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Abstract
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the most frequently studied receivers is the correlation receiver. The Multi-User Interference (MUI) at
the output of this receiver is sometimes modeled as a Gaussian random variable. In order to justify this
assumption, the conditions of validity of the Central Limit Theorem (CLT) have to be studied in an
asymptotic regime where the number of interferers and the processing gain grow toward infinity at the
same rate, the channel degree being kept constant. An asymptotic study is made in this paper based on
the so-called Lindeberg’s condition for the CLT for martingales. We consider non synchronized users
sending their signals over independent multi-path channels. These users may also have different powers.
It is shown that when the frame length grows and the repetition factor is kept constant, then the MUI
does not converge in distribution toward a Gaussian random variable. On the other hand, this convergence
can be established if the repetition factor grows at the rate of the frame length. In this last situation,
closed form expressions for the Signal to Interference plus Noise Ratio are given for TH Pulse Amplitude
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I. INTRODUCTION

Ultra-Wide Band (UWB) systems [1] are spread spectrum multiple-access communication systems
characterized by the fact that the transmitted signals have a very large bandwidth, at least one fourth the
value of the center frequency [2], and a low spectral density. Thanks to their low spectral density, these
systems could coexist with existing narrow band transmission systems. They can also use profitably the
channel multipath diversity. In addition, the high time resolution they are able to provide makes possible
the implementation of applications that require an accurate localization.

One class of UWB modulation techniques, termed the Impulse Radio (IR) techniques, consists in
transmitting pulses with a duration at the scale of a nanosecond at moments that are subject to a Time
Hopping (TH) pattern. In such systems, one symbol interval is divided into N, frames of N}, time slots
each, one pulse being usually transmitted per frame. The position of the time slot that a pulse occupies
within a frame follows a TH pseudo-random code specific to the user. Because one information symbol
is carried by N, successive pulses, N is called the repetition factor. Symbol encoding can be done either
through Pulse Position Modulation (PPM) or through Pulse Amplitude Modulation (PAM). In binary
PPM systems [3], the positions of the N, pulses that code a symbol undergo an additional time delay
within their time slots according to whether a one or a zero is transmitted. In PAM, (see for instance
[4]), these pulses occupy fixed positions in their slots. Their amplitudes are modulated by the symbol to
be transmitted.

A large number of contributions studied the performance of the correlation receiver, a receiver known
for its low complexity and for its ability to collect multi-path diversity (see [3], [5], [6], [7]. [8], [4] to
name these). In a multi-access transmission, the term that affects the most the receiver performance is
usually the residual Multi-User Interference (MUI) at its output. In some situations, it is valid to model
this MUI term as a Gaussian random variable. References [5] and [6] consider PPM transmissions and
resort to the Gaussian approximation of the MUI to provide analytical performance expressions. TH-
PAM is one of the modulations considered in [4], where the Gaussian approximation of the distribution
of the MUI plus the Inter Symbol Interference (I1SI) is discussed. References [9] [7] [8] [10] criticize the
MUI Gaussian approximation in the context of PPM transmissions over frequency non selective channels
(which usually represent free space communications).

The Gaussian property simplifies the performance calculation, and furthermore, Gaussian noises are
well handled by a large number of forward error coding and decoding techniques. From a probabilistic

point of view, the Gaussian approximation can be justified naturally by a Central Limit Theorem (CLT)
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argument. This will be the approach adopted in this paper. To obtain a CLT, one has to define an asymptotic
regime where the number of interfering users grows to infinity while the contribution of every interferer to
the total MUI becomes infinitesimal. Let us characterize our asymptotic regime beginning with frequency
occupation considerations. We denote by T, the effective pulse width and by T, the duration of a time
slot, i.e., the so-called chip time interval. The frequency band of an UWB signal is of the order of 1/T,
and the data symbol rate is equal to 1/(N;N,T.). As a spread spectrum system, the UWB system will
then have a processing gain of N N,T./T,,. By a language abuse, we shall ignore in this paper the
factor T./T,, and call "processing gain” the integer N = N,N},. Denoting by K the number of users
supported by the system, the total number of symbols per second carried by the UWB signal is equal
to K/(NsN,T.). In these conditions, it is reasonable to consider the ratio of the number of transmitted
symbols per second to the system bandwidth KT,,/(NT,) as a system load. Let us drop again the factor
T, /T. and define our load by the factor K/N. Our asymptotic regime is then characterized by the fact
that N — oo and the number of users K — oo in such a way that K/N converges toward a constant
a > 0, in other words, the number of contributors grow, thus permitting to consider CLT results, but the
number of symbols per second per Hertz transmitted by the whole system is constant. This general point
of view is often adopted in asymptotic studies for DS-CDMA systems (see for instance [11]).

As N = N Ny, we have to be specific about the behavior of the repetition factor N, and the frame
length N, as N — oo. It will be shown that the MUI term at the receiver output does not converge
in distribution toward a Gaussian law if N}, is the only factor of N that grows to infinity while Ny is
kept constant. Alternatively, the asymptotic normality of the MUI will be ensured if N, and N, grow
in such a way that N,/N}, converges toward a constant p > 0. These results will be established through
the study of the so-called Lindeberg’s condition of the CLT for martingales [12]. In our setting, this
condition is necessary and sufficient for ensuring the convergence of the MUI distribution toward the
Gaussian distribution.

These results show that at high processing gains, the Gaussian character of the MUI term is obtained
through repetition. However, in the second case, we also show that the MUI variance grows with p. It
can even be shown independently that if Ng/N; — oo, in other words if N grows much faster than Ny,
then the MUI variance grows toward infinity.

In practice, a trade-off appears. Assuming N is large enough, when N, is too small, the Gaussian
approximation might not be valid because it would be appropriate to consider N as fixed while N, — oc.
The problem here is that non Gaussian MUI often induces higher Bit Error Rates (BER) than Gaussian

MUI at a given Signal to Interference and Noise Ratio (SINR). Alternatively, if we let N grow, then it
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would be possible to use the model N — oo and Ng/Nj, — p > 0. Here, the MUI can be considered as
Gaussian, but if p is too large, the MUI variance will be large and this results again in a BER increase.
In section Il of this paper, the problem is stated in a PAM setting. Non synchronized users with
possibly different powers, which send their data over independent multi-path channels, are considered.
The convergence of the MUI term distribution is treated in section Ill. A closed form expression of the
asymptotic Signal to Interference plus Noise Ratio (SINR) at the receiver output is given — see Equation
(20) — when this interference is Gaussian. In section 1V, results equivalent to those of section Il are
given in the TH-PPM case. Some simulations are finally presented in section V.
In the sequel, P will denote the probability measure, 1 s () the indicator function of the set S, i.e., 1s(x) =
1if z € S otherwise 1s(z) = 0, and (k) the Kronecker delta function 6(0) = 1 and (k) = 0 if k£ # 0.
The o—field generated by a sequence X, Xo,... of random variables will be denoted o (X1, Xo,...).
The conditional expectation given o(X) will be denoted E'[ . |o(X)] or E[ . |X] equivalently. For two
real functions f;(t) and f(t), we denote by r, ,(¢) the function 7y, 1, (¢t) = [ fi(u) fa(u — t)du and by
Ry, 1, (t) the auto-correlation function of 7y, ,(t), i.e, Ry, f,(t) = [ 741 (w)rg 5, (u — t)du. For reasons
that will become apparent in section 11, random variables related with the MUI will be denoted with the

superscript (5.

