whose solution is z,(ﬁl =114, ® Z,g) € Cl4, with

()
A = \A|Z(xk+l )+ 200),

P
Turning to the A\ — update equation in the ADMM iterations
and inspecting the structure of the matrix M, this equation
can be decomposed into the equations

¢ ¢ ‘
ML) =AM 0) + plaeam) - 20)  ®)
for ¢/ = 1,...,L and n = .,N. Fixing ¢ and

taking the sum of the )\,(CJ)rl( ) with respect to n yields

D e A )‘l(f-s)-l( ) = 0. Therefore, the 2,(5) update equation can
be written after the first iteration as

Z > appa(n €))

k+1
neAy

IA\

Getting back to Equation (6), we now see that it can be
parallelized into N equations of the form

i1 (n) = argmin f, (w)+ PRI (n),w>+g|\w

weR méeo(n)

2|2

(10)
forn =1,...,N, where o(n) = {m : n € A,}. Let us
introduce the following aggregate quantities:

1 (m)
Ar(n) = E A n
() plom)| £~ | e ()
_ 1 _(m)
= ) Ze(fk

After some algebra, the x-update in (10) simplifies to

zr+1(n) = prox_g_ (xu(n) — Ax(n)) . (D
By (8), we have the update equatlon
Apy1(n) = Ap(n) + zpg1(n) — Xpt1(n) . (12)

We are now in position to state the main algorithm.
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D. Distributed ADMM (General case)

All agents within a subset A, are assumed to be connected
together through a communication network. Recall that for a
given n, |o(n)| is the number of clusters to which Agent n
belongs.

Before entering the iteration k£ 4+ 1, Agent n holds in its
memory the values zx(n), xx(n) and Ag(n).

Distributed-ADMM (General case)
At Iteration k + 1,
1) The agents 1,...

, N compute their estimates xj1(n)
(xx(n) = Ax(n)) .

2) For all £ =1,..., L, the agents belonging to a cluster
Ay send their estimates x41(n) to a “cluster head” who
can be a preselected member of A, or an independent
device. The cluster head computes

D wia(n

neAy

T+1(n) = Prox_g,

k+1 |A|

and sends back this parameter to all the members of the

cluster.
3) Forn=1,..., N, Agent n computes
1 ~(m)
Xe(n) = z
|o(n)] 2
meo(n)
Api(n) = Ap(n) + zp41(n) = xe41(n) .

Note that in the absence of a cluster head, one can think
of a distributed computation of 2,(:21 within the cluster using
e.g. a gossiping algorithm.

Note also that when |A;| = 2 forall £ = 1,..., L, no cluster
head nor a gossiping algorithm are needed for the execution
of Step 2. Assuming that A, = {m,n}, Agents m and n
exchange the values of x41(m) and x1(n) then they both
compute 5}&?1 = (zg+1(m) + Tk41(n))/2. In this case, the
algorithm is fully distributed at the agents level. This point is
discussed in the next paragraph.

E. Distributed ADMM (Special cases)

We end this section by two important examples of possible
choices of the subsets A,. We shall come back to these
examples later.

Example 1: This is the centralized ADMM described in
[15, Chap. 7]. Let L =1 and A; = A. Problem (2) becomes
inf crnr f(z)+20y (). Atlteration k41, a dedicated device
simply computes Zy 1 = N ! Zf:;l Zg+1(n) and broadcasts
it to all the agents.

Example 2: Here we assume that all the agents be-
long to a communication network represented by a non
oriented graph with no self loops G = (A, E) where
E = {{n1,m1},{na2,ma},...} is the set of edges. Setting
L = |E|, we consider that any pair of agents {n,m} such
that {n,m} € E is a set A,. If the graph G is connected,
then Assumption 3 is easily seen to be verified, and Problems
(1) and (2) are equivalent. In this situation, |o(n)| simply
coincides with the degree d, of node n in the graph i.e.,



IUTZELER, BIANCHI, CIBLAT AND HACHEM: ADMM RATE OF CONVERGENCE.

the number of its neigbors. For every edge A, = {n,m},
2,(66) = (z(n)+zx(m))/2 is simply the average of the nodes’
estimates on that edge. As a consequence, it is straightforward
to show that x,(n) = (zx(n) + Tx(n))/2 where Zy(n) =
d% > men, Tk(m) and N, is the neighborhood of node n.

This leads to the following algorithm. An Agent n keeps
the variables xx(n), Zx(n), Ag(n) at each time k.

Distributed-ADMM (clusters are edges)
At Iteration k + 1, Agent n

1) computes its estimate

Tp41(n) = Prox s,

pdn

(zk(n);fk(n) _ Ak(n)) ,

2) receives the estimates xx(m) of other Agents m € N,
in its neighborhood and computes

3) updates Agy1(n) = Ag(n) + (xg+1(n) — Tr11(n))/2.

xg(m),

In this special case, the algorithm boils down to the algo-
rithm of [11].

III. MAIN RESULT

We now come to the main result of this paper. Define the
T x T orthogonal projection matrix

4]
II =
JaLl
and consider the T K x T'K orthogonal projection matrix
Py
P=II®Ik =
Plag|
Define the TK x T'K matrix
V2 i) .
Q= pM +pM*M | M*
V2 fn(zs)
— oM (V2f(1y @ 2,) + pM*M) ™" M* (13)

Finally, denote by span(-) and by r(-) respectively the column
space and the spectral radius of a matrix.

