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Abstract

We consider a three-terminal state-dependent relay channel with the channel state available
noncausally at only the source. Such a model may be of interest for node cooperation in the
framework of cognition, i.e., collaborative signal transmission involving cognitive and non-
cognitive radios. We study the capacity of this communication model. One principal problem
is caused by the relay’s not knowing the channel state. For the discrete memoryless (DM) model,
we establish two lower bounds and an upper bound on channel capacity. The first lower bound
is obtained by a coding scheme in which the source describes the state of the channel to the
relay and destination, which then exploit the gained description for a better communication of
the source’s information message. The coding scheme for the second lower bound remedies the
relay’s not knowing the states of the channel by first computing, at the source, the appropriate
input that the relay would send had the relay known the states of the channel, and then

transmitting this appropriate input to the relay. The relay simply guesses the sent input and
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sends it in the next block. The upper bound accounts for not knowing the state at the relay and

destination. For the general Gaussian model, we derive lower bounds on the channel capacity

by exploiting ideas in the spirit of those we use for the DM model; and we show that these

bounds are optimal for small and large noise at the relay irrespective to the strength of the

interference. Furthermore, we also consider a relay model with orthogonal channels from the

the source to the relay and from the source and relay to the destination in which the source

input component that is heard by the relay does not depend on the channel states. We establish

a better upper bound for both DM and Gaussian cases and we also characterize the capacity

in a number of special cases.

Index Terms

User cooperation, relay channel, cognitive radio, channel state information, dirty paper

coding.

I. INTRODUCTION

We consider a three-terminal state-dependent relay channel (RC) in which, as shown in Figure 1, the source

wants to communicate a message W to the destination through the state-dependent RC in 7 uses of the channel,

with the help of the relay. The channel outputs Yg and Y’; for the relay and the destination, respectively, are

controlled by the channel input X3 from the source, the relay input X7 and the channel state S", through a given

memoryless probability law Wy, v,x, x,,s- The channel state 5" is generated according to the n-product of a given

memoryless probability law Qs. It is assumed that the channel state is known, noncausally, to only the source. The

destination estimates the message sent by the source from the received channel output. In this paper we study the

capacity of this communication system. We will refer to the model in Figure 1 as general state-dependent RC with

informed source.

Fig. 1.
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General state-dependent relay channel with state information S" available noncausally at only the source.

We shall also study an important class of state-dependent relay channels with orthogonal channels from the

source to the relay and from the source and relay to the destination, shown in Figure 2. In this model, the source
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alphabet X; = Xqg X X1p, Xy = (XTR, X?D) and only the component Xip knows the states S”". Furthermore, the

memoryless conditional law Wy, v,x,,x10.%,,s factorizes as

Wy, vs1%m. X0, %2,5 = Wralxie, s Wralxip, o, 1)

Note that this definition differs from the original definition of relay channels with orthogonal components in the
classic setup of channels without states by El Gamal and Zahedi [1] through the presence of the state parameter
and the fact that X, < (Xir,S) & Y, forms a Markov chain. Perhaps somehow misleadingly, throughout this
paper we will continue to refer to this class of state-dependent relay channels as state-dependent RC with orthogonal
components, omitting explicitly mentioning the aforementioned Markov chain restriction and the fact that only one

component of the source encoder components knows the channel states.
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Fig. 2. State-dependent relay channel with the source input X! = (X}, XJ,), and only the component X/, knowing

the states of the channel noncausally.
One can think of the two source encoder components in Figure 2 as being two non-colocated base stations
transmitting a common message to some destination with the help of a relay — the common message may be

obtained by means of message cognition at the encoder whose input is heard at the relay.

A. Background and Related Work

Channels whose probabilistic input-output relation depends on random parameters, or channel states, have
spurred much interest and can model a large variety of problems, each related to some physical situation of
interest. Examples of applications include information embedding [2], interference imposed by adjacent users,
certain storage applications such as computer memories [3], coding for certain broadcast channels [4]-[6], dispersive
(ISI) channels [7], block fading in wireless environments [8], cooperation in the realm of cognition [9] and others.
The random state sequence may be known in a causal or noncausal manner. For single user models, the concept of
channel state available at only the transmitter dates back to Shannon [10] for the causal channel state case, and
to Gel’fand and Pinsker [11] for the noncausal channel state case. In [12], Heegard and El Gamal study a model
in which the state sequence is known noncausally to only the encoder or to only the decoder. They also derive
achievable rates for the case in which partial channel state information (CSI) is given at varying rates to both the
encoder and the decoder. In [13], Costa studies an additive Gaussian channel with additive Gaussian state known
at only the encoder, and shows that Gel’fand-Pinsker coding with a specific auxiliary random variable, known as

dirty paper coding (DPC), achieves the channel capacity. Interestingly, in this case, the DPC removes the effect of the
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additive channel state on the capacity as if there were no channel state present in the model or the channel state
were known to the decoder as well. For a comprehensive review of state-dependent channels and related work,
the reader may refer to [14].

A growing body of work studies multi-user state-dependent models. Recent advances in this regard can be
found in [14]-[37], and many other works. Key to the investigation of a state-dependent model is whether the
parameters controlling the channel are known to all or only some of the users in the communication model. If the
parameters of the channel are known to only some of the users, the problem exhibits some asymmetry which makes
its investigation more difficult in general. Also, in this case one has to expect some rate penalty due to the lack of
knowledge of the state at the uninformed encoders, relative to the case in which all encoders would be informed.

The state-dependent multiaccess channel (MAC) with only one informed encoder and degraded message sets
is considered in [15], [16], [38]-[41]; and the state-dependent relay channel (RC) with only informed relay is
considered in [20], [21]. For all these models, the authors develop non-trivial outer or upper bounds that permit to
characterize the rate loss due to not knowing the state at the uninformed encoders. Key feature to the development
of these outer or upper bounding techniques is that, in all these models, the uninformed encoder not only does not
know the channel state but can learn no information about it.

The model for the RC with informed source that we study in this paper seemingly exhibits some similarities
with the RC with informed relay considered in [20], [21], and it also connects with the MAC with asymmetric
channel state and degraded message sets considered in [15]-[17]. However, establishing a non-trivial upper bound
for the present model is more involved, comparatively. Partly, this is because, here, one uninformed encoder (the
relay) is also a receiver; and, so, it can potentially get some information about the channel states from directly
observing the past received sequence from the source. That is, at time 7, the input X, of the relay can potentially
depend on the channel states through its past output Yé‘l = (Y21,...,Y2;-1). For the general model in Figure 1,
the relay can even know the states noncausally, potentially. This is because Y5 ! may depend on future values of
the state through past source inputs Xi,;(W,5"), j = 1,...,i — 1. For the model of Figure 2, the relay can know the
states only strictly-causally, but upper bounding the capacity seems still not easy. In our recent work [42]-[44], we
have shown that, in a multiaccess channel, strictly causal knowledge of the state at one encoder can be beneficial
in general for the other encoder even if the latter is informed noncausally. In [43], [44] we characterize the capacity
region fully. Studying networks in which a subset of the nodes know the states noncausally and another subset
know these states only strictly causally, i.e., networks with mixed — noncausal and strictly causal, states appears
to be more challenging in general, and is likely to capture additional interest, especially after recent results on the

utility of strictly causally known states in multiaccess channels [26], [27].

B. Main Contributions

For the general state-dependent RC with informed source shown in Figure 1, we derive two lower bounds and
an upper bound on the channel capacity. In the discrete memoryless (DM) case, the first lower bound is obtained
by a block Markov coding scheme in which the source describes the channel state to the relay and destination ahead

of time. The source sends a two-layer description of the state consisting of two (possibly correlated) individual
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descriptions intended to be recovered at the relay and destination respectively. The relay recovers the individual
description intended to it and then utilizes the estimated state as noncausal state information at the transmitter to
implement collaborative source-relay binning in subsequent blocks, through a combined decode-and-forward [45,
Theorem 5] and Gel’fand-Pinsker binning [11]. The destination guesses the source’s message sent cooperatively
by the source and relay and the individual description which is intended to it from its output and the previously
recovered state. The rationale for the coding scheme which we use for the first lower bound is that, had the relay
known the state with negligible distortion, then efficient cooperative source-relay binning in the spirit of [46] can
be realized (recall that the model in [46] assumes availability of the state at both source and relay).

We obtain the second lower bound by a block Markov coding scheme in which, rather than the channel state
itself, the source describes to the relay the appropriate input that the relay would send had the relay known the
channel states, assuming a decode-and-forward relaying strategy. The source sends this description to the relay
ahead of time. The relay recovers the sent input and retransmits it in the appropriate subsequent block. The
rationale for the coding scheme which we use for the second lower bound is that, if the input is produced at the
source using binning against the known state and if the relay recovers it with negligible error, then all would
appear as if the relay were informed of the channel state. This is because, from an operational point-of-view, the
relay actually need not know the channel state, but, rather, the appropriate input that it would send had it known
this state.

For the state-dependent general model, we also establish an upper bound on the capacity. This upper bound
accounts for not knowing the state at the relay and the destination. Then, considering the relay model of Figure 2,
we derive a better upper bound that accounts also for the loss incurred by not knowing the state at one of the source
encoder components. We show that this upper bound is strictly tighter than the max-flow min cut or cut-set upper
bound obtained by assuming that the state is available at all nodes. We note that upper-bounding techniques for
related models with asymmetric channel states, i.e., models with states known only at some of the encoders have
been developed recently in our previous work [21] for a relay channel with states known only at the relay, and in
[15]-[17] for a MAC with degraded message sets and states known only at one encoder. However, as we mentioned
previously, the model that we study in this paper is more involved comparatively, essentially because, as a receiver
the relay can get information about the unknown state. From this angle, our upper bounding techniques here are
more linked to our recent works [42]-[44].

Next, we also consider a memoryless Gaussian model in which the noise and the state are additive and Gaussian.
The state represents an external interference and is known noncausally to only the source. We derive lower bounds
on the capacity of the general Gaussian RC with informed source by applying the concepts that we develop for
the DM case. Similar to the discrete case, one lower bound is based on the idea of describing the state to the relay
beforehand; the relay recovers it and then utilizes it for collaborative binning in subsequent blocks. The other lower
bound consists in transmitting to the relay a quantized version of the appropriate input that the relay would send
had the relay known the channel state. We show that these lower bounds perform well in general and are optimal
for large and small noise at the relay, respectively, irrespective of the strength of the interference.

Furthermore, considering a Gaussian version of the model shown in Figure 2, we also develop an upper bound
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on the capacity that is strictly better than the max-flow min cut or cut-set upper bound. We point out the rate loss in
the upper bound incurred by the availability of the channel state at only the one source encoder component. Using
this upper bound, we characterize the channel capacity in a number of cases, including when the interference

corrupts transmission to the destination but not to the relay.

C. Outline and Notation

An outline of the remainder of this paper is as follows. Section II describes in more detail the communication
models that we consider in this work. Sections Il and IV are devoted to studying the discrete memoryless models,
providing lower and upper bounds on channel capacity for the state-dependent General RC in Section III and for
the state-dependent RC with orthogonal components in Section IV. Sections V and VI contain the corresponding
Gaussian models, providing lower and upper bound on the capacity; and characterizing the channel capacity in
some cases. Section VII contains some numerical results and discussions. Finally, Section VIII concludes the paper.

We use the following notations throughout the paper. Upper case letters are used to denote random variables,
e.g., X; lower case letters are used to denote realizations of random variables, e.g., x; and calligraphic letters
designate alphabets, i.e., X. The probability distribution of a random variable X is denoted by Px(x). Sometimes,
for convenience, we write it as Px. We use the notation Ex[-] to denote the expectation of random variable X. A
probability distribution of a random variable Y given X is denoted by Py|x. The set of probability distributions
defined on an alphabet X is denoted by P(X). The cardinality of a set X is denoted by |X|. For convenience, the
length n vector x" will occasionally be denoted in boldface notation x. The Gaussian distribution with mean u
and variance o2 is denoted by N(u,0?). Finally, throughout the paper, logarithms are taken to base 2, and the

complement to unity of a scalar u € [0,1] is denoted by #, ie., i =1 —u.

II. SystEM MODEL AND DEFINITIONS

In this section, we formally present our communication model and the related definitions. As shown in Figure
1, we consider a state-dependent relay channel denoted by Wy, v,x, x, s whose outputs Y € Y} and Y5 €Y for
the relay and the destination, respectively, are controlled by the channel inputs X| € X} from the source and
X5 € X} from the relay, along with random states S" € §". It is assumed that the channel state S; at time instant i is
independently drawn from a given distribution Qs and the channel states S” are noncausally known only at the
source.

The source wants to transmit a message W to the destination with the help of the relay, in # channel uses. The
message W is assumed to be uniformly distributed over the set W = {1, ..., M}. The information rate R is defined
as n~!log M bits per transmission.

An (M, n) code for the state-dependent relay channel with informed source consists of an encoding function at the
source

o {1,... , M} x8" — XTI, (2)
a sequence of encoding functions at the relay

P,i 9'2711 - Xo, 3)
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fori=1,2,...,n,and a decoding function at the destination
Py - {1, , M) 4)

Let a (M, n) code be given. The sequences X7 and X} from the source and the relay, respectively, are transmitted
across a state-dependent relay channel modeled as a memoryless conditional probability distribution Wy, y,x, x,,s-

The joint probability mass function on WX8"XX7XXI XY} XY} is given by
n )
P(w,s", x{,x5,Y5,y3) = P(w) H Qs(s)P(xy,ilw, s")P(xp,ily5 !
i=1

'WYZ,Y3|X1 ,X2,8 (yz,i, ys,ilxu, X2,is 5i)- 5)

The destination estimates the message sent by the source from the channel output Y7. The average probability
of error is defined as P} = [Eg [Pr(t//"(Yg) # WIS" = s")].

An (¢, 1, R) code for the state-dependent RC with informed source is an (2%, n)—code (¢}, ¢4, ") having average
probability of error P not exceeding e.

A rate R is said to be achievable if there exists a sequence of (e, 1, R)—codes with lim,,_, €, = 0. The capacity C
of the state-dependent RC with informed source is defined as the supremum of the set of achievable rates.

We shall also study the relay model shown in Figure 2, in which the source alphabet X; = X;gXX1p, X7 =
(Xigs
of (W,S"), i.e, Xy = ¢f(W) and X[ =

X}p) with the input component X7 function of only the message W and the input component X7, function

(W, S") — ¢l and ¢, are the source encoding functions, and the
conditional distribution Wy, y,x,,x.0,%,,s factorizing as (1). The encoding at the relay and the decoding at the

destination remain as in the model of Figure 1, i.e., given by (3) and (4), respectively.

III. Tae DiscrReTE MEMORYLESS RC wiTH INFORMED SOURCE

In this section, we consider the general state-dependent RC model of Figure 1. We assume that the alphabets §,

X1, X2, Y» and Y5 in the model are all discrete and finite.

A. Lower Bounds on Channel Capacity: State Description

The following theorem provides a lower bound on the capacity of the state-dependent general discrete memo-
ryless RC with informed source.
Theorem 1: The capacity of the state-dependent discrete memoryless relay channel with informed source is

lower bounded by
R = max min {I(U; Y|V, ) = I(U; S, SplV, S),

I(U, V; Y3lSp) - I(U, V; S, SrISp)} (6)
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subject to the constraints
I(S; Sg) < I(Ug; Y2, SrlU, V) = I(Ug; S, Sr, SplU, V) (7a)
I(8; 5p) < I(Up; Y3, 5plU, V) = I(Up; S, Sr, SpIU, V) + [I(U; Y3, SplV) = I(U; 8, 5r, SplV)]- - (7b)
I(S; Sk, 5p) + I(Sg; Sp) < I(Ug; Y2, SrlU, V) = I(Ug; S, Sg, SplU, V)
+1(Up; Y3, 5plU, V) = I(Up; S, S, SplU, V) + [I(U; Y3, Sp|V) — I(U; S, Sg, SplV)]-
~ I(Ur; UplU, V, S, Sr, 5p) (70)

where [x]- = min(x, 0), and the maximizationis over all joint measures on 8 XSrXEp XU XUp XUX VX X1 XXp X Y2 X Y5

of the form

PS,§R,§D,UR,UD,LLV,X1 X2,Y2,Y3
= QSP§1<,§D\5PV|§R PU\V,S,§1<,§DPU1<,ULJ|V,LL5,§R,gv le |Ug,Up,U,V,S,5,5p PX2|V/~§R WYZ/YC“ 1X1,X2,5- (8)

and satisfying

I(V;Y3,5p) = I(V; Sg) > 0. )

Proof: An outline of the proof of Theorem 1 will follow, and complete error analysis appears in Appendix A.