Il. PROBLEM FORMULATION
A. The Sgnal Model

We begin by considering a Time Hopping - PAM (TH-PAM) UWB system. The information symbol
a,(fn)b of user k (where k € {1,..., K'}) at symbol interval m has its values in the set {—1,1}. This symbol
is repeated over NN, frames, each with a duration Ty = N,T.. The time hopping code for this user is
represented by the sequence (c,(fj ))leZ which elements are discrete random variables equally distributed
on {0,..., N, — 1}. The random variables {cffj)}k:ki,x are furthermore assumed independent. In the
case the receiver is synchronized on user k, the contribution of this user to the received signal will be
written

£(K) N.—1

ui () =\ = Y afn D g - mNTy Ty - oy L T - ®
S m r=0

In this expression, 5,§K ) is a constant specific to user k and g,gK ) (t) is the composite channel associated

to this user. It is written b
K K K
a0 =3 3wt - 75 )
=1
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where w(t) is the unit-energy basic pulse waveform with a time support included in [0, 7%), fy,(f{) =

[’y,(fi), - ,7,(€KD)] is the vector of random zero mean path amplitudes of the radio channel for the signal

of user £, T,iK) = [T,glf), . T,gfg] is the vector of the corresponding random path delays, and D is a
uniform upper bound on the number of paths. We assume that the delays T,gf) are positive, the channel
impulse response being causal, and are uniformly bounded with probability one. As a consequence,
g,(CK) (t) is supported by the interval [0, LT,) where L € N* is a uniform upper bound on the lengths of
these time supports in chip intervals. We shall need the following assumption on the path amplitudes and

delays : for any measurable real function f(x,y), we have

B [0 (80 8)] = ot~ [0 (2050 @
This assumption is not restrictive and is satisfied in particular by the so called modified Saleh-Valenzuela
model [13], [14], frequently used for representing the UWB channel?. This is due to the fact that in this
model, the amplitudes can be written as y,gl() b,(ﬁ)p,(ﬁ) where the random variables {b,(ﬁ)} indexed
by [ are independent and have their values in {—1,1} with probabilities 1/2, and furthermore, they are

independent from the random variables {p,(ff ),T,glf )}.

Let the channel of user k£ be represented by the vector h,iK) [ﬁyff() (K )]. We assume that the K
vectors {h,(fK)}k:L,,,,K are independent but not necessarily identically distributed. Furthermore, for a

given k, the random variables {y,gl()}lzlr__,D are assumed to satisfy

ZE[WM -1 @

In these conditions, it is easy to see that 5;(3 ) is the energy per received symbol for user k. The users

powers Sng ) will be furthermore assumed uniformly bounded, i.e.,
3 Ep >0 ¢ sup max (E)) < S - (5)
sup K k=l K k sup

Assuming that the receiver is perfectly synchronized on user 1, the received signal is written as

(1) = yi~ +Z RN (6)

where v(t) is a Gaussian noise having a spectral densny of Ny/2 in the frequency band of w(¢). The
delay A,(CK ) accounts for the absence of synchronization between user k£ and user 1. It can be checked that

for every k, the process y}f ) (t) is a periodically correlated process with the period N,N,,T.. Therefore,

INote that modified Saleh-Valenzuela channels have infinite impulse responses. However, truncating these impulse responses

to LT. with L large enough has no practical incidence on the results.
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it is natural to assume that the delays {Ag{)}k:g,...K are random variables uniformly distributed over
the interval [0, NsN,T.). Moreover, these delays are independent. Independence assumptions boil down
to the independence of the set {{a,&ﬁ}kjéz,x,{c%)}k:ki,x {h }k 1, K> {A }k:2,,,,7K,v(t)}.

In the sequel, we shall drop for convenience the index 1 and the superscript () when denoting the

guantities relative to user 1.

B. The Correlation Receiver

Assuming a perfect knowledge of v/£g(t) at the receiver, the output of the correlation receiver for

N,—1
RN K
x =/ N 27«:0: /y( (t)g(t — rNyT. — ¢, T,)dt | (7)

and the decided symbol is o = sign(z). By using the expression (6) of %) (t), we get z = x, + 151 +

K
331(\4(31 + zAawaN Where

symbol ag is

N.—1
5 s
Ty = anr ;0 Tgg (11 — 12) N3 Te + (¢, — ¢1,)T0) (8)
is the "useful signal” term,
N.—1
TISI = Z G Z Tgg (7“1 - 702)J\thc + (Cr1 - CmNS-H“g)Tc - mNsNth) (9)
S m#0 r1,r2=0
is the ISI term,
K) = (K)
xl(\/IUI = Z L (10)
k=2

is the MUI term,

o)
2 = £ Z al) Z o ( 1 — o) Na T+ (cr, — & YT, — NN, T, — A,(f))

Ck7mNs +T2
r1,r2=0

(11)

is the contribution of the signal of user & to the MUI term, and

7 N1
TAWGN = HF Z /v(t)g(t —rNpT, — ¢, T.)dt . (12)
S r=0

is the term due to the Additive White Gaussian Noise (AWGN) v(t).
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I11. INTERFERENCE ASYMPTOTIC ANALYSIS

As said in the introduction, we study here the asymptotic regime where the processing gain N and
the number of users K grow toward infinity in such a way that K/N — «, a quantity that we designate
by the system load. All SINR expressions will naturally depend on the channel vector of user 1, which
is assumed to be known at the receiver side. In order to simplify our presentation, we shall treat the
channel vector of user 1 as a fixed vector in the sequel.

We begin by studying the asymptotic behavior of the terms xz,, xis;, and xzawen. The following
proposition describes the asymptotic behavior of the useful term z,. The proof is given in appendix
A.

Proposition 1. As Nj, — oo, x,, converges in probability toward Eagrgg(0).

Let us interpret this result. From (8), the useful term is written as x, = Eagrgyy(0) + Eagzy Where
p Nl
Zg = N, Z raq ((r1 = r2)NpTe + (¢ry, — €r,)Te) (13)

r1#rg
accounts for the Inter Frame Interference (IFI) within the same symbol. Proposition 1 says that this IFI
becomes negligible when the frame length is large.
The next proposition is relative the term x1g;. Its proof is rather similar to the proof of Proposition 1,
therefore it will be skipped :

Proposition 2: As N grows toward infinity, gy converges to zero in probability.

This result can be interpreted intuitively. We recall that the channel lengths measured in chip intervals
are uniformly bounded by the constant L. Therefore, as the processing gain grows large, the I1SI becomes
negligible. Indeed, only the first L chips in a symbol can be corrupted by the interference due to the
previous symbol. It is well known that ISI is negligible when the channel length is much smaller than
the symbol duration.
Let us consider now the AWGN term x awgn. The proof of the following proposition is given in appendix
B:

Proposition 3: As N, — oo, zawaN converges in distribution toward a Gaussian zero mean random
variable with variance

TRWGN = %5T99(0) .

From (12), it can be clearly seen that conditionally to the code vector ¢ = [co,...,cn,—1], the distri-

bution of this term is Gaussian. Without conditioning on ¢, this distribution is not Gaussian in general.
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Nevertheless, Proposition 3 asserts that this distribution converges weakly to the Gaussian distribution in
the asymptotic regime as N, — oo.

