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ABSTRACT. The generalized Lotka-Volterra stochastic differential equation with a symmetric food interaction
matrix is frequently used to model the dynamics of the abundances of the species living within an ecosystem
when these interactions are mutualistic or competitive. In the relevant cases of interest, the Markov process
described by this equation has an unique invariant distribution which has a Hamiltonian structure. Following
an important trend in theoretical ecology, the interaction matrix is considered in this paper as a large random
matrix. In this situation, the (conditional) invariant distribution takes the form of a random Gibbs measure
that can be studied rigorously with the help of spin glass techniques issued from the field of physics of disordered
systems. Considering that the interaction matrix is an additively deformed GOE matrix, which is a well-known
model for this matrix in theoretical ecology, the free energy of the model is derived in the limit of the large
number n of species, making rigorous some recent results from the literature. The free energy analysis made in
this paper could be adapted to other situations where the Gibbs measure is non compactly supported.

Keywords : Free energy for a Gibbs measure, Lotka-Volterra stochastic differential equation, large random
matrices, theoretical ecology

1. INTRODUCTION

The (generalized) Lotka-Volterra (LV) Stochastic Differential Equation (SDE) is a standard mathematical
model for studying the population dynamics of biological ecosystems. Letting the integer n > 0 be the number
of living species coexisting within an ecosystem, and writing R, = [0, c0), the time evolution of the abundances
of these species, i.e., the biomasses or the numbers of individuals after an adequate normalization, is represented
by the random function = : R — R provided as the solution of the LV SDE

(1) day = x¢ (1 + (2 — 1) xy) dt + ¢dt + /2T x4dBy,

with the following notational conventions: 1 is the n x 1 vector of ones. Given two R"—valued vectors x = [z;]
and y = [y;] and a function f : R — R, we denote as zy the R"—valued vector [z;y;] (similarly, 2/y = [2;/y;] in
what follows), and we denote as f(z) the R"—valued vector [f(z;)]. When appropriate, a scalar s is understood
as the vector sl.

In Equation (1), the n x n matrix ¥ is called the food interaction matrix among the species, the scalar ¢ = 0
is the immigration rate towards the ecosystem, B; € R™ is a standard multi-dimensional Brownian Motion
(BM) representing a noise, and T' > 0 is the noise temperature. We further assume that xz( is a random variable
supported by R’} and independent of the Brownian motion B. The model 4/21T'z; for the diffusion that we
consider here is the so-called demographic noise model. Ecological justifications of Equation (1) can be found
in, e.g., [8, 27, 5, 2]. In all this paper, the interaction matrix ¥ is assumed symmetric. This class of interaction
matrices is frequently considered to model the mutualistic and the competitive interactions [3, 8, 2].

Recently, the SDE model has raised the interest of the physicists and the researchers working in the field
of random disordered systems, focusing on the invariant distribution (when it exists) of the SDE (1) seen as
a Markov process. The framework for this analysis can be described as follows. When the dimension of the
system, i.e., the number of species, is large, a large random matrix model is frequently advocated to represent
the interaction matrix 3. This follows a long tradition in theoretical ecology where the fine structure of the
interaction matrix cannot be known, and is replaced by a random model. The more or less sophisticated random
models used to represent this matrix aim to better understand the impact of the main ecological phenomena
(competition for the resources, mutualism, predation, parasitism, ...) that govern the concrete dynamic behavior
of these ecosystems in situations where they contain a large number of species. When ¥ is random, the invariant
measure of the Markov process (1) becomes a conditional (Gibbs) measure which is reminiscent of the Gibbs
measure that appears in the celebrated Sherrington-Kirkpatrick (SK) model for the spin glasses in the mean
field regime. In order to study the asymptotics of this Gibbs measure as n — o0, the first step is to compute the
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asymptotics of the free energy of the system, as was done by Biroli et.al. [8], and Altieri et.al. [5]. By using the
replica method in the line of the celebrated papers [25, 26], they derived the limit free energy, which, similarly
to the well-known SK case, involves a Parisi probability measure that captures the distribution of the overlaps
between the replicas. These replica—based computations are used to characterize the structure of the energy
landscape in terms of the temperature 7" and the parameters of the random matrix model for the interaction
matrix.

The present paper is a first step towards making rigorous the analyses made in [8, 5], and the subsequent
papers. Before delving into the statistical physics, the first part of this paper consists in a complete analysis
of the SDE in terms of existence, uniqueness, and non-explosion of its solution when 3 is deterministic. The
existence of an unique invariant distribution for the Markov process determined by (1), and the structure of
this distribution are also studied. For a symmetric n x n matrix A, define \P**(A) as

APP(A) = max u' Au,

ueSi71
where ST = {u e R?, |lu| = 1} with || - | being the Euclidean norm. We show that when the condition
(2) APE(E) <1

is satisfied, then, the LV SDE (1) has an unique strong solution which is well-defined on R . Furthermore, when
T < ¢, the Markov process issued from this SDE has an unique invariant measure, and this invariant measure
is given as G(x) ~ exp(s€(x)/T) where the Hamiltonian 4 is given in Equation (5) below. In the context of
our SDE (1), much of these results are scattered in the literature, however, mostly without a rigorous proof up
to our knowledge. This will be the object of Section 2.

In Section 3 and in all the remainder of the paper, we assume that our interaction matrix ¥ is a symmetric
random matrix which is independent of the BM B and of the initial value zy. Recall that a random matrix
W, € R™*" ig said to belong to the Gaussian Orthogonal Ensemble (notation W,, ~ GOE,,) if W, is equal in
law to (M + MT)/v/2 where M is a real random n x n matrix with independent standard Gaussian elements.
In Section 3 and following, we redenote ¥ as ¥, when useful, and assume that

K 117
= —W, +a—,
N “n

where W,, ~ GOE,,, and k > 0 and a € R are constants. This random matrix model has been frequently
considered in the field of theoretical ecology as an academic model for a mutualistic or weakly competitive
interaction matrix, where « and k represent respectively the normalized mean and standard deviation of the
interaction among two species [3, 9, 8].

For this model, N**(X,,) becomes of course random. However, it has been shown by Montanari and Richard
[19] in another context that AT**(X,,) converges almost surely in the large dimensional regime where n — o0 to
a quantity that can be identified as the solution of a system of equations in (k, «). In Section 3, we extend the
results of [19] to the situation where o can be negative. By doing so, we recover the realizability bound in the
large dimensional regime that is shown in [8] by building on a former result of Bunin in [9].

When ¥, is random, the invariant measure of the Markov process defined by (1) becomes a conditional
probability measure. In Section 4, we provide an asymptotic analysis of the free energy associated to this
Gibbs measure by using the tools of that are now available in the mathematical physics literature, leading to
Theorem 7 which is the most important result of this paper. In most of this literature, the “spins” are valued
on the set {—1,1}" [30, 31, 22], on the unit-sphere S~ [28], or on the rectangle K™ where K < R is a compact
set [23]. One difficulty of our analysis lies in the fact that our Gibbs measure is supported by the non-compact
set R’ . We hope that our approach can be adapted to other situations where the support of a Gibbs measure is
non-compact, and that our results results open the door to some further mathematical research on the nature of
the Parisi measure that underlies the limit free energy, leading towards the study of the Hamiltonian landscape
as can be found in the physics literature [8, 5, 4].

In all what follows, C' > 0 is a generic constant that can change from a line to another. This constant can
depend on the model dimension n in the next section but not in the following ones. We denote as (x - y) the
inner product of the vectors x,y € R™.

3) S

2. THE LV SDE ANALYSIS

In all this section, n is fixed, and ¥ is a deterministic symmetric n x n matrix. We are concerned here with
the well-definiteness of the SDE (1) as a SDE on R, = [0,2) and by the existence of an unique invariant
measure for the continuous time homogeneous Markov process (z;):>o defined by this SDE.

Given a symmetric n x n matrix A, similarly to the number \7#(A) defined above, we define A™"(A) as

)\Tin(A) = min u'Au.
uESi_l
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With this definition, Condition (2) is equivalent to A™"(I — ) > 0. In all the remainder of the paper, we
denote as )\rj}in this quantity.
We start with the following proposition, which is proven in Appendix A.

Proposition 1. Assume that Condition (2) is satisfied. Then, for each initial probability measure p such that
xo ~ i, the SDE (1) admits an unique strong solution on R.

We shall denote hereinafter as 27° the solution of the SDE (1) that starts from z9. We have the following
proposition:
Proposition 2. Assume that Condition (2) is satisfied. Assume furthermore that
(4) T < ¢.
Then the Markov process (z;) has an unique invariant distribution G(dx) € P(R’}) given as
o (@)/T

G(dz) = Z

dx,
where J# : (0,00)" — R is the Hamiltonian

(5) () = %gﬁ (E—Da+(1-2)+(@—T)(1-loga)

and Z = ., exp(#(x)/T)dx < . Furthermore, for each function ¢ integrable with respect to G(dx) and
+
each initial value zo € R, it holds that

= f ) dt == | o(y)G(dy)

T—o0 R:L—
To prove this result, we rely on a recurrence result that appears in the book of Khasminskii [16], see also,
e.g., [17]:

Proposition 3. [application of Th. 4.1 and 4.2 and Cor. 4.4 of [16]] The Markov process (z;) has an unique
invariant distribution that we denote as G if there exists a bounded open domain D < (0,00)", with a regular
boundary and a closure D < (0,00)", that satisfies the following property. For each deterministic zo € R7\D,
let
T =inf{t > 0 : 2}° € D}
be the entry time of #*° in D with inf ¢J = co. For each compact set K < R}, it holds that sup, o E7p’ < co.
Furthermore, if such a set D exists, the convergence

(6) fj ) dt 22 [ oy)Gdy)

a0 Ri
holds true for each real function ¢ integrable with respect to G.
Proof of Proposition 2. The infinitesimal generator A of the process (2;) applied to a function ¢ € C2(R™;R) is
Ap(x) = (Vo(x) - (2(1 + (2 — Dz) + ¢)) + T tr V3¢(x) diag ().

Let ¢ > 0 be a small enough number to be fixed later, and put V(z) = (1-(x —log(xz +¢))) for x e R}. A
formal application of A to V shows that

AV (z) = <<1_xi€) .(x+m((E—I)x)+¢)) +T<1-($f€)2)

:(1.x)(x.(12)x)+¢n(1~x“ig>+<x-(12)xfr€)¢(1~xi€>+T<1-($fE>2>.