In Theorem 1, the random variables Sz and Sp represent two descriptions Sk and Sp of the state S that are
sent by the source ahead of time and meant to be recovered at the relay and destination, respectively. The random
variables Ur and Up are associated with the codewords Ur and Up that are used by the source to carry these
state descriptions to the relay and destination, respectively. The random variables U and V represent respectively
the Gel’fand-Pinsker auxiliary vector U used to precode the information message at the source against the known
state (S, Sk, SD) and the Gel’fand-Pinsker auxiliary vector V used to precode the information message at the relay

against the state Sg. The allowed measure (8) implies the following Markov chains
VoS o(S5),  (UV,UrUp) © (X1,X,5) © (Y2,Y3). (10)

The first Markov chain reflects the fact that the input at the relay depends on the state only through the description
that is recovered at the relay. The second Markov chain reflects the memoryless nature of the channel, and the fact
the outputs at the relay and destination depend on all other codewords only through the inputs of the source and
relay and the channel state.

The following remarks are useful for a better understanding of the coding scheme which we use to achieve the
lower bound in Theorem 1.

Remark 1: The intuition for the coding scheme which we use to establish the lower bound in Theorem 1 is as
follows. Had the relay known the state, the source and the relay could implement collaborative binning against
that state for transmission to the destination [46]. Since the source knows the state of the channel noncausally, it
can transmit a description of it to the relay ahead of time. The relay recovers the state (with a certain distortion),

and then utilizes it in the relevant subsequent block through a collaborative binning scheme. The hope is that the
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benefit that the source can get from being assisted by a more capable relay will compensate the loss caused by the
source’s spending some of its resources to make the relay learn the state.

In general, it may also turn out to be useful to send a dedicated description of the state to the destination. The
destination utilizes the recovered state as side information at the receiver. In the coding scheme that we employ to
establish the lower bound in Theorem 1, in addition to its message, the source also sends a two-layer description
of the state to the relay and destination; one layer description dedicated for each. The two layers are possibly
correlated. The relay guesses the source’s message and the individual state description which is dedicated to
it from the source transmission and the previously recovered state description. It then utilizes the new state
estimate as noncausal state at the encoder for collaborative source-relay binning over the next block, through a
combined decode-and-forward and Gel’fand-Pinsker binning. The destination guesses the source’s message sent
cooperatively by the source and relay and the individual state description which is dedicated to it from its output
and the previously recovered state description.

Remark 2: As it can be seen from the proof in Appendix A, the source sends the descriptions intended to the
relay and destination fwo blocks ahead of time. That is, at the beginning of block i the source describes the state
vector s[i + 2] to the relay and destination. While one block delay is sufficient to describe the state to the relay, a
minimum of two blocks is necessary for the state reconstruction at the destination because of the used window
decoding technique.

Outline of Proof of Theorem 1:

A formal proof of Theorem 1 with complete error analysis is given in Appendix A. We now give a description
of a random coding scheme which we use to obtain the lower bound given in Theorem 1. This scheme is based on
an appropriate combination of block Markov encoding [45], Gel'fand-Pinsker binning [11], multiple descriptions
[47] and Marton’s coding for general broadcast channels [48]-[50]. Next, we outline the encoding and decoding
procedures.

We transmit in B + 1 blocks, each of length . Let s[i] denote the state sequence controlling the channel in block i,
withi=1,...,B + 1. During each of the first B blocks, the source encodes a message w; € [1, 2"R] and sends it over
the channel. In addition, during each of the first B — 1 blocks, the source also sends two individual descriptions of
s[i + 2] intended to be recovered at the relay and destination, respectively. We denote by 8g[iri], tri € [1,2”RR], the
description of s[i + 2] intended to be recovered at the relay in block i, at rate Rg, and by 8plipil, tpi € [1, Z”RD], the
description of s[i + 2] intended to be recovered at the destination in block 7, at rate Rp. For the last two blocks, for
convenience, we set wg+1 = 1, (trp, tpg) = (1, 1) and (trp+1, tp+1) = (1,1). For fixed n, the average (channel coding)
rate R(B/(B + 1)) of the information message over B + 1 blocks approaches R as B — +o0, and the average (source
coding) rates Rr((B—=1)/(B + 1)) and Rp((B - 1)/(B + 1)) approach Rg and Rp, respectively, as B — +oo.

Codebook generation: Fix a measure Pgz s 11 1,11v.x, %,v,,v, Of the form (8). Calculate the marginals Pg, and

P§D induced by this measure. Fix € > 0, and let M = pniR=e]
]V - 2n[I(V;§R)+e] MR — Zn[RR—Se] ]R - Zn[I(UR;SSR,gDIU,VHe]

Ju = 2"IUS S SplV)ve] Mp = 2"Ro=5¢] Jp = 2MIUD:SSrSplUV)+e] (11)
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10

with
Rg = I(Ug; Ya, SrIU, V) — I(Ug; S, Sk, SplU, V) — €
Rp = I(Up; Y3, 5plU, V) = I(Up; S, Sr, SplU, V) + [I(U; Y3, SplV) = I(U; S, Sg, SplV)]- — € (12)

where [x]- denotes min(x, 0).
We may assume that first term in (6) is non-negative, i.e., I(U; Y>, §R|V) -I(U;S, Sy, §D|V) > 0.
We generate two statistically independent codebooks (codebooks 1 and 2) by following the steps outlined below

twice. We shall use these codebooks for blocks with odd and even indices, respectively.

1) Generate 2"Rx pvectors 8r[1],. ..,éR[Z”RR] independently according to a uniform distribution over the set
T¢(Pg,) of e—typical Sk 11— vectors.

2) Generate 21R0 pp-vectors 8p[l],...,8p [Z”RD] independently according to a uniform distribution over the set
T¢(Pg,) of e—typical Sp n— vectors.

3) Generate [yM independent and identically distributed (i.i.d.) codewords {v(w’, jv)} indexed by w’ = 1,..., M,
jv =1,...,]v. Each codeword v(v’, jv) is with i.i.d. components drawn according to Py.

4) For each codeword v(w’, jv), generate a collection of J;yM codewords {u(w’, jv, w, ji;)} indexedbyw =1, ..., M,
ju=1,...,Ju. Each codeword u(w’, jv, w, ju) is with i.i.d. components drawn according to Py;y.

5) For each codeword v(w’, jv), for each codeword u(w’, jv,w, ju), generate a collection of J[rkMr codewords
{ur(@’, jv,w, ju, k, jr)} indexed by k = 1,..., Mg, jr = 1,...,Jr. Each codeword ur(w’, jv,w, ju,k, jr) is with
ii.d. components drawn according to Py vu-

6) For each codeword v(w’, jv), for each codeword u(w’, jv, w, ju), generate a collection of [pMp codewords
{up(w’, jv,w, ju,l, jp)} indexed by I = 1,...,Mp, jp = 1,..., Jp. Each codeword up(w’, jv,w, ju,l, jp) is with
ii.d. components drawn according to Py, vu.

7) (Binning a-la Marton [48], [49]): For ig € [1,2"R¢], define the cells
By =~ 1)211[RR7RR7€] +1, LRzn[RR*RR*E]].

Similarly, for ip € [1, ZHRD], define the cells
GLD = [(LD - 1)2"[RD-RD-€] +1, LDzn[RD—RD_e]],

where without loss of generality 2"Rs~Re=¢l and 27Ro-Ro=€l are considered to be integer valued.

Encoding: The encoders at the source and the relay encode messages using codebook 1 for blocks with odd
indices, and codebook 2 for blocks with even indices. This is done because some of the decoding steps are performed
jointly over two adjacent blocks, and so having independent codebooks makes the error events corresponding to
these blocks independent and their probabilities easier to evaluate.

We pick up the story in block i. Let w; be the new message to be sent from the source node at the beginning of
block 7, and w;_; the message sent in the previous block i — 1. The encoding at the beginning of block i is as follows.
The source finds, if possible, a pair (ig;, tpi) € [1, Z”RR]X[l, Z”RD] such that (s[i + 2], 8r[tri], 8p[ipi]) are jointly typical.

If such (tr;, tpi) does not exist, simply set (tr;, tp;) = (1, 1). We shall show that a successful encoding of s[i + 2] at the
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source is accomplished with high probability provided that 7 is sufficiently large and
Rg > I(S; Sr)
Rp > I(S; SD)
Rg + Rp > I(S; S, Sp) + 1(Sk; Sp)- (13)

The source will send the quadruple (w;_1, w;, tr;, tp;) over the channel. First, let us assume that the relay has decoded
correctly message w;_1 and the indices (tri-2, tri-1), and the destination has decoded correctly message w;_, and the
index tp;—p. We shall show that our code construction allows the relay to decode correctly message w; and the index
tz; and the destination to decode correctly message w;_; and the index p;_1 at the end of block i (with a probability
of error < €). Thus, the information state (w;_», wi-1, tri-1, tpi—2) propagates forward and a recursive calculation of
the probability of error can be made, yielding a probability of error < (B + 1)e.

We continue with the strategy at the beginning of block i.

1) The relay knows w;_; and (g;—> and finds an index jy € Jy such that v(w;_q, jv) is jointly typical with §g[tri-2].
If there is more than one such index, it chooses the smallest. If there is no such index, it chooses an arbitrary
index from [1, Jy]. Denote the chosen jy by j;i = jv(8r[tri-2], wi—1). (Note that since V < Sp o (S, §D) forms
a Markov chain and 8g|[tr;-2] is jointly typical with (s[i], 8p[tpi-2]), chosen as such, v(w;_1, j3;,) is jointly typical
with (s[i], 8r[tri-2], $p[tpi-2]), by the Markov Lemma [51, Lemma 12.1]). Then the relay sends a vector x,[i]
with ii.d. components given v(w;_1, j;i) and 8g[iri—2], drawn! according to the marginal Py vse induced by
the distribution (8). (For i = 1,2, the relay does not know an estimate of the channel state and so it sends some
default codeword).

2) Thesource first finds anindex ji; € [y suchthatu(w;_1, j;i, w;j, ju)isjointly typical with the vector s[i], 8r[tri-2], $p[tpi-2])
given v(w;_1, ];]) If there is more than one such index, it chooses one of them at random. If there is no such in-
dex, it chooses an arbitrary index from [1, J;]. Denote the chosen ji; by ]B; = ju(slil, 8rltri-21, $pltpi-2], wi-1, w;).

3) Next, the source searches for one pair

(uR(wiflz Toi Wis 15 Kis JRi), wp@iz1, s, Wi, i lis jDi)) € Digiips
where
Digiins = {(uR(wi—lrj;i/wirjlflirkir]‘Ri)/ up(Wi-1, i Wi i li/jDi)) s.t.:
ki € By, li € Cy, jri € Jr, jpi € JD
(ur(wi, 35 wi, ki jri), slil, 8rltri-2], 80ltpi-21) € THPy s, 5p1uv)
(o (@i, 133 wi, ki i), slil Sr[tri-21, 80 ltpi-21) € TPy s6,5,1uv)

(uR(wifll j;l" w;, jl*li’ ki/ jRi)/ uD(wz;l, j;l‘r w;, ]’Zh'/ li/ jDi)) € Tg(PuR,umuvséRéD)}- (14)

!Note that, strictly speaking, the encoder is not allowed to randomize at this stage. A more rigorous analysis

consists in generating the desired input distribution at the codebook generation stage.
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We shall show that, with high probability, the source will find one such pair provided that 7 is sufficiently

large and
Rr +Rp < Rg + Rp — I(Ug; UplU, V, S, S, Sp). (15)

Denote the found pair as (ur(wi-1, i, Wi, ji; ks 5, WD (@i-1, 5 Wi, i bis j5))-
The source then sends a vector x[i] with i.i.d. components given the vectors v(wi-1, j},), w(wi-1, j3,;, Wi, jii,),
UR(Wi-1, Ji; Wi, 7y Kis Jri) wp @i, iy, Wiy 0 L ;) and (s[i], 8r[tri—2], $pltpi-2]), drawn according to the marginal

Py vt Up, 5,508, Induced by the distribution (8).

Decoding: Decoding and state reconstruction at the relay are based on classical joint typicality. Decoding and

state reconstruction at the destination are based on joint typicality and window-decoding. The decoding and

reconstruction procedures at the end of block i are as follows.

D

2)

The relay knows w;_; and tg;—> (in fact, the relay knows also iz;—1 but does not use it for decoding in this step).
It declares that (@;, ir;) are sent if there exists a unique triple (@, fUi, IAc,v), w; € [1,M], fw € Ju, IAcz- € [1, Mg], such
that u(wi_l,j;i, w;, fUi), uR(Wi-1, fi; Wi, fu,-, ki, jri) are jointly typical with (yz[i], $r[tri-2]) given v(wi_1, j{‘/i), for
some jg; € Jr, where ¥, = jv(8r[tri-2], wi-1). One can show that, with the choice (12), the decoding error in

this step is small for sufficiently large n if
R < I(U; Y2, Sr|V) = I(U; S, Sr, SpIV). (16)

If (16) is satisfied, the estimate ir; of tg; at the relay is the index of the B;,, containing the found IAc,-, ie., IAq € By,
The destination knows the pair (w;—»,/;—») and the index j;i_l = jv(8rltri-3], wi—2) and decodes the pair
(wi-1,1i—1) based on the information received in block i — 1 and block i. It declares that (@;_1, lAH) is sent if
there is a unique triple (@;_1, fui_1, ii_l), Wi € [1,M], fui_l € Ju, fiq € [1,Mp], and a unique fw € Jy, such that
w(wj_y, j;i_llwi—lszi—l)/ uD(wi—Z/];l-_l/wi—lzfl,li—lz li_1, jpi-1) are jointly typical with (ys[i — 1], 8p[tpi-3]) given
v(w;_a, j;H) and v(Wi_1, fw) is jointly typical with (ys3[i], $p[tpi—2]). One can show that, with the choice (12), the

decoding error in this step is small for sufficiently large n if
R <I(V, U; Y3, 5p) = I(V, U; S, Sr, Sp)
0 < I(V;Y3,5p) = I(V; S). 17)

If (17) is satisfied, the estimate ip;—; of tp;—1 at the destination is the index of the C;, , containing the found
[iy,ie., 1€ Cip, - Also, the destination obtains the correct index ];] = jy(8rltri-2], wi-1).

]

The achievable rate in Theorem 1 requires the relay to decode the message sent by the source fully, and this can

be rather a severe constraint. We can generalize Theorem 1 by allowing the relay to decode the message sent by the

source only partially [52]. This can be done by splitting the information sent by the source into two independent

parts, one part is sent through the relay and the other part is sent directly to the destination. In the following

theorem, the random variables V, U, Ur and Up play the same roles as in Theorem 1 and U; is a new random

variable that represents the information sent directly to the destination.
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Theorem 2: The capacity of the state-dependent discrete memoryless relay channel with informed source is

lower bounded by
R = max min {I(U; Y|V, 5) = I(U; 5, SplV, Sr),
I(U, V; Y315p) = I(U, V; S, SgISp)} + I(Un; Y3|U, V, p) = I(Us; S, kIU, V; 5p) (18)
subject to the constraints
I(S; Sg) < I(Ug; Y2, SrIU, V) = I(Ug; S, Sr, SplU, V) (19a)

I(S; Sp) < I(Up; Y3, Splty, U, V) = I(Up; S, Sk, SplUy, U, V) + [I(Un, U; Y3, Sp|V) — I(Uy, U; S, Sg, SplV)]-
(19b)

1(S; 8-, $p) + I(Sr; Sp) < I(UR; Y2, SRIU, V) = I(UR; S, Sr, SplUL, V)
+1(Up; Y3, SplUy, U, V) = I(Up; S, Sk, SplUy, U, V) + [I(Us, U; Y3, SplV) = I(Uy, U; S, Sg, Sp|V)]-
— I(Ug; Up|U1, U, V, S, Sk, Sp) (19¢)
where [x]- £ min(x, 0), and the maximization is over all joint measures on 8 X Srx8p X Ur X Up XUy X UXV X
X1 X Xp X Yy X Y3 of the form
p S,8,Sp,Ur, Up, UV, X1,X2,Y2,Y3
= QsPs; 3015 Pvige Puivs g 8o P vus 8.0 LU ot 80,80 P U Un, Vs 30,50 Pty e W vap xes - (20)
and satisfying U; < (V, U, S, Sk, S p) © Ug is a Markov chain and
0 <I(V;Y3,5p) = I(V; Sr)
0 < I(W; Y2|V, 8r) = I(U; S, SplV, Sr)

0 < I(Uy; Ys|U, V, Sp) — [(U3; S, SkIU, V,, Sp). (21)

The proof of Theorem 2 follows by a fair extension of that of Theorem 1, and so we omit it here for brevity.