We now turn to the main part of the paper, which consists in the asymptotic study of the MUI term.
At this point, an assumption on the energies per symbol of the users is needed. Denoting by %) the

() = > 25( ) of the energies of the interferers, we shall assume that g™

empirical mean £
converges to a limit £ as K — oo.
In appendices C and D, it is shown that the variance of the contribution ac,(f ) to the MUI term is given

by Eq. (25) and satisfies by consequence

2] e (1 2

where |f1(NS,Nh,<S’,§K))| <y (

1 1
v+ v Ns) and Cy = 34 E2, Rog(0) L4/ T,

2
Turning to the variance aﬁ% of the MUI term $I(\/[[}I we get then

=(K) L
2] EEVEK-1([(2N, 41 3
UMUI - ZE [ ] T N ((gﬁh B th> z:_Lng(lTC) ! ng(0)> FI N

(15)

K (1 1
where | f2(Ns, Np)| < C15 (W + N—f)
Let us consider now the asymptotic regime where N = NyN;, — oo while K/N — « > 0. The first
case we consider is the case where NV grows in such a way that N, /Ns — 0 :

2
Proposition 4: If N = N,Nj, — oo while K/N — a > 0 and Nj,/N, — 0, then o{),” — occ.

This proposition follows directly from Equation (15).
Let us give an intuitive interpretation of this result. Assume for the sake of illustration that N, = 1 and
N, > 1. In this situation, time hopping is absent and our system would be a "DS-CDMA” system in
which all spreading vectors are equal to [1,1,...,1] ! In this system, if Ny — oo and K — oo, it is clear
that all interferers contributions will sum up without any attenuation due to despreading, and therefore,
the MUI variance will grow toward infinity. What Proposition 4 asserts is that this will be more generally
the case if N,/Ns — 0 : in this situation, time hopping will not be able to separate users contributions
reliably in the asymptotic regime due to the small size of the frames.

The two following cases that we shall consider correspond to the situation where N is kept constant
while N, — oo, then to the situation where both N, and N, grow toward infinity in such a way that
Ng/Np, — p > 0. In both situations, the MUI variance will converge to a finite value. Whether this

asymptotic MUI will be Gaussian or not will be our main issue.
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As is well known, the asymptotic normality is generally established through a Central Limit Theorem.
One classical form of this theorem is the following : consider a sequence z1, 29, . . . of centered independent
and identically distributed random variables with finite variance o2, Then as K — oo, the random variable
Sg = \/LE S | 2, converges in distribution toward a Gaussian centered random variable with variance

a2, In the setting of this paper, if this version of the CLT was to be used, the asymptotic normality of
f\fm S (K) would have to be established by identifying \/—95,C with z;.. However, this cannot
be done because in our asymptotic study, as K grows, N, and/or N, grow, and this results in a change in
the probability distribution of \/_x,(fK) through the change of the distributions of of c(K) and A,(f(). In
our case, the random variables :1:,(C ) are formally arranged in a so called triangular array (x (K));iz ,,,,, K,

and we have to see whether the sums nggl performed along the rows of the array converge in distribution

=2,...,00

toward the Gaussian law. One additional difference with the classical form of the CLT shown above is
that the random variables (IL‘,(CK))]C:Z...J{ on row K are not independent. Indeed, Eq. (11) shows that all
these random variables depend on the code vector ¢ of user 1. Because of this dependence, we are led
to use the CLT for martingales, which generalizes the CLT for independent random variables.

It can be seen from Eq. (11) that x,(f() is measurable with respect to the o—field generated by the
random variables c, (affKW)L)m,(c,(ﬁ))l, and A,(CK). Given the sequence of increasing o-fields fng) =
o <c {(aSLKn%)m, (cg))l,A%K)}n_ , the partial sum xﬁ%k = 2x£f<> is therefore measurable
with respect to ]-',g ) Furthermore7 ;Jne can notice that E HxMUIkH < oo and that the conditional
expectation £ {xMUI k—H‘ ]—“ } is equal to xﬁ%k with probability one. In these conditions, the se-
quence x%ﬁ}m, . x&ﬁ%l « 1s called a martingale relative to the o—fields ]—“Z(K), o ,.7-}((]{) [12, page 458].
The CLT for martingales takes the following form: let a,gK)(c)2 be the random variable a,(CK) (c)? =
E [x,gm?' f,gf_ﬂ] _ B [x;m?

K)(c)? = YK, o) (c)2. Assume that o) (c)2 converges in probability as K — oo to some positive

c} where the last equality can be deduced from Eqg. (11), and let

deterministic quantity o2. Assume that the so-called Lindeberg condition is satisfied :
S (K)?
Ve > 0, KhinOOZE {xk 1|m;;<>|25] =0. (16)

Then nggl converges in distribution toward the centered normal distribution with variance o [12, Th.
35.12].

In our situation, the asymptotic behavior of ¢(%)(c)? is described by the following proposition:
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Proposition 5: . Assume that N — oo, K/N — a > 0, and Ng/N;, — p > 0. Then
= L
2 EE 2
o) = our = o (f > Rug(UTe) + ng<0>> (17)
¢ I=—L
in probability.
2
The proof of this proposition is in Appendix F. Notice that o;;; is also the limit of aﬁ% given by Eq.
(15) as can be expected.
We now treat the case where N is kept constant while N, — oo:
Proposition 6: Assume N;, — oo while N is kept constant. Then as K — oo and K/N — a > 0, the
variance (%) converges in probability to %oﬂzwg(o). Moreover, x&ﬁ}l does not converge in distribution

toward a Gaussian random variable.

The limiting variance ‘%oﬂzwg(o) can be deduced directly from Proposition 5. In order to prove the
second part of the Proposition, we use the following result, shown in [15] by a refinement of a result
of [16]: if &%) (c)? converges in probability to a deterministic o2, if the conditional distribution func-
tions F,gK)(x) =P (x,(f{) < m‘]—“,gf_{i) =P (w,(f{) < x‘ c> are symmetric with probability one, and if
maxp—s . K U,EK) (c)? — 0 in probability as K — oo, then the Lindeberg condition (16) is also necessary

for convergence of xl(\fgl toward the normal law N(0,02) ( [15, Main theorem and Eg. (6)]). It can be

(K)
k,m

seen from the expression (11) of ac,(fK) that P (x,(f{) < x‘ c) is symmetric. Indeed, a, .’ are independent
with other random variables and equally distributed over {—1, 1}. Moreover, in Appendix G, it is proven
that

(K) (.02
k:Hzl,z.i.}fKak (c)*—0 (18)

for any value of ¢ (which is stronger than the convergence in probability required in [15]). We therefore
have to show that the random variables {x,(CK)} do not satisfy Lindeberg’s condition. This is done in
appendix H.

Let us give an intuitive interpretation of this fact. The event a:,(f{ ) # 0 represents a collision between the
signal received from user 1 and the signal received from user k. In the model (1) the signal amplitude
of a user is multiplied by 1/1/N, which is not an infinitesimal value in the setting of Proposition 6,
therefore, the values taken by the random variable x,(CK ) when x,(CK )40 are not infinitesimal. Yet the
variance of this random variable, being of the order 1/N;, (see Equation (14)), is infinitesimal. This is
because the probability of occurrence of a collision between user 1 and user k is also of the order 1/N,.
Multiplying xng) by 1‘%(:0‘26 for ¢ small enough will not reduce much this variance, and therefore,

Lindeberg’s condition will not be satisfied.
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Alternatively, assume now that the repetition factor N, also grows in such a way that N,/N;, — p > 0.
In this case, many of the pulses of the user of interest carrying one information symbol will undergo
collisions, but the effects of these collisions will sum up in such a way that the resulting MUI is
asymptotically Gaussian:

Proposition 7: Assume that % — p > 0, and that the random variables ||~y,(f()||2 are uniformly
integrable, i.e., that

: (K) 2 _
i sup o B [T o] =0 19)

a—oo i k=1
Thenas K — oo and K/N — a > 0, 5”1(\/11(1}1 converges in distribution toward a Gaussian random variable

with zero mean and variance o%;;;; given by (17).

The proof of this proposition is given in appendix I.

Notice that the assumption (19) is needed for mathematical purposes only, because it allows inequality
(38) in the proof to be true. It is obvious that for every couple of indices k£ and K, E [H'y,(f() ||21H'v£“|l>a]
converges to 0 as a — oo. Assumption (19) requires this convergence to be uniform. It is satisfied in all

practical cases of interest, and in particular when the vectors 7,(:( ) are identically distributed.