Theorem 2 Let Assumptions 1 to 3 hold true. Let o =
T((Hspan(P+Q) - (P + Q))(I - QP)) where Hspan(P+Q) is
the orthogonal projection matrix on span(P + Q). Then the
following facts hold true:

) a<l,

i) For any initial value (29, \o) of ADMM,

1
limsupE log ||z — 1n @ x| < loga,

k—o0

iil) The matrix R = (I—P—Q)(I—2P) has eigenvalues with
absolute value «. If span((I —2P)M) is not orthogonal

to the invariant subspace of R associated with these
eigenvalues, then

. 1

limsup —log ||z — 1n @ 24| = log
k—oc0 k

Sor any initial value (20, \o) outside a set of Lebesgue

measure equal to zero.

This theorem says that ||}, — 1x ® 2| < (a + o(1))*, and
provides a condition under which this rate is tight. It means
that, for (zp, Ao) outside a set with zero Lebesgue measure,
lzr — 1xy ® 24| = (o + o(1))*. Moreover, Item iii) states
that this rate is fight as soon as matrices P and M satisfies a
technical condition. Although providing deeper insights on this
condition is a difficult task, we claim that the latter condition
is mild. It is for instance trivially satisfied in the case of a
centralized network (see Example 1 in Section II-E).

IV. SPECIAL CASES

The aim of this section is to provide some examples of
the rate o = r((Ilspan(p+q) — (P + Q))(I — 2P)) in simple
scenarios. We assume for simplicity that the dimension K of
the parameter space is equal to one, in which case we have
M = S and P = II. Moreover, we investigate the case where
f/(z4) = 02 > 0 is a constant which does not depend on
n. Remark that this assumption is not mandatory, but has the
benefit of yielding simple and insightful expressions.

A. The centralized network

We consider here the simple configuration of Example 1
of Section II-C, where L = 1 and A; = A. This case
amounts to assuming that M = Iy, P = N '1y51% and
Q= %I ~- The projector Ilgp,n(p+ ) is the identity and the
rate of convergence o of ADMM coincides with the spectral
radius of

R= (IN—P—Q)(IN—2P)

o2 p
o2 +p

=7 (Iy-— P.

P) +
o2+p )

2
. . o e . o, P
Matrix R has two possibly distinct eigenvalues — s and e

both of them less than one. We have the following corollary.

Corollary 1 (Centralized network) Under the stated as-
sumptions, the rate is given by:
max(p, o7)

In particular, o > % with equality iff p = o2.

Corollary 1 states that the optimal convergence rate is 1/2 and
that this rate is attained when the step-size of the algorithm
is equal to o2. In general, o2 is unknown, but the result
nevertheless provides useful guidelines on the way to select
parameter p, and potentially allows to design adaptive step-
size selection strategies.

It is worth noting that a closed-form expression of the rate

« can as well be obtained in the case where the second order



derivatives f”(x,) are distinct. The analysis is however some-
what tedious, as the latter closed-form expression depends on
the location of p on the real axis. We shall discuss this case
below in the numerical section.

B. The ring network

We now assume that N > 3 and consider the framework
of Example 2 of Section II-C. In that framework, the graph
G = (A, E) that we study here is the ring network with F =
{{1,2}, {2,3},...,{N —1,N},{N,1}} as the set of edges.
We therefore have L = N and

Ae:{ {e,0+1}

{1, N}
as shown in Figure 2.

if f < N
otherwise

Fig. 2: Example of a ring network with N = 6. Sets A, are
represented by the ellipses.

We define for simplicity sy =
cos(2n/N) and tn = tan(27/N).

sin(2r/N), ¢y =

Corollary 2 (Ring network) Under the stated assumptions,

the rate oo = «(p) is given by the following expression.
2
o If p< &, then
28]\]

o7 +2p (1 +cen) + ok —4p*sy

2(02 + 2p)
o2 2
o If 6{7* —*},then
P=losy 263
_ [p(l+en)
o2+2p "’
IFp> 2 th
. fp_ﬁten
_ 2
0242

For any N > 3, the function p — «(p) is continuous,
2 2

decreasing on (0, 2‘:—;\,] increasing on [2‘:—;,, +00). Finally,
S 1 1+cn
Q> Qo i= —=
= VoV 1+sy
i

with equality iff p =

2sN°

Proof: See Appendix. ]
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2 2
. . . N
The optimal step-size pop = 3o 1 qual to Z—= + o(N)
which suggests that the step-size should increase at the rate
N. In that case, we get

Qopt = 1 — % + 0(%).
Before closing this section, it is interesting to compare these
results with the speeds of some well-known algorithms used
for solving the so-called average consensus problem (see the
seminal work of [26] for more details). Given a network
of N agents each holding a measurement 6,, the purpose
of these agents is to reach a consensus over the average
N1 ZnN:1 0,,. To attain this consensus, one idea is to solve
the problem min, 22;1(1’ —0,,)? by means of ADMM. This
approach has been undertaken in [27], where the authors also
obtained Equation (15) in the large N asymptotic regime of
the ring network. When synchronous gossip algorithms for
average consensus is considered, it is proven in [28] that
a~1—27%/N? for large N ring graphs.