Remark 3: In the coding scheme of Theorem 2, if the source sends no descriptions of the state to the relay and
destination, i.e., Sg = Sp = G, the coding scheme reduces to a generalized Gel fand-Pinsker binning scheme at the
source that is combined with partial DF. In this case, the relay sends codewords that carry part of the information
message and are independent of the channel states. The following achievable rate? is obtained from Theorem 2 by

setting Sr=8p=0,Ur=Up=Cand V=X, independent of S, as

R = maxmin{ I(U; Y2lXz) + I(Us; YalU, Xo) — I(U Uy; SIX2), 10U U, X Ya) ~ UL U3 SIXD) | (22)

2We note that the achievable rate (22) subsumes that of [23, Theorem 1] which contains one more term in the

minimization.
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with the maximization over joint measures of the form

Ps iy, x1,%,0,,Ys = QsPx, Puis x, Puy, xiu8.% Wi, va1x, %0, (23)
and satisfying
0 < I(U; Y»1Xo) = I(U; 51X>)
0 < I(Uy; Y3|U, X2) — I(Uy; SIU, X>)

0 < I(U, Uy; Y31X5) = I(U, Uy; SIXo). (24)

B. Lower Bound on Channel Capacity: Analog Input Description

The following theorem provides a lower bound on the capacity of the state-dependent general discrete memo-
ryless RC with informed source.
Theorem 3: The capacity of the state-dependent discrete memoryless relay channel with informed source is

lower bounded by
R'° = max I(U; Y3) — I(U;S) (25)
subject to the constraint
I(X; X) < I(Ug; Y2) = I(Ug; S) = I(Ug; UIS) (26)
where maximization is over all joint measures on § X U X Ug X X1 X Xy X X X X X Yy x Y3 of the form

P 1101 %, %, X, %2, Y3

= QsPuusPxiuue sPxiusPgix Lx, - Wz, vaix, x,.,5- @7)

Proof: The proof of Theorem 3 appears in Appendix B.

In Theorem 3, the random variable X represents an auxiliary vector X that is obtained by binning the information
message at the source against the state S. The random variable X represents a description X of X that is sent by the
source ahead of time and meant to be recovered only at the relay. The random variable U represents the information
that carries the description X of X to the relay, on top of the information message. The codeword Uy is binned

against (U, S). The allowed measure (27) implies the following Markov chains
(Xp,Up) & (US) o X, (U Ur, X, X) & (X1,X2,8) & (Y2, Y3). (28)

Remark 4: The rationale for the coding scheme which we use to obtain the lower bound in Theorem 3 is as
follows. Had the relay known the message to be sent in each block and the state that corrupts the transmission in
that block, then the relay generates its input using a collaborative Gel’fand-Pinsker scheme as in [46].

For our model, the source knows the message that the relay should optimally send in each block (if the relay gets
the message correctly). It also knows the state sequence that corrupts the transmission in that block. It can then

generate the appropriate relay input vector that the relay would send had the relay known the message and the
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state. The source can send this vector to the relay ahead of time, and if the relay can estimate it to high accuracy,
then collaborative source-relay binning in the sense of [46] is readily realized for transmission from the source and
relay to the destination.

More precisely, a block Markov encoding is used to establish Theorem 3. Let us consider transmission in two
adjacent blocks 7 and i + 1. In the beginning of block i, the source sends the information w; of the current block, and,
in addition, describes to the relay the input x[i + 1] that the relay should send in the next block i + 1 had the relay
known the message w;,1 and the state s[i + 1]. Let X[1;] be a description of x[i + 1]. The message w; and the index
m; which the source sends in block i are precoded using binning against the state that controls transmission in the
current block i. The vector x[i + 1], however, is the input that the relay would send in the next block i + 1 had the
relay known the state s[i + 1], and so is generated at the source using binning against the state s[i + 1]. The vector
x[i + 1], and its description which is sent to the relay during block i, are intended to combine coherently with the
source transmission in block 7 + 1.

Remark 5: In the scheme we described briefly in Remark 4, the relay needs only estimate the code vector x[i + 1]
sent by the source in block 7, and transmit the obtained estimate in the next block i + 1. For instance, the relay
does not need to know the information message w;,; that the estimated vector actually carries, let alone the state
sequence s[i + 1] that controls the channel in block i + 1. Thus, from a practical viewpoint, this may be particularly
convenient for communication with an oblivious relay. Transmission from the source terminal to the relay terminal
can be regarded as that of an analog source which, in block i, produces a sequence x[i + 1]. This source has to be
transmitted by the source terminal over a state-dependent channel and reconstructed at the relay terminal. The
reconstruction error at the relay terminal influences the rate at which information can be decoded reliably at the

destination by acting as an additional noise term.

C. Upper Bound on Channel Capacity

As we mentioned in Section I, the relay does not know the states of the channel directly in our model, but it
can potentially get some information about S” from the past received sequence from the informed source. More
precisely, the input of the relay X,; at time i depends on the channel states through Yé‘l = (Y21,...,Y2,-1) which
in turn depends on these states through S=1 and the past source inputs X; ;(W,S5"), j = 1,...,i— 1. Further, because
the source knows the states noncausally this dependence may even be noncausal. This aspect makes establishing

non-trivial upper bounds on the capacity, i.e., bounds that are strictly better than the cut-set upper bound

Ryb, = max min {I(X;; Y2, YIS, Xa2), (X1, Xa; YalS)) (29)

TV po k)
not easy.
The following theorem provides an upper bound on the capacity of the state-dependent general discrete
memoryless RC with informed source.
Theorem 4: The capacity of the state-dependent discrete memoryless relay channel with informed source is
upper-bounded by
R™ = max min {I(V; Y3, Y3|U, X3) = I(V; S|U, X3), I(V;Y3) = I(V;S)} (30)
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where the maximization is over measures of the form

Psuvxi,x,.vs = QsPusPxousPvxus Wy, vaixi, x,.5- (31)
and U € U, V € V are auxiliary random variables with

Ul < 18[1X1]1X | (32a)
2

VI < (ISI1Xa 1221 (32b)

respectively.

Proof: The proof of Theorem 4 appears in Appendix C.
Note that the relay input X, depends on the state S in the measure (31), and this reflects our discussion above.

Remark 6: In the case in which Y, = S, the relay in the model of Figure 1 has no message of its own to transmit
and only acts as a helper who knows the state strictly causally. The capacity of this model can be obtained as a
special case of that of the multiaccess model solved in [44]. In particular, in [44], it is shown that even though it
only knows the states strictly causally, the relay can still be of some utility for the source, which knows the states

fully. This special case model also has connections with the model studied in [53].

IV. Tue DM MopeL witH ORTHOGONAL COMPONENTS

In this section, we consider the state-dependent RC with orthogonal components of Figure 2. This model has

n

the source encoder component XY,

which is the only encoder component heard by the relay, restricted to be
independent of the channel states. For this reason, the coding schemes of Section III do not apply directly. Also,
since in this model the relay input can depend on the states only strictly-causally, a better upper bound can be

established.

A. Bounds on Channel Capacity

The following proposition provides a lower bound on the capacity of the state-dependent discrete memoryless
RC with orthogonal components of Figure 2.
Proposition 1: The capacity of the state-dependent discrete memoryless relay channel with orthogonal compo-

nents of Figure 2 is lower bounded by

R]O

orth

= maxmin { I(Xig; YalXa), 1(Xag, Xa; Ya) | + [(Us; YalXir, Xo) = [(Un; S|X1x, X2)]* (33)
where [x]* := max(x, 0) and the maximization is over all measures of the form

Psuy x5, X0, %2, Y2, Ys = QPx Pxiixa Py, Xup18,x: Wais, xie Wrsixin, x5+ (34)
The proof of Proposition 1 follows by an easy extension of the generalized block-Markov scheme of [1] by
allowing the source encoder component that is sent directly to the destination to be generated through a generalized

Gel’fand-Pinsker binning scheme. For this reason, we only outline its proof.
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In the rate (33), the variable U, represents the Gel’ fand-Pinsker auxiliary random variable associated with the
information sent directly to the destination. More specifically, the message W from the source is split into two
independent parts, one of which is transmitted through the relay at rate R, and the other is transmitted directly to
the destination without the help of the relay at rate R;. The total rate is R = R, + R;. The message that is transmitted
through the relay can be decoded correctly if the rate R, satisfies [45, Theorem 1]

Ry < min {I(Xir, Y2IX2), [(X1, X2; Y3)}. (35)

The additional information which is transmitted through binning, on top of the information transmitted through

the relay, can be decoded correctly at the destination if rate R, satisfies
Ry < I(Uy; Y3l Xar, X2) = I(Uy; S|Xr, X2). (36)

This shows that message W can be sent reliably at the rate (33).

We now turn to establish an upper bound on the capacity of the model of Figure 2. We note although the output
Yi ! at the relay at time i can convey information only about the strictly causal part S of the state, upper bounding
the channel capacity is non trivial even in this case. By better exploiting the fact that the input component X7, that
is heard at the relay does not know the state S" at all in this model, we derive an upper bound which does not
depend on auxiliary random variables. The result is stated in the following theorem.

Theorem 5: The capacity of the state-dependent discrete memoryless relay channel with orthogonal components

of Figure 2 is upper-bounded by

orth

R, =maxmin {I(Xig; YalXa, S), (X3 Y3)} + [(X1p; Y3|Xa, ) (37)
where the maximization is over all joint measures of the form

Ps e, X105, Y2, Y5 = QsP% Pxirixa Pxupl%2,8 Wralxie, s W5 xip,%2,8 (38)

Proof: The proof of Theorem 5 appears in Appendix D.
Observe that the second term of the minimization in (37) upper-bounds the information that the source and the

relay can send to the destination by
I(X2; Y3) + I(X1p; Y31X2, ) = I(X1p, X2; Y3|S) — I(X2; 5|Y3), (39)

which is strictly better than the corresponding term in the cut-set upper bound (29).

B. Comments and Digression

There is a connection between the state-dependent relay model of Figure 2 and a state-dependent two-user
multiaccess model with degraded message sets that we treated recently in [42]-[44]. In particular, setting In the
multiaccess model of [42]-[44], the channel states are known noncausally to one of the encoders and only strictly
causally to the other encoder. Also, both encoders transmit a common message and, in addition, the encoder that
knows the states noncausally transmits an individual message. In [42] we derive bounds on the capacity region;

and in [43], [44] we characterize the full capacity region of this multiaccess model. In [42]-[44], we show that the

August 21, 2012 DRAFT



18

knowledge of the states only strictly causally at the encoder that sends only the common message can increase the
capacity region in general. We also observe that the capacity region is increased even in the extreme case in which
the encoder that knows the states only strictly causally has no message to transmit (i.e., common-message rate
equal to zero). This suggests that in the relay model of Figure 2, although it can only know the states strictly causally,
the relay can potentially help the source combat the effect of the state (in addition to its classic role of relaying the
information message). Although it is not clear yet how the relay could exploit optimally the information about
the strictly causal part of the state sequence that it can get by observing its output, the upper bound in Theorem 5
makes one step ahead towards this end; by bounding the information that the source and relay can transmit

cooperatively; and so, in a sense, the capacity increase that the source can get through the relay’s help.

V. Tue MeEMoRYLESS GaussiIAN RC wiTH INFORMED SOURCE

A. System Model

In this section, we consider a full-duplex state-dependent RC informed source in which the channel state and
the noise are additive and Gaussian. In this model, the channel state can model an additive Gaussian interference
which is assumed to be known (noncausally) to only the source. The channel outputs Y,; and Y3, at time instant
i for the relay and the destination, respectively, are related to the channel input X;; from the source and X5 ; from

the relay, and the channel state S;, by
Y2,i = Xl,i + Si + ZZ,i (40a)
Y3,i = Xl,i + X2,i + S,‘ + Z3,,‘. (40b)

The channel state S; is zero mean Gaussian random variable with variance Q; and only the source knows the state
sequence S" (noncausally). The noises Z,; and Z3; are zero mean Gaussian random variables with variances N,
and N3, respectively; and are mutually independent and independent from the state sequence S" and the channel
inputs (X{, X3). Also, we consider the following individual power constraints on the average transmitted power

at the source and the relay,
n n
Y X3 <np, ) X2 <uPy. (41)
i=1 i=1

The definition of a code for this Gaussian model is the same as that given in the discrete case of Section III, with

the additional constraint that the channel inputs should satisfy the power constraint (41).

B. Bounds on Channel Capacity

The following theorem provides a lower bound on the capacity of the state-dependent general Gaussian RC
with informed source.
Theorem 6: The capacity of the state-dependent Gaussian RC with informed source is lower-bounded by

(\/7P1 + VP, = D)?
N3+ D +yPy

1
Rlc0 = max 5 log (1 + ), (42)
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where

D := le\]z+—)/Pl (43)

and the maximization is over y € [0, 1].

Remark 7: 1t is insightful to observe that the rate in Theorem 6 does not depend on the strength of the state
S. This makes the coding scheme appreciable, particularly for the case of arbitrary strong interference in which

classical coding schemes suffer greatly from the strong interference unknown at the relay.

Outline of Proof of Theorem 6: The result in Theorem 3 for the DM case can be extended to memoryless
channels with discrete time and continuous alphabets using standard techniques [54, Chapter 7]. The proof of
Theorem 6 follows through evaluation of the lower bound of Theorem 3 using the following jointly Gaussian
input distribution. For 0 < y < 1, we let X ~ N(0, P;) and Xjz ~ N(0,yP1), with X jointly Gaussian with S with
E[XS] = 0; and Xjr jointly Gaussian with (S, X), with E[X;zS] = E[X1zX] = 0. Also, for 0 < D < P, given, we
consider the test channel X = aX + X, where a := 1 — D/P, and X is a Gaussian random variable with zero mean
and variance P, = D(1 — D/P,), independent from X and S. Using this test channel, we calculate E[(X — X?=D
and E[X?] = P, - D.

We use the following choices of the auxiliary random variables in Theorem 3,

(7P, [PD
u_( 5 + By )X+aS (44)
\7P1

Ur = Xir + OZR(S + ), (45)
\/]7P1 + VP, - D
where
\/7P1 + VP, — D)2 P
(VrPr + VP2 = D) d ag=—11 (46)

C (V7P + NP2 Df + (N> + D+ yPy) TP+ Ny
Through straightforward algebra, which we omit here for brevity, it can be shown that the evaluation of the
lower bound of Theorem 3 using the above choice gives the lower bound in Theorem 6.
Alternative Proof of Theorem 6: The encoding and transmission scheme is as follows. For 0 < y < 1, let
X ~ N(0, Py) and Xjr ~ N(0, yP1), with X jointly Gaussian with S with E[XS] = 0; and Xir jointly Gaussian with
(S, X), with [E[X1rS] = E[X1rX] = 0. Also, let 0 < D < P, be given, and consider the test channel X = aX + X, where
a:=1-D/P, and X is a Gaussian random variable with zero mean and variance P, = D(1 — D/P,), independent
from X and S. Using this test channel, we calculate E[(X — X)?] = Dand E[X?] =P, - D.
We use the two random variables U and U given by (50) to generate the auxiliary codewords U; and Ug; which
we will use in the sequel.

As in the discrete case, a block Markov encoding is used. For each block i, let x[i] be a Gaussian signal which carries

message w; € [1,2"R] and is obtained via a DPC considering s[i] as noncausal channel state information, as

— -
(\/yp_; + \/T il = uli] - as[i], )
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where the components of u[i] are generated i.i.d. using the auxiliary random variable U.
For every block i, the source quantizes x[w;] into X[m;], where m; € [1,2"R]. Using the above test channel, the

source can encode x[w;] successfully at the quantization rate
R=1(X;X)
1 b,
=5 log( D ). (48)

Let m; be the index associated with x[w;,1]. In the beginning of block i, the source sends a superposition of two

xili] = xiglmi] + | L] (49)
P,

In equation (49), the signal x;g[1;] carries message m; and is obtained via a DPC considering (s[i], x[w;]) as noncausal

Gaussian vectors,

channel state information, as

. . 7P

xi[mi] = uglil = ag(sli] + | 5= xlwil), (50)
2

where the components of ug[i] are generated i.i.d. using the auxiliary random variable Ug.

In the beginning of block i, the relay has decoded message m;_; correctly (this will be justified below) and sends
VP
vP, -D

For the decoding arguments at the source and the relay, we give simple arguments based on intuition (the

x[i] = X[m;_q]. (51)

rigorous decoding uses joint typicality). Also, since all the random variables are i.i.d., we sometimes omit the time
index. The relay decodes the index m; from the received y;[i] at the end of block i. Since signal xir[m;] is precoded
at the source against the interference caused by the information message w;, decoding at the relay can be done
reliably as long as 7 is large and

.1 yPy
R< - log (1 + Vz) (52)

The destination decodes message w; from the received ys[i] at the end of block i, considering signal x;z[m] as

unknown noise, with

yalil = xa[i] + xa[i] + s[i] + z3[7]

P
= (T ddwl + PZP_Z 5 &mi-a]) + sli] + (zsli] + xixmi]). (53)
Let now x'[i] be the optimal linear estimator of ( %x[wi] + I,ZIJ—_ZD)A([mi_l]) given x[w;] under minimum mean

square error criterion, and e,[i] the resulting estimation error. The estimator x[i] and the estimation error e,[i] are

VP
11 = B[\ 2l + 5 e ]
7P  [P,-D
= ( P—; + 2P2 )x[wi] (54)
el = |52 ] = || 2 Pxlwl (55)
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We can alternatively write the output ys[i] in (53) as

yslil = Exlwi] + slil + (zsli] + exli] + xiglm]), (56)

_ [P, [roD
£=\%5 8, (57)

and e,[i] is Gaussian with variance D and is independent of x[w;] and s][i].

where

Now, considering the equivalent form (56) of the output ys[i], it is easy to see that the destination can decode

message w; correctly at the end of block i as long as # is large and

R <I(U;Y3) - I(U; S)

\[7P1 + VP, — D)?
=1log(1+( 7P+ NP2~ D) ) (58)
2 N3 +D+ ')/Pl
Furthermore, combining (48) and (52) we get
D> P2 (59)

N, + )/p 1 )
Finally, observing that the RHS of (58) decreases with D, we obtain (42) by taking the equality in (59) and maximizing
the RHS of (58) over y € [0, 1]. This completes the proof.