Writing (1-x) + ( (I - E)HE) < C(1-x) for some C > 0, we obtain that

AV(@) < — (2 (I - )a) - (6—T) <1xig> +C(1-2)+én
< NPal? — (6 - w( 'L>+cuxwwn
—0.507" |z — ( ) +C

for some C” > 0 which does not depend on e. For x = [2;]ic[n) € R+, write Zpi, = min; ;. Fix € as

1
€:<1 C’+1>
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and define the open domain D < R} as

4 —
D:{xem < 222D e—1 }

)\Tin and Tmin > m — &

(up to enlarging C” if necessary, we can consider that D # ). We observe that V' > 0 on R’ and that D
satisfies the statement of Proposition 3. Furthermore, one can check that for our choice of D, it holds that
AV (z) < —1 for each z € R}\D.

Let x¢ be a constant vector in R} \D. For a > 0, define the stopping time 7?° = inf{t >0 : |z;°| > a}. By
Ito’s formula, we have by the derivation we just made that

t/\‘l';o ANGO
EV (5} 2y z0) = Viwo) + IEL AV (270)du < V(w0) — E[t A 720 A 0],

Since V' > 0 on R”, we obtain that E[t A 75 A n¥°] < V(z¢). Taking a — oo then ¢ — 00, we get that
Ery’ < V(xg), which implies that sup, ., E73’ < oo for every compact set K < R}\D, and the condition
provided on the statement of Proposition 3 is satisfied. Thus, the Markov process defined by (1) has an unique
invariant distribution G, and the convergence (6) holds true.

It remains to show that the invariant distribution G takes the form provided in the statement of Proposition 2.
To that end, it is enough to show that for G taking this form, it holds that

(7) Vo € C2(RY;R), Ap(y) G(dy) = 0.

Ry

By an Integration by Parts, we have

Ap)e /T dy = | {(Ve(y) - (y(1 + Sy —y) + ¢)) + Ttr VZp(y) diag(y) } e @/ dy
R? R

= Jw(y) {V : ((y(—l — Xy +y) - ¢)e’”<y)/T) + TZ ;;2 (yw”@)/T)} dy.

We therefore need to show that the term between {-} in the integrand above is zero for each y € (0,00)". It is
enough to show that

Vie[n], (g(—1—[Syli +y)— )XW = T j (e @/T) .

This is directly obtained by developing the right hand side of this expression with the help of (5). O

4

In all the remainder of this paper, we shall assume that T < ¢.

3. REALIZABILITY BOUND FOR DEFORMED GOE INTERACTION MATRIX

From now on, we assume that our interaction matrix ¥, is a large random n x m matrix described by
Equation (3). The purpose of this section is to characterize the behavior of N}**(X¥,,) as n — oo for this model.

This problem was essentially solved by Montanari and Richard in the different context of the so-called non-
negative Principal Component Analysis [19]. Here, we extend their analysis to the case where a can be negative,
and we correct a small error in their proof.

In all the remainder of this paper, we shall often drop the index n from objects like 3,, or W, for readability.

Proposition 4. Define the real functions d, f, and g on R as
E(Z +x),

dx) =E(Z+2)%, flz)= =

. and g(a) = —— Ak

where Z ~ N'(0,1). Then, it holds that
NP () 5 X (o, ),
where
A (avk) = af(0)? + 2xg(c),
and c € R is the unique solution of the equation
@

c=—f(c).

K

Remark 1. We observe that if Ay («, ) < 1, then on the probability one set where XP**(3,,) — Ay («, k), the
function exp(#(x)/T') is integrable on R’} for all large n, and the distribution G is well-defined. Alternatively,
if Ay (o, k) > 1, then on the probability one set where NP**(X,,) — Ai(a, ), for all large enough n, the function
exp(#(x)/T) is not integrable on R”}. The “realizability frontier” {(a, ) : Ay (a, ) = 1} which is plotted on
Figure 1 coincides with the curve provided in [9].
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1.4

FIGURE 1. The curve Ay (o, k) =1

Two particular cases deserve some attention:
Lemma 5. A, (0,k) = kv2 and lim,_,0 Ay (o, k) =0 v a.
This lemma explains the presence of the points (, k) = (0,1/4/2) and (a, x) = (1,0) on the curve of Figure 1.

Modifications of the approach of [19] to prove Proposition 4. Noticing that

. . 1 alll
AP(E,) = KA (\/ﬁWn + /in) and Ai(o, k) = kA (a/k, 1),
it is enough to establish Proposition 4 for x = 1 and « arbitrary.
We first focus on the well-definiteness of Ay (a, 1) as provided in the statement of the proposition, and provide
a maximality property related with this quantity. To this end, we adapt the results of [19, Lemmata 18, 20, 22]
to the cases where a can be negative.

Lemma 6. For each o € R, the function r, : R — R defined as
ra(z) = af(x)? + 29(x)

has an unique maximizer ¢, which is defined as the unique solution of the fixed point equation
x = af(x).

Proof. We first need some properties of the functions f and g, which can be obtained by a small adaptation
of [19, Lemma 18]. These read: The function f is strictly positive and differentiable. It satisfies f'(x) > 0
for all z € R, lim,—,_o f(z) = 0, f(0) = 1/4/7, and lim,_, 1o f(z) = 1. The function g is a strictly positive
differentiable function that satisfies ¢’(z) > 0 for all z < 0, ¢’(0) = 0, and ¢'(z) < O for all x > 0. Also,
lim, o0 g(x) = 0.

We first observe that if & = 0, then trivially, ¢ = 0 and it is the unique maximizer of 7y by the aforementioned
properties of g. Assume « # 0.

Let us define the real function function ¢ on R\{0} as ¢(z) = f(z)/z. On this domain of definition, it holds
that

¢'(x) = (f'(x) = f(x))/2*.

Therefore, it is clear that ¢ is strictly decreasing on (—o00,0). We also know from the proof of [19, Lemma 20]
that ¢ is also strictly decreasing on (0,c0). Finally, it is obvious from what precedes that lim|,_ g(x) = 0,
lim,_,o- q¢(z) = —o0, and lim,_,¢+ ¢(x) = +00. It results that the equation z = «f(z) has an unique solution
c € R for each o € R\{0}.

It remains to show that ¢ is the unique maximum of r,. A small calculation shows that (1/d(z)) = f(z)
and that 4/d(z) = zf(z) + g(z). Equating the derivatives at both sides of this last equation shows that
g'(z) = —xf'(x). We can therefore write

ril) = 20f(0)f (0) + 29/(2) = 201 (@) (X2 ~1) = 20'0) (agte) - 1),
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Let us focus here on the case where @ < 0. The case a > 0 is similar. From the previous results on the graph
of g, we obtain that ¢ < 0 and that

z(ag(z) —1)>0 ifz<ec

z(ag(z)—1)=0 ifz=c

z(ag(z) —1) <0 ifz>ec
Recalling that f’ > 0, we obtain that ¢ is the unique maximizer of r,,. O

It remains to show that A*(%,,) 5 Xy (a,1) = ra(c) to finish the proof of Proposition 4.
The first step consists in showing that lim sup,, N2*(%,,) < r4(c) w.p.1. Introducing the set S7'(s) defined
for s €[0,1] as

§171(s) = fu e S, (u- 1) = 5},

we can characterize N'P**(X) by the identity

AP(E) = max <a82 + max (uWu))

s€[0,1] ueSi_l(s)

= max M(s).
s€[0,1]

By a Gaussian concentration argument [19, Appendix B], it is enough to show that

(8) max limsupEM (s) < rq(c)
s€[0,1] n
to obtain that limsup,, A7**(X) < rq(c) w.p.1. This bound can be obtained by a Sudakov-Fernique argument for
Gaussian processes [32]. Consider the Gaussian process u — &, = 2 (u- Z) on S !(s) with Z ~ N'(0,n71I,,).
We can easily show that n 'E ((u- Wu) — (v- Wv))? < E(&, — &)2. By the Sudakov-Fernique inequality, we
then have
EM(s) < as® +2E max (u-Z)

ueSi_l(s)
< as® —2¢s + 2B max (u-(Z +¢l/v/n))
ueS:7
= as® — 2¢s + 2E|(Z + &1/v/n) 4|
< as? —26s + 2 (E|(Z + &l /vn) 4 |2) ",
where ¢ € R is arbitrary. Taking n to infinity, we get that

limsup EM (s) < as? — 2és + 24/d(¢).

Let us now take ¢ as the unique solution of the equation f(z) = s. Using the identity +/d(z) = xf(z) + g(z),
we then obtain

limnsup EM(s) < af(¢)? — 2Ef(¢) + 24/d(é) = 74(8) < ral(c)

by Lemma 6, and the bound (8) is established.

We note here that an analogous argument is used in [19] to prove [19, Lemma 10]. However, in the context
of Proposition 4 above, this argument requires the function s — «as? — 2és to be concave, which is incorrect
when a > 0.

The second step towards showing Proposition 4 consists in showing that liminf, \7?**(3) > Ay (o, 1) w.p.1.
This is done in [19] with the help of an Approximate Message Passing algorithm. This argument can be applied
to our situation practically without modification, completing the proof of Proposition 4.

Proof of Lemma 5. We have A, (0, x) = 2kg(0) = k+/2 by a small calculation.

To establish the second result for a # 0, let us focus on the equation ¢ = (a/k)f(c). By the properties of
the function ¢ provided above, we see that ¢ = ¢(k) converges to o0 as k — 0 when a > 0, and to —co0 when
a < 0. We also know that g is bounded. Therefore, lim,_,o A4 (@, &) = lim,_,o af(c(k)) = 0 v a by recalling
the properties of f.