5)

V. PROOF OF THEOREM 2

The proof is centered around the vector sequence (; =
Ak+pzr who can be shown to govern the evolution of ADMM.
Starting with the case where all the functions f,, are quadratic,
we show that an ADMM iteration boils down to the affine
transformation (41 = R(; + d where R is a TK x TK
matrix with a certain structure. A spectral analysis of R shows
then that the rate of convergence of ADMM is provided by
the largest modulus of the eigenvalues of R different from
one (this number is smaller that one). Part of the proof
consists in characterizing the eigenspace associated with these
eigenvalues. We then generalize our results to the case where
the functions f;, are not necessarily quadratic, but remain twice
differentiable in the vicinity of the minimum. In this case, we
obtain a perturbed version of an affine transformation similar
to the quadratic case. The perturbation terms will be shown to
lie in such a subspace of R that the analysis of the quadratic
case remains essentially effective.

We start our proof by providing preliminary results that
describe some simple algebraic properties of the matrices S
and II who will help us study the eigenstructure of R. We then
recall some well known properties of the proximity operator
which is known to be tightly related with ADMM. We then
establish Theorem 2 in the quadratic case, ending our proof
with the general case.

A. Preliminary results

We shall need to reformulate Assumption 3 in a form that
will be more conveniently used in the proof:

Lemma 2 Assumption 3 is equivalent to:
i) rank(S) = N, and
i) span(S) Nspan(Il) = span(1y7).

Proof: Since the matrix S has one non zero element per
row, its non zero columns are linearly independent. Assump-
tion 3-i) is equivalent to the fact that no column of S is zero.
Therefore, Assumptions 3-i) and Item ¢) in the statement of
the lemma are equivalent.
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Denoting any vector v € RY as v = (vy,...,vy), we have

y € span(S) Nspan(Il) <

Jv e RY . Y= ((Un)neAys---s (Un)neca,)
L
and Zzspan(lmﬂ)((vn)neAZ) =0.
=1
If Assumption 3-ii) is satisfied, then the proof of

Lemma 1 shows that 3, lspan(l\Ae\)((vn)neAe) =
Uspan(1),, 4,1) ((Un)neu, 4, ), which shows that y € span(1r).
Conversely, suppose that Assumption 3-ii) is not
satisfied. Then there exists a non empty set C
strictly included in {1,...,L} such that UsccA; and
Ure(1,...,.L}—cAe are disjoint. Let v € RY be defined as
(vn)HGUeecAe = O‘]-IUeecAzl and (vn)nGUee{l ..... Ly—cAe

ﬁl\uzeu, y_cAg With a # (. Then it is easy to see that
¥y = (Vn)neays---, (Un)nea,) € span(S) N span(Il) but
y & span(lr). In conclusion, Assumption 3-ii) and Item i)
are equivalent. [ |

Other properties of S will be needed:

Lemma 3 The matrix S satisfies the following properties: (i)
Sly =17, (i) (It —)S1y =0.

Proof: The property (i) is due to the fact that S' contains
one non zero element per row, and this element is equal to 1.
Since 1117 = 11, we obtain (ii). [ |

B. The proximity operator

Let h € To(R™). The following two lemmas are well
known, see e.g. [29]:

Lemma 4 The operator prox, is non expansive, 1i.e.

|| proxy, () — proxy, (z)[| < [l — 2'].

Lemma 5 Let C C R" be a closed convex set. Then prox,, (x)
coincides with the orthogonal projection of x on C.

C. The quadratic case

We consider herein the case where the functions f,, are
quadratic: f,(xz(n)) = 0.5x(n)*®,xz(n)+c;x(n)+d, where
the K x K matrices ®,, are symmetric and nonnegative, the
¢, are some given K x 1 vectors, and the d, are some
given scalars. Assumption 2 reads in this case Ziv ®, > 0.
We immediately observe that the solution of Problem (1) is
attained at a unique point x,. Observe also that the function
f(x) is quadratic with the gradient V f(x) = ®x + ¢ where

(I)l C1

o= , and c¢= (16)

Dy CN

Our first task is formulate an ADMM iteration as a single
line affine transformation, as alluded to in the introduction
of this paper. We start with the z — update equation (7).
Writing (i1 = pMxp+1 + A\, Equation (7) can be rewritten
Zpr1 = proxp_lg(ck+1/p). Recall now that the matrices
P, 4, introduced in Section II-A are the orthogonal projection
matrices on the subspaces C" A, C RIA¢IK  Therefore, the

matrix P is the orthogonal projection matrix on the subspace
of RTK that coincides with the domain of g. By Lemma 5,
we get that 21 = p  P(ry1.

Letting P, = Irxg — P be the orthogonal projection
matrix on the orthogonal complement of span(P), we get that
P Crv1 = Qo1 — Plryr = Cra1 — p2ig1 = M +p(Mxgyq —
Zk+1) = Ap+1. Summarizing, we have (x = M\ + pzk,
pzr = P(, and A\, = P, (, for any k € N.

We now turn to the x — update equation. Since [ is
differentiable, Equation (6) can be rewritten as

Vf(@rg1) + pM* (M1 + Ae/p— 21) =0,
or equivalently,
Vf(wpi1) + pM*Mzyyq + M*(I — 2P)(, = 0.