]

We now turn to establish a lower bound on the capacity of the state-dependent Gaussian RC using the idea of
state transmission. In this section, the source describes the channel state to only the relay. The relay guesses the
information message and the transmitted state description and then transmits the message cooperatively with the
source using binning against the state estimate, in a manner similar to that we described for the coding scheme for
Theorem 1.

For convenience we define the following quantities Qs(-) and R(-) which we will use throughout the remaining
sections.

Definition 1: Let
Qs(t,Q, D) := (1-tQ -t -2)D

1 P(P+Q+N)
R(oc,P,Q,N) = E log(PQ(l _ a)z + N(P + D(ZQ))

for non-negative t,D, P, Q,N, and o € R.
The following theorem provides a lower bound on the capacity of the state-dependent general Gaussian RC
with informed source.

Theorem 7: The capacity of the state-dependent Gaussian RC with informed source is lower-bounded by

RE = max min {R(a, (1 - p, - p3)0P1,, £2Q, N2 + OPy; + Piy),

(p12 VOP1, + VPy)? )}

_ 5 1
Rla, (1 = p%, — 02.)0P,, 2O, N3 + OPy, + P14) + = log (1 + _
(& (1 = % = p)OP1, EQ,Ns + OPy, + Pug) 2 5 N3 + 2D + 6Py, + (1 - p2, — p2)0Py, + Py

1 Py
+ 5 log (1 Nt 9P1r) (60)
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where
b=0y i\] gglpf P ©1
Q=0s(0,Q D), &=1+ps ég“ (62)
(p12 VOPy, + VP3)? ©3)

ay = — —

(P12 VOP1, + VP2)? + (1 = pi, — p1)BP1, + (N3 + E2D + 6Py, + P1y)
and the maximization is over P;, > 0, P14 > 0 such that 0 < Py, + P1y < Py, 0 € [0,1], p12 € [0,1] and p1; €
[-1,0] such that 0 < p?, + p2 < 1 and « € R such that R((1 - p3, — p7.)0P1, £20,N, + 6Py, + P1y) > 0 and
R((1 - p2, = p3)0P1,, E2Q, N3 + OP1, + P1g) + 1/21og(1 + P14/(N3 + OPy,)) > 0.

Proof: A formal proof of Theorem 7 appears in Appendix E.

An outline of proof of Theorem 7 is as follows. The result in Theorem 1 for the DM case can be extended to
memoryless channels with discrete time and continuous alphabets using standard techniques [54, Chapter 7].
For the state-dependent Gaussian relay channel (40), we evaluate the rate (6) with the following choice of input
distribution. We choose Sp = @, Up = @. Furthermore, we consider the test channel Sg = aS+Sg, wherea := 1-D/ Q
and Sy is a Gaussian random variable with zero mean and variance aéR = D(1 - D/Q), independent from S. The
random variable X, is Gaussian with zero mean and variance P,, independent of S and of Sg. The random variable
X is composed of three parts, X; = Xsr + Xwr + Xwp, where Xgr is Gaussian with zero mean and variance 6Py,
for some O € [0, 1], is independent of S, Sr, X2; and Xwr = P1s ms + p12 sz + Xjyg, where X, , is
Gaussian with zero mean and variance (1 — p%z)éplr, for some p1, € [0,1] and pis € [-1,0] and is independent of
Xsr, Xz and (S, S r); and Xwp is a Gaussian with zero mean and variance P4, chosen independently from all the

other variables. The auxiliary random variables are chosen as

_Plr

€] Plr &
V= (Plz P + 1)X2 + az(pls 0 + 1)SR (64a)
U = Xjyg + a&(S — a28g) (64b)
Uy = Xy + 5 £(1 - a)(S - anp) (640)

Pld + N3 + 9P1r
_ Qplr
Ur = Xsr + 0Py, + N, + Py (1 (X)S (64d)
with
. (pi2 VOPy, + VP2 650
2 = — _
(P12 VOPy, + VP2)? + (1= p3, = p1)OPy, + (N3 + E2D + OPy, + P1g)

D:= QM and &=1+py; Py (65b)

" N, + 6Py, + Py, Q-

Through straightforward algebra which is omitted for brevity, it can be shown that the evaluation of (6) with the

aforementioned input distribution gives (60).
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Remark 8: The parameter a in Theorem 7 stands for DPC’s scale factor in precoding the information message
against the interference on its way to the relay and to the destination. Because the model (40) has the links to the
relay and to the destination corrupted by noise terms with distinct variances, one cannot remove the effect of the
interference on the two links simultaneously via one single DPC as in [18]. This explains why the parameter « is left
to be optimized over in (60). However, in the spirit of [18], one can improve the rate of Theorem 7 by time sharing
coding schemes that are similar to the one we employed for Theorem 7 but with different inflation parameters
tailored respectively for the link to the relay and the link to the destination, as in [23].

Similar to the general DM model of Section III, in the general Gaussian model (40) the relay does not know
the states of the channel directly but can potentially get information about S” from the observed output sequence
Y71, Also, Y5 ! may even contain information about future values of the state, and this makes establishing upper

bounds on the capacity that are strictly better than the cut-set upper bound

RE = max min {I(Xi; Y, YIS, Xo), 1(X1, Xa; YlS)) (66)
p(x1,%2s)

more difficult. Note that the cut-set upper bound is in general non-tight essentially because both X; and X, know

the state S in (66).

C. Analysis of Some Extreme Cases

We now summarize the behavior of some of the developed lower and upper bounds in some extreme cases.
1) If N, — 0, e.g, the relay is located spatially very close to the source, the lower bound of Theorem 6 and the

cut-set upper bound (66) tend asymptotically to the same value

(V1 + VP
(1+#

Cg = %log ) - o(1) (67)

where 0(1) — 0 as N, — 0.

Equation (67) reflects the rationale for our coding scheme for the lower bound in Theorem 6 which is tailored
to be asymptotically optimal whenever the relay can learn with negligible distortion the input that it should
send. In this case, the rate (67) can be interpreted as the information between two transmit antennas which
both know the channel state and one receive antenna. (For comparison, note that the coding scheme of
Theorem 7 achieves rate smaller than that of Theorem 6 if N, — 0, because even though with the coding
scheme of Theorem 7 as well the relay obtains the state estimate at almost no expense if N is arbitrarily small,
it also needs to know the information message to perform binning, however).

2) Arbitrarily strong channel state: In the asymptotic case Q — oo, the lower bound of Theorem 7 tends to

1 P
lo _ = 1
Rg = 2 log (1 * max(NZ,Ng,))' (68)

The lower bound of Theorem 6 does not depend on the strength of the channel state, as we indicated
previously.
3) If Ny — o0, i.e, the link to the relay is broken or too noisy, the cut-set upper bound (66) and the lower of

Theorem 7 agree and give the channel capacity

1 Py
Cg = > log(1 + NS). (69)
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Note that, for the Gaussian model (40), the lower of Theorem 6 is suboptimal if N, — o0, and tends to

1 P
lo _ = 1
RE = 5 log(1 + Not Pz) (70)

This is because the distortion in Theorem 6 is equal to its maximum value P, in this case. Equation (70)
reflects a limitation of our coding scheme for the lower bound in Theorem 6 if the relay fails to reconstruct the
input described by the source. In this case, the input from the relay acts as additional noise at the destination,
thus causing the cooperative transmission to perform worse than simple direct transmission. The achievable
rate (70) is, however, still better than had the state been merely treated as unknown noise if P, < Q. (For

comparison, note that the lower bound of Theorem 7 vanishes if N, — o).

VI. TuE MEMORYLESS GAUSSIAN MODEL WITH ORTHOGONAL COMPONENTS

In this section we study an important class of state-dependent Gaussian relay channels with orthogonal
components. In this model, the source input X;; = (Xiri, Xip,)) with Xjr; independent of the channel state S”,
and the channel outputs Y5, and Y3, at time instant i for the relay and the destination, respectively, are related to

the channel inputs from the source and relay and the channel state S; by

Yo =Xiri+Si+ 2y, (71a)

Y3,i = XlD,i + erl' + Si + Z3,1'. (71b)

We consider separate power constraints on the average transmitted power at the encoder components,

n

n n
Y X, <nPix, Y X3, <nPip, Y X3, <nP,. (72)
i=1 i=1 i=1

The definition of a code for this Gaussian model follows that for the discrete case of Section IV, with the

additional constraint that the channel inputs should satisfy the power constraint (72).

A. Bounds on Channel Capacity

The following proposition provides a lower bound on the capacity of the state-dependent Gaussian relay
model (71).
Proposition 2: The capacity of the state-dependent Gaussian relay model (71) is lower-bounded by

1 P 1 Pip(1 - p3, - p3.)
lo _ )1 1R 1 12~ P1s
RE on = Maxmin {2 log (1 + N, + Q) + > lo (1 + B ),
P> + p12 VP1p)? Pip(1 - p3, -}
1log (1 + 5 (\/2_2 P12 VPi) ) + 1log (1 + —1D( Pra pls))}, (73)
2 Pip(1—p2, = p2) + (VQ + p1s VPip)? + N3* 2 N3
where the maximization is over parameters p1; € [0, 1] and p1s € [-1,0] such that
ph+pL <L (74)

Proof: The proof of Proposition 2 appears in Appendix F.
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We now turn to establish an upper bound on the capacity of the Gaussian model (71). It is easy to show that the

cut-set-upper bound (66) can be written as

R¥P max min{I(Xir; Ya|S, Xo) + I(Xap; Y3|S, Xo), I(Xip, Xa; Y35|S 75
Goorth = RO L SR {( 1®; Y215, Xo) + I(Xap; Y3lS, X2), I(Xip, X2; Y3l )} (75)

in this case. In what follows we establish an upper bound that is strictly better than (75) by accounting for that the
source input component Xig; at time i does not know the state S” at all and that the relay output Y5 is function
of only the strictly causal part of the state in this case. The following theorem states the corresponding result.

Theorem 8: The capacity of the state-dependent Gaussian relay model (71) is upper-bounded by

1 P 1 Pip(1 - p, = p3)
up _ . = 1R = 12 1s
R —maxmm{zlog(l+—)+210g(1+—),

G-orth N2 N3
P> + p12 VP1p)? Pip(1 - p3, - p3
log(1+ - (‘/2_2 pi2 V1) )+ 2 log(1+ Dol = Py = 1) p“))}, (76)
2 Pip(1-p7, = pi,) + (VO +p1s VP2 + N3~ 2 N3
where the maximization is over parameters p1, € [0, 1], p1s € [-1,0] such that
Pl + P, < (77)

Proof: The proof of Theorem 8 appears in Appendix G.

Remark 9: Similar to the DM case, the upper bound in Theorem 8 improves upon the cut-set upper bound
through the second term of the minimization. The second term of the minimization is strictly tighter than that of
the cut-set upper bound because it accounts for the rate loss incurred by not knowing the state S" at all at the
source encoder component Xy that is heard at the relay and that the relay output Y5 can depend on the state
only strictly-causally in this case. Further, investigating closely the proof in Appendix G, it can be seen that, by
opposition to the corresponding DM case, the relay ignores completely any information about the state in the

multiaccess part of (76).

B. Capacity for Some Special Cases

In this section, we characterize the capacity for some special Gaussian models.
The achievable rate of Proposition 2 differs from the upper bound of Theorem 8 only through the first logarithm
termin (73) in which the state is taken as unknown noise in the lower bound. Substituting p := py;and C := 1-p3,—p3_

in (76) and (73), it is easy to see that if Pig, Pip, P>, Q, N> and N3 satisfy

Ny < max Pir[P1pC + (VO + p VP1ip)? + N3] ~Q 78)

Ce[0,1], pe[-1,0] (VP> + n-¢- 02 \VPip)?

then the two bounds meet; and, so give the channel capacity

- 2
g(l (VP2 + /1=~ p*Pip) ) 110g(1+P1DC).
PipC+ (VO +pVPip)2 + N3’ 2 N3

CG-orth = (79)

max =1lo
el0,1], pe[-1,0] 2
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Let us now consider an important special case of (71) in which the interference affects only the channel to the

destination, i.e.,
Yoi=Xiri + Za, (80a)
Y3 = Xip, + X2, + Si + Z3,. (80b)
In this case, the upper bound in Theorem 8 is tight. The following theorem characterizes the channel capacity in

this case.

Theorem 9: The capacity of the state-dependent Gaussian relay model (80) is given by

1 Piry . 1 Pip(1-p3, - p3)
CGoorth = maxmm{z log (1 + NLS) + 5 log (1+ 2y

N3
P> + p12 VP1p)? Pip(1-pf, = p3
1log (1 + P (\/2_2 P12 VPi) )+ 1log (1 + —m( P pls))}, (81)
2 Pip(1—p2, = p2) + (VQ+ p1s VP10 + N3* 2 N3
where the maximization is over parameters p1; € [0,1] and p1s € [-1,0] such that
P+ Pl <1 (82)

Proof: The proof of Theorem 9 appears in Appendix H.

Another important special case of the state-dependent Gaussian relay model of Figure 2 is one such that

—_ (v 2@ ‘e .. . .
Y5 = (Y;’,Y;’) and the conditional distribution Wy,x,,, s x, factorizes as WY§1)|X2 WYf)IXw,S’

Yo =Xiri+Si+ 2y, (83a)
Yi(’iz) = XlD,i + S+ Zgz) (83b)
Y =X+ 22, (83c)

. 1 2 . . . .
where the noises Z(az) and Z(31) are zero mean Gaussian random variables with variances N3, and are mutually

n

independent and independent from the state sequence S”, the source input X7 = Xk

Xip) and the relay input
X};. Considering average power constraint };’ Xil. <nPyonX/and Y, X%ﬂ. < nP; on X7, the following corollary
states the capacity of this model.

Corollary 1: The capacity of the state-dependent Gaussian relay model (83) is given by

1- y)P1>
N3 !

CG-orth = max min{% log (1 + %P:), % log(1 + ZI\)]_i)} + %log (1 +

(84)
where the maximization is over y € [0, 1].

The proof of Corollary 1 follows by specializing the cut-set upper bound to the model (83) and then observing
that this upper bound can actually be attained using a combination of binning and generalized block Markov
scheme where we let Xir and X;p to be zero-mean Gaussian with variances yP; and (1 — y)P;, respectively, for
some 0 < y < 1, independent of S and X,; X, is zero-mean Gaussian with variance P, independent of S; and Xir
and X;p obtained with standard DPCs for the links to the relay and to the receiver component Yf), respectively.

The source sends information to the receiver via the relay through the dirty paper coded Xir, and independent

information via the direct link through the dirty paper coded Xip.
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Extreme cases:

1) Arbitrarily strong channel state: In the asymptotic case Q — oo, the capacity of the model (71) is given by

1 P
Conorth = 5 log (1 + N%D) (85)

This can be easily seen since both the upper bound of Theorem 9 and the lower bound (73) tend to the RHS
of (85) in this case. The RHS of (85) is also clearly achievable by turning the relay off and applying standard
DPC at the source.

2) If Np — o0, i.e, the link to the relay is broken or too noisy, the lower and upper bounds on the capacity of

the model (71) agree and give the channel capacity as the RHS of (85).

VII. NumMmericAL ExampPLES AND Discussion

In this section we discuss some numerical examples, for the general Gaussian RC with informed source (40),
the model (71) and the special case (80). We illustrate the results of Theorems 5, 6, 7 and 8 and, for the model (40),
we also include comparisons with previously known achievable rates for this model such as that obtained using

compress-and-forward (CF) and binning in [32, Theorem 4] and that with partial decode-and-forward and binning

in [23, Theorem 3].
1.4 T T T
Lower bound (Theorem 6)
1ol = = = Lower bound (Theorem 7) |
----- Lower bound (60) with 6=0
= = = Cut-set upper bound
T e Trivial lower bound
— © — Lower Bound [31, Theorem 4] e ‘
2
n‘c"

0.2+
.
.

—020. ] -10 10 20 30 40 50
P./N, [dB]

Fig. 3. Illustration of the lower bound of Theorem 6 and lower bound of Theorem 7 for the state-dependent
General Gaussian RC with informed source (40) versus the SNR in the link source-to-relay. Numerical values are:

Py =P, =N; =10dB and Q =15 dB.