In the asymptotic conditions of Proposition 7, the SINR at the output of the receiver for TH-PAM
signals is

2 2
SINRPAM = — g T!]!](O) — _ ngg(O) ] (20)

p
OAweN T Onur A ﬁa (2—3’) S Rug(IT.) + ng(O))

where o3y @nd o3y are given by Propositions 3 and 5 respectively. In these asymptotic conditions,
the BER at the output of the receiver is Q(v/SINRpan) Where Q(.) is the Gaussian tail function.

IV. THE TH-PPM CASE
In the Time Hopping - Pulse Position Modulation (TH-PPM) case, Equation (1) is replaced by

o) N.-1
WO == 3 O —mNTy =Ty =y T dall) @
$ r=0

where the symbols {a,(fﬂ)b} have their values in {0, 1} and d is the time shift used for position modulation (

[3]). The description of the received signal is otherwise unchanged. The output of the correlation receiver
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for the symbol ag is here

Ns—1
PR K
TV 2 [ oSOt~ T, - e T

where p(t) = g(t) — g(t — d), and the decision rule is ao = 0 if x > 0 and o = 1 otherwise. Here we

K
have x = xy, + z151 + 5’31(\4(31 + xAawenN Where

N,—1

£
tw=1 Y Top((r = r2)NTe + (e, = c,)T. = dao)
S 7”177“2:0
N,-1
T181 = Z > g ((r1 = r2)NWTe+ (er, = Cmn,ra) Te — mNsNTe — dam)
N, m#071,72=0
(5) _ N~ ()
MUl = Zxk g
k=2
\/58
A AL Z Z " Op ( r1 —r2)NpLe + (¢, — Cl(fKrr)LN 1) Te = mNs Ny Te — da(K) A’(fK)) ’

m ry,ro=0

N.—1
5 el
TAWGN = 4/ F Z /U(t)p(t —rNyTe — CrTc)dt )
S r=0

and these terms have the same meanings as their equivalents of section 11-B.
We shall just give the main results concerning the TH-PPM case, as the proofs and the derivations do not
differ much from those of the PAM case. When N, — oo, the useful term x,, converges in probability
toward Ergy(—dag) = £(1/2 — ag)rpp(0), and the distribution of the AWGN term zawgn converges
toward the Gaussian distribution with the zero mean and the variance a%,PM’ AweN = 32Erpy(0). As for
the MUI term nggl it does not have a Gaussian limit distribution if N, is kept constant (cf. Proposition
6). On the other hand, if N;/N;, — p > 0, then (cf. Proposition 7) it has a Gaussian limit distribution
with a zero mean and a variance of
= L
UI%PM,MUI = %a (%p Z Rup(ITe) + pr@)) .
I=—L

Notice that the only difference between this expression and (17) lies in the fact that g(t) is replaced here
by g(t) — g(t — d). The expression of the output SINR is
E21pp(0)°

) )
A(oppaawan T TBpa T

SINRppy = (22)
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V. SIMULATIONS

In order to give an illustration of the results of the previous sections, we carried out some simulations
for TH-PAM and TH-PPM transmissions. The basic pulse waveform is the second derivative of a Gaussian
pulse with a pulse shape parameter ¢,, = 0.4ns [17]. The time slot number a pulse occupies within a
frame is an independent and identically distributed process with the uniform probability distribution on
the set {0,..., N, — 1}. In TH-PPM, the time shift d satisfies d/t,, = 0.5422 as in [1]. The chip period
has been set to 7. = 5 t,, for PAM and T, = 6 t,, for PPM. The additional delay of ¢,, in PPM is due to
the presence of the time shift d. The BER resulting from simulations was calculated after having received
more than 100 errors. Because in our results, all expectations are conditioned on the channel of user 1,
this channel is kept fixed while the channels of all other users change at each simulation trial. Moreover,
the transmitted sequences of symbols for all users and the relative delays change at each trial.

In all figures that show Bit Error Rates, the solid line plots indicate the BER versus 2Ey, /Ny that result
from the Gaussian approximation in the asymptotic regime, i.e, Q(1v/SINRpam) of Q(v/SINRppy)
where SINRpan and SINRppy; are given by Equations (20) and (22) respectively. The dashed curves
are the ones obtained by simulation.

The pertinence of the asymptotic regimes described by Propositions 6 and 7 is first tested for single path
channels representing a free space propagation. It is assumed that we have a perfect power control, in
other words Sl(K) =... = Ei((K) = £. Such a scenario has been studied in e.g. [3] [18] in a TH-PPM
context.

In Figure 1, a TH-PAM transmission is considered, the processing gain is set to NV = 200 and the number
of users is K = 100, resulting in a load of o = 0.5. One can notice that when N, = 200 and N, = 1,
then the transmission conditions can be modeled by the assumptions of Proposition 6, and therefore the
Gaussian approximation is not valid as expected. The plain curve representing the Gaussian approximation
for p = 1/200 is plotted for the purpose of comparison : it represents the BER that one would have
obtained for the same MUI variance if this MUI was Gaussian. The BER loss due to the non Gaussian
character of the MUI is illustrated by the dashed curve obtained for Ny = 1 and N}, = 200. Figure 1
shows also that when N, = 8 and V;, = 25, a situation modeled in Equation (20) by p = 8/25, then the
asymptotic regime of Proposition 7 is practically attained. The behavior described by Propositions 6 and
7 is also illustrated on Fig. 2 where empirical histograms of the random variable nggl are shown. The
centered Gaussian densities with variances E [23,,;] are also shown on this figure. From the top to the

bottom of this figure, K and NN increase in such a way that the load K/N is fixed to 1/2. In the left
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column, Ny is fixed to 1. Here, as predicted by Proposition 6, the MUI distribution does not approach the
Gaussian distribution as N, grows. Alternatively, when N, grows in parallel with N, (right column), the
MUI distribution approaches the Gaussian distribution. Under the same experimental conditions, Figure
(3) shows the quantile-quantile plot between the empirical MUI distribution and the Gaussian distribution
for different values of N. The couple (IV5, N,) is chosen equal to (2,6), (4,12), and (8,25) resulting
in a ratio Ny/N,, close to 8/25. The convergence toward the Gaussian distribution with respect to NV is
clearly seen on this figure.

Simulations were also conducted in more realistic situations where the channels are multi-path channels
and the received powers are different. The channel model is the modified Saleh-Valenzuela model
described in [13] and [14]. Channels with a RMS delay spread of 5ns are considered. The chosen
channel belongs to the set of channels proposed in [13], namely we considered the model characterized
by the parameters A = 1/22, A =1/0.94, I" = 7.6, v = 0.94, and o = 4.8 in this reference. The different
transmitters are assumed to be uniformly distributed within the ring between the circles with radii 1m
and 10m centered on the receiver. The path gains decrease in R~2 where R is the distance to the receiver
[19]. The power of user 1 is taken equal to the mean power. A processing gain N = 600 has been
chosen. Because T, = 2ns, the data rate per user is then 833 kbit/s. The system load is o = 1/2. Figure
4 which concerns TH-PAM transmissions shows that when N; = 600 and N, = 1, then the Gaussian
approximation is not valid. However, when Ny = 6 and N;, = 100, then the receiver performance can be
predicted reliably by the result of Proposition 7. Like for single path channels, the histograms of 371(\?1}1
are also shown (Figure 5). The quantile-quantile plot is also shown on Figure 6 for different values of IV,
the ratio N5 /Ny, being set to 3/50. The convergence to the Gaussian distribution predicted by Proposition
7 can be clearly seen on these figures.

The same results are shown in Figure 7 for the TH-PPM case. In this figure, a curve with Ny = 3 and
N}, = 200 has been added to underline the effect of reducing N while keeping N constant.