As Vf(z) = Pz +c, we get (P+pM*M)zp = —M*(I—

2P)(, —c. Since M*M = (S*S) ® Ix > 0 by Lemma 2, the

matrix H = ® 4+ pM* M is invertible, and we end up with
Tpp1 = —H 'M*(I —2P)¢ — H . (17)

Recalling that (11 = pMxk4+1 + A; and observing that the
matrix @ defined in (13) coincides with pM H~'M* in the
quadratic case, we finally obtain
Chy1 = —Q(I —2P)(p + \e — pMH ¢
= (PL—Q)I =2P)¢, — pMH ¢

CRG +d

where R = (P, — Q)(I —2P) and d = —pMH'c.

(18)

Remark 1 These derivations show that the sequence (j is
autonomous and completely characterizes ADMM. This phe-
nomenon is in fact general and shows up naturally when
ADMM is interpreted as a particular case of the Douglas-
Rachford splitting algorithm [25], [30].

The following lemma provides some important spectral
properties of R. In fact, part of the results shown in its state-
ment can be deduced from Theorem 1. Indeed, a consequence
of this theorem is that the iterations (11 = R(j + d converge
for any initial value (. Yet, the direct proof provided below
provides a finer understanding of the spectral properties of R:

Lemma 6 r(R) < 1. Moreover, for any 6 € (0,2x), exp(:0)
is not an eigenvalue of R. Finally, the algebraic and geometric
multiplicities of any eigenvalue of R coincide.

Proof: We have r(R) < ||R| = ||PL — Q|- Upon
noting that |z* P, x — 2*Qx| < ||z||? for any z € RTX, all
eigenvalues of the real symmetric matrix P, — @ have their
absolute value no larger than one. Thus, the same holds for
(P, —@Q)? from which we obtain ||P; — Q|| < 1. This proves
the first point of the Lemma.

Assume that exp(:0) is an eigenvalue of R for some 6 €
[0,27), and let w be an associated eigenvector with ||w]|| = 1.
Since Rw = exp(10)w, we have ||Rw| = 1, which implies
that w (P, — Q)?wr = 1 = |Jur||*> where wg = (I — 2P)w.
This implies that wg lies in the eigenspace of (P, — Q)2
corresponding to the unit eigenvalue. Any such vector can
be written as the sum wg = u + v of two orthogonal vectors



satisfying (P, —Q)u =w and (P, —Q)v = —v. As u* (P, —
Q)u = ||ul|?, one has ||Ju||? > u* Py u = ||ul|? + u*Qu. Since
@ is non negative, we obtain Qu = 0 and, consequently, Pu =
0. Using similar arguments, P v = 0. Now, equation Rw =
exp(10)w reads (P} —Q)(u+v) = exp(20)(I —2P)(u+v). In
the light of the above properties of v and v, this is equivalent
to u — v = exp(20)(u — v). Thus # = 0 and the second point
is proved.

The eigenvalue A has the same algebraic and geometric
multiplicities if and only if rank((R — A\I)?) = rank(R — \I)
(indeed, any Jordan block 7, with size > 1 associated with
A would satisfy rank((Jy — AI)?) = rank(Jy — AI) — 1).
Using the identities rank(AB) = rank(BA) and rank(AB) =
rank(B) if A is invertible, we obtain

rank(R — M) = rank(P, — Q — A(P. — P))
since (P, — P)? = I, and

rank((R — M\I)?) = rank([(PL. — Q — A(P. — P))(P. — P)]?)

= rank([P. — Q — A\(P. — P)]?).

Since P, — Q — A(P, — P) is symmetric, these two ranks
coincide. ]

When it exists, the eigenspace of R associated with the
eigenvalue 1 plays an important role. In order to characterize
this subspace, we start with a preliminary result:

Lemma 7 Let Assumptions 2 and 3 hold true, and let N' =
ker(@ — P) be the null space of Q — P. Then

N = ker(Q) Nker(P) = ker(Q + P).

Proof: We provide the proof of the first equality NV =
ker(Q) N ker(P) (the second equality follows from the non
negativity of () and P). Note that we only need to prove
that ' C ker(Q) N ker(P), the other inclusion being trivial.
For any ¢ € N, we set ( = X\ + pz where A = P, and
pz = P(. Vector ( satisfies Q¢ = P( = pz. Observe that
span(Q) = span(M) = span(S ® Ix) = span(S) @ RX
where the second ® denotes the tensor product. And since
span(P) = span(Il ® I) = span(Il) ® RE, we obtain that
z € span(M) N span(P) = (span(S) Nspan(Il)) @ RX =
span(17)®RX by Lemma 2. Hence z = 17®q where g € RX
needs to be determined. Replacing in the equation Q¢ = pz,
we obtain MH ' (M*\+ pM*(17 ® q)) = 1lr ® g. But
M(1N®q) = (S@IK)(lN@(]) =51y ®q=1r®q
by Lemma 3. Since M is full column rank by Lemma 2, we
obtain M*\ + pM*(1r ® q) = H(1y ® q), or

M*A=3(1y ®q) + pM*(S® Ix)(1y ® q) — pM* (17 © q)