4. ASYMPTOTICS OF THE FREE ENERGY

From now on, we assume that x and « in our deformed GOE model are chosen in such a way that Ay (k, ) < 1,
and we set ex = (1 — A4 (K, ))/2. Since ¥, is now a large random matrix for which P [AT*(%,,) > 1] > 0 for
any fixed n, we need to replace our SDE (1) with the SDE

dz, = (1 + (i: - 1) xt) dt + ¢dt + /2T z,dB,
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with N
2 = Ylymax(m)<1—ey
to guarantee the well-definiteness of the solution. By a slight adaptation of Proposition 1 to the case where
the interaction matrix is random, this SDE admits an unique strong solution. Furthermore, since 1 — ey, =
i (k,a) + ex, it holds by Proposition 4 that with probability one, ¥ = 3 for all n large enough. We use
hereinafter the standard notation in spin glass theory 8 = 1/T, and recall our standing assumption ¢3 > 1.
The invariant distribution G of the EDS (1), which existence is ensured by Proposition 2, becomes in our

new setting the conditional distibution é(dm) =zZ! exp(ﬁjfi;(x))da: given ¥, with
~ 1 ~
Ha) = 527 (z - 1) z+(1-z)+ (¢ —1/8)(1-logz),

and

~

Z = f exp(BHA(x)) dx < .
In what follows, we shall use a more convenient expression for the measure exp(5.(x)) dr on R’} by writing

exp(BHA () dx = exp (H”(m)]lATax(Enkl—sg) Mg)n (dx)

where H,, : R} — R is the new Hamiltonian

2
K x+ﬂ£(x-1),
27 NG 2 n

and u®”(dw) is the n—fold product measure of the positive measure ;g defined on Ry as

H,(z) =

pa(de) = xfﬁ ! exp (—,Bxf/Q + ﬁxl) dry, x1=0.

Our purpose is to identify the asymptotic behavior of the free energy

~ 1 ~ 1
F, = ﬁElogZ = ﬁ]ElogJ exp (Hn(x)]l,\rrax(zn)<1_s):) u%n(dx).

n
+

We now construct the Parisi functional that will be used in our main theorem. To begin with, we set the
notations for defining a so-called Parisi measure, a.k.a. the functional order parameter (f.o.p.). Let D > 0, let
K > 0 be an integer, and let

O<Xd<--<Ag_1<1, and
) O0=byp<---<bg_1<bg=D.
To these reals we associate the Parisi measure ¢ defined as
(10) C({br}) = Ak — Ag—1 with A1 =0, Ax = 1.

We shall denote the set of these finitely supported measures such that the maximum of the support is equal to
D as fop,, = P([0, D]).

Let a > 0, h = 0 and v € R, and let (2x)re[x] be K independent standard Gaussians. Define the random
variable

Xk logj exp (xﬁ/f Z 2/ bk, — br—1 + Bahx + yx ) pp(de).
For k=K —1,...,0, set
1
a — Tk 10g ]EZk+1 exXp ()‘ka+1) ’
where ., ., is the expectation with respect to the distribution of zx4;. With this, construction, Xo, is
deterministic and depends on ¢, h, and . Denote this real number as Xg (¢, h,7y). Our Parisi function will be

ﬁ22

X

Pa((ahvv) XO a(C h,’}/

Z Mk (brg1 — bR)-

We can now state our main result.

Theorem 7. Assume that Ay (k,«) < 1. Then, if a <0, it holds that

~

B, —— sup inf (Pa<<,m>—vD—ﬁ“h2).

n—90 ;>0,D>0 ¢efopp,h=0,7eR

If & > 0, then

F, —— sup inf (Pa((,h,'y) ~vD — ﬁ7a ) .

n—=90 3>0,kr>0,D>0 ¢Efopp,vER
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To establish this result, we shall follow Panchenko’s approach in [23]. The main particularities of our proof
are related with the non-compactness of the support of ;13 and the presence of the factor o in the expression of
the Hamiltonian H.

A comprehensive analysis of the limits stated by the previous theorem remains to be done. We conjecture
that these limits are infinite when Aj (k, @) > 1. In the case where A, (k,a) < 1, a challenge is to prove that
each of the saddles that appear in the expressions of these limits is attained by an unique probability measure
(s which is compactly supported. In the physics literature, the study of the structure of (, has attracted a great
deal of interest. For instance, it is asserted that in the low temperature and low immigration rate regime 5 — o
and ¢ — 0, the measure ¢, is reduced to a Dirac delta when x < 1/4/2 (see Figure 1), which corresponds to
the so-called Replica Symmetry regime. For & > 1/4/2, the measure (, has an infinite support, corresponding
to the so-called Full Replica Symmetry Breaking regime [5].

We now prove Theorem 7.

5. PROOF OF THEOREM 7: SOME PREPARATION

5.1. Ruelle probability cascades. It is well-known that a Parisi function is intimately connected with the
so-called Ruelle Probability Cascades (RPC) which definition and properties are discussed at length in [22,
Chapter 2]. We recall the main properties of these objects for the reader’s convenience, and we provide an
equivalent expression of our Parisi function P, ((, h,7) involving RPC’s. Arranging the Ax’s in (9) in the vector
X = (Xo,...,Ax_1), the notation RPCy € P(P(NX)) will denote the distribution of a RPC (v;);enx with
parameters the elements of the vector A. We shall repeatedly use the following result, obtained by a direct
adaptation of [22, Theorem 2.9].

iid

Proposition 8. Let d > 0 be an integer. Consider the vector XA above, K random vectors z1, ..., zx ~ N(0, 1),
and a real function Xk (z1,...,2x) satisfying Eexp A\x_1 Xk < 0. For k = K — 1 to 0, define recursively
1
X = )\—klogEzHle’\kX""“,
where E, ,, is the expectation with respect to the distribution of zj,;. Consider a family of i.i.d. random
vectors (zj)jenonzo..onx with distribution N(0, I4). For i € N*, write 4 = (iy,42,...,i). Then, it holds that

XO =E10g Z 'UieXpXK(Zil7Zili2,...7Zi1,i2"“’iK),

1eNK
where (v;);enx ~ RPCj is independent of the family (z;).

We will also need the following application of this result. Write z, = [zk’l]ld:l, and assume that X is
of the form Xk (z1,...,2zK) = Z;i:l Uk (211, ..., 2K,) for some real function Ux. Performing the induction
X —> Xxk_1 — - — X as in the statement of the previous proposition, we can check that Xy = dify, where
Uy is also obtained from Uk by the same kind of induction.

We now provide an expression of our Parisi function P, in terms of a RPC with the help of the former
proposition. As is usual in the SK literature, we introduce a function £ capturing the covariance function of the
Gaussian process = — Brx ! Wx/(24/n). Namely, we write

8252 B2k,
m -2
We also find it more readable and more compliant with the SK literature to set 6(z) = z&’'(z) — £(x), even
though in our case, this function trivially reads 0(z) = £(z).
With the help of Proposition 8, we can provide an expression of the term Xy, in the expression of P, in
terms of a RPC. With our new notations, the function Xg , is re-written

INT L (o 2NT T2 . _(mlxj)
E(z") Wa'(27) Wa* = n§(Ri2) with R;; = —+
n

and &(x)

a K
XK= logfO exp <x Z 2V & (bg) — & (bk—1) + Bahx + 7x2> pg(dx).
k=1

Set d = 1, and let Xx = Xk , in Proposition 8 with z; = 2. Consider a family of independent standard Gaus-
sians (z;)jenonzo..onk , and define the family of random variables (g;);enx as follows. For ¢ = (i1, 12, ...,ik) €
NE | set

K K
(11) G5 = BE Y Zigsizyeis VO = ket = D Zivsia i VE (b)) — € (br).
s} k=1

Then, by Proposition 8 above, we have

XO,a(C,h,’Y) =Elog 2 Uifo ezq~;+ﬂaha:+’m2/iﬁ(dm).

ieNK
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We now consider the term —(3%k2/4) f;ol Ak(b — b?) in the expression of P,. First, it will be convenient
to write

ﬂz 2 K 1 K=l
Z Ao (bis1 —b7) = 5 Z Ak (0(br41) — 0(by))
k=0
1 & 1 1 1
=5 D5 = Men)ob) + 30(bie) =~ [ B(BC(aD) + Z6(D)

k=0

Second, if we set d = 1 and

K
XK(zl,-'-azK):%(zlﬂ/b%bg+"'+zK1/b%(b%{_1) sz bk 70(()]@ 1)

in Proposition 8, then, using the expression of the moment generating function of a Gaussian, we easily obtain
that

K—
g Olbis) — 0(bn)) =~ [ O(b)(ab) + 30(D).

similarly to the family (g;);enx, define the family of random variables (y;)zenx as

Blﬁ K K
(12) Y= 75 D ZirimioAJ VR = V1 = D Zir i in VO (bk) — O(br—1).
k=1 k=1

Then, by Proposition 8, we also have
Xy = Elog Z v;eYt,
1eENK

In short, we can write
Pa(C7h?’7) XOaCh'Y Je db —*9( )

= Elog Z J. 2qi+pohe+ya® ug(dx) —Elog Z v;e¥t

ieNK ieNK

for ¢ € fopp.

5.2. Useful bounds. We shall prove Theorem 7 by computing in turn an upper bound on limsup ﬁ’n and a
lower bound on lim inf PN’n To this end, we shall rely on the two following lemmata thanks to which ﬁ’n will be
replaced with more easily manageable free energies.

Given A > 0, let B%(y/nA) = {x e RT : |z| < /nA} be the closed Euclidean y/nA-ball of R?. Let F! be
the free energy defined as

1
F4 = “Elog

1
J K@) dy = f]ElogJ eH"(w)u%”(dx),
n B7 (/nA) n

B (Vi A)

where the indicator 1 Amex($)<l—ey 1S absent, but where the integration is performed on B (y/nA). The

free energy F' is much more easily manageable that ﬁ’n because H,(x) is a Gaussian process, contrary to
H,(z)1 AP () <1—ex - The following lemma, proven in Appendix B, will let us focus our upper bound analysis

on F;:‘:
Lemma 9. There exists A > 0 large enough such that lim sup ﬁ’n < limsup F;:‘.
n n

For a > 0, define now the free energy

1 1
Fon = fElogf P @) qy = fElogj eH"(f”)M%”(dx).
n [0,a]™ n [0,a]™

The following lemma is proven is Appendix C.

Lemma 10. liminf, F), > sup,. liminf, F, ,.
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6. PROOF OF THEOREM 7: UPPER BOUND FOR a < 0
Our purpose here is to establish the following proposition.