Figure 3 illustrates the lower bound of Theorem 6 and the lower bound of Theorem 7 for the model (40), as

functions of the signal-to-noise-ratio (SNR) at the relay, i.e., SNR = P;/N (in decibels). Also shown for comparison
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are the lower bound obtained using CF and binning in [32, Theorem 4], the cut-set upper bound had the state been
known also at the relay and the destination, i.e., (66), and the trivial lower bound obtained by considering the
channel state as unknown noise and implementing full-DF at the relay. In order to show the effect of describing
the state to the relay, the figure also shows a special case of the lower bound of Theorem 7 obtained by setting
0 = 0in (60), i.e., a Gaussian version of the achievable rate (22) that we mentioned in Remark 3, and is a (slightly)
improved version of [23, Theorem3].

The figure shows that the lower bound of Theorem 6 is asymptotically optimal at large SNR, and the lower bound
of Theorem 7 is asymptotically optimal at small SNR. This shows the relevance of transmitting to the relay only a
description of the appropriate input that it should send upon sending to it a description of the state itself at large
SNR. At moderate SNR, however, sending a description of the state to the relay may improve upon sending to it
a description of the appropriate Gel fand-Pinsker binned codeword that it should send — (How the two bounds
compare depends essentially on the strength of the state. For example, at large SNR, the stronger the state the larger
the advantage of the lower bound of Theorem 6 upon that of Theorem 7). Furthermore, the figure also shows that
the lower bound of Theorem 7 is better than that of [23, Theorem3], thereby reflecting the utility of describing the
state to the relay (recall that the coding scheme that we employed for the lower bound of Theorem 7 involves also
a partial cancellation of the state by the source to the relay, so that the relay benefits from it and the source benefits

in turn). Figure 4 shows similar bounds computed for an example degraded Gaussian RC.

25 T T T T
Lower bound (Theorem 6)
= = = Lower bound (Theorem 7)
Ll == Lower bound (60) with §=0 ~ [**= *=* **= "= 79 2 T Ay
= = = Cut-set upper bound
vooenn Trivial lower bound
— © — Lower Bound [31, Theorem 4]
1.5 4
i)
©
o
©0-0 60 600 G-0 609 00 6060 0000000000000
1 e,oe°°°'° i
0.5¢ 4

0 5 10 15 40 45 50

20 25 30
P /N, [dB]

Fig. 4. Illustration of the lower bound of Theorem 6 and lower bound of Theorem 7 for an example state-dependent
degraded Gaussian RC with informed source of (40), versus the SNR in the link source-to-relay. Numerical values

are: P, =10 dB, P, =20 dB, Q =15 dB, N; = 10 dB.

Remark 10: The lower bound of Theorem 6 is asymptotically close to optimal in SNR as we mentioned in the

”Extremes Cases Analysis” section and is visible from Figure 3. This is because the appropriate relay input, which
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is precoded at the source against the state and is encoded in a manner that it should combine coherently with the
source transmission in next block, can be sent by the source to the relay at almost no expense in power and can
be learned by the relay with negligible distortion in this case. One can be tempted to expect a similar behavior
for the lower bound of Theorem 7 since, for the latter as well, the relay can learn a “good” estimate of the state at
almost no expense in source’s power and with negligible distortion. This should not be, however, since our coding
scheme for Theorem 7 requires the relay to also decode the source’s information message. Related to this aspect,
the effect of the limitation which we mentioned in Remark 8 is visible at large SNR for this lower bound. O

Figure 5 illustrates the upper bound (76) of Theorem 8 and the lower bound (73) for the model (71). For
comparison, the figure shows also the cut-set upper bound had the state been known also at the relay and the
destination, i.e., (75), and the trivial lower bound obtained by considering the channel state as unknown noise and
using a generalized block Markov coding scheme as in [1]. The curves are plotted against the signal-to-noise-ratio
(SNR) at the relay, i.e., SNR = P;r/N; (in decibels). Observe that the upper bound (76) is strictly better than the
cut-set upper bound. The improvement is due to that the upper bound (76) accounts for some inevitable rate loss
which is caused by not knowing the state at the relay, as we mentioned previously. Also, the improvement is visible
mainly at small to relatively large values of SNR.

Figure 6 illustrates the capacity result of (80) as given by Theorem 9, as function the SNR in the link source-to-
relay of Pir/N> (in decibels). Also shown for comparison are the cut-set upper bound and the trivial lower bound
obtained by considering the channel state as unknown noise and using a generalized block Markov coding scheme

asin [1].

VIII. ConcLusioNs AND DiscussioN

In this paper, we consider a state-dependent relay channel with the channel states available noncausally at only
the source, i.e., neither at the relay nor at the destination. We refer to this communication model as state-dependent
RC with informed source. This setup may model some scenarios of node cooperation over wireless networks with
some of the terminals equipped with cognition capabilities that enable estimating to high accuracy the states of
the channel.

We investigate this problem in the discrete memoryless (DM) case and in the Gaussian case. For both cases, we
derive lower and upper bounds on the channel capacity. A key feature of the model we study is that, assuming
decode-and-forward relaying, the input of the relay should be generated using binning against the state that
controls the channel in order to combat its effect and, at the same time, combine coherently with the source
transmission. We develop two lower bounds on the capacity by using coding schemes which achieve this goal
differently. In the first coding scheme, the source describes the channel state to the relay and to the destination,
through a combined coding for multiple descriptions, binning and decode-and-forward scheme. The relay guesses
an estimate of the transmitted information message and of the channel state and then utilizes the state estimate
to perform cooperative binning with the source for sending the information message. The destination utilizes
its output and the already recovered state to guess an estimate of the currently transmitted message and state
description. In the second coding scheme, the source describes to the relay the appropriate input that the relay

would send had the relay known the channel state. The relay then simply guesses this input and sends it in the
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1.3 T ‘
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Fig. 5. Lower and upper bounds on the capacity of the state-dependent Gaussian RC with informed source (71). (a)
bounds versus the SNR Pz /N2 in the link source-to-relay, for numerical values Pig = Pip =P, =N3=10dB, Q=5
and (b) bounds versus the SNR P;p/N3 in the link source-to-destination Pigx = P;p = P, = N2 =10 dB, Q =20 dB.
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2.8 T I
Capacity (Theorem 9)
= = = Cut-set upper bound PE e -ttt TTTTE T
2811w Trivial lower bound |, * |

Rate

1.4 .

30 40

Fig. 6. Capacity of the state-dependent Gaussian RC model (80), versus the SNR in the link source-to-relay. Numerical
values are: Pig =10 dB, Pijp = P, =20 dB, Q =10 dB, N3 = 10 dB.

appropriate subsequent block. The lower bound obtained with this scheme achieves close to optimal for some
special cases.

Furthermore, the upper bounds that we establish in the discrete memoryless and the memoryless Gaussian
cases account for not knowing the state at the relay and destination. Also, considering a class of relay channels
with orthogonal channels from the source to the relay and from the source and relay to the destination in which the
source input that is heard by the relay is independent of the channel state, we show that our upper bound is strictly
tighter than that obtained by assuming that the channel state is also available at the relay and the destination,
i.e., the max-flow min-cut or cut-set upper bound, and it helps characterizing the rate loss due to the asymmetry
caused by having the channel state available at only one source encoder component. Also, we characterize the
channel capacity fully in some cases, including when the state does not affect the channel to the relay.

We close this paper with a discussion on related aspects. Our coding scheme of Theorem 1 is, in essence, of
decode-and-forward relaying type (though the relay also sends a compression version of the state on top of the
decoded information message). Our coding scheme of Theorem 3 can be seen as being more of a non-standard
compress-and-forward relaying type, since the relay sends a compressed version of the input produced at the
source. Although not optimal in general, these schemes are tailored specifically to deal (at least partially) with
the presence of the channel state in our model. The relay can of course employ other relaying schemes to assist
the source, such as estimate-and-forward, amplify-and-forward or combinations of theses. However, while these

schemes may outperform the schemes that we described in this paper for certain channel parameters, in general
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they do not really offer inherently better mechanisms of dealing with the presence of the channel state and
exploiting its full knowledge at the source. In the case of states known causally or only strictly causally, the new
noisy networking coding scheme by Lim et al. [55], which implements standard compression without Wyner-Ziv
binning, has been proved to in general offer better rates for certain related relay [30] and multiaccess [30], [42]-[44]
models. For the model at hand, however, like for the standard state-independent three-terminal relay channel,
noisy-network coding offers exactly the same rate as classic compress-and-forward at the relay, but no better, as

observed recently in [56].
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APPENDIX

Throughout this section we denote the set of strongly jointly e-typical sequences [57, Chapter 14.2] with respect
to the distribution Pxy as J7(Pxy). Sometimes, when the considered probability distribution is clear from the

context, we shall denote this simply as T7.

A. Proof of Theorem 1

Consider the random coding scheme that we outlined in Section III. We now analyse the average probability of
erTor.

Analysis of Probability of Error: The average probability of error is given by

Pr(Error) = Z Pr(s)Pr(error]s)

seS"
< Z Pr(s) + Z Pr(s)Pr(error|s). (A-1)
s¢7¢(Qs) s€T¢(Qs)

The first term, Pr(s ¢ T7(Qs)), on the RHS of (A-1) goes to zero as n — +oo, by the strong asymptotic equipartition
property (AEP) [57, p. 384]. Thus, it is sufficient to upper bound the second term on the RHS of (A-1).

We now examine the probabilities of the error events associated with the encoding and decoding procedures.
The error event is contained in the union of the following error events; where the events E;; and Ey; correspond to
encoding errors at block 7; the events Ey;, k = 3, ..., 6, correspond to decoding errors at the relay at block 7; and the
events Ey;, k =7,...,13, correspond to decoding errors at the destination at block i.

We note that the indices ji, and j7; are random. The decoding procedure at the relay involves computing the
index j}, and decoding explicitly the index j};; and the decoding procedure at the destination involves decoding
explicitly both indices. The analysis of error events that involve explicit decoding of random binning indices in
the context of state-dependent channels needs some care. This is addressed explicitly in [58, pp. 854-855] for an
example network. The approach of [58] relies essentially on the two lemmas, Lemma 1 and Lemma 2, therein as
well as their proofs. A particular key element in the proof of [58, Lemma 1] is an upper bound on the probability

that the random index (which is a message in [58]) takes a specific value given a specific state vector and a specific
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choice of the codebook €. In what follows, the analysis of the error events Ey;, k = 5,9, 10, 11, follows in a way that is
essentially similar to the analysis of the event £ in [58, pp. 854-855], with minor modifications, as well as standard
arguments on jointly typical sequences. For the sake of brevity, in the analysis of each of the error events that will
follow, we will only outline the steps that differ from [58] and refer to [58] each time the analysis is analogous. For

convenience, let us denote, with a slight abuse of notation, _S)[i] := (S[i], Srltri-2], Spltpi-2])-

@ 2 ()
o LetEy=E/UEVUE, with

EY) = {(sli + 2], 8x[iri]) ¢ T2(Pss,), forall ig; € [1,2"R%])

)
Eli

{(S[i +2],8plipil) & Té(Psg,), forall ip; € [1,2”1%]}

E®) = {(s[i + 21, 8x[txil, 8plti]) € T2 (P, 5,), forall (tri, i) € [1,2"R] x [1,2"Re]}. (A-2)

From known results in rate distortion theory [57, p. 336], it follows that P(E(lll.)) — 0 exponentially with n if
Ry > I(S; SR). Similarly, P(Eg)) — 0 exponentially with n if Rp > I(S; Sp). It remains to show that P(Eg)) —0
exponentially with n if Rr+Rp >1 (S; Sk, S p)+I (3 &S p), and this can be proved by following straightforwardly
the arguments and algebra in [47].

« Let Ey be the event that there is no pair (uR(w,-_l, j{;i, w;, jai, ki, jri), up(Wi-1, 3, Wi, jai, 1, ]'Di)) satisfying (14),
i.e,, the set D, is empty.

Using Chebychev’s inequality, it is easy to see that

P(IDeyipll = 0) < P(ID il = EID 0,11 > €E[D0,])

Var(”DLR{LD,“)

S EED P (&-3)

We obtain bounds on E[D,,,,,,,] and var(|| D) by proceeding in a way similar to [49]. We define the indicator

LRilDi

functions,
]l((UR(wl;l, j\’;i/ wi, jl.*li’ ki/ ]’Ri)ruD(wiflr j;i’ wi, ]’Z[,‘/ li/ jDi)) € DLR,'LD,') =

1/ if (uR(wi—ll ]§11 wil ]al' ki/ jRi)/ uD(wi—ll ]§1I wil ]Zh/ li/ jDi)) € ®1R11D1

(A-4)
0, otherwise.
The cardinality of the set D, is given by
Dol = Y. Y W((arGi, 35w i i i), wn @i, i Wi i b i0) € Dig ). (A5)
ki€ B, li€Cyp, jri€JR/jDi€]D
Thus,
]E[DLRiLD;] = Z Z ]EII.((HR(wl‘,l, ]’;i/ w;, j:ll" ki/ jRi)/ uD(wl?l/ j;,‘/ w;, jai’ Zil jDi)) € Dl{g,lpg)
ki€ B p; i€Cypy; jri€JR,jDiEID
> ”Bx ||||e[ ”]R]Dz—”[I(UR}SﬁR,§D|LLV)+I(UD;5,§R,§D|LLV)—[(UR;UD\U,VS,§R,§D)+U(1)]
- Ri Di
= 1R +Rp~Re=Rp~I(Ur;UplUV,5,5r,Sp)-0(1)] (A-6)

where 0(1) — 0 as n — 0.
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Evaluating the variance, it can be shown (see Lemma 1 below) that

var(| D |l) < 9nRx+Rp=Re~Rp~I(Ur;Up|U,V,S,Sr,Sp)+o(1)] (A7)
Therefore, for sufficiently large n
P(IDyill = 0) < € (A-8)
provided that (15) is true.
Lemma 1:
var(| Dy, ) < 91[Rr+Rp~Rp~Rp~I(Ur;Up|U,V,5,5r,5p)+o(1)] (A-9)

Proof: For notational convenience, let us use temporarily in the proof of this lemma the shorthand notation

ur (ki jri) := Ur(Wi-1, j3;, Wi, jkis jri) and up(l, jpi) := ap(wi-1, iy, Wi, i, i, joi)- Then, we have

2
”DLR,'LD,”
2

= ( Z Z 1((11R(k1‘/ JRi) uD(li/jDi)) € Dmunz))

ki€ B li€Cyp; jri€JR.jDi€]D

= Z Z ]l((uR(k,', JRi), uD(li/jDi)) € ®lRilDz)

(K jr) = (K, ) (Ui joi) =W 1)

+ Z Z )1((“R(ki/jRi)/uD(li/jDi)) € Digiipir (uR(ki/ Jri), uD(l;/j;jj)) € DLR[LD,)

(ki jri)=(K},jr;) (Lirjoi)# i,

+

gl

Y 11((uR<ki, jre), an (i, ji)) € D, (Ur (K, i), up(l, joi)) € D)
(ki jri)# (k] i) (i joi)=(}, i)

+ ) Y n((umki, jre) up(li, ji)) € D, (ur(K, i), up(ll, jpy)) € D) (A-10)
(ki jri)# (k] j%;) Ui joi) 2 j,)

Taking the expectation and dividing by [|B,,, X C,,, X Jr X Jpl| in both sides of (A-10), we get

IE[”‘DIRHD,‘HZ]

B lCo Ao = Pr{(uR(kir Jri)s uD(lieri)) € QWDI}

+ (JpliCy, Il = DPr{(ur(ki, jr), up (s o)) € Dygunys (r(Ks, i), un(l, i) € i}
+ RIBy 1 = DPr{(ur(ks, jr), up(l, i) € Digunys (R (K, ;) up (i joi)) € Digr

+ URIBugll = DUl = DPr{(ur(ki, jre), up (i, ji)) € Doy, (ur (K, i, ap(ll, ) € Digan -
(A-11)

Let A :=I(Ug; S, Sk, §D|U, V) + I(Up; S, Sk, §D|U, V) = I(Ug; Up|U, VS, S, §D). It can be shown easily that
i) For (ki, jri) = (K, j4,) and (i, joi) = (1, f1y),
Pr{(ur(ki, jr), up(li o)) € Dy} < 2747, (A-12)
ii) For (ki, jri) = (k}, jr,) and (i, jpi) # (I, jp.),

Pr{(ur(ki, jri), up(li b)) € D (Wr (i, jri), Up (], fpy)) € Dy} < 272147, (A-13)
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iii) For (ki, jri) # (K}, jy,) and (i, jpi) = (I, jiy),
Pr{(ur(ki, jrs), an(li o)) € Digupss (ur (K, i), up (s ji)) € Dy } < 272140, (A-14)
iv) For (k;, jri) # (K, j,) and (I, joi) # (1, 1),
Pr{(ur(ki, jri), ap(li, 1)) € i, (ur (K, i)l i) € Digpy | < 272147, (A-15)
Finally, substituting i-iv in the RHS of (A-11) and using (A-6), we obtain
var(IDyn ) = BUDugn 1= EX[IDg ]

< 1B €.y TR D27

= 2MRr+Rp —Rr—Rp—I(Ug;Up|U,V,S,5r,5p)+0(1)] (A-16)

This completes the proof of Lemma 1. [ |
Let E3; be the event that u(w;_1, j;i, w;, jzh.), ug(wi_1, j";i, w;, jai, ki, ]EZ) are not jointly typical with (y»[i], $r[tri-2])

given v(w;_1, j7.). That is

Jvi
Esi = {(v(wit, 5, (wis, 5, w1 ) wr(@i, 15, w01 ki 30, y2lil 8k [tki-2]) € TPy yue v s} (A-17)

For v(wi—l/ j‘t‘,’)/ u(wi—l/ j;i’ wi, jZ[j)/ uR(wi—ll j;j/ wi, ]‘ZH’ ki/ jl;i)’ uD(wi—l/ j\t'[’ wi, j{],’r ll/ ]D1) Olntly typlcal with s[ ]

8rltri—2], 8pltpi-2] and with the source input x;[7] and the relay input x,[7], we have Pr(Ez|ES, ES) — 0 as

17 =21
n — oo by the Markov Lemma [57, p. 436].
Let E4 be the event that u(w;-1, j;i, w, jui), ur(Wi-1, j";i, w:, jui ki, jri) are jointly typical with (y»[i], 8r[tri-2])

given v(w;_1, j;l.), for some wl’ € [1,M], jui € Ju, ki € [1, Mg] and jg; € Jr, with w: # w;. Thatis,
Ey = {3 w; € [1,M], jui € Ju, ki € [1, Mg], jri € Jr s.t: w] # w;,
(V(wi—lz]‘;i)/ W(Wi-1, j, W), jui), Ur(Wi-1, iy, W}, jui ki, jri), yalil, §R[1Ri—2]) € TS(PV,U,UR,YzSR)}' (A-18)

Conditioned on ES,, E

%7 Esir the probability of the event E4; can be bounded as

Pr(E4lES, ES; ES) < MJuMgJp2 "I 2 5eV)-e]
= 9= nllU;YalV,Sp)~I(U;S,SplV,5r)-R+4e] (A-19)
Thus, Pr(Ey|ES;, ES, ES;) — 0asn — oo if R < I(U; Y2V, Sr) = I(U; S, Sp|V, SR).