In Figure 8, we get back to the environment of Figure 4, we fix N, to 100 and we test the pertinence
of the Gaussian asymptotic regime when modifying /N or the power distribution. If the users powers are
equal, then this regime is attained for N = 300. Alternatively, when the powers are unequal as in Figure
4, then at N = 300 the Gaussian asymptotic approximation is less accurate. At N = 600, we are closer
to the Gaussian asymptotic regime. With unequal powers, this asymptotic regime is reached for higher
values of N.

In summary, assume that N and K are fixed to large enough values. A too small value of N, even

though it will provide a small MUI variance, will result in a non-Gaussian MUI distribution which is in
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general harmful in the sense that the Gaussian approximation predicts a much better BER. The variance
reduction does not compensate for the BER degradation. Recall that Proposition 6, that asserts that the
Gaussian approximation is not valid in this case, is in agreement with this observation.

We may also notice that to reach the domain of validity of the asymptotic regime, we have to use a large
processing gain and a large number of users. We must however note that a complete specification of the
domain of validity of this regime is out of the scope of this paper. This study should certainly take into
account the statistical model for the channels. In particular, if the Saleh-Valenzuela model is considered,
the root mean square of the channels delay spread will play an important role. Other parameters that
have an important impact on the convergence are the power distribution and the system load K/N.

It is clear that at a fixed chip rate, a high processing gain leads to a reduced bit rate per user. Therefore,
the asymptotic analysis of the Gaussian approximation is valid in the context of networks with relatively
low rates per user rather than in the context of high speed WPAN. Impulse Radio UWB is a serious
candidate for applications such as sensor networks that use a large number of sensors. In these contexts,

the asymptotic analysis can be used.

APPENDIX
A. Proof of Proposition 1

For a given £ > 0, we have

™

Pllzw — Eaorgg(0)] > €] < —E|z]]

B
by Markov’s inequality. We shall prove that E [|z,|] — 0 when N}, — co. The expectation E [|z,|] writes

Np—1

N,-1
1 1 . .
Bl < 57 2 7z 2 o (2= r)NiTe + (12— in)T)
§ rira=0 "Ny iy =0
r1#T2
N.N,—1 Nu—1
1 1 : Ny
= 7 | = 799 ((i1 —i2)Te)| | — <5 7gg ((i1 — i2)Te)]
Ny \ N mzz::o Nj ihlZz;O
11 L—1 L—1
B ﬁm« > <N3Nh—|u>rrgg<m>|> —Ns< > <Nh—|u>rrgg<m>|>>
s°'h l=—L+1 I=—L+1
L—1
N,—11
- — 1 74 (IT2)] (23)
N N’% l:—zL:-H

hence the result.
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B. Proof of Proposition 3

Let us denote by F'(z) the distribution function (d.f.) of the standard Gaussian law. Conditionally to

c, the d.f. of xawen IS F(z/oc) where o. > 0 and

N.—1
Z rgg (" = PNy Te + (¢ — ¢)Te) = oawan + 0°E2 (24)

r,r’'=0

o o€
<~ 2N,

where z, is defined in (13). The d.f. of zawgn IS then E[F(z/o.)] where the expectation is taken with

respect to c. To prove our proposition, we shall prove that x(z) = E[F(x/oc)] — F(x/oawan) =

IN

E[F(z/oc) — F(xz/oawan)] converges to zero as N, — oo. For a given £ > 0, we have |x(z)]

x1(z,€) + xa(x,e) where x1(z,e) = E[|F(x/0c) — F(x/oawoN)| 12—z, . |<2] and xa(z,€)
E[|F(z/oc) — F(x/oawen)| Lipz—p2 o [>e]-

The function F'(x/o) is continuous in the variable o over the set of the strictly positive real numbers.
Therefore, F'(x/oc)—F(z/oawan) — 08S 0c — oawan- AS |F(z/oc) — F(z/oaweN)| Lio2—o2 . <c <

2, by the dominated convergence theorem, 1 (z,c) — 0 when e — 0.

Considering x2(z, ), we have

2
Xo(#,6) S2E [1pa_pz j5e] = 2P [|oa — oawan| > €] < -k [loa — oAwanl]

where the last inequality is Markov’s inequality. From (24) and (23) we have

-1
Nog No—11
E [log — oiwanl] < SN N? D g (IT)]
s h |=—r+1

which converges to zero as Nj, — oo. Therefore, xa(x, ) converges to 0 for every ¢, thus x(z) — 0 as

Nh—>OO.
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C. Proof of Equation (14).

(K)

In appendix D, it is shown that the variance of the interference term z,’ writes
(K) N N,—1
)2 €&y 1 o
E|:xk ]—m( F}% Z ng((21_22+23_'l4)Tc)
11,02,13,14=0
N NeNo—1 Nu—1
- 255 D D Rug(li—ia+ii—52)To)
h' iy ia=0 j1,5>=0
N2 Nh—l
+ FZ Z Rug (71 — J2 + js — ja) T¢)
b §1,52,53,3a=0

N N:Np—1
+ QN_g > Rug (i1 —i2)T0)

il,i2=0
N82 Nh—l . .
- 2m ng ((]1 _]2)TC)
b j1,ja=0
+ NZRy(0)) - (25)

This expression can be simplified when N — oo. The simplification can be done by using the following
lemma that will let us enumerate the summands in the right hand side member of (25):

Lemma 1: Let M, Q be two elements of N and I an element of Z. Then if |I| < Q,
Q-1

1
Y (i —igtiz—ia— 1) = S (=3|I] + 31> +2Q — 61°Q + 4Q°) . (26)
’il,ig,ig,i4:0
If M+ |I] <@, then
Q-1 M-1
; ; . . 1 3 2 3 2
Y blin—da+ji—ja—1I) = g(—|I|+|I| + M —3I°M — M? +3M°%Q) . (27)

i1,i2=0 j1,j2=0
A proof for this lemma is given in appendix E.
Let us study with the help of this lemma the behavior as N — oo of the first term in the right hand side

member of (25)
55’2K) N,N,—1

Z Ruwg (i1 —ip 413 —i4) T¢) .

11,%2,13,14=0
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Noticing that R.,4(t) is equal to zero if ]t] > (L + 1)T¢, we have
ceK) NN,
X = W Z ZnglT 1—22+23—Z4—l)

c .
Z1,Z2723,Z4—0 l=—L

1egf
= N3N5T Z Rug(T:) (=3]1] + 3|I[> + 2N, Nj, — 612N, Ny, + AN2N)
288
= N2T <Z ng lT ) +f(Ns>Nh)
I=—L

where identity (26) of lemma 1 is used and where
1 &S 3 9
F(Ng, Ny) = N3N5T Z Ruvg(ITe) (=3[1] + 3|1|* + 2NNy, — 61> NsNy,)
Using assumption (5), the inequality \ng(lTC)\ < Rug(0), and the fact that the absolute value of a sum

is less than or equal to the sum of absolute values, we get
2

1 S

6 N3NT,
2

1 gsup

2 N3NPT,

¢

NZN}!

where C' = 72 Ry (0)L*/T..

sup

|F(Ns, Np)| < (2L + 1)Rupg(0) (3L + 3L® + 2N, Nj, + 6L*N,Ny,)

< Ruwg(0)L (BLEN,Ny, + 3L3Ns N, + 2L Ny N, + 6L* NNy, )

By performing the same kind of asymptotic derivations on the other terms of the right hand member of
(25) (note that for the second term, identity (27) of lemma 1 is required instead of (26) ), we obtain
Equation (14).

D. Proof of Equation (25).

For clarity, we shall denote by E}[.], Ea[.] and E.[.] the expectations with respect to the distribution
of the channel hy, the distribution of the delay A,(fK), and the distribution of the codes (cgfl(),c,(:f))
respectively.