=®(1y®q)

by Lemma 3. This lemma also shows that (13 ® Ix)M*\ =
ANS*@Ik)((I7—TI)@Ik)A = 0. Hence (13 @ Ix)P(1y®
q) = SV ®,,g = 0, which implies ¢ = 0 by Assumption 2.
This shows that Q¢ = P¢ = 0, in other words ¢ € ker(Q) N
ker(P). [ |

Recall from Lemma 6 that all the Jordan blocks of R are
trivial. Denoting as dim(-) the dimension of a vector space,
we have:

REVISED VERSION

Lemma 8 The matrix R has an eigenvalue equal to 1 if and
only if dim(N') > 0. In that case, let

R=WAW ™' = [W; W] {I ] [

Wy
A

w5

be a spectral factorization of R. Then Wi\W7 = Iy, the
orthogonal projection matrix onto N'. Whether R has or has
not an eigenvalue equal to 1 (in which case we set [Ixr = 0),

R =Ty = (Uspan(p+@) — (P +Q))(I — 2P).

Proof: When R has an eigenvalue equal to 1, any vector
w of the associated right eigenspace Egne(1) satisfies (P —
Q)(I—2P)w = w. Writing wr = (I —2P)w and recalling that
(I —2P)* =1, we obtain w € E;gn(1) & (Q — P)uwr = 0,
in other words wg € N. But since ' C ker(P) by Lemma 7,
we obtain that Eign (1) = N. We show similarly that the left
eigenspace associated with the eigenvalue 1 is N,

Turning to the spectral factorization, since span(WW;) =
span(W,) = N, we can write W, = WU where U
is an invertible matrix. Since WiW; = Igim(n), We have
U = (W;W;)~! which shows that Wi W7 = 1.

Finally, since (I —2P)? =1 and N C ker(P),

R—Ty =~ (P+Q)—Txn(I—2P))(I —2P)
=T - (P+Q+1Iy))(I —2P)
= (Hspan(P+Q) - (P+ Q))(I — 2P).

|

The spectral properties of R that we just established lead us

to the following lemma. We denote by A* the Moore-Penrose
pseudo-inverse of the matrix A.

Lemma 9 Define {, = p(I — 2P)(P — Q)*MH'c. The set
of fixed points of the transformation ¢ — R( + d coincides
with {¢,} + N.

Proof: Let ( be a fixed point of the transformation
¢’ = RC + d. Using the identity (I — 2P)?> = I, the
equation (I — R){ = d reads (Q — P)(g = —pMH ¢
where (g = (I — 2P)(. Note that M H~'c € span(Q. By
Lemma 7, N = ker (Q — P) C ker Q, thus u/ MH 1c = 0
for any v € N. This means that M H ¢ € span(Q — P).
Consequently, the set of solutions to (Q—P)(g = —pMH ¢
is nonempty and reads (g € p(P — Q)* M H~'c+ N. Note
that multiplication by (I — 2P) leaves the space A invariant
by Lemma 7. By multiplying both sides of the above equality
by (I —2P), we obtain € p(I —2P)(P—Q)*MH 'c+ N
which proves Lemma 9. [ ]

We are now in position to prove Theorem 2 in the quadratic
case. Item i) in the statement of this theorem was shown by
Lemma 8.

Given any fixed point ¢, of the transformation ¢’ = R(+d,
we have

Ch—C=R(C(e-1—C)=-=RG—¢). (19
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Defining ¢, = —H *M*(I — 2P)¢, — H™!

Eq. (17), we have

c and recalling

Tp1 — T = —H'M*(I = 2P)(¢ — C)
= —H 'M*(I - 2P)R*(¢o — ()
= —H 'M*(I —2P) (HN + WgAkES) (Co— C)

By Lemma 7, note that PIIyr = QIIx = 0. Since span(Q) =
span(M), we have M*(I — 2P)II = 0. Consequently,

(CO - C*) .

Therefore, (x)) converges to x, as k — co. Since we know
already by Theorem 1 that (x) converges to 1y ® x4, this
implies that x, = 1y ®x,. It is worth noting that this identity
could have been be derived directly from the mere definition
of x, with no need to use Theorem 1. As a sanity check,
the reader may indeed verify that x, = 1y ® z, using direct
algebra. We skip this verification here as it is not mandatory
for the proof.

Equality (20) yields Theorem 2-ii) in the quadratic case.

To show Theorem 2-iii), write

Tpy1 — @y = —H ' M*(I — 2P)WoAF W3 (20)

N Ak 178
WoA* W3 = {W2,1 W2,2} { 1 ]\k] [2’1}
2

*
W3

where Al collects on its diagonal the eigenvalues of Wg]&ﬂé
with the absolute value «, and write