Let Es; be the event that u(wi-1, j},;, wi, ji;), Wr(Wi-1, i, Wi, j;;, ki, jri) are jointly typical with (ya[i], Sr[tri-2])

given v(wi_1, j3

Jv:), for some j,. € Ju, ki € [1, MR], jri € Jr with ji,, # j};,- That is,

Esi = {3 Jui € Ju ki € [1, MR], jri € Jr s-t. j; # i
(V(wi—lz Joi) @iz, ji, Wi, ji), WR(Wi1, fy, Wiy fukis jri), yalil, éR[LRi—Z]) € THP V,L[,UR,Y2,§R)}' (A-20)

Conditioned on the events Ef, Ef, E,

5ir Ey, the probability of the event Es; can be bounded as

Pr(Esi|E} ES) < JuMg Jg2 "IUURY2SelV)= =]

1i’ 21’ 31’

= 9~ lI(U;Ya|V,8R)- IS, SplV,Sr) - ; +3€] (A-21)
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(Note the multiplicative term 4 = 273 in the RHS of (A-21)). The proof of (A-21) follows by proceeding in
a way that is essentially similar to the analysis of the event €3 in [58, pp. 854-855], with minor modifications.
More specifically, let, for given ];i, &( j"ji) = {U(wi-1, j;, wi, jui) = jui # 1}. First, following the lines of [58, Eq.
(5), p. 855] one can easily show that

* oIy 201 P(* = B
P{J§; = US[] = S'[i, C(jy) = ¢, V(wi-1, ji;) = v} < (A-22)

N =

Then using (A-22) and the approach in [58], it can be shown easily that
. . . - 3 . = . - .
P{U(w,‘,l,];i, wi, 1) =u, UR(wiflr];ir wi, 1/ 1/ 1) = uRl]z([i * 1/ ];l = ];i’ S [l] = _S>[l], e(];z) =c V(wiflrj\‘}i) = V}
(a) . . < YT _ .
g P{U(wi—l/];,‘r wi, 1) =u, UR(wi—ll];jl w;, ]-/ 1/ 1) = uR']ZH * 1/ S [l] = _S>[l], e(];z) =c V(wl’—lr]:/i) = V}

(b) . . .
< 2P{U(wi-1, j3;, wi, 1) = w, Ur(wi-y, j3;, wi, 1,1,1) = ug|V(wi, f3) = v}, (A-23)

where (a) follows since for given j}. the event {U(w;_1, j;i, w;, 1) = u, Ug(wj_1, j"}i, w;, 1,1,1) = ug} is indepen-

]Vz
dent of {J3. = j3.} conditionally given {V(w;_1,j},) = v, ]} # 1, (_3(]’31.) = E,g)[i] = S[i]}; and (b) follows using
(A-22) and an approach similar to [58, Lemma 1].

Similarly,

A —>
P{Yolil = y», Srltri—2] = 8&lJ3y; # 1,35, = iy Viwir, i) = v, S[i] = STil}
c . A R . —2.. .
@ P{Ya[i] = y2, Srltri—2] = &rIJf5; # 1, V(wiy, jb;) = v, S[il = S il}

@ , ) L .
< 2P{Y2[i] = y2, Srltri-2] = 8rIS[i] = S'[i], V(w;-1, j};;) = v}. (A-24)

% the event {Y2[i] = y2,Sgliri2] = $r} is independent of {J, = j}

where (c) follows since for given j¥.

conditionally given {V(wi-1,j},) = v, ] # 1,?[1'] = $[i]); and (d) follows using (A-22) and an approach
similar to [58, Lemma 2].
Finally, using (A-23) and (A-24), and following straightforwardly the approach in [58, pp. 854-855], we obtain
(A-21). Thus, summarizing, Pr(E5,-|E§I., ES, Egi, Ej) — 0asn — oo

o Let E4 be the event that ug(w;_1, j;i, w;, jzﬁ,kl’., jri) is jointly typical with (y»[i], 8r[iri-2]) given v(w;_1, j;i),

w(wi-1, jy,;, Wi, jiy,;), for some k; € [1, Mg], jri € Jr with k # k;. That is,
Eei = {3 kz/ € [1,MR]/jRi € Jr s.t. kll * ki,
(V(wi—ll j\jj)l u(wi—lr j\jl’r wi, jZ[j)/ uR(wi—lr j\jl’r wi, ].Z[i/ k,,/ jRi)/ YZ[I]/ §R[LRZ‘—ZZI) € r‘]—,’e/l(PV,LLUR,YZSR)}' (A-25)

Proceeding in a way similar to the event Ey;, it can be shown easily that, conditioned on the events ES., ES,

EZ,, EY;, Eg,, the probability of the event Eg; can be bounded as
Pr(Eqi|ES;, ES;, ES;, S, ES;) < Mg g2 x2StV =c]
=7ne), (A-26)

Thus, Pr(E6j|Eii, EZ, Egi, Eg, Egi) — 0asn — oo.
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« For decoding the triple (@;_1, fUi_l, fi_l) and the index fVi at the destination, let E; be the union of the following
two events
E(;i) = {(v(wi_z, Joic) WWisa, iy, Wi, i)
up(Wi-2, i1, Wic1, Jigioy lict i), yali = 1],§D[1Di—3]) ¢ TS(PV,U,UD,Y3,§D)}

E® = {(v@wi1, j3,), yalil 8plipizl) € T2(Pyy, o))

FOI‘ V(wf—ZI ]’;1;1 )/ u(wi—ZI ]’&1‘71/ Wi-1, jZIi—l )/ uRr (wi—Z/ j;i71/ Wi-1, jZIi—l’ ki—]/ ].1*{1'71 )/ uD(wf—Z/ j;l;l/ Wi-1, ].Z[i71/ Zi—l/ ]’Bi,l)
jointly typical with s[i — 1], 8r[tri-3], $p[ipi-3] and with the source input x;[i — 1] and the relay input x,[i — 1],
we have Pr(E(;].)I N°_ E;) — 0as n — co by the Markov Lemma. Similarly, Pr(E(;)I No_ Ef) — Oasn — co.
Thus, Pr(E7i| N®_ E{) — 0as n — co.
« For decoding the triple (@1, fu;‘_l, ii_1) and the index fVi at the destination, let Eg; be the event

Egi = {3 w;_y € [1,M], jui-1 € Ju,lic1 € [1, Mp], jpi-1 € Jp, jvi € Jv stz w]_y # wi_y,

(V(wi—z, Joic)s Wiz, i1, Wi_y, juic1), Wp(Wiz2, Ji_y, Wiy, jui-1, li-1, jpic1), yali — 11, §D[lDi—3]) € TPy i, vs,60)r

(v@ly, jvi), ylil, 8plii2]) € T2(Pyy, ¢}
Proceeding in a way similar to for the events Ey; and Es;, and noticing that, for given w!_; € [1, M], the two
sub-events in Eg; are independent because the codebooks used for blocks i — 1 and i are different, it can be
shown easily that, conditioned on ﬂlz:lEii, the probability of the event Eg; can be bounded as

Pr(Es| mlz . Ei) < M]uMD]D]vz_n[I(u’UD;Y3’§DlV)_E]Z_”U(V;YS'gD)_S]
=1 bpi) =

= = lI(V,U;Y3I8p)=I(VU3S,SrISp)~R-[I(U;Y3,3pIV)=I(U;S Sk Spl V)] +2€] (A-27)

Thus, Pr(Esi| N]_, ES) — 0asn — oo if R < I(U, V;Y3,5p) — I(U, V; S, Sg, Sp).
« For decoding the triple (@;_1, fu,-_l, ii_l) and the index fw at the destination, let Ey; be the event
Eg; = {3 jvi € Jv s.tt jvi # fi,
(V(wi—z, Joic) W@Wisa, J 1, Wic1, 1), upWisa, i, Wic1, g, lie1, jic1), y3li = 11, §D[1Df—3]) € TPy, vs 607
(V(wi—lzjVi)/YS[i]réD[LDi—Z]) € {J?(Pv,ys,ﬁD)}~
It is clear that
Pr(Esy) < Pr{(v(@i-y, jui), yslil, $plivia]) € T2(Pyy, ¢,) for some jy; # ji) (A-28)

Now, proceeding in a way similar to [58, pp. 854-855], with the rather minor modifications outlined below,
we can analyse the error event in the RHS of (A-28), and get the following bound on the probability of the

error event Eg; conditioned on ﬂizlEii,
— . & y_2_,
Pr(Eq] 0123:1 Eil) <Jy2 n[I(V;Y3,5p)- 1 —€l

— =nll(V;Y3,50)~I(V;5,5r,Sp)~F ~2¢] (A-29)
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An outline of the proof of (A-29) is as follows. Let € = {V(wi_1, jvi : jvi # 1)}. First, we show that, for n

sufficiently large,

P{J}; = 1Sr[tri-2] = 8rltri-2], € = ¢} < % (A-30)
Let & := |{v(wi_1, jvi) € C: (V(wi-1, jvi), Srltri—2]) € TZ}I. Then, if £ > 1, for n sufficiently large,
P{J}; = 1ISkltri-2] = 8rltri—], € = )
< P{{(V(wm, 1), 8rltri-2]) € T¢H,
(3 & vectors V(w;1, jvi) # Vi1, 1) st. (V(wiy, jvi), Srliri-2]) € T2}
< P{(V(wi-1, 1), Srltri-2]) € T¢}
_ ol < % (A-31)
If £ = 0, for n sufficiently large,
P{J}; = 1ISkltri-2] = 8rltri—2], € = ¢}
< P{{(V(wi—l, 1), 8rltri-2]) € T¢}, AV (wi-1, jvi), Srltri-2]) € TE ¥ jvi # 1}}
+P{(V(wi-1, jvi), 8rltri-2]) € T2 ¥ jvi€ Jv, Ty =1}
< PUV(wi1, 1) Selil) € T2)+ 1PV, 1), Sel]) £ 7
< plivdo-oen Lo L (A-32)
Jv = 2

where the first inequality follows by the union of events bound.
Next, using (A-30) and following the approach in [58, Lemmas 1 and 2], it can be shown easily that, for

sufficiently large 1,
P(V(wi-1,1) = vIJ}; # 1, Srliri-2] = 8rltri2]} < 2P{V(wi-1,1) = v}
P{Y;5[i] = y3, Splipi-2] = 8plJ3; # 1, Skltri-2] = 8rltri—2], € = ¢} < 2P(ys, 8pl8r[tri-2l}. (A-33)
Finally, using (A-33) and following essentially straightforwardly the approach of [58, pp. 854-855], we obtain
(A-29). Thus, summarizing, Pr(E| ﬂgzl Elfﬂ.) — Qasn — 0 if [(V; Y3,§D) -I(V;S, gR,SD) > 2e.
« For decoding the triple (@;_1, fw_l, ii_l) and the index fv,- at the destination, let Eq(; be the event
Eyi = {3 Juic € Ju lici € [1,Mp], jpic1 € Jp, jvi € Jv st iy # jliy jvi # T
(V(wifz, Joic1) WWiza, 71, Wict, fliq), WD Wiz, Jyi_q1, Wict, Jiog, li-1, jpic1), yali = 11, éD[lDi—B]) € TPy, vs,80)r
(v(@wir, jvi), yslil, 8pliial) € T2(Pyy, 5,

Note that the first event in Ej¢; (i.e., the one relative to block i — 1) and the second event in Eyg; (i.e., the one
relative to block i) are independent since the codebooks used for successive blocks i — 1 and i are different.

Then, proceeding in a way similar to the event Es; to analyze the first event in Eq; and in a way similar to the
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event Eg; to analyze the second event in Ejy;, it can be shown easily that, conditioned on the events ﬂzzlEil.,

the probability of the event Ejy; can be bounded as
Pr(E1o mz JES) < ]UMD]Djvz—ﬂ[I(LLUD;YaSDIV)—%—e]z—n[I(V;Ysﬁo)—%—E]
= 1 -
= 9~ nlIUYV;Ysl5p)-IULV;5 5xISp)~[I(U;Y3,SpV)-IU;S,3r, SplV)]-~ 3 +el (A-34)

Thus, Pr(Eqoi mZ:l E]Cﬂ) —> OQasn — oco.
For decoding the triple (@;_1, ful-,l, lA,-,l) and the index fw at the destination, let E11; be the event
Eyi= {3 Jui1 € Ju,lica € [1, Mp), jpi-1 € Jp, jvi € Jv st jliq # flioas

V(Wisa, fyi_y), WWisa, iy, Wict, 1), WD(Wiz2, i1, Wict, fgioqs li-1, jpi-1), y3li = 11, 8plipi=al) € TEPyuw v- 8.

SAUD,E3,9D
(V(wi—l,]'{},-), yalil, §D[1Di—2]) € ‘TZ(PWS,;;D)}'

Proceeding similarly to the event Es;, it can be shown easily that, conditioned on ﬂ;glEii, the probability of

the event E11; can be bounded as
Pr(Evnil N2, Ef) < JuMpp2 "IUHo Y505l
= = nlI(U;Y3[V;5p)~I(U;S,SxIV,3p)~[I(U;Y3,5pIV)~1(U;S Sk, SpIV)]-— 5 +3€] (A-35)

Thus, Pr(Eq1 ﬂizl E]Cﬂ.) —> 0asn — oo.

For decoding the triple (@;1, fw,l, lA,-,l) and the index fv,- at the destination, let E1y; be the event

Evoi = {31, € [L,Mpl, ji-1 € Jo, jui € Jv st Iy # lia, juvi # 3,
(v(w,-,z, i) w@iz2, iy, Wis1, jiyy)s pWisz, iy, Wict, iy, 1y, jpic1), yali = 11, éD[‘DH]) € TPy vs 50
(V(wi—l,jVi), yslil, §D[1Di—2]) € TZ(PV,YS,SD)}-

Proceeding similarly to the event Eg;, it can be shown easily that, conditioned on ﬂiilEii, the probability of

the event E1; can be bounded as
Pr(E1ai] m}il ES) < MD]D]VZ*ﬂU(Uu;Ys,@uIU,V)*E]2*'1[I(V;Y3,§u)761
= ~lI(V;Y3,50)=K(V;8,5%,8p)~[I(U;Y3,5p|V)~L(U;S, 5, 5p V)] +2¢] (A-36)

Thus, Pr(Eqa ﬂiil E]“d) —> 0asn — oco.

For decoding the triple (@;_1, fw,l, IAH) and the index fVi at the destination, let Eq3; be the event

Ei = {3 I, €[1,Mpl, jpic1 € Jp, jvi € Jv st Iy #1iq,
(V(wier i) w@iz2, iy, Wis, jiy)s pWisz, iy, Wict, iy, 1y, jpic1), yali = 11, éD[‘RH]) € TPy vy 50)
(v(@wicr, ), yslil, 8pliial) € T2(Pyy, 5,

Proceeding similarly to the event Ey;, it can be shown easily that, conditioned on ﬂlgl E., the probability of

the event Eq3; can be bounded as
Pr(E1s] nlﬁl Eii) < MD]DZ*H[I(UD;Ys,SDIU,V)*G]

— = nl=I(U;Y3,5pIV)-I(U;S,5r,5p|V)+4e] (A-37)
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Thus, Pr(E15| N2, Ef,) — 0as n — co.