Using Equation (11) and the fact that the information symbols a,g ) are independent and have their values
in {—1,1}, we have

o] - Srafalsly ¥

71,72=0
11,l0=0

Ty, <(7‘1 — 7o) Ny T, + (¢, — c,(c{ist+r2)Tc — mN NpT, — AIEK))

Tglig <(l1 — L)NL T, + (c, — Cl(f,(niNst)TC — mNsNpTe — A’(CK)H ] } (28)
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We begin by deriving the expectation with respect to the codes. Using the independence of the random

variables {ckl }k Lo and the fact that they are equally distributed over the set {0,..., N, — 1}, we

obtain
E [3:](:( ) ] — N2 B, [EA {

N;—1 N,—1 N, —1

N4 Z Z Z ZTHI(CK)Q ((Tl — 1) NpTe + (i1 — i2)T, — mNNpT, — A,(CK))

71,l1=0 7r9,lg=0 21’22’]17‘72
ri#lL r2#le

Ty, ((ll — )NL T, + (j1 — jo)Te — MmN Ny T, — Az(gK)>

N,—1 N,—1 N,—1

+ N3 Z Z Z Z'f (K) < - T2)Nth + (il - ig)Tc — mNgN, T, — AIEK))

r1:01=0 ry=0 11,i2,j1=0 M
r1#l

Ty <(51 —r2) Ny T + (j1 — i2)Te — MmNy Ny T, — AECK))

N;—1 N,—1 Np—1

t N3 Z Z Z ZT () ( r1 — o) NpTe + (i1 —i2)Te — mNgNLT, — AIEK))

1=0 T2 l2 0 41,i2,J2=

ooy ((r = )NAT. + (i1 = j2)Te = mN, N T, = A{)

N,—1 Np—1

b Y 2 Y (e, (Nt - )T NN - A

7"1,7‘2 0id1,i0=0 m
(29)

This expression can be simplified by developing the expectation £, [Ea[.]]. Indeed, let us prove that for

any couple of integers (n1,n2), we have

En[Ba Yo ry00, (mT = mNNiTe = M) 10, (naTe = mNNiT = A || =

1

meQ(( ng —n1)T.) . (30)

Because Ay is uniformly distributed over the interval [0, NN, T.), the left hand side member of (30),

call it , can be written

1
Eh |:/ T (K)g (anc — u) Tgl(cK)g (’I’LQTG — u) du

X T NN T 9
1
= Ey /gk(u2)g(u2 — T + u1)gr(us)g(ug — noTy + uy)dugdusdus
N.N.T.
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where the integrals are taken over the whole real line. Let us now replace the function g, by its expression

(2) and compute the expectation. We obtain

v v S B B (o) w e 2]

17l -

g(us — 1T, + u1)g(us — noT, + uq)duydusdug
1 < (K)? (K) (K)
= WZ/E [fyk’l w (UQ—Tk’l )w (U3—Tk’l )
S C l:1

g(ug — niTe + uq)g(us — noTe + ug)duydugdus

where the second equality is due to assumption (3). By doing the change of variables v, = u; + T,gff),
Vg = Ug — T,gl{) and vz = uz — T,gf), we notice that the integral in the right hand member of this equality
does not depend on T,Elf ), therefore

D

= ! E 4007 T . oo
X = N.NT Z Vil w (v2) w (v3) g(va — N T, 4 v1)g(vs — N1 + v1)dvidvadus
siVhic =1
1
= NNT /w(vz)w(vs)g(vz — T, +v1)g(v3 — noTy + vy )dvidvadus

by using the normalization (4). Since the integral in this last Equation is equal t0 R4 ((n2 —n1)7%),
Equation (30) is proved.
Let us get back to Equation (29). By plugging Equation (30) into (29), we obtain
27 = e
K N3N, T.

| Neml Nl N
N YooY Y Rug(h—r—la+r)NaTe+ (1 — ia — ja +i2)Te)

r1,11=0 7r2,12=0 4y 45 j1,j2=0
r1#ly ra#l

N, Nzt N
+ 2— DD Rug (= r) N T+ (1 — in)Te)

h r1, ;1 1o i1,j1=0
+ NZRuy(0)) (31)
Let us develop the first of the three terms of the right hand member of this Equation. Calling ¢ this term,

and using the equality

Ns—1 N,—1 Ns—1 Ns—1 Ns—1 Ns—1
r1,11=0 r2,l2=0 r1,72,l1,12=0 T1,72,11,12=0 T1,72,11,12=0 T1,72,11,12=0
ri#ly r2#le r1=l1 ro=la r1=l1,r2=l2
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we have
gg(K) N;—1 Ny, —
- W( Z Z Rug (b =11 = la +r2) NpTe + (1 — i1 — ja +42)Te)
S h—C rl,ll,T2,l2 07/177/27]17J2—0

N,—1 N, —1

— 2N Z Z Ruwg (I = r1)NpTe + (J1 — i1 — j2 +i2)Te)

71,01=01%1,i2,j1,72=0
Np—1

N2 Y Ruy((Gr— i — o+ i2)T))

11,12,71,J2=0
gE(K) N Np—1
- NEN}?TC ( Z Ruwg ((i1 — 19 + i3 — i4)T})

11,%2,13,14=0
N.Ny—1 Np—1
— 2N, Z Z Ruwg ((i1 —i2 + j1 — j2)T¢)
11,12=0 j1,j2=
Ny—1
+ N2 Y Rug((Gh—ja+is— j4)Tc)) :
J1,J2,J3,Ja=0
We thus obtain the first three terms of the right hand side member of (25). The following two terms in
this Equation are obtained by developing in a similar manner the second term in the right hand member

of (31).

E. Proof of lemma 1

We only sketch the proof of (27). The proof of (26) is similar. Assume I > 0. Then, for any collection
of integers {i1,12, 71,2} such that {i,i2} C {0,...,Q — 1} and and {j1,j2} C {0,..., M — 1}, one

can write
Q+M-2

Sy —ig+j1—jo—I)= Y 6(ir+j1—m)d(ia+jo+tI—m).

Similarly, if I < 0, then we have
Q+M—2
S(in—do+j—Jo—1I) = Z (i + 1 + I —m) d(ia + jo —m) .
m=|I|

M—-1
11, Z2—0 J1,J2=0

can be written 7 = ZQ“‘?[‘ 2 T1(m)Zo(m) where Ty (m) = 2" M 60+ j — m), and Zo(m) =
SO SMILS(i + j + 1] - m). We have

By consequence, the left hand member 7 = Z 0(iy — i2 + j1 — jo — I) of Equation (27)

m+1 if |[I|<m<M
i(m)=q M if M<m<Q@Q
Q+M—-1-m if Q<m<Q+M-—-1
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and
— I +1 if |I|<m< M+ |

Iy(m)=q M it M+ |I|<m<Q+|I
M-m+Q—-1+|I| if Q+[I|<m<Q+M-1

By consequence, the sum Z is given by

M-1 M+[I]-1 Q-1
T = Y (m+Dm—|I+1)+ > Mm-|I|+1)+ > M
m=|I| m=M m=M+|I|
Q+|I1-1 Q+M-1
+ Z MQ+M—-1-m)+ > (Q+M-1-m)(M-m+Q—1+]|1]).
m=Q+1

The result is obtained by developing this expression and by using the identities >}, k = n(n +1)/2
and >°p_, k% =n(n+1)(2n + 1)/6.

F. Proof of Proposition 5.

We begin by deriving the expression of a,(fK)(c)2 =F [x,gK>2

c]. After some derivations similar to

those of Appendix D, we have a(K) (c)? = %’EK)% (1 — @2 + ¢3) where

N,—1 Np—1

1 L .
= e S D> Rug (G —da+ ds — da) NaTe + (¢, — ¢, + i1 — i2) To)
87 §1,52,55,3a=0 i1 ,i2=0
1 Neml Nl
by = NN Z Z Rug ((J1 — J2) Np T + (¢j, — ¢j, + i1 — i2) Tt)
h ,]2 021,22 0
1 N,—1
¢3 = Z ng (]1 _]2)NhT +(C]1 C]2)T) .
J17]2—0
(K)? 65 'K hall h 2N, d
It results that o BL (¢1 — ¢ + ¢3). We shall prove that ¢, — 2 e l__L Rug(ITe) an

@2 converge both to zero for every choice of c, and that ¢3 — R,,,(0) converges to zero in probability.
Because ¢%)(c)? = 55( LK =L (¢1 — ¢ + ¢3), this will prove our proposition.