Tpp1 — T = —H T M*(I — 2P)W2,1A]fw§,1(§0 —G) + &
= GA]fU + &k
where G = —H 'M*(I — 2P)Wa1, v = W5 (o — i)

and & = —H 'M*(I — 2P)Wa o AKW3 (Co — C.). The
condition on span((I — 2P)M) in the statement of Theorem
2 asserts that G # 0. On the other hand, v = W73 (¢ — C,)
by Lemmas 8 and 9. Hence, when (y lies outside a set with
zero Lebesgue measure as we shall assume, Gv # 0. Denote
by et ... ae?’ the distinct elements on the diagonal of
A;. For any k > 0, the vector GA¥v coincides with o f (k)
where f(k) = 3.7, ase’®* for some coefficients ay, ..., ar.
Since Gv # 0, at least one of these coefficients is non zero.
Hence, hm supy, | f(k)| > 0. Indeed, one can easily show that

nT VSR (K12 — > |ae[* > 0. This would not be

possible if lim sup,, |f( )| =0.
By construction, r(Az) < a, hence ||&;| < C8* where C
is a constant and where 0 < 8 < «. We therefore have

k1 =l 2 |GATO] = |6l = o*(If (k)| = C(B/a)")

and we obtain that ||z, — .|| > aFg(k) where g(k) =
max(|f(k)| — C(B/a)¥,0). Observing that lim sup,, g(k) > 0
and using the convention log 0 = —oo, we obtain

lim sup - log llrist — .| > loga + fimsup  log g(k)
= log .

Combining this lower bound with the already established
upper bound, we obtain the result.

D. The general case

We now assume that the functions f,, satisfy Assumptions
1 and 2 in full generality. Theorem 1 shows that the iterates
xj, converge towards the unique minimizer x, = 1y ® x4
of the problem. For k large enough, the iterates xj are in a

neighborhood of x, where the functions f,, are differentiable,

and the x — update equation (Eq. (6)) boils down to the
equation V f(xpy1) + pM* Mapyr = —M* (A — pz)
—M*(I — 2P)(,. This equation can be rewritten in two
different manners. On the one hand, we have

Try1 = prox, (—(pM* M)~ M*(I — 2P)(x)

where h(z) Z U(pM* M), fu(x(n)), and on the
other hand, we have for any x close enough to x,

Vi@) = Vfx.) + V() (z - a.) + Bz — )

where ||E(z)||/||z]| — 0 as & — 0. With this relation, the
update equation for x becomes

(V2f(2.) + pM* M)apey =

—M*(I —2P)(; — ¢
— E(Zp41 — Ty)

where ¢ = Vf(z,) — V2f(x,)x,, or equivalently

—H 'M*(I —2P)(, — H ¢
— H 'E(xj41 — x,) (21

where H = V2f(z,) + pM*M. Mimicking the derivation
made before Remark 1, this equation leads to

Cey1 = RG +d — pMH 'E(zp 1 — ) (22)

where R = (P, — Q)(I — 2P) with Q = pMH ' M* as in
Equation (13), and where d = —pMH ¢

By replacing the matrix ® defined in (16) with V2 f(z,), we
notice that the lemmas 6-9 remain true for the matrices R
and @ just introduced. Moreover, Equation (22) shows that the
sequence (j, converges to a fixed point of the transformation

Tk+1 =

¢’ = R¢ + d. Making k — oo in (21), we also notice that
x, = —H 'M*(I -2P)¢, — H 'c (23)
— prox,, (—(pM* M)~ M*(I — 2P)C.)
where (, is any fixed point of the transformation ¢’ = R({+d.

We now have the elements to establish the Theorem 2-ii).
Given one fixed point (,, the analogue of Eq. (19) is

k
—p Z RFECMH'E(zi—x,). 24)
=1

Ch—Co = R¥(G—¢)

Lemma 4 shows now that

lons1 = .

=lprox,, (—(pM* M)~ M*(1 2P0
— prox,, (—(pM" M) M* (I

<[ (pM* M)~ M (I = 2P) (G — G

<l (oM M) (||M*<I —2P)R*(Go - G|

+pZ|IM

2P)G)l

P)RF*MH'E(z, —m*)||>



Our purpose is to show that

Ve >0, sup(a+¢e) F|lzp — x| < oo (25)
k

This shows indeed that
1 — Lx
Jim sup 0g [|zrt1 — |

& k

for any € > 0, which is equivalent to Theorem 2-ii).

Fix € > 0. Recall that | M*(I—2P)RF|| < Ca* where C is
a constant, Ty — @, and || E(zr — x.)|| = o(||xx — x4||). By
delaying the time origin as much as needed, we can assume
that for any £ > 0 and any ¢ € {1,...,k},

I(pM* M)~ [[M*(I = 2P)R*(Go = Gl < o™,
pll(pM* M)~ [ |M*(I = 2P)R* "M H || < "1,
[E(ze — a,)| < dllze — .|, and
€
e—0(a+e)
where we choose § < ¢/(a+ ¢). With this choice of the time
origin, we have

<loga +log(1+ E)
a

o — ]| < B =

k
ks — @l < FF 46 Rz — .
=1

Putting wy, = (a+¢)~*||x), — ||, this inequality is rewritten

k
a \k+1 a N\k+1—f
< 5 ( ) .
wk+1_(a+s) + Z_: o+e€ we
We know that wg < B. Assume that wq,...,w, < B. Then
k kt1—0 5B
wegr <1408y (=) <1+——=8
purdNe + € 1-— o

and Inequality (25) is established.
We now show Theorem 2-iii). From the equations (21), (23)
and (24), we have

T — T = —H 'M*(I = 2P)RF({o — ¢)

k
+pY H'M*(I-2P)RF'MH ™ E(z, — )

/=1
— H 'E(x141 — x)
=Xi+ Y + Zg.