Proposition 11. Assume that o < 0. Then,

lim sup E, < sup inf <Pa(C, h,v) —~D — ﬂ;h2) .

a>0,D>0 CEfOpD h=0,7eR

Thanks to Lemma 9, we focus our analysis on F\. Our technique will be based on the so-called Guerra’s
interpolation. Let A € (0, 0] and a € (0,0]. Let ¢ € fop, be defined as in (10) with the parameters in (9). Let
h =0 and v € R, and let (2x)ke[x] be K independent N (0, I,,) random vectors. Define the random variable

K
X%a(zl, ceZK) = logJ exp ((x . Z & (bg) — 5’(bk1)zk> + pah(1-z)+ ’y|x|2> ,u([?"(dm).
By (Aym)n[0,a]" P

Applying Proposition 8 with d = n and Xk (z1,...,2K) = X?}ya(zh ..., ZK), the result Xy of the recursion
that we denote as Xy = X{;‘G(C h,7y) can be written as

I exp (e ;) + Bah (1-2) + ~]a]?) 4" (d2)
iENK By (Ay/n)n[0,a]™
where the process (¢;);enx with q; = [g; ;] is such that the n processes (q;;)senx for [ € [n] are n independent
copies of the process (¢;) in (11), and the processes (v;) and (g;) are independent.
With this, define

1 1 6(D
PAGRY) = 2Xa(c ) + 5 [0ac - 2
We shall establish the following lemmata.
Lemma 12. limsup {FA — sup inf (Pé((,h, v) —vD — ﬁah2>} <0.
n D>0 ¢efopp ,heRy ,veR 2

Lemma 13. For each D > 0, it holds that
: . A o Baga) , A o Bags
Jingo (efopD}£§R+,7€R (P“ (€ hyy) =D 2 h > B CefopD,lllzlefR_,.,'yeR (POO(C’h’PY) vD 2 h ) '
With the help of this lemma, we obtain that
limsup F2 < su inf P, h, Dfﬂ—a >
n P a>0, [I))>O CEfopD,h€R+,'y€R( a(C 7) 7

Notice that Pf((, h,7) is increasing in A and converges as A — o0 to P (¢, h,y) = P,(C, h,7), since X?a is
a sum as in the explanation that follows Proposition 8. We therefore get

. Ba )
14 limsup F4 < su inf P,(¢,h, D— — .
( ) n P a>0, £>O CEfOppvaRJﬂ’YGR < (C ,7) K

Using Lemma 9, we obtain Proposition 11.

Proof of Lemma 12. Let ¢ € fopy, be defined as in (10) with the parameters in (9). The basic object in the
proof of this lemma is the interpolated Hamiltonian V; : R? x NX — R defined for ¢ € [0,1] as

15 Vitesd) = Vi we s 20O T g Vi b 0 gan (0
along with a RPC (v;)senx ~ RPCy. Here, the R"—valued random vectors q; = [qz',z]ln:l and y; = [yi,l]ln:l are
constructed as follows: the n random processes (¢;,1)senx for I € [n] are n independent copies of the the process
(¢s)ienk in (11), the n random processes (y; )senx are n independent copies of the the process (y;)senx in (12),
and (gq;), (y;), (vi) and the matrix W are independent.

The standard way of establishing Lemma 12 with the help of the function Vi(z, ) and the RPC (v;) is to set

~ “Elog Y v f exp Vi(w, 1) 18" (da),
ieNK 1 (v/nA)
to relate ¢(0) with the Parisi function and ¢(1) with the free energy F4, and to control d;p(t) with the help of
the well-known Gaussian Integration by Parts (IP) formula detailed in, e.g., [22, Lemma 1.1] or [30, §1.3]. In
the classical contexts of the SK model or the so-called spherical model [28], it holds by construction that the
overlap Rj; is equal to 1 since the replicas live on the sphere with radius 4/n. In this case, controlling 0y¢(t)
with the help of the Gaussian IP formula is a simple matter of book keeping. This property of Ry; is however
not satisfied in our model, and this creates a difficulty which can be circumvented by constaining the replicas
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to lie on thin spherical shells. This idea was implemented in [21], building on the proof developed in [29]. The
paper [23] that we follow here also exploits this idea.
For D € (0, A?%) and £ > 0 small, denote as A.(D) < R" the set
A.(D)={zeR} : D—e<|z|’/n<D+e}
Associate with this set the free energy

1
F2P) — TBlog [ exp(Ha(a)) 1" (o).
n AL (D)

Consider the Gibbs probability measure on the space A.(D) x NX defined as

A.(D

Ty )(d:c,i) ~ v;exp Vi(z, ) ,u?”(dx),

and let (-), be the expectation w.r.t. (F (D))®°O. Define the function

@D (¢ Elog Z v,f exp Vi(z, ) %n(dm)
1eNK
We have
1 K—
pPeP(1) = FpeP) 4 Elog > viexp((1-y;)) = Fy +3 2 O(br+1) — 0(bk))
ieNK k=0

n

1 6(D)
:FAE(D),,Jgd il ')
2 ¢t 2

by the development that follows Proposition 8. We also have

PP (0) = fElog > 'Uzj exp ((z - g;) + Bah (1-2)) u§" (de)

ieNK
On the set A.(D), it holds that
VyeR, y(nD - |z[*) < nlyle,
therefore, for an arbitrary v € R, it holds that
2 P)(0) < Elog > sz exp ((z - g;) + Bah (1-x) + nlyle —ynD +~|z[?) u§" (dx)

1eNK

3D+ hle+ 1Elog Y v j exp ((z - g;) + Bah (1 ) +a]?) u&" (dz)
1eNK B (Ay/n)

=—D + ﬁXéoo(Cah;'}’) + [vle.

To establish Guerra’s bound, we compute the derivative d;”<(P)(t) by applying the Gaussian IP formula.
We first observe that

1 .
2upPeP) () — ~E(@Vi(x, 1)),

g/l Bs g1 L N Bag S )t (1)
_n]E<2\/E2\F Tw 5 T—t( q1)+2\/i(1 yz)>+ 2]E< = 2h - >t.

We apply the Gaussian IP formula to compute the first term at the right hand side of the last display. To that
end, we need to compute

. ; 1 Bk 1 1
U((z,1),(y,4)) =E [(MWQCTWI N (x-q;)+ Wi (1- yi)) X

(Vg W+ VI 1 (r0y) + V(1 w3) ) |

o /n’
n
=5 (@ y)/n) = (- y) /n) € (bing) + 0(bin))
where, writing ¢ = (i1,...ix) and j = (j1,...,7k), we set ¢ A § = max{l : (i1,...,%) = (J1,...,1)}. Remem-
bering that bx = D since our Parisi measure belongs to fopp, we then have
1
2up™ P (t) = 2B (&(R11) — Rué'(D) D)), - ’E<£ Riz) = R128'(bing) + 0(bin)),

+ %E<((m 1) /n— h)2>t - %“h?
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For our function &, it holds that &(z)—x&' (y)+£(y) = 0.582k%(z—y)?. Therefore, remembering that |Ry1—D| < e
and that a < 0, we obtain that

2,2 2,2 o
(16) 6t4pAE(D) (t) = ﬁ4 ]E<(R11 — D)2>t — BTE<(R12 — bi’\j)2>t + %E<((a’: . 1) /n — h)2>t —

B 5 Ba,
< ——h
172
We therefore have that p?<(P)(1) < p?<(P)(0) + ﬁg - ﬁ—o‘hQ which implies that

B,
2h

1 2,2
FRP) < —yD + = X§ (¢ hyy) — —fﬂ f&dg‘ - ﬁ 2t |ye
n

— PG —aD = B B

for arbitrary ¢ € fopp, h = 0 and «. By the argument of [23, Lemma 3], this implies Lemma 12.

e+ hle

We now turn to the proof of Lemma 13. Define the distance d on P([0, D]) as

d(¢.v) = J 1C([0,1]) — ([0, 1])| dt.

0
The following result will be needed.

Lemma 14. Given (,C € fopp, it holds that

IXE (G b~ X < 22 4%,

The analogue of this lemma in the context of the SK model is a well known result that dates back to Guerra
[12], [13, Theorem 1]. One can also consult [11, Lemma 6.2 and Proposition 6.3] for the proof technique. The
adaptations of these results to our context are minor; we only outline the main steps of the proof in Appendix D.

Proof of Lemma 13. To prove this proposition, our first step is to show that Xéa(g, h,7) is a convex function.
To this end, we start by characterizing X ‘éa through a multi-dimensional Parisi PDE (Partial Differential
Equation). Let ¢ € fopp,. Defining the function g2 : R” x R x R — R as

g2, hy7) = log f exp (¢ v) + Bah (1 2) + 7 ]?) u& (da),
By (Aym)n[0,a]”

our PDE reads
6”( )

é\t(P(t, U)
®(D,v) = g, (v, h.7)

where V®(¢,v) and A®(¢,v) are respectively the gradient of ®(¢,v) and the Laplacian of ®(¢, v) with respect to
v. Getting back to the recursive construction starting from X f(,a and leading to X éa, and using the so-called
Cole-Hopf transformation, we know that

(A®(t,v) + ¢([0, ) [ VR(t,v)] ) 0, (t,v)e(0,D)xR",

X{, =2(0,0).
see, e.g., [11, Chapter 6] for a more detailed treatment of this PDE.
In [7] and [15], the PDE solution is given a variational form, which can be verified without difficulty in our
case. Define as A the class of R"—valued bounded random processes which are progressively measurable on
[0, D] with respect to a multi-dimensional R"-valued Brownian Motion B; on [0, D]. Then, it holds that

(a7) X2 h,w—;gl@[ j & co.MIf dt+ga<z,f;,h,w>],

where the R"—valued random process (Zt )te0,p] Solves the SDE

dz{ = " (0)¢([0,1]) frt + \/€"(1)d B
Let us quickly check that g2 (v, h,) is convex on R” x R x R. Write u = (v, h,v) € R* x R x R. For a given
u, let {-) be the expectation operator for the probablhty measure G supported by By (Ay/n) n[0,a]™, and that
satisfies G(dz) ~ exp ((z - v) + Bah (1 z) + ’YHOCH ) (dm) and let 7(z) = [z, Ba (1 -2),||z)|?]T e R* x RxR.
Then, we see that Vg2 (u) = (r(z)) and V2g2(u) = <7“ (2)T) = (r(@) {r(z NT > 0, which shows that g is
convex. With this at hand, the convexity of X {ia((j , h,y) is obtalned through a straightforward adaptation of

the beginning of the proof of [15, Theorem 20], relying on the variational representation (17) of Xéa(c, h, 7).
From Lemma 14 in conjunction with the Dominated Convergence Theorem, we obtain that the function
(¢ hyy) — X&a(g h,7) can be continuously extended from fop, xR x R to P([0, D]) x Ry x R. Furthermore,
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by the previous result, this extension is convex on P([0, D]) x R x R. We still denote as X éa this extension.
Similarly, we still denote as P2 the extension of P to P([0,D]) x Ry x R, and we write Q% (¢, h,~) =
P2(¢, h,v) — Bah?/2. The function Q2 is convex on P([0, D]) x Ry x R since the term {#d( is linear and the
term —Bah?/2 is convex for a < 0. It is moreover continuous.