Due to the fact that ng( ) =0if |t| > (L + 1)T¢, we have

o N, L 1 N,~1  Np—1
01— 55 D RugliTe) = ZnglT YD
3 Nn I=—L I=—L NNy J1552,33,54=0 i1,i2=0
. . . . . . 2 Ng
0((Jj1—Je+iz—Ja)Nn+cj, —cj, +ir—ig—1) | — c— (32)
3 Ny,
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We have

0((r—Jo+73—Ja) Nn+cj, —cj, +i1 —ia — 1) =
2
S 61— g2+ s — s+ k) (cj, — cjy it — iz — L — kNy)
k=-2

where all the values of the summand of the right hand member are zero for |k| > 2 because —2N}, —
L+2<c¢j, —cj,+i1 —ia—1 < 2N, + L —2,and L < Ny,. The term x between the inner parentheses

in Equation (32) now writes

N,—1 2 Np—1
X = NzN? Yoo D dlh—datizs—datk) Y b(cj —cj+in—ia—1—kNy)
87R 1 ga,ga,ja=0 k=—2 i1,i2=0
1 N,—1
= N2 N2 Z Z maX ‘cjl Cjz_l_th’)(s(jl_]é +j3_j4+k)

h J1,J2,J3,Ja=0 k=—2
N;—1-k

= N2N2 Z Z Z max (0, Ny —[¢j, — ¢j, =L = kNa|) 6 (j1 — j2 + j3 — ja)
]1,)2,]2 =0k=-2 ja=—k

N,—3 9
1 - . . . .
> N2N2 Z 0(j1—Jo+ 73— Ja) Z max (0, N, — |¢j, — ¢j, — 1 — ENy|)
P 41 ga,gs,5a=2 k=—2

For any values of ¢;, and c;,, we have Y7__, max (0, N, — |¢j, — ¢;, — | — kNp|) = Nj. Therefore,
the last term is equal to
1 N.—3
(i i i
NIN, Z (J1 = J2 +J3 — Ja)
J1,J2,J8,§a=2

Using Equation (26) of Lemma 1, we can show along the lines of Appendix C that

N,—3
1 5 2N,
- E (37 — — 225 50
N82Nh J1:J2,93,J4=2 (]1 j2 ! j3 j4) 3 Nh

when N¢/N;, — p > 0. Getting back to the expression of x we also have

N,—1 N +1

2 Ny 1 2 Ny
—s E E d(j1— - E — EkENp|)—5—
X 3N, N2N§ e (1 = J2 + Jz — Ja) k__2maX —lejy — ¢ — nl) 3N,
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By the same argument, the right hand member converges to zero. It results that ¢ — £

wg(ITe) —
0 for every value of c. It can be shown in a similar manner that ¢, — 0. Now, we have

E [|¢3 - ng(O)H = LE Z ]1 — ]2) NhT _|_ (le ng) TC)
’ J;1J?§J'20
= Nis Zo ’ng 2 _‘72) NpTe + (le Cjz)Tc)H
J17#32
1 N,—1 Np—1
- N.N? Z ZOIng (J1 — J2) NoT, + (i1 —i2) Tc)|
lel;zjzo iyia=
1 NsNp—1
< N2 Y [Rug (i —i2) To)| = O(1/Ny) .
h 11,i2=0

Therefore, ¢3 — R.e(0) — 0 in probability by Markov’s inequality as in Appendix A.

G. Proof of (18).

We have a(K) (c)? = %’im% (¢1 — ¢2 + ¢3) Where ¢1, ¢ and ¢3 are given in Appendix F and do
not depend on the user k. In that Appendix, it can be seen that ¢; is bounded and ¢» — 0. Moreover, it
is not difficult to prove that ¢3 is bounded. Using the boundedness assumption (5) on Sng), we obtain

the result.

H. Proof of Proposition 6.

It is shown here that Lindeberg’s condition (16) is not satisfied. For this purpose, we shall begin by

building a random variable z,iK) such that ‘ ‘ < ‘ ‘ Due to this inequality,

e s < L g0

for every ¢ > 0, therefore, it will be enough to establish the non validity of Lindeberg’s condition over
xffK ) to prove the proposition.

The random variables x,(fK) will be built in such a way that xk ;é 0 on a certain subset of the probability
space where the pulse carried by 61(9731 in the signal y,g )(t) and the pulse carried by ¢y in the matched

filter response /& /N Zr 0 Y g(t —rN,T. — ¢, T,) are the only pulses which overlap. Moreover, on this
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subset, xl(f{ " = xng ). Specifically, let C,EK ) be the random variable defined as
[ A €0, 1N/31T2),
¢ i K)l € {[2Ny/3],...,Np — 1},
L=

c,“, € {[Nn/3],...,|2Ny/3| — L —1} forr=0,...,Ns — 1,
¢ €{0,...,|Ny/3] =L —1} forr=0,...,Ngs—1

and ((K) = 0 elsewhere on the probability space. The notations | x| (respectively [x]) stand for x rounded
k p Y p y

down (respectively rounded up) to the nearest integer. We put xff{ ) = :Uk ( . It can then be checked
that
K)! 551£K) K K K
Z'I(C ) = Ns a](€7_)17’gl(cK)g (Nth + (CO - Cl(g,—)l)Tc - A/(f ))
if co,...,cn,—1, cff{_) c,(fKA), _, and AIEK) satisfy the conditions above, otherwise xl(f{), = 0. We have

()2 2
E[””k 1x§f”/25] 2 @B 1]

LN}LJ L-1 pnN,—1 NhJT ( gg( )

- SR Y > /

|T‘gl(CK)g((Nh + 11 — ig)Tc — t)| > 5) dt

21—0 2Nh/3.|
2 )=L=1 N,—1 -1 )
=N N3T I L Z Z > / 70 (No + i1 — iz —i3)Te — t)] > ¢ | dt
=0 =[2N,/3] 13=0
2 L T, gek)
< k
= iﬁﬂh Z p(l)/o P ( N, |Tg,(cK)g(ch_t)| >e | dt
I=—L+1
N.-1
where in these Equations, 7; = ((L2Nh/3J —L—[Nu/3]) ) ( N f31-L) L)) and
LNhJ L—1 No—1 NT

p(l):NslNg’ Z Z Z S(Np+ip—ig—izg—1) .

=0  ,=[2N,/3] i3=0
Here, 7, is due to the expectation with respect to the random variables c,(f;,), 72 1S due to the expectation
on ¢, for r # 0, and the factor 1/(N8N;’;Tc) results from the expectation over AIEK), cp and c](f_)l. For
N, large enough, as L is constant, we have n; > (1)) and n, > (3 )Ns_l. Furthermore, one can show

by a technique similar to that of the proof of lemma 1 that that p(l) > Cs5/N};, where C5 does not depend
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on [ nor on N,. By consequence,

K 2N,—1 K L T, 56(K)
(K)"? 2 (1 1 k
ZE [wk 1I~’v§f()'>6] > Cse <Z> N, Z Z ; P N, ‘Tg’(cK)g(ch —t)|>e|dt
k=2 k=2 |=—L+1
1 2N, —1 1 K gg](gK)
= 2 (2 — P p > t
o (i) mur( T rorze | d

which does not converge to 0 at least for some ¢ > 0 because the integral in the right hand member is

of the order O(1) and because N is constant and K/N;, — «.Ns > 0.