By the argument establishing Theorem 2-iii) in the quadratic
case, for any (y outside a set of Lebesgue measure zero,
there is a function g(k) such that || X3|| > aFg(k) and
a = limsupy, g(k) > 0. For the sake of contradiction, assume
that limsupy, (k= log ||zx — x.||) < loga for this (y. Then
lzx — 24| < CB* for some C' > 0 and some 3 € (0, ). By
delaying the time origin as much as needed, we can assume
that

[E(ze — x|

¢ — 2|

S(S:Mforany€>0, and

2«
k

Vi + Zi <6 "8 + 6p*
=1

«
a—f

k

<4 a”.
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We therefore have

«
s = all = Xl = ¥+ Zell = ¥ (g(k) ~ 6 =5 ).

Since limsupy(g(k) — da/(av — B)) = a/2 > 0, we obtain
limsupy (k~'log||zx — x.|]) > loga. Theorem 2-iii) is
proven.

VI. NUMERICAL ILLUSTRATIONS

We first provide a numerical illustration in the special
cases described in Section IV-A and IV-B. The second order
derivative o2 of the functions f,, at the minimum is set to 16.
Figures 3 and 4 represent the rate « as a function of the step-
size p of the algorithm in the case of a centralized network
and a ring network respectively. In the centralized case, the

= 0751

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

p

Fig. 3: Rate « as a function of p - Centralized network -
2
oy = 16.

b

s

L

0 20 40 60 80 p1OU 120 140 160’ 180 200 0

, v'lil‘i.ii'.

Fig. 4: Rate « as a function of p and N - Ring network -
o2 =16.

optimal value of p coincides with o2 and is thus independent
of N. In the ring network, the rate o depends on both p and
N.

We now address the case where the second order derivatives
are not necessarily equal. We set N = 5 and assume that the
values of f/'(x,) for all agents n are respectively equal to 4,
9, 16, 25 and 39. Figure 5 represents the rate « as a function
of p.

Finally, we compare our theoretical result with the perfor-
mance of ADMM observed by simulation; we also compare
with the bound of Shi et al. [11]. These simulations were
conducted on a 20 nodes Random Geometric Graph with
radius 0.2. The sets {A;}, are taken equal to the pairs of
connected agents as in Example 2 of Section II-E. We plot
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Fig. 5: Rate « as a function of p - Centralized network - N = 5
- Distinct second order derivatives.

—k~!log ||x) — 74| as a function of the number of iterations
k.

In Figure 6, the functions are taken as f,(z) = exp(Bnz)
where the (,,’s are drawn uniformly in [—10, 10] then centered
(in that case ), f, admits z, = 0 as unique minimizer) and
p is set to 20. Here, the bound of Shi et al. [11] is not defined
(i.e., its log is equal to zero). As expected, Figure 6 shows
that the rate « is tight in the sense that —k~1log ||z — ]|
numerically converges to — log a.

0.1 T T
0.05

T T T
Simulation —=—
Our paper = -0.035 —— |

0+ -

— P ————
A

-0.05 -

01l f

0.15 | :
0.2 H .
-0.25 K -

03 U | | | | | | | | |
60 80 100 120 140 160 180

200

Number of Iterations

Fig. 6: k~!log||zx — 2| as a function of the number of
iterations k£ - N = 20 - Exponential functions

We also investigate the case of quadratic functions. In that
case, the bound of Shi et al. [11] is well defined and plotted in
Figure 7. The functions f,, are defined as f,,(z) = a,(x—b,)>
where the a,,’s are drawn uniformly in [1, 100] and the b,,’s are
drawn from a Gaussian distribution with mean 5 and variance
100. The parameter p has been set to 100 as this seems to be a
good choice to take it around the second order derivatives from
the above simulations and derivations. We observe that our
characterization of the convergence rate is tight in the sense
that it fits the empirical performance of ADMM, whereas a
gap exists between the latter and the bound of [11].

VII. CONCLUSION

In this paper, we addressed the rate of convergence of
ADMM to solve distributively the minimization problem
inf, 27]:[:1 fn(z) where the f,,’s are private convex functions.
Letting «, be the minimizer and assuming that the functions
are twice differentiable at x,, we obtained an explicit char-
acterization of the linear convergence rate under the form

0.3

T
L Simulation —— |
0.25 | Our paper = -0.0354 ——

0.2 | Bound of Shi et. al = -3.9e-03 ——— |
0.15 || B
01 |
0.05 “\ 3

-0.05 - ]
-0.1 -

-0.15 : : : :
100 150 200

250

Number of Iterations

Fig. 7: k~!log ||z, — 2| as a function of the number of
iterations k£ - N = 20 - Quadratic functions

of the spectral radius of a matrix depending to the Hessian
>, V2 fu(2,) and the communication network. Under mild
conditions, it is shown that the obtained rate is tight in the
sense that the actual convergence rate is no faster than the
one obtained.