Given ¢ € P([0, D]), define the sequence m¢ = (S z*¢(dw) /k:’) which belongs to ¢?(N). Define the
k=1
function S : P([0, D]) x Ry x R — ¢*(N) as

S((Cv ha ’7)) = (h7 s m()

where the right hand side is meant to be the £?(N) sequence obtained by preceding the sequence m¢ with (h, ).
The function S is an injection from P([0, D]) x Ry x R to the set D = S(P([0, D]) x R} x R) since each element
of P([0, D]) is determined by its moments. Define the function Q2 as

Q4 . 2N) - Ru{w}
Afo—1 .
P {Qa(S (f) iffeD

0 otherwise.

This function is proper. Moreover, it is convex since its domain D is convex, S~ (uf; + (1 —u) f2) = uS™(f1) +
(1 —u)S™(fy) for each u € [0,1], and Q2 is convex.

The convergence in £?(N) of the elements of the set Dp = {m¢ : ¢ € P([0,D])} is equivalent to the finite
dimensional convergence. Furthermore, since P ([0, D]) is a compact space and since the narrow convergence
in this space is equivalent to the convergence of the moments, the set Dp is a compact. This implies that D
is a closed subset of £2(N). Given c € R, let leve. Q7 be the c-level set of Q2 assumed non-empty, and let
(fr) be a sequence in lev<,. Q2 that converges to f € £?(N). Since D is closed, f € D. By the continuity of Qf,
feleve. Q2. Thus, Q7 is a lower semicontinuous function on ¢?(N) for each a € (0, o0].

Write an element f € £2(N) as f = (h,, (mx)r=1). By the continuity of Qf, we have

- inf Q¢ hyy) =D = sup YD — Q1 (¢, h, )
Cefopp,heRy ,veR ¢eP([0,D]),heRy ,veR

= sup D — Qg ((h, v, (my)))
(b, (mi))t? ()

= (QaA)*((Oa D, (0707 .- )))a

where (Q2})* is the Fenchel-Legendre transform of Q2. The family of proper, convex, and lower semicontinuous
functions (Qf)ae(o,oc] is increasing with a and converges in the pointwise sense to 7. Therefore, this conver-
gence takes place in the so-called Mosco (or epigraphic) sense, see [6] for a detailed account on this convergence.
In this situation, it is well-known that (Q4)* —, (Q2)* in the Mosco sense [20], or equivalently, since (Q4)*
is decreasing in a, in a pointwise sense. Consequently,

. o - [ A%
all—I»l;l)O CEfOleth‘R+ Ye RQa (C’ h’y) fYD (QOO) ((O;Da (0,07- . -)))
A
CE’P([O;DHI;JLERJM»YE]R QQO (Ca ,’y) ¥
— . A - B )
B CEfOpDvl’r‘l‘ffR+,veR P (¢ h,y) =vD — Bah®/2,

and Lemma 13 is proven. O

7. PROOF OF THEOREM 7: LOWER BOUND
The purpose of this section is to establish the following proposition:

Proposition 15. It holds that

L~ ﬁa )
liminf F}, > su inf P,(C, h, p_ b .
n D>0, Iut,)>0 CGfOpD h>0,veR < (C ')/) o

To prove this proposition, we shall lower bound liminf,, F, , for a > 0 and use Lemma 10. For D € (0, a?)
and € > 0 small, we still define the set A% (D) < R’} as above, and we circumvent the domain of integration for

F, », working with Fﬁ‘i‘(D) defined as

AS (D) AS (D)

Faon™) = ElogZ with  Zop®) = (@) 187 (d).

.[A;(D)m[o,a]n

The proof relies on the so-called Aizenman-Sims-Starr (ASS) scheme, which goes as follows in our context.
The equations that we will write right away will just serve to set the stage; we shall need to modify them
afterwards.
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Fixing an integer m > 0, we partition a vector v € R as v = (u,z) with u € RT and z € R"}. Since

Aé‘

fm(D) o {v=(u,z) eRY} : ue A} (D),z € AL (D)},
we can write

€ 1 € €
lim inf F27 P > liminf — (E log Z2mmP) _goo zﬁ;;“”)
n n m

a,n+m

m

-E logJ eH"(””)u%"(d:v)
As (D)n[0,a]™

(18) 2 liminf xp, p-
n

1
> liminf — Elogf /f?m(du) f MCEJ" (dz) eHntm ()
nom Az (D)A[0,a]™ A (D)n[0,a]™

Adapting a standard derivation to our case, see [22, §1.3], with the small particularity that we need now to
consider the term (B/2) (v-1)* /(n +m) in the expression of H, ., (v), we obtain

Xm,n = Xm,n + On(l)a with

:l X . . (il?].n)> ®m I
Yo mElog< [o oo e (@) + o -1 2020 <du>>

(19) - %Elog <exp (ﬁY(gg) + mﬂza(zn12")> > 7

with the following notations: the expectation ¢-)’ is taken with respect to (G?,)®*, where G’ (dz) € P(AS (D) n
[0,a]™) is the random probability measure defined as

Gy (dx) ~ exp (H;, (x)) u§" (da),
with H/,(z) being the Hamiltonian

2
H)(z) = __Pr z Wx + Ba (@ 1n)”

2v/n+m 2 n+m’
and @ : R — R™ and Y : R} — R are two Gaussian centered processes, independent of W,,, and which
probability distributions are defined through the matrix and scalar covariances

EQ(z")Q(2*)" = B2k* Rzl = & (Ri2)1,,, and
62’12

EY ()Y (2?) = 5

RYy = 0(Ri2),
with Ris = (xl -x2) /n.
By adapting the proof of [22, Theorem 1.3], see also [23, Page 878], we obtain that for each fixed m > 0,

Xm.n 18 & continuous functional of the distribution of the couple ((Ri7j)i,j>1, ((z¥-1) /n)k>1) of the infinite

array of overlaps (R; ;)i =1 and the infinite vector ((z* - 1) /n)x>1 under the distribution E(G,,)®*. Here the
continuity is with the respect to the topology of the narrow convergence of the finite dimensional distributions
of ((Rij)ij=1,((z% 1) /n)is1).

Leaving aside the vector ((xk . 1) /n)g>1 for a moment, the principle of the proof for the limit inferior of the
free energy stands as follows. It is usually required that the distribution of the array of overlaps (R; ;)i j>1
satisfies the celebrated Ghirlanda-Guerra (GG) identities in the large—n limit, so that in this limit, these overlaps
can be seen as issued from replicas sampled from a Gibbs measure on a Hilbert space described in terms of a
Ruelle probability cascade. Applying one of the important ideas in spin glass theory, the GG identities can be
obtained by properly perturbing the Hamiltonian of the measure G/, without much affecting the free energy [31,
Chapter 12], [22, Chapter 3]. In our context, this should be complemented with another idea, dating back to
[23]: since our replicas live in a thickening A¢ (D) of a sphere, and not exactly on this sphere, a transformation
of these replicas is needed before applying the perturbation on the Hamiltonian in order to obtain the GG
identities for large n. It will be the array of overlaps of the transformed replicas, denoted as (éw) below, that
will satisfy the GG identities in the large—n limit.

In our specific model, we also need to manage the vector of empirical means ((z* - 1) /n)k>1, requiring these
empirical means to concentrate in the large—n limit. To that end, we shall add a supplementary perturbation
to the Hamiltonian of G},. This is the main specificity of our proof as regards the lower bound on F, ,.
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To implement these ideas, we now resume our argument from the beginning by perturbing our Hamiltonian
H,(z). Keeping our € > 0, let D. = D1p /. For v € A7 (D), define the function z +— 7 as

D .

0 if not.

in such a way that Z lives on the sphere of radius +/D.. For a given n > 0, let (g, ;);>1 is a sequence of scalar
independent centered Gaussian processes on R” such that Eg, ;(z')gn,;(2?) = ((z' - 2?) /n)7, see [22, §3.2] for
the construction of such processes. Writing

(z-1)

N (z) = .

our perturbed version HP®'' of the Hamiltonian H,, will take the form

HE™ (2) = Ha(w) + 1% Y} (20) Fwjga,;(#) + s @),

j=1
where o, > 0, the elements of the sequence (w;);>1 take their values in the interval [0,3], and s € [0, 3]. Let

eHT}zen, ()

G A D) () "(dz) € P(AZ(D) A [0,a]"), with

_ ®
- Zpert,Ai(D) ‘uB
a,n

JAS(D ert
Z{}l);\’ft (D) _ J eH,S (I)M%n(d(ﬂ)
A5 (D)n[0,a]™
be the Gibbs measure constructed from this Hamiltonian, and let (-) be the mean with respect to (Gg?flt’é‘i’ ) )&%,

GgeTrLt,Ai (D) )@

We also define the overlaps ﬁij = (2"-27) /n, where 2’ and 27 are two replicas under ( and

where #% and 77 are the transformations of z° and 27 by (20) respectively.

)

Lemma 16. Assume that g € (1/4,1/2) and 6 € (1/2,1). Then, the free energy F(fﬁft’Ai’(D) =n"'Elog ng;ft’Ai(D)
satisfies

(21) Fffg(D) B F;j{t,AfL( D) 0

n—o0

Assume now that (s, ws,ws,...) is a sequence of i.i.d. random variables distributed uniformly on the interval
[1,2] and independent of W,,, and denote as E, ,, the expectation with respect to this sequence. For each integers

k > 2 and p > 1 and each bounded measurable function f = f((ﬁij)lgingk) of the overlaps (éij)1<i7jsk, it

holds that
k
E(fR i) — TEHE(RL) — 2 SRR
i=2

Finally, writing n = (z - 1) /n with x being distributed as GE?,?’AZ(D), it holds that
Es wE(|n =Em[) ——0.