This concludes the proof of Theorem 1.

B. Proof of Theorem 3

First we generate a random codebook that we use to obtain the lower bound in Theorem 3. This scheme is based
on a combination of block Markov coding [45], Gel’fand-Pinsker binning [11], and classic rate distortion theory
[57, Chapter 13]. Next, we outline the encoding and decoding procedures.

We transmit in B blocks, each of length n. During each of the first B blocks, the source encodes a message
w; € [1,2"R] and sends it over the channel, where i = 1, ..., B denotes the index of the block. For convenience we
let wpq = 1. For fixed 1, the average rate Rz2; over B + 1 blocks approaches R as B — +oo.

Codebook generation: Fix a measure Pg;;, x, x, x.% v, y, Of the form (27). Calculate the marginal Py induced by

this measure. Fix € > 0 and let

I — 2n[1(U;S)+2£] ]R — 2n[I(U,<;U,S)+2€] (B—la)

M= 2n[R—4e] MR — 2}1[R—4€]. (B-lb)

1) We generate JM independent and identically distributed (i.i.d.) codewords {u(w, j)} indexedbyw =1, ..., M,
j=1,...,], each with i.i.d. components drawn according to Py.
2) We generate [gMpg ii.d. codewords {ug(m, jr)} indexed by m = 1,...,Mg, jr = 1,...,]Jr, each with ii.d.
components drawn according to Py,.
3) Independently, we randomly generate a rate distortion codebook consisting of Mg sequences X drawn i.i.d.
according to the n—product of the marginal Py. We index these sequences as X[m],m =1,..., M.
Encoding: We pick up the story in block i. Let w; € {1,..., M} be the new message to be sent from the source
node at the beginning of block i, and w;4 € {1,...,M] the message to be sent in the next block i + 1 (note that we
can assume that w; # w1, as the indices {wy} are assumed i.i.d. on {1,...,2"8}, and so Pr(w; = w;y1) = 272"® = 0 as

n — +o0). The encoding at the beginning of block i is as follows.

i) The source searches for the smallest j € {1,---, J} such that u(w;, j) is jointly typical with s[i]. (The properties
of strongly typical sequences guarantee that there exists one such j). Denote this j by j* = j(s[i], w;).

ii) Similarly, the source finds j;:l = j(s[i + 1], wis1) such that u(wis, ji*+1) is jointly typical with s[i + 1] and
then generates a vector x[w;,1] with i.i.d. components given u(w;,1, jl.*+1) and s[i + 1], drawn according to the
marginal Pxys.

iii) Then, the source indices x[w;,1] by m; if there exists an m; € {1,..., Mg} such that x[w;,1] and X[m;] are jointly
strongly typical. If there is more than one such m;, the source selects the first in lexicographic order. If there is
no such m;, let m; = 1. Shannon’s rate-distortion theory [57, Chapter 13] ensures that the encoding of x[w;41]

is accomplished successfully with high probability provided that # is sufficiently large and

R>I(X; X). (B-2)
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iv) Next, the source looks for the smallest jr € {1, -, Jr} such that ug(m;, jr) is jointly typical with (s[i], u(w;, jl.*)).
(Again, the properties of strongly typical sequences guarantee that there exists one such jr). Denote this jr
by jz; = jr(s[il, u(wi, j)).
Continuing with the strategy. Let my = 1. The encoding at the beginning of block i is as follows.

1) The relay knows m;_; (this will be justified below), and sends x,[i] = X[m;_1].

2) The source transmits the pair (w;, m;). It sends a vector x;[i] with i.i.d. components given the vectors u(w;, j;*),
ugr(mj, j;) and s[i], drawn according to the marginal Px, s induced by the distribution (27).
Decoding: The reconstruction of the vector x[w;,1] at the relay and the decoding procedure at destination at
the end of block i, are as follows.

1) The relay knows m;_; and estimates m; from the received y,[7]. It declares that 1; is sent if there is a unique
1 € {1,..., Mg} such that ur (1, jr;) and y»[i] are jointly typical for some jg; € {1,..., Jr}. One can show that

the decoding error in this step is small for sufficiently large # if
R < I(Ug; Y2) — I(Ug; U, S)
= I(Ug; Y2) — I(Ug; S) — I(Ug; U|S). (B-3)

2) The destination estimates w; from the received y3[i]. It declares that @; is sent if there is a unique @; € {1,..., M}
such that u(@;, j;) and ys[i] are jointly typical for some j; € {1,...,]}. One can show that the decoding error in

this step is small for sufficiently large n if
R < I(U;Y3) = I(U; S). (B-4)

Analysis of Probability of Error: Fix a probability distribution Pg ;1. x x, x %y, v, Satisfying (27). Let s[i] and
(wj;, m;) be the state sequence in block i and the message pair sent from the source node in block i, respectively. As
we already mentioned above, at the beginning of block i the source transmits x;(w;, ;) and the relay transmits
xp[i] = X[mi-1].

The average probability of error is such that

Pr(Error) < Z Pr(s) + Z Pr(s)Pr(error|s). (B-5)
s¢T¢(Qs) s€T¢(Qs)
The first term, Pr(s ¢ T7(Qs)), on the RHS of (B-5) goes to zero as n — oo, by the asymptotic equipartition property
(AEP) [57, p. 384 ]. Thus, it is sufficient to upper bound the second term on the RHS of (B-5).

We now examine the probabilities of the error events associated with the encoding and decoding procedures.
The error event is contained in the union of the following error events; where the events Ey;, Ey; and Ej3; correspond
to encoding errors at block i; the events E4; and Es; correspond to decoding errors at the relay at block i; and the
events E¢; and Ey; correspond to decoding errors at the destination at block i.

o Let Eq; be the event that there is no sequence u(w;, j) jointly typical with s[i], i.e.,
Ey={#je,. ..} st (u, j),slil) € T/(Pys)}.

To bound the probability of the event E;;, we use a standard argument [11]. More specifically, for u(w;, j)

and s[i] generated independently with i.i.d. components drawn according to P;; and Qs, respectively, the
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probability that u(w;, j) is jointly typical with s[i] is greater than (1 — €)27"((tZ5)*) for sufficiently large 1. There
is a total of | such u’s in each bin. The probability of the event Ey;, the probability that there is no such u, is
therefore bounded as

Pr(Ey;) < [1 = (1 — )27 dUS+a) (B-6)

Taking the logarithm on both sides of (B-6) and substituting | using (B-1) we obtain In(Pr(E;;)) < —(1 — €)2".
Thus, Pr(Ey;)) 0 as n — oo.

« Let Ey; be the event that there is no sequence u(w;,1, j) jointly typical with s[i + 1], and Ej3; the event that there
is no sequence ug(m;, jr) jointly typical with (s[i], u(w;, j*)). Proceeding similarly to for the event Ey;, it can be
easily shown that, conditioned on Ef; and Ef, N ES, respectively, these tow events have vanishing probabilities
asn — +oo.

« For the decoding at the relay, let E4; be the event that ur(m;, j%;) is not jointly typical with y,[i]. That is

Eyi = {(urGms, j3), yolil)  T2(Py, v, 0))- (B-7)

For u(w;, jl.*), ug(m;, jgi) jointly typical with s[i], and with the source input x;[i] and the relay input x,[i], we
have Pr(E4|E],, ES,, Egi) — 0 as n — oo by the Markov Lemma [57, p. 436].
« For the decoding at the relay, let E5; be the event that uR(ml’. , jri) is jointly typical with y,[i] for some m; € [1, Mg]

and jg; € Jr, with m! # m;. That is,
Esi = {3m] € [1, Mg, ji € Jr s:t. m # m;,
(ar(m, jr), yalil) € T2y, v, )} (B-8)

Conditioned on the events ES, ES, Egi and Eg, the probability of the event Es; can be bounded using the union

bound, as

Pr(Es|ES;, Ey;, E; Eg;) < MpJg2 (2]

— z—n[I(UR;Yz)—[(UR;LLS)—R+€] . (B-9)

Thus, Pr(E5|ES,, ES;, ES,;, EY,) — 0asn — oo if R < I(Ug; Y2) — I(Ug; S) — I(Ug; UIS).

« For the decoding at the destination, let Es; be the event that u(w;, j*) is not jointly typical with ys[i]. That is
Eei = {(u(w;, ), yalil) & T2(Puy,)}- (B-10)
For u(w;, ]l*), ug(mj, ]El) jointly typical with s[i], and with the source input x;[i] and the relay input x,[i], we

have PI‘(E6i|E§,-, ES. ES By Eg[.) —> 0 as n — oo by the Markov Lemma [57, p. 436].

o For the decoding at the destination, let E7; be the event that u(wlf, ji) is jointly typical with y3[i] for some
w; € [1,M] and j; € ], with w] # k;. That is,

Ey = {3 w) € [1,M], ji € ] s.t. w) # ki,

(u(ey, i), yslil) € T2 (Puy,)}- (B-11)
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Conditioned on the events ES, ES, ES, B, ES and EZ, the probability of the event E7; can be bounded using

the union bound, as

Pr(Ex|ES,, ES,, ES

c
1ir =2i’ 31"E

nlI(U;Ys)-
v 5, Egy) < M2l

- 2—71[[(U;Y3)—I(U;S)—R+E] (B-lZ)

Thus, Pr(Ezi|E,, ES, ES, ES, ES, ES,) — Oas n — +ooif R < I(U; Y3) — (U S).

This concludes the proof of Theorem 3.

C. Proofs of Theorem 4
Let an (e,, 11, R) code be given. By Fano’s inequality, we have
nR = H(W)
<I(W;Y3) + 1+ nRe,. (C-1)

Let us define U; = (S7,,, Y5, Y5 ) and Vi = (W, S7 Y5 1), i=1,...,n.

i+17 12 7 i+17 ° 3
We have
IOW; Y2) < (W Y2, Y2
L 1W; Y3, Y3) - 1[W; ") (C2)

n
= Y HW; Vo, Ya Y, Y5 = I(W; SilS)

i+1
i=1

n
= Z I(W, S, 15 Yo, Yail Yo, Y5 ) = I(SY 1 Yo, Y, W, Y5, YE ) — I(W; SiiS!
i=1

i+1

n

(b) i . i .
=Y I(W, S5 Yo, Yail Y5, Y5 ) = IS; Y5, YEH W, SE ) — I(W; SilSE,)
i=1
n . . . .
=Y I(W,S% ;Yo Yol YS!, Yo — I(S; W, Y5 !, YE IS,
=1

I(W; Yo, Ya,lSty, Yo ' Y5 + 1S, Yau, Yaul Yy ' Y5) = 1S5 Y5, Y5 1IST,) = I(Si WIS, Y5, Y5 )

= I

) o : o :
2N I(W; Yoy, YailSt,, YL YY) — I(S; WISE, Yit, Vi)

T
RN

=

"N I Yoy, YadlSt, YL YL Xo ) — (S5 WISE, YL YL X5 )

i+17 i+1/

= 0
A

I(Vi; Yo,, Y3,lUi, Xo,0) = I(Vi; SilU, Xa,0) (C-3)

—_

where: (2) follows since message W is independent of the state S”; (b) follows from Csiszar and Korner’s “summation

by parts”-lemma [59]

N Sk Yo e W S YY) = Y K8 YEL YW ST, (C4)

i=1 i=1
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(c) follows similarly, from Csiszar and Korner’s “summation by parts”
Y ISk Yo, a5 YEY) = Y 0si v YISy,
i=1 i=1

(d) follows from the fact that Xy; is a deterministic function of Y.

Similarly,

© v } ,
IW;Y5) < ) IOV, S0, Y515 Y30 = ION, 1y, Y5713 50)

i+1/ i+17
i=1

= Z I(V,‘,’ Y3,i) - I(Vi; Si)
i=1

44

(C-5)

(C-6)

where (e) follows exactly as in the converse part of the proof of the capacity of Gel’fand-Pinsker channel [11] by

replacing Y" with Y7.

From the above, we have

Iy, o - -
Rs<- Z I(Vi; Yo, Ya,llli, X2,0) = I(Vi; Silli, X2,0) + 1 + nRey
P

1 n B B
R<= Y I(Vi;Y3:) = (V35 S) + 1+ nRe,
i=1

(C7)

We introduce a random variable T which is uniformly distributed over {1,--- ,n}. Set S = Sr, U = Uy, V = V7,

X1 =X, X2 =Xo1, Yo = Yo 1, and Y3 = Y3 1. We substitute T into the above bounds. Considering the first bound

in (C-7), we have
Iv - _ o
- Z; I(Vi; Yo, Ya,ilU;, Xp,) = I(Vi; SilU;, Xo,5)

= I(V, Yz, Y3|U, Xz, T) — I(V,SIU, Xz, T)

=I(T, V;Y2, Y3lU, X5) — (T; Yo, Ys|U, X5) — (T, V; S|U, X5) + I(T; SIU, Xa)

<I(T,V;Y,, Y3lU, X,) = (T, V; S|U, X5) + I(T; SIU, X»)

= I(T/ V/ YZ/ Y3|U/X2) - I(T/ VI S|U/X2)

where in the last equality we used the fact that T is independent of all the other variables.

Similarly, considering the second bound in (C-7), we obtain
w LAY = 1735)
=I(V;Y5|T) - [(V;SIT)
= I(T, V;Y3) — I(T; Y3) — (T, V; S) + I(T; S)
<I(T,V;Y3) - I(T, V;9).
Let us now define U = U and V = (T, V). Using (C-7), (C-8) and (C-9), we then get

R <I(V;Y,, Y5lU X2) — I(V; SIU, X5) + 1 + nRe,
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R<I(V;Y3) = I(V;S) + 1 + nRe,. (C-10)

So far we have shown that, for a given sequence of (e, 1, R)—codes with €, going to zero as n goes to infinity,
there exists a probability distribution of the form (31) such that the rate R essentially satisfies (30). This completes
the proof of Theorem 4.

It remains to show that the rate (30) is not altered if one restricts the random variables U and U to have their
alphabet sizes limited as indicated in (32). This is done by invoking the support lemma [60, p. 310]. Fix a distribution
pof (S,UV, X1, X5,Ys,Y3) on P(SXUXVXX1XX2xY2XY3) that has the form (31).

To prove the bound (32a) on |UJ, note that we have

I (V3 Y2, Y3|U, X2) = 1y(V; S|U, X2)
= 1,(V, X2; Y2, Ya|U) = 1i(X2; Y2, Ya|U) = 1(V, Xo; SIU) + 1,(X>; S|U)
= Hyu(Ya, Y3|U) = Hu(V, X2, Y2, Y3|U) + Hu(V, X3, SIU) + Hu(Xo|U) = Hyu(X2, SIU). (C-11)
Hence, it suffices to show that the following functionals of u(S, U, V, X1, X5, Y5, Y3)
Foxw (1) = p(s,2,X7) ¥ (5,x,x7) € 8XX1 XXz (C-12a)
ri(u) = fdy(u)[Hy(Yzl Yslu) = Hu(V, Xz, Yo, Yslu) + Hy(V, X2, Slu) + Hy(Xolu) — Hy(Xa, Slu)] (C-12b)
can be preserved with another measure p’ that has the form (31). Observing that there is a total of [8]|X1]|Xs]
functionals in (C-12), this is ensured by a standard application of the support lemma; and this shows that the
cardinality of the alphabet of the auxiliary random variable U; can be limited as indicated in (32a) without altering
the rate (30).
Once the alphabet of U is fixed, we apply similar arguments to bound the alphabet of V, where this time

(I8]17¢1]12C21)% — 1 functionals must be satisfied in order to preserve the joint distribution of (S, U, Xi, X»), and one

more functional to preserve
L(V;Y3) = 1(V; ) = Hu(Y3) = Hy(S) = Hu(Ya|V) + Hu(SIV), (C-13)

yielding the bound indicated in (32b). This completes the proof of Theorem 4.

D. Proof of Theorem 5

We prove that for any (¢, n, R) code consisting of a mapping ¢} = (¢!, ¢/ ) at the hyper source with ¢, : W —

1R’
DC?R and JOU Wx8" — X"

Ip - @ sequence of mappings ¢, : 9;‘1 — Xy, i=1,...,n, at the relay, and a mapping

Y" YY" — W at the decoder with average error probability P} — 0 as n — 0, the rate R must satisfy (37).
By Fano’s inequality, we have

H(WI|Y]) < nRe, +1 = no,. (D-1)
Thus,

nR = HW) < I(W; Y3) + 1,
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(D-2)
We now upper bound I(W; Y7) as in the following lemma, the proof of which follows.
Lemma 2:
n
i) IW;Y3) < ) IR YaulSi, Xa) + [(Xan,s Ya1Si, Xa,) (D-3a)
i=1
i) IOW; Y3) < ) 1(Xan; Ya1Si, Xa,) + (a5 Y3,). (D-3b)
i=1

Proof: To simplify the notation, we use S' = (S1,5,---,8), Y} = (Yk1, Yk, -+, Yii), k = 2,3, and X; =
(X1, Xj2,++-, Xi), j = 1R, 1D, 2.