In practice, our analysis is useful to accurately predict the
performance of ADMM and to optimize various parameters,
such as the step-size of the algorithm and the communication
graph. Our method potentially allows to design augmented
ADM methods with enhanced convergence rate.
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APPENDIX

We start by introducing a notation and by recalling a known
fact. Given three 2 x 2 matrices G_1, Gy and GG1, we denote
as A = cirey(Go + e*Gy + e G _1) the 2N x 2N block
circulant matrix

Go Gi G_1
G_1 Gy Gy

A pr—
Gy G_1 Gy

By generalizing a well known result for circulant matrices
(see e.g. [31]), we know that the eigenvalue spectrum of A
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coincides with the set of eigenvalues of the trigonometric
matrix polynomial G(e**) = Go+exp(—2A\)G_1 +exp(1\) Gy
taken at A\ = 27k/N for k=0,...,N — 1.

Getting back to our model, we have T' = 2N,

1
1
1
1
1
M:
1
1
1
_1 -
and
sn _
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1
P=-
2
1 1
1 1
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- 1 1_
Since M*M = 21, we also have
o 1
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p
Q="
o2 +2
p 1 1
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_1 1_.
. a0 0 a0 1)y
_03+2p01rcN(Ig+e [1 O]—i—e {0 ol):

Noticing that R = I — P — Q + 2QP and writing a =
p/(02 + 2p), we have

2QP =a circN((Ig + e [(1) 8} +e [8 (1)])11*)
camn(} o oo

Therefore, R = circy (Go + Gy + e"**G'_1) where
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The eigenvalues of G(e*™/N) = Gy + >™F/NG, +
e~27k/N@G_ are the solutions of the equation A\ — \s; +
Dy, = 0 where
02 +2p (1 + cos(2mk/N))

o2+ 2p

Sk = trg(eZzﬂ-k/N) —

and
Dy — det G(e2™k/Ny — __P

s = det (e ) o3 +2p
The analysis of these solutions for all k =0, ..., N —1, which
is tedious but straightforward, directly leads to the expression
of « in Corollary 2. By simple algebra, the rate o = «(p) is
shown to be a continuous function of p which is decreasing
, +00).

(1 + cos(2wk/N)).

2
] and increasing on [5-*

2
. G'*
on the interval (0 Ion

? 28N

Franck Iutzeler was born in Besangon, France,
in 1987. He received the Engineering Degree from
Telecom ParisTech and the M.Sc. degree from
U.PM.C. (University of Paris VI) both in 2010, and
the Ph.D. degree from Telecom ParisTech in 2013.
Then, he joined the LANEAS group in Supélec as
a post-doctoral researcher. He is currently a post-
doctoral researcher at the ICTEAM Institute, Uni-
versité Catholique de Louvain. His research inter-
ests are in the area of optimization and distributed
algorithms, particularly distributed estimation and
distributed/randomized optimization.

-s'[l

Pascal Bianchi was born in 1977 in Nancy, France.
He received the M.Sc. degree of the University of
Paris XI and Supélec in 2000 and the Ph.D. degree
of the University of Marne-la-Vallée in 2003. From
2003 to 2009, he was an Associate Professor at
the Telecommunication Department of Supélec. In
2009, he joined the Statistics and Applications group
at LTCI-Telecom ParisTech. His current research
interests are in the area of continuous optimization
with application to signal processing and distributed
systems.

Philippe Ciblat was born in Paris, France, in 1973.
He received the Engineering degree from Télécom
ParisTech (formerly, Ecole Nationale Supérieure des
Télécommunications - ENST) and the M.Sc. degree
(DEA, in french) in automatic control and signal
processing from the Université de Paris XI, Orsay,
France, both in 1996, and the Ph.D. degree from
University of Marne-la-Vallée, France, in 2000. He
eventually received the HDR degree from the Uni-
versity of Marne-la-Vallée, France, in 2007. In 2001,
he was a Postdoctoral Researcher with University of
Louvain, Belgium. At the end of 2001, he joined the Communications and
Electronics Department at Télécom ParisTech, Paris, France, as an Associate
Professor. Since 2011, he has been (full) Professor in the same institution. He
served as Associate Editor for the IEEE Communications Letters from 2004
to 2007. Since 2008, he has served as Associate Editor and Area Editor for
the IEEE Transactions on Signal Processing.

His research areas include statistical signal processing (blind equaliza-
tion, frequency estimation, and distributed estimation), signal processing for
digital communications (synchronization, localization, estimation for coop-
erative communications), and resource allocation (multiple access technique
optimization, power allocation in cooperative communication, and system
designs).

‘Walid Hachem was born in Bhamdoun, Lebanon,
in 1967. He received the Engineering degree
in telecommunications from St Joseph University
(ESIB), Beirut, Lebanon, in 1989, the Masters de-
gree from Telecom ParisTech, France, in 1990, the
PhD degree in signal processing from Université
de Marne-La-Vallée in 2000 and he Habilitation a
Diriger des Recherches from Université de Paris-Sud
in 2006.

Between 1990 and 2000 he worked in the
telecommunications industry with Philips, then with
FERMA, as a signal processing engineer. In 2001 he joined the academia as
a faculty member at Supélec, France. In 2006, he joined the CNRS (Centre
national de la Recherche Scientifique), where he is now a research director at
Telecom ParisTech. His teaching and research interests concern the analysis of
communication systems using large random matrix theory, and the detection
and estimation in sensor networks. He served as an associate editor for the
IEEE Transactions on Signal Processing between 2007 and 2010.