Es,w

— 0.
n—ao0

Proof. Writing ¢(Z) = Zj>1(2a)’jwjgn’j(§c), we have by Jensen’s inequality

exp(H + nlq)dug™ ngexp(H)dus"
ElogS p( 9) :tg >ES gexp( )ung o,
§exp(H)dp §exp(H)dpj

therefore,
e 1 e 1 1 ert,A°
Ffﬁ(D) = ~Elog ZaAﬁ(D) < fElogfexp(H + n"g)du?” < fElogJ‘exp(H +nlg + n‘ssn)duﬂ" = Ffwnt’A"(D).
n n n

By Jensen’s inequality involving this time the expectation with respect to the law of the process g, we also have
e 1 1
Fgﬁft’A"(D) < 3an~! + f]ElogJexp(H + ngg)d,u%” < 3an®! 4+ fElogfexp(H) exp(n29EgQ/2)d,u%9"
n n

< 3an®! + 15020t 4 Fon )

hence the convergence (21).

The second convergence result is obtained by a straightforward adaptation of the proof of [22, Theorem 3.2]
towards dealing with the overlaps R” Here, the replacement of z with Z in the expression of ¢(Z) plays an
important role.
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To establish the last convergence, we actually follow the same canvas as for the proof of [22, Theorem 3.2].
Recall the presence of the term n%sn, in the expression of HE®* above, and define the function s — ¢(s) =

log Zgﬁit’Ai(D). It is clear that ¢'(s) = n°{(n) and ¢"(s) = n? (<772> - <7)>2) > 0. With this at hand, we have

2 1
n25L E{(n—{n))?*)ds = EL ¢"(s)ds = B¢/ (2) — E¢' (1) < Ey'(2) < n’a.

It therefore holds that
a

[ Ean-pas < 5

We now bound

Here, we shall need the qantitative version of the so-called Griffith lemma, given by [22, Lemma 3.2]. Namely,
if f,f:R — R are two convex differentiable functions, then, for any € > 0, it holds that

Fs) = ) < st — Fs—o+ LTI Fer T fs=9 = fls =l 1f(s) = F()]

We shall use this result with f = ¢ and f = E¢. Observing that E(H (z) + n2g(%))? < nR11 + 3n2¢, we obtain
by Gaussian concentration [22, Theorem 1.2] that

sup{E|¢(v) — Ep(v)| : s,wi,wa,...€[0,3]} < Cy/n.
Therefore, since ¢ is an’-Lipschitz, we have
2 2
| Bl —Ea1as =0~ [ Blo(s) B o)l
1
) %

E¢'(s — €)ds + C~—

2
< “SJ]E’ +€)ds —
n @' (s + €)ds ) -

_ Ep(2+¢€) —Ep(2—¢) — (Ep(l +¢€) —Ep(l—¢)) N C@

nd end
Jn
end’

< 2ae+ C

Taking € = n'/479/2, we obtain our last convergence. O

We now follow the approach of [23] by pointing out the specificity of our model related with the presence
of the empirical means of the replicas. Take p € (1/4,1/2) and 6 € (1/2,1). Then, the convergence (21) holds

true by the previous lemma. Recall the expression of H) (z), let GE?,? 22D) be the Gibbs measure constructed
from the Hamiltonian

HY (x) = Hy () + 08 Y (20) Iw;gn,3(Z) + n’sa (),

j=1
and denote as (- the expectation with respect to (G5’ ’Ai(D))®°O. Define the overlaps ﬁij = (&' 2%) /n,

; ; . ert’, A% (D ~i ~ .
where z° and 27 are two replicas under (Gh.n n ))®OO, and where #* and z’ are the transformations of

x' and 27 by (20) respectively. For each integers & > 2 and p > 1 and each bounded measurable function
= f((Rij)i<ij<k), write

k
~ 1 ~ 1 ~
E(f,k,p) = E<fRI1),k+2> - %E<f>E<RI1)2> Tk Z E<fRI1]z> :
i=2
Then, by a slight modification of the proof of [22, Lemma 3.3] based on Lemma 16 above, we can show that for
each n, there exists a deterministic sequence (s, w},w¥,...) entering the construction of Hﬁe”/, and such that
E(f,k,p) —— 0 for each k > 2,p > 1, and monomial f = f((éij)1<i,j<k), and
n—o0
Eln =Em[) ——0.

Furthermore, similarly to what we obtained in Equations (18) and (19) above through the ASS scheme, it holds
that

(23) lim inf FP27P) > fim inf yPert

(22)

m,n’

where xb¢'y has the same expression as X, ,, in (19) with the difference that (- is now the expectation with

m,
ert’,AS (D . . .
respect to (Ghon n ))®°°. In the remainder, the sequence (s™, w}, w3, ...) is chosen for each n in such a way

that all these properties are satisfied.
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As a next step, we need to replace the processes Q(x) and Y (z) in the expression of x0" with Q(Z) and
Y (%) respectively. Writing

e 1 ) (@ 1)) omo o\
x%,,$=mE10g<L§n(D)m[o’a]m exp <(U‘Q(w))+5a(wlm) - >#§ (dU)>

/
1 2
— —Elog <exp (w/mY( )+ mﬁa(2)>> )
m n
it is true that

(24 b — x| < o=,

see [23, §6], which allows us to focus the lower bound analysis on xpert This quantity is a continuous functional
of the distribution of the couple ((Ri,j)wél, ((z%-1) /n) k>1>, under the distribution E(folt,’Ai(D))(@w, in the

topology of the narrow convergence of the finite dimensional distributions of ((ﬁéi,j)i’j;l, ((z%-1) /n) k>1)~
Let ¢ € fopp, be defined as in (9) and (10), and let (v;);enx ~ RPCx. Consider the two Gaussian processes
(¢i)senx and (y;)senx independent of (v;) and such that
EQilqiz = 5/(177:1/\7:2) and ]Eyily,p = e(bilAp).

Given an integer m > 0, let (g;);enx be a R™—valued Gaussian process made of m independent copies of
(¢i)senx - Define the functions

1

1 5 Xm

f(AZ.(D),a,(,h) %]Elog Z vzf ) exp ((u-q;) + Bah (u.lm)),uﬁ (du), and
1eNK m N[O{l

K—

Z O(br+1) — 0(bk)),

l\')\)—l

F2(0) = fJElog ST vsexp (Vimys) £

ieNK

2
where the identity L is obtained by Proposition 8. We also define

D,(¢, h,y) =Elog Z v,f exp (ug; + Bahu + yu )ug(du)

1eNK

We have the two following lemmas:

Lemma 17. liminf f! (A% (D),a,(, h) = mf( o(C h,y) — D).

This lemma is proven by a straightforward adaptation of the proof of [23, Lemma 6].
Lemma 18. It holds that
T3 (A5,(D), 0, 1) = £, (A5, (D)0, & B)| < € (a(¢,0) + [h — hl).
for each measures ¢, ¢ € fop p and reals h, h =0, where C' > 0 is independent of m. Moreover,
J20) = 120 < €d(¢, 0).

Sketch of proof. The second bound is well-known. The proof for the first bound is a slight modification of
the proof of [24, Lemma 7] that we succinctly explain. We can assume without generality loss that the two
measures ¢ and ¢ take the forms that follow (28) in the proof of Lemma 14 below. Let (g;)ienx be the R™—valued
Gaussian process constructed from ¢ as in the definition of f} (A% (D), a,(, h) above, and let (g;)senx a R™—
valued Gaussian process independent of (g;) and (v;), and constructed from ¢ similarly to (q;). For t € [0,1],
define the process (g;(t))ienx as q;(t) = Vig; + /1 — tq;. Also let h(t) = th + (1 — t)h, and let G4(3,dx) €
P(NE x (A%, (D) n [0,a]™)) be the Gibbs measure Gy (i,du) ~ v;exp ((u-q;(t)) + Bah(t) (u- 1)) ®m(du)
with mean (-),. Define

~ “Elog )] sz exp (1~ q;(1)) + Bah(t) (u - 1)) uS™ (du),
’LENK 0 a]'m
in such a way that fl (AS (D),¢, h) ©(1) and f} (A (D), h) ©(0). We have

u-q;) (u-q;)
- < v +—h RE((u- 1))

The first term is treated by the IP formula as in the proof of [24, Lemma 7], and leads to the d(,¢) term in
the statement. The second term is bounded by af|«a||h — h|. O
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We can now finish the proof of Proposition 15. Recalling the convergence (21) and the bounds (23) and (24),
we obtain that

lim inf Ff,f{(D) = liminf Fffift’A"(D) > hm inf hm inf anerﬁ Cel/4,

We now apply the well-known theory detailed in, e.g., [22, §3.6], as regards the treatment of the liminf, at

the right hand side of this inequality. For a given m, consider a sub-sequence of (n) converging to infinity,

pert

along which x>~ converges to its limit inferior in n, and the couple <(f{i,j)i7j>1, ((z%-1) /n)k>1> converges in

distribution under ]E(Gg,e,l;t ’A”(D))®°O. By the convergences (22), the limit distribution of the array (ﬁi,j)m;l
satisfies the GG identities, and the replicas (xk . 1) /n converge in probability towards a deterministic number
€ [0,v/D]. Along this sub-sequence that we re-denote as (n), we have

1 i
hm Xpert = lim —Elog J exp ((u- Q(Z)) + Bah™ (u-1y,) )M%m(du)
n-m As (D)n[0,a]™

1
— lim —E log {exp (\/%Y(i"))y - (hm)Qﬁ—a.
nom 2
Furthermore, it is known that we can approximate the limit distribution of the overlap }Nhg with a measure
¢™ € fopp. By absorbing the approximation error into, e.g., the small number €, we obtain that
liminf X374 > £ (A5, (D)0, ", B — (¢ — 22y
Now, consider a sub-sequence of (m) converging to infinity along which A™ converges to a real number h®, (™
converges narrowly, and fL (A2 (D), a,¢™, h™)— f2(¢™)— %"(hm)z converges to its limit inferior. By Lemma 18,
there exists (* € fopy, such that

pa pa

liminffiz(Afn(D)ya,Cmﬁm)_fQ(Cm)_ 5 (hm)Q 2liminffsl(Afn(D),a,Coﬂhw)—fQ(COC)— 5 (hoc)2—5
> inf (,(C%,17,7) D) - f(¢7) ~ S~ e
0 oo ﬂoz 0
Z#Ielufx( a(C7,h 7, y) = D) = = (h ) —e,

where the second inequality is due to Lemma 17. This leads to the bound

. A% (D) o . B _Bao\
hmnlanam > Cefole,Iflzf;O e (Pa(C,hpy) ~vD 3 h ) Ce/*.