I. Proof of Proposition 7.

We begin with the following lemma :

Lemma 2: Let

K) K K
Sl(e N Z Z 1[ LTC,LT ((Tl — TQ)NhTC + (Crl — C/(C,Tr)LNS-i-Tz)TC — mNSNth — A]E: )> .
m ry,ro=0
(33)
2
Then in the asymptotic regime as Nj, — oo, Ny — oo, and Ny/Np, — p > 0, we have £ {S,(CK) } < Cy4/N

3
and £ {S,(CK) } < C5/N®/% where Cyy and C5 are independent of % and of K.

(K)

Proof: Let us write A,&K) N Tn,(g )+ Tt(K) +q; ~ Where q,g ) has its range in the interval

[0,T¢) and t,&K) is discrete with 0 < t,(g ) < Nj,. We can write S,g ) — e S,(”) where

k,l N Z Z ( r1 —12)Np + (¢, — CIEQNS+T2) — mNsNp, — Nhnng) — t,(fK) — l) . (34)

m ry,r2=0

1 1
Thanks to Minkowski’s inequality [12, page 82] which writes here (E [S,EK)p}) & < Zf:_L (E [S,(fl()pD &
for every integer p > 0, it is enough to prove the results for the random variables {S;gl{)}l:—L,...,L—l-

For this, we shall prove that in the asymptotic regime,
2 3
E S]gf) | ’I’Lk:n,tk:t:| SCZL/N andE|:Slgl() | nk:natk:t] SC&/N?)/Q

where the constant C; and Cf do not depend on n, ¢, k and K. The random variable S( " obtained

after replacing t,g ) by t and n,g ) by n in (34) can be written after some simple manipulations

s = & DS 5 (iNn+ e — el = (¢ +1)

r=0 i=—o0

- 75 (35)
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where Z,gfl{i =32 0 (z’Nh +cr — c](ji)_i_n —(t+ l)). By assuming w.l.o.g. that ¢ + [ < N, and
by noting that the range of any of the random variables {c,(ff,)} is {0,..., N, — 1}, it can be seen that
Z,gl(z, writes as Z,gfl(l =9 (cr c,(f:,) L, — (t+ l)) +6 (Nh + ¢ — c,(ji)_l_n —(t+ l)). This is a Bernoulli

random variable (having its values in {0, 1}) with E [ ,gfﬁ} = 1/Ny,. Further, it can be shown after some

computations that £ [Z,gfllzﬁz,z} < 1/NZ for r1 # ry and that E [ ,glz,lZ,gIl{Z,zZ,gIl{Z,J < 1/Nj for

2
r1 # ro,ro # 13, and r1 # rg. By (35) and these observations, it can be established that £ [S&( ) ] <

N? K)"3 N?
te (8 + ) and 2|50 < ¢ (3

Proof of Proposition 7 :

N: 4 N,
N+ Nh), hence the results. |

We can now check the validity of the Lindeberg’s condition (16). Let R,(CK) be the random variable

R,(CK) = max; <|T‘g(1<)g(t)|>. We have

|l‘§€K)| < sup Z Z

m ry,ro=0

< 6supR2 s

Tg00, ( r1 — 1) NpTe + (¢, — c,(f;)LNSMz)Tc — mN NpT,. — Ang)> ‘

where S,EK) is defined in (33) and represents the number of summands in the sum. As a consequence,

<1

1|x(x)‘>e < and then

Eaup RV S >

(K)? 2 (K)? o(K)? (K1) | (K2)
E[% ]'xECK>|>a:| < G [Rk Sk e RS | T Xg A T XeA

where

2 K)2 o(K)?2
XI(eA) Esup [ng ) S,g ) 1gsupR(kK)S,(cK)Z€1R(kK)>A:| )

() 2 (K)? (k)2
Xpia = Eapl [Rk Sk 1gsupR;K>s;K>>alR;K><A]’

and A is a given constant.
We shall begin by showing that the term Zk 2Xk A M) can be made as small as possible by increasing

A. We have

2 2
o< e2LE {R,(f) I A]
2 2
— &2.F [R,?f’ 100, A} E[S,(CK)} (36)
C
5s2up ]\? [R(K) R<K>>A} (37)

where the equality (36) is due to the obvious fact that ngK ) and SIEK ) are independent, and inequality (37)

is deduced from lemma 2. Now, for every real number ¢, we have T‘g(K)g( )= Zl 1 7,(6 ) )rwg(t r,g y )) By
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Cauchy-Schwarz inequality, r i (t)* < ”7,(;’0”2 SO gt — T,gl{))? Let Mg = [w(t)?dt [ g(t)dt.
Also by Cauchy-Schwarz inequality, 7,,(t)> < M. Therefore, for every value of ¢, we have rg<K)g(t)2 <

: <
D||7,(€K)||2Mg. By consequence, the uniform integrability of R,(fK) , 1.e,

lim sup max F R(K)21 () =0
A—oo g k=1,..K k R 2A

results from the assumption (19). Therefore, if we fix ' > 0, there is a value Ay for which

Xid! <€ (38)
k=2
for A > Ag, which we assume in the sequel.
(K,2)
We turn now to the study of x; ;= From 1,0 oo go0)s 1poooy < 1|S£K>|Z£S;A 1pu0 0 We have
(K.2) 2 (K)? g(K)?
Xpa S Sl [Rk Sk Lstopz g lR(kK)<A]
<

Z EsupA

K)?2 K)2
2 F [R,g ) } E [s,g ) 1S;Cm>;]

2
From the inequality ’I“g(K)g(t)z < D||7](€K)H2Mg proved above and (4), it results that [R/(:() } <

2
DM,. We therefore have to establish the fact that limg . 5, E [S,(f( "1 } = 0, which is

(K) e
‘Sk IzgsupA

Lindeberg’s condition on {S,EK)}. For this, it will be enough to establish Lyapounov’s condition

K—o0

K
lim > E [\S}QK)‘m] —0 (39)
k=2

3
for some n > 0 ( [12, theorem 27.3]). Choosing n = 1, we have E {S,EK) } < C5/N®/2 by lemma 2,
hence (39).
2
In short, for every ¢’ > 0, ZkK:QE [m,(f{) 1|m(kx)26] is bounded above by the sum of a term less than
¢’, see (38), and a term that converges to 0, therefore, it converges to zero. The variance of the Gaussian

limit distribution is the variance o;;;; given by Proposition 5.
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Fig. 1. BER for different values of N, Nj,. TH-PAM, single path channels, o« = 1/2.
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1

(@ Ns=1, N, =12, K=6 (b) No=2, Ny =6, K =6

b

(© N.=1, Ny =48, K =24 (d) N.=4, N, =12, K =24

() N, = 1, N, = 200, K = () N, =8, Nj, =25, K =100
100

Fig. 2. Measured MUI histograms (bars) and reference Gaussian distributions with same variances (plain curves). Single path

channels.
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Fig. 3. Q-Q plot, empirical MUI distribution vs Gaussian. Single path channels. N,/N, = 1/3 or 8/25, a = 1/2.
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Fig. 4. BER for different values of N, Nj,. TH-PAM, multi-path channels, o« = 1/2.
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(@) N, =1, Nj, = 600

(b) N, = 6, N, = 100

Fig. 5.  Measured MUI histograms (bars) and reference Gaussian distributions with same variances (plain curves). Multi-path

channels.
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Fig. 6. Q-Q plot, empirical MUI distribution vs Gaussian. Multi-path channels. Ns/Np = 3/50, a = 1/2.
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Fig. 7. BER for different values of N, Nj,. TH-PPM, multi-path channels, o = 1/2.
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Fig. 8. Asymptotic Approximation vs. N, and the Power Distribution. TH-PAM, N}, = 100, oo = 1/2.
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