We therefore have liminf F, , > supp liminf Fa{{(D)

= Supp infCEfOpD,hZO,'y (Pa(ga h)’Y) - ’YD - ﬂah2/2) -
Cel/t. Since ¢ is arbitrary, we obtain that liminf F, , > supp infeetop,, nz0. (Pa(C,h,y) — vD — Bah?/2),
and Proposition 15 follows from Lemma 10.

Theorem 7 for a < 0 results from Propositions 11 and 15.

8. PROOF OF THEOREM 7 FOR « > 0.

We still use the notation 7, (z) = (z - 1) /n. The term Sann, (z)?/2 in the Hamiltonian H,,(z) is reminiscent
of the ferro-magnetic interaction that appears in, e.g., the Curie-Weiss model. The proof principle for dealing
with this term when « > 0 is well known, and can be found in [10] in the SK case with ferro-magnetic interaction.

Lemma 19. Given a real number h € R, consider the Hamiltonian with external field HFF(+; h) defined on R"
as

HY M (25h) = s—=x " Wa + Bahnn,(z).

M

Given a, A > 0, define the free energies FF¥4(h) and FEY(h) as

1
FEFA(R) = —Elog f
" BY (v/nA)

1 mn
FYn(h) = nElogf[O ] exp (HE" (5 b)) p§" (da).

exp (HY" (3 h)) u(;)"(dx), and

Then

(25) lim Sup FEFA(R) < sup inf  (P.(¢, h,y) —yD), and
a,D>0 ¢€fopp,7€ER

(26) hm Fa n(h) = sup inf ( a((a h; 7) - ’YD) .

D>0 ¢efopp,veER
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Proof. We can write

1 K
FEFA(R) = —Elo J exp (xTW:C> vy (dz
( ) n g B"(IA 2\/* Bh( )

with v being the positive measure on R, defined as
vgp(dey) = 297 exp (—B23/2 + B(1 + ah)z1) das.

Therefore, we can apply to this free energy the development of Section 6 after replacing the measure ug with
v3.n, and considering that a = 0 in the Hamiltonian. This leads to the bound (25) which is the analogue of (14).
We stress that in (25), we take the infimum over ¢ € fop,, and v € R only because there is no term in 7, (z)? in
the Hamiltonian H®Y(-; h).

To establish the convergence (26), write

NG
and use [23, Theorem 1]. O

1
Eyn(h) = ﬁIElog J[o | exp (HxTWx> v " (dx),

We shall work with lim inf f‘n then with lim sup ﬁ'n

8.1. Lower bound. Considering the free energy F, , used in the statement of Lemma 10, and using that
n(z)? = 2hn(x) — h? for an arbitrary h € R, we have

1 Bk T Ban EF Ba, o
F,,=-El Wz + —— &"(dzx) = Frn(h) — =h
wmgBlog [ e (e W SR ) i) > FEN) -
By the previous lemma,
. Ba, o
liminf Fy, ,, > sup inf P,((, h,y) —vD — —h
h,D>0 ¢€fopp,7ER

and we obtain by Lemma 10 that

liminf F,, > sup inf (Pa((, h,vy) —~vD — BahQ) .
a,h,D>0 ¢Efopp ,vER 2

8.2. Upper bound. Write the free energy F2 in the statement of Lemma 9 as F4 = EX where X2 is the
so-called free energy density. Given a measurable bounded set S < R}, write

1 1
FS - ﬁElogJ Ha@) @ (dg) and XS = —log L (@) O ()

(in such a way that FA = Ffi(ﬁA) and XA = Xfi(

an integer ¢ > 0, consider the ¢! ring R; < R" defined as
R;={zeR} : (i—1)/N <n,(z) <i/N}.
By Cauchy-Schwarz, each x € B%(y/nA) satisfies n,(z) < A. Therefore, writing M = [NA], we have that
Ri N B (y/nA),...,Ru n B (y/nA) is a partition of B} (y/nA). Thus,
log M

x2 < + max X,
n ze[M]

ﬁA)). Fix a large number N > 0 independently of n. For

RinBL(ViA)

By Gaussian concentration, see, e.g., [22, Theorem 1.2], it holds that

Vi e [M],Vt > 0, HXR BV Fmez(‘/ﬁA" > t] < 2exp(—nt?/(26°52 4%)),

~AB" n 2
which implies that E (XR NBLVRA) _ FZLa B+(\FA)> < 46%k% A% /n. Consequently,
log M n log M M ; n
_mxh < 8 M | gy pRioBiaa loe M OM L pRieBERA)
n ie[M] n Vo ie[M]
When 7 € ((i — 1)/N,i/N], it holds that n? < 2ni/N — (i/N)? + 1/N2. We can thus write

RinB?(vnd) 1 Bk T Ban ®
FE, = f]Elogf exp <9: Wz + “——n(x)? ) u&"(dz)
n RiAB" (viA) 2v/n 2 7

EF, A /30‘ Ba
< FEFAG/N) - 2 (N) + Lo
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and we obtain by the previous lemma that

N 2
limnsupF;L4 < Ze1rn[%4x] <limnsupF§F(i/N) — 57& <Jif) ) + 25%

. Ba 2) Ba
< su inf P,(C, h,y) —vD — —h* | + —.
a,h,Dp>OC€f0pD,'v€R< alCh7) = 2 2N2
Recalling that N is arbitrarily large and using Lemma 9, we obtain that
limsup F, < sup _ inf <Pa(§, h,y) — D — Bo‘h?) :
n a,h,D>0 ¢€fopp,veER

and Theorem 7 is proven for a > 0.

APPENDIX A. PROOF OF PROPOSITION 1

Using the martingale representation theorem, we know from, e.g., [14, Chapter 4, Theorem 2.2 and 2.3 and
Remark. 2.1] that for each probability measure 1 € P(R”), there exists a weak solution to the SDE (1) such
that g ~ p and zp 1L B. Defining the explosion time of the process (x;) as

Too = nf{t =0 : |z¢]| = o0},
we now show that (2) (or, equivalently, ™" > 0) is satisfied, then 7o, = 00 with probability one, which means
that the solutions of (1) never explode.

To this end, it is enough to assume that x¢ is an arbitrary deterministic vector in R?. Writing V' (z) = (1 - ),
any solution of the SDE (1) starting with x( satisfies

Vix) = V(wo) + Jt

0
Given a > 0, define the stopping time

((xu-1)+¢n+(xu-(2—f)xu))du+\/ﬁf0 (VT - dBy) .

To=nf{t =0 : V(zy) = a}.

Observing that 7., is a R-valued random variable given as 7, = limg_ 7,, our purpose is to show that
P[5 = o] = 1. The techniques for establishing this convergence are well-known [18]. In our case, we write

V(@inar,) =V(zo) + J

0

tATq tATq

(@ - 1)+ dn + (24 - (8 — 1) zy)) du + V2T (VT - dBy)
0

thus,
tATy
EV(2i0r) = V(xo) + ]Ef (2 -1) + 60 — (2 - (I — X)) du
0
tATq
< V(xg) + IEL (C — AP |z [/2) du

< V(zo) + CE[t A 74)-
Assume there exists T,e > 0 such that P[ro, < T] = &, which implies that P[r, < T] > ¢ for all a. Setting
t =T, we get that
EV(CETA-,-a> < V(l‘o) + CE(T A Ta) < V(LL'()) + CT.
On the event &, = [1, < T, we have V(z,,) = a. Therefore,
V(ZE()) +CT = ]EV(xT,\TQ) = E]].gaV(l‘Ta) = ea.
Making a — o0, we obtain the contradiction
V(l‘o) + CT = 0.

The last step of the proof is to establish the pathwise uniqueness of the solution of (1). Indeed, pathwise
uniqueness implies the existence of a unique strong solution for (1) [14, Chapter 4, Theorem 1.1].

For notational simplicity, we rewrite Eq. (1) as dz; = f(x;)dt + o(x;)dB; with f being the vector function
F(@) = Ui@ictn) = o(1 + (S — D)) + ¢ and o(x) = V2T Let 2} = [} Jiegn) and a2 = [22 i) be two
solutions starting at the same point x¢ and defined with the same BM B; = [Bi’t]ie[n]. Observing that the
function o satisfies the inequality |o(z) — o (y)| < p(|z —y|) with p(z) = V2T'\/z satisfying Sé p~%(z)dz = 0, we
can use the technique of the proof of [14, Chapter 4, Theorem 3.2] to construct a sequence of R — R functions
(0k)k=1 such that ¢ € C32(R;R), pi(z) 1 |z| as k — o0, |¢}(z)] < 1, and 0 < @y (z) < 2p%(z) /k.

Let A;; = m}’t — .Z‘%t, consider the SDE

[dmtl] _ [f(xt;)] i + [d%aga(xé)] iB,
; iago(z7)
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and, denoting as || - |1 the ¢; norm in R™, define the Stopping time
= inf {t th I v ”xt (P }
for a > 0. Applying It6’s formula to the SDE above, we obtain
tANg 1 tANa 9
Ser@in) = [ D ehd) (eh) — e dus 3 | D@0 (olel) = oi(ad) du

i

[ DA @) (o) — () dB

0 i

Observing that the function b : (R%, | - [1) — (R", | - |1) is Lipschitz on the ball {x € R : |z|; < a} with the
Lipschitz constant C,, we obtain

tANa tANa 9
ZE@k zfAn EJ;) Z /( % )(fl( 1) fl( du+ EJ ZW zlu)ioi(x?,u)) du
tAna tAna
CEJ Z|Aw\du+kEJ
<C EftmaZ”A

By taking k — o0, we then obtain by monotone convergence that

t AN T
DIE|Aisan,] < Ca]EJ DAl du < caJ DIE|Aiwnn, | du.
i 0 i 05

Using Grénwall’s lemma, we obtain that Y, E|A; ;.,.| = 0, thus, >, E|A,; | = 0, which shows that z! and z?
are indistinguishable by continuity.

APPENDIX B. PROOF OF LEMMA 9
Define the event
&= [/\rfax(E) <1- ez] ,
and recall that 1ge —,, 0 almost surely by Proposition 4. Given a number a > 0, define the sets €, (a) < R”}
and €(a) c R™ as
Ci(a)={z =[z]eR}, Vien >a} and €(a) = {z =[2;] € R", Vi€ [n],|z;]| > a}.

Let B"(a) be the closed ball of R™ with radlus a, and let Z ~ N(0,1,,).

Let A > 0. Whether we set H(z) = 2 (z) or H(x) = 5 (x), obtain by inspecting the expressions of the
Hamiltonians s and 7 that

SHE) g > J

=BUSI+D) /2 g, — 2*"[ e~ BUSI+Dz]%/2 g,
By (vnA)n€, (1)

JB+<¢HA> B(vRA)nE(1)

_<26(”;|+1))/ 2|7 B (VBT 7 14) e (VETST+ )]
> (2 — 1))"/2 (P2 |2 e (VAISI+1)] P2 [z e B (vas(ST+ DA) ).

Using, e.g., [1, 7.1.13] to lower bound the Gaussian tail function, we obtain that there exists a constant Cg
depending on 8 only such that Pz [Z ec ( B(Z| + 1))] O exp(—nB(|Z[+1)). By Gaussian concentration,

we also have that Py [Z €B («/nﬁ 2] + 1) A) ] < exp(—nB(|2] + 1)A2%/2) for A large enough, which is
negligible with respect to C exp(—nB(|X[ + 1)) for large A. Putting things together, we obtain that

(27) SO e = O (I8) + 1) exp(—nB(|E] + 1))

JBM«/HA)

for A large enough.
Now, setting By (y/nA)¢ = R}\B4 (v/nA), we write

~ 1 > ~ 1 ~
F=—Elglog <J el +J ewf) + —Elge logf el
n By (VnA) By (VnA)© " :

BA

n

1 1
e ﬁ]E]lglog (IB+(\/5A) +IB+(ﬁA)c) + E]E]].gc logJ e
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To manage the term with the indicator 1gc, we observe that 3 = 0 on the event £¢. With this, the integral in
this third term is deterministic and can be easily shown to satisfy n~!log SRi exp(ﬁ%f,z) < C. Therefore, this
term is negligible because P[£°] — 0.

We now manage the terms Zp ( 54y and Zp, (/ma)e, essentially showing that the latter is negligible with
respect to the former. On the event &, it holds that 2" (X — I)z < —ex|z|? on R7, thus, there exists a constant
¢ = ¢(¢, B) such that on this event,

02 c 2
Ip, (yaay < J e 3 (enlal?=2e(12)) gy — eﬁgnj eiéHﬁm*ﬁlH da.
B.(yrA)e B.(yiA)e
By making the variable change u = \/éxz — —£=1 and noticing that [z] = V/nA = |u| = /nesA — cy/n/es,
we obtain that

B 2
2,8

Tp, (vaaye < 5" eI

JB(x/TL(\/EA—C/\/E))C
on & for A large enough, where B(a)¢ = R™\B(a). By Gaussian concentration, we finally get that there

IB+(\/EA)° < exp(—nC(A2 — 1))

on & for A large enough.
We now write

1 1 1 .
JELelog (Zp, (yna) + Ip, (vaay) = SElelogTp (yna) + Elelog (14 25! (yan Zo. i) -
Using Inequality (27), we have
1 -1 1 nC(|S]+1-A?
pELelog (14 Ty oy T, mare) < Blog (14 enC=m740),
and since log(1 + e%) < e"1,<0 + (x + 1)1,>0, we can write
1 1
~Elog (1 - e"C(”E“+1—A2)) < =+ CE(|Z] + 1 — A Ljsys 421
n n

Using, e.g., [32, Corollary 4.4.8], we know that E|X|? < 2k*E|W|? + 2a? < C. Thus, for A large enough, the
right hand side converges to zero by the Cauchy-Schwarz inequality and the standard results on the behavior
of |X|| = [kW + 11T /n|| for large n.

Getting back to the expression of ﬁ'n provided above, we then obtain that

~ 1
F, = E]E]].g logIB+(\/ﬁA) + On(l).

Turning to F4, we write

1 1 1 1
FA = —E]lglogJ- P + —Elge 1ogf e’ = —ElelogTp (yma) + —Elge logf P
n By (v/nA) n By (v/nA) n n By (v/nA)
since ¥ = 3 on the event £. By (27), using that log(1 + |a|) < |a|, we obtain that the second term satisfies
1
“Elge logf P > —CElgc(1+|2).
n By (v/nA)

By the Cauchy-Schwarz inequality, the right hand side is negligible.
We therefore have that FA — F,, = 0,,(1) for A large enough, and Lemma 9 is proven.

APPENDIX C. PROOF OF LEMMA 10

Still writing € = [AP**(2) < 1 — ex], we have

e lE]lgc logf P X1,n + X2,n-
n

1
Fyn =—El¢log f
n [0,a]"

[0,a]™

We bound the term 2, by writing

0,a

o < Bleclog | e (38— /24 5(1-2) + (3 ~1) (1 loga) do

= Elg. log Ja exp (B|E — I|2%/2 + Bz + (Bo — 1) logz) da
0

< Elgelog (aexp (8|S — I[a®/2 + Ba + (B¢ — 1) loga))
< Elge (Bologa + Ba®|L — I]/2 + Ba)
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which goes to zero as n — o0 by using [32, Corollary 4.4.8] and Cauchy-Schwarz. We also have

1 ~
P + “Elge logf P
n

n
+

~ 1
F, > —El¢log f
n [0,a]"

As in Appendix B, the second term at the right hand side is negligible. This proves Lemma 10.

APPENDIX D. LEMMA 14: SKETCH OF PROOF

Let ¢ € fopp be a measure of the form

K
Z (Ak = Ak—1) Op,,,

where
O<Xd<- - <Ag_1<1l, 0=by<---<bg_1<bg=D.
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Consider the random Gibbs probability measure G on (B, (Ay/n) N [0,a]™) x NX | whose density with respect

to the product of the Lebesgue measure on R™ and the counting measure on N¥ is proportional to

Vi exp((a: -q;) + Pah(1-x) + ’VH:EHQ) u(g)"(dw),

where (v;);enx ~ RPCy and q; = (i1, ..., qin) ' satisfies

Qiv = Z z“’ ik br) — & (bg—1), sz)Zk ~ N(0,1) independent.

Let Z denote the associated partition function and recall that X 647(1 = Elog Z. For any measurable function

f(x, 1), we write

f(z, i) e®as)than(le)tr|z|* 18" (dz)

<f<w,i>>:JE[1 j
B (Ay/n)n[0,a]™

1eNK

Step 1. Derivative with respect to by. Following [11, Lemma 6.2], for any k € [K — 1] we compute

3ka6L§a = E<abk (:E ) qz)>
Since only the k-th and (k + 1)-th terms depend on by, we obtain

al71€)((3411 = fll(bk) E<($ : zil,...,ik)> - ”(bk) E<((L’ ’ Zi1,~~.,ik+1)>7
T 2y/8 (k) — & (bk-1) 20/€ (br41) — &' (bk)
where z;, i, 1= (zi(f?_”’ik)ge[n].
Now in order to perform Gaussian integration by parts we first define the Gaussian processes
X(z,i) = (- zi0), V(@)= (x-q;)+ Bah(l-z)+ ]z

For two replicas (z',4') and (22,4?), the covariance between X and ) reads

C((z',i"), (z2,4%)) := E[X (2", i")Y(2?,i7)]

= EKiEl Tzt ii) (= qi2)]
N GOEC =S CIP

B TR S O 4

The last expectation equals 1 if i' A 42 > k, and 0 otherwise, hence
C((x',3"), (2%,4%) = V€ (b) — &' (br—1) (z' - 2?) Lt pizspy-
By Gaussian integration by parts (see [22, Lemma 1.1]),
E(x - ziy,.0)) = VE (br) — & (bp—1) E " |? = (2" @) Lsn i25py) -
Similarly,

]E<(m'zi1 ----- 7«k+1) V fl bk+1 5/ bk E<Hw H2 (:B t T ) ]]-{'L /\12>k+1}>

Substituting these into the expression for o, XO,a gives

" b " b
&kaéq’a = 5 (2k)E<(w1 . w2) (l{ilAi2>k+1} — ]]‘{’LIA’LQZ]C})> = 5 ( k)E<(w1 . w2) ]]'{7:1/\’1:2=k7}>'

2
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Step 2. As a next step and without loss of generality, we may assume that ¢ and ¢ ~admit the same coefficients
(Ak), i.e. it can be shown that without modifying neither Xéa(gh,y) nor Xéa(c,h, v), nor d(¢, (), one can

assume that ¢ and E take the following forms: there exists an integer K > 0 and real numbers

(28)

0< A< - <Ag_1 <1,
0=0by<--<bg_1<bg =D, and

O=l~)0<~'-<5K—1<5K=D7

such that ¢([0,t]) = A if ¢ € [bg, bgs1) and such that f([O,zﬁ]) = \g if t € [br,brs1). See [11, Proposition 6.3]
for a justification. For s € [0,1], define by (s) = sbx + (1 — s)by, and set

K

Coi= D (k= A1) By (o)
k=0

so that (1 = ( and (o = (. Then

-1

1 K
X4.(Chuy) — XA (Eohyy) = f XL (Coh ) ds = Y
0

1
(bk - bk) J abk(s)X(Iia(CM h, ’Y) ds.
k=1 0

Using | (2! - 2?) | < nA? and E (11 25y ) = Ak — Ak—1 from the general properties of RPC, we deduce

"
b
|(7ka{%| < nAzw, and hence

5 (4 K-1 5
X806 n) ~ Xl Chm)| < na? max BV 000 iy

tefo.0] 2 =
Finally, observing that
K ~ D 3
O = M)l = Bl = [ 1660) = )
k=1 0
we obtain the desired result.
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