1) The proof of the bound on I(W; Y7) given in i) follows straightforwardly by revealing the state to the destination

and using the channel structure (1).

@) &
IW;Y3) < Z I(X1Rr,is X1D,i; Y2,i, Y3,i1X2,i, Si) (D-4)
P
n
= Z I(X1r,i, X1p,i; Y2,ilX2,i, Si) + I(Xar,i, X1D,i; Y3,i1X2,i, Sis Y2,) (D-5)
im1
n
= ) I(Xiri; Y2,il X2, Si) + I(Xip,i; Y2, X1r s X2,, Si)
im1
+ I(X1r,i, Xip,i; Y3,ilX2,i, Si, Yo,0) (D-6)
n
(b)
= ) I(Xir,i; Y2,ilX24, Si) + I(X1r,i, X1p,i; Y3,ilX2,i, Siy Y2,0) (D-7)
im1
n
= ) I(Xari; Y2,lXa,i, Si) + H(Y3,1X2,i, Si, Ya,1) = H(Y3,1X1r,i, Xap,i, X,i, Si Ya,1) (D-8)
im1
Ry
C
= ) I(Xiri; Y2,il X2, Si) + H(Y3,i|X2,i, Si, Ya,:) = H(Y3,i|X1p,i, X2,i, Si) (D-9)
P
@ &
< ) KR Y2,il X2, Si) + H(Y3,il X2, Si) — H(Y3,i1X1p,i, X2,i, Si) (D-10)
P
n
= ) X Y2,lX2, Si) + I(Xap,i; Y3,ilX2,i, Si) (D-11)
im1

where:
(a) follows trivially by revealing the state to the destination; (b) follows since Xip; < (Xiri, X2, Si) < Y2 ()
follows since (Xir,i, Y2,) < (Xip,i, X2, Si) « Y3,; and (d) follows since conditioning reduces entropy.

2) The proof of the bound on I(W; Y7) given in ii) follows as follows.

I(W;Y3) = I(W, S"; Y3) — I(S"; Y3IW)
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n
= (Y IWS" Y3, 1YE) = H(S"IW) + H(S"IW, Y3)

i=1

&Y HOGYET) = HOY5,IW, 8", Y5™) = H(S) + H(SIW, Y3, 5)
i=1

NS
2

H(Y3,) — H(Y3,1X1p,i, X2, Si) — H(S;) + H(Si|W, Y%,S™)

SN
AN

=

H(Y3,) — H(Y3,1X1p,i, X2, Si) — H(S)) + H(SiIW, Y3, S71, Y5 )

=

=

) o

= Y H(Y3;) — H(Y3ilXip,, X2, Si) — H(S;) + H(SilW, Y5, 571, Y5, Xa,)
=1

() v

< ) 1(Xip,i, X2,i, Si; Y3,:) — H(S;) + H(Si|X2,i, Y3,0)

U]
KA

I(Xap,i, X2,i, Si; Y3,) — 1(Si; X2,i, Y3,0)

= |
—_

I(X1p,i; Y3,ilSi, X2,i) + I(X2,i; Y3,) — I[(X2,i; Si)

i
SN

)
= ) I(Xip,i; Y3,lSi, X2,) + I(Xo; Y34), (D-12)

i=

—_

where: (¢) follows from the fact that the state S” is i.i.d. and is independent of the message W; (f) follows from
W, 8", Y o (Xip,i, X2,i,Si) © Y3, is a Markov chain; (g) follows from Yé’l o (W, Si’l,Yg) < §; is a Markov
chain; (k) follows from the fact that X, is a deterministic function of Y’ !; (i) follows from the fact that conditioning
reduces entropy; and (j) holds since X, is independent of S;. [ |

We introduce a random variable T which is uniformly distributed over {1,---,n}. Set S = S, Xir = Xir 71,
Xip = Xip1, Xo = Xo1, Yo = Yo, and Y3 = Y3 7. We substitute T into the above bounds. Considering the bound
(D-12), we obtain

1 n
- Z I(X1p,i; Y3,ilSi, X2,0) + 1(Xa,i; Y3,0)
=1
=1(X1p; Y3!S, X5, T) + I(X2; Y3|T)
=I(X1p, X2, 5; Y3|T) = I(S; X2, Y3|T) (D-13)
and, similarly,
1 n
” Z I(X1Rr,i; Y2,il X2, $i) + I(X1p,i; Y3,i1X2,i, Si)
=1
= I(X1r; Y2lS, X5, T) + I(X1p; Y3lS, X2, T) (D-14)
where the distribution on (T, S, Xir, Xip, X2, Y», Y3) from a given code is of the form
P15 x0,X10,%2,Y2,Ys = QsPTPx, 1 Px 11%,, TP X101 %0,

XWy, 15,51 Wrals Xip, X, - (D-15)
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We now eliminate the variable T from (D-13) and (D-14) as follows. The right-hand side of (D-13) can be bounded

as
I(X1p, X2, S; Y3|T) = I(S; X2, Y3|T)
< H(Ys) ~ H(YlXup, X, S) — H(SIT) + H(SIX2, Y3, T)
=1(Xip, X2, S;Y3) — H(S|IT) + H(S|X2, Y3, T)
S I(X1p, Xa, 5; Y3) — H(S) + H(SIXa, Ys)
=1(Xip, X2, S;Y3) = I(5; X5, Y3)
=I(X1p; Y3lS, X2) + I(X5; Y3), (D-16)

where:

(k) holds since H(Y3|T) < H(Y3) and H(Y3|Xip, X2,S,T) = H(Y3|Xip, X5,S) (by the Markovian relation T
(X1p, X2,5) © Y3); and

(I) holds since S is independent of T and H(S|X1p, Y3, T) < H(S|Xip, Y3).

Similarly, right-hand side of (D-13) can be bounded as

I(X1r; Y2IS, Xa, T) + I(Xap; Y315, Xa, T) < I(Xir; Y2IS, X2) + I(X1p; Y3|S, X2). (D-17)
Finally, combining (D-2), (D-12), (D-16) at one hand, and (D-2), (D-11), (D-17) at the other hand, we get

R

IA

I(X1p; Y3lS, X2) + I(X2; Y3) (D-18a)

R

IA

I(X1r; YalS, Xo) + I(X1p; Y3lS, X2), (D-18b)

where the distribution on (S, Xir, Xip, X», Y2, Y3), obtained by marginalizing (D-15) over the variable T, has the
form given in (38).
We conclude that, for a given sequence of (e,, 1, R)—codes with €, going to zero as n goes to infinity, there exists a

probability distribution of the form (38) such that the rate R satisfies (D-18). This completes the proof of Theorem 5.

E. Proof of Theorem 7

The encoding and transmission scheme is as follows. Let Pi, > 0, Pi; > 0 and D > 0 be given such that
Pi,+ Py <Prand 0 < D < Q. Also, consider the test channel Sz = aS + Sz, where a := 1—D/Q and Sy is a Gaussian
random variable with zero mean and variance aéR = D(1 - D/Q), independent from S. Using this test channel, we
calculate E[(S — 5g)?] = D and E[$2] = Q — D. Let X, ~ N(0, P2) be jointly Gaussian with Sg with E[X,5z] = 0 and
independent from S, and Xsg ~ N(0, 6P5,) jointly Gaussian with (S, S r) with [E[XsgS] = 0 and E[XsrSr] = 0, where
0 < 0 < 1. Also, let Xyr ~ N(0, OP1,) be jointly Gaussian with (X, S) and independent of Xgr, with E[XwrS] = 015
and E[XwrX>] = 012; and Xwp ~ N(0, P14) jointly Gaussian with and independent of (Xwr, Xsr, X2, S, §R). In what
follows, we use the random variables V, U, U; and Ug given by (64) to generate the auxiliary codewords V;, U;,
Uy; and Ug; which we will use in the sequel. Also, recall the definition of Q, & and a; in (62) and (63), respectively,

which we will use in the rest of this proof.
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We decompose the message W to be sent from the source into two parts W, and W;. The input X} from the

source is divided into three independent parts, i.e., Xy = Xop + X4

wr

+ X" , where X!, carries a description $" of the
wd SR R

state S" that is intended to be recovered only at the relay and has power constraint n6P;,, X}, carries message W,

and has power constraint n6P;, and XZ; , carries message W, and has power constraint nPy4, with P; = P1, + P14.

The message W, is sent through the relay at rate R, and the message W, is sent directly to the destination at rate

R,. The total rate is R = R, + R,.

Asin the discrete case, a block Markov encoding is used. Let w; = (w,;, wga;) € [1, 2"Rr1x[1, 2"R¢] denote the message
to be transmitted in block i and s[i] denote the state controlling the channel in block i. The source quantizes s[i]
into 8g[tri—1], where tg;_1 € [1, 2"RR]. Using the aforementioned test channel, the source can encode s[i] successfully

at the quantization rate

Rg = I(S; Sg)

Q

1
= 5 log(B). (E-1)

In the beginning of block i, the relay has decoded correctly message w,i—1 and the index tg;_1 of the description
8r[tri—1] sent by the source in the previous block i — 1 (this will be justified below) and sends a Gaussian signal
xp[wyi—1] which carries message w,;_1 and is obtained via a DPC considering $r[(ri-1] as noncausal channel state

information at the transmitter, as

NPk
p12 VOP1, + VP,

where the components of v[i] are generated i.i.d. using the auxiliary random variable V.

xo[wyi1] = (V[i] - aziéR[lRi—ﬂ), (E-2)

Let (z; be the index associated with the state s[i + 1] of the next block 7 + 1. In the beginning of block i, the source

sends a superposition of three Gaussian vectors,

X1 [1] = XSR[LRi] + xwr[wri—lr wri] + xwd[wdi]

[QP . /QP . ,
Xer[Wric1, Wri] = p1s Fls[ll + p12 P_zlxz[wri—ll + X, [wy]. (E-3)

In (E-3), the vectors xsg[tri] and x,4[w,] are generated i.i.d. using the auxiliary random variables Xsg and Xwp,
respectively; and the vector x,,[w,;] has power n(1 — p%z - pfs)QPh and is independent of s[7], xp[wri-1], xsr[iri] and
Xwd[wgi]. Furthermore, the vector xsr[ir;] carries a description g [tg;] of the state s[i + 1] that affects transmission in

the next block i + 1, intended to be recovered only at the relay; the vector x,[w,;_1] carries cooperative information

’

wyi—1, and the vector x7,,

[w,i] carries new information w,;. The vectors xsg[iri], Xwa[wsi] and X, [w,;] are obtained via

DPCs considering (s[7], 8r[tri-1]) as noncausal channel state information at the transmitter, as

xalin] = unli] = gt (1= sl (-42)
Xpa[wai] = wi[i] - mé(l - a)<S[i] - azéR[LRi—ll) (E-4b)
Xyr[wri] = ali] - aé(s[i] - azﬁR[lRi—l]) (E-4¢)

August 21, 2012 DRAFT



50

where the components of ug[i], ui[i] and u[i] are generated i.i.d. using the auxiliary random variables Uy, U; and
U respectively.
We now describe the decoding operations (we give simple arguments; the rigorous decoding uses joint typicality

testing). Consider first the decoding at the relay. In block i, the relay receives
. ory, , 0Py, .. .
y2lil = xsrltril + p12 \fp—zllewn‘—ll + X, [wn] + (1 + pag ?1)5[1] + (22[i] + xwa[wai])- (E-5)

The relay knows w,;_1 and (g;-1 and decodes the pair (w;;, t;) from y,[i]. The relay decodes w,; and tg; successively,
starting by w,;. To decode w;;, the relay subtracts out the quantity (Plz \OP1,/Poxo[wyiq] + azééR[LRi_ﬂ) from y,[i]

to make the channel equivalent to
Folil = X}, [w,i] + &([i] — a28rltri1]) + (zali] + xsrltri] + Xalwwai])- (E-6)

The relay decodes message w,; from ¥,[i] treating signals xsg[ir;] and xu¢[wsi] as unknown independent noises.

This can be done reliably as long as 7 is large and
R, < I(U; Y,) — I(U; S — axSg)
=R(a, (1 - p3, - p3)0P1,, E2Q,Np + OPy, + P1y) (E-7)

where the equality follows through straightforward algebra which we omit here for brevity (note that the variance
of the additive state £(S — a»5g) in (E-6) is E2E[(S — @25r)?] = £2[(1 — 12)2Q — an(ar — 2)D] := £20). Next, for
the decoding of ir;, the relay subtracts out the quantity (u[i] -(1- a)azééR[LR,-,l]) from ¥,[i] to make the channel
equivalent to

V2lil = xsrltri] + (1 = )s[i] + (z2[i] + xewalwai])- (E-8)
The relay decodes the index tr; from y;[i] correctly as long as n is large and

R < I(Ug; Y2) - I(Ug; S)

1

_ 6P1r
=3 log (1 + ot Pu)' (E-9)

We now turn to the decoding at the destination at the end of block i. In block 7, the destination receives

yalil = xali] + xo[wrio1] + s[i] + z3[1]

= (12t + T)saltroa] Xl + xealioal + (prey [ S5 + il + @lil xselee). (E-10)

At the end of block 7, the destination knows message w;;_» and decodes the pair (w,;_1, w,-1) successively, treating
the signal that carries the state description as unknown independent noise. It starts by decoding message w;;_1,
using (ys[7 — 1], y3[i]). Note that w,;_; is carried by both auxiliary vectors v[i] and u[i — 1]. If n is large, it can do so

reliably at rate
Ry < I(V,U;Y3) = I(V, U; S, Sg)

= [I(V; Y3) = I(V; Sp)] + [I(U; Y5l V) = I(U; S, SRIV)] (E-11)
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where the equality follows since the choice of (V, §R) in (64) satisfies V < Sr © Sis a Markov chain.
We first compute the term [I(V; Y3) - I(V; Sr)]. Let §[i] be the estimation error of £s[i] given §g[tg;-1] under minimum
mean square error criterion. Since s[i] and 8g[tri-1] are jointly Gaussian, §[i] is ii.d. Gaussian with variance

E[(ES - &S R)*] = &D per element and is independent from 8g[tg;-1]. Thus, we can alternatively write the output

ysli] as

3olil = (prz \| 52 + 1plirioa] + Xl + Xoalwos] + E8xlinia] + @li] + xsnli] + 8. (E-12)

With the choice of the auxiliary random variable V as in (64) and that of the associated Costa’s scale factor a, set
to its optimal value as in (63), the destination decodes the vector v[7] correctly from ys[i] at rate

(p12 VOP1, + VPy)? )

N3 + &2D + 0Py, + (1 — p2, — p2)0P1, + Py

I(V;Y3) = I(V; 8g) = %log (1+ (E-13)

where the equality follows through straightforward algebra. Let us now compute the term [I(U; Y3|V)-I(U; S, Sx|V)].
Observing that the destination can peel off v[i — 1] from y3[i — 1] to make the channel equivalent to

yali—1] =ys3[i - 1] - ((PlZ QPL; + 1)x2[wri—2] + 012£$R[£Ri—2]>

= X, [wyica] + Esli — 1] — an&8r[tri—a] + (z3li — 1] + xsr[tri=1] + Xewa[wai-1]), (E-14)

it is easy to see that, if # is large and with the choice of the auxiliary random variable U as in (64), the destination

obtains the vector u[i — 1] correctly from y;[i — 1] at rate
I(U; Y5|V) = I(U; S, Sr|V) = I(U; Y3) = I(U; E(S — a2Sr))
=R(a, (1 - p3, - p3)0P1,, E2Q, N3 + OPy, + P1y) (E-15)

where the last equality follows through straightforward algebra.

Finally, the destination can peel off u[i — 1] from y3[i — 1] to make the channel equivalent to
yali — 11 = gli — 11— (X, [wria] + a&(sli — 1] - azrliri-2]))
= de[wdl‘_l] + E,(l - a)(s[i = 1] - azg,éR[lRi_z]) + (Z3[i - 1] + XSR[lRi—l])~ (E-16)

From (E-16), it is easy to see that if 7 is large, and with the choice of the auxiliary random variable U; as in (64), the

destination obtains the vector u;[i — 1] (which carries message wy;_1) correctly at rate

Ry < I(Uy; Y3) = I(Uy; £(1 = @)(S — a25R))

1 P14

= 318+ g,

(E-17)
Finally, for given D, adding (E-7) and (E-17), we obtain the first term of the minimization in (60); and adding
(E-13), (E-15) and (E-17), we obtain the second term of the minimization in (60). Also, similar to in the proof of
Theorem 6, observing that the rate terms in (60) decrease with D, we obtain the lower bound in Theorem 7 by taking
the equality in (E-9) and maximizing the minimization in (60) over Py, > 0, P14 > 0 such that 0 < Py, + P14 < Py,
0 €[0,1], p12 € [0,1] and p1s € [-1,0] such that0 < P%z +p%s < land a € Rsuch that the RHS of (E-7) is non-negative

and the sum of the RHS of (E-15) and the RHS of (E-17) is non-negative. This completes the proof.
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E. Proof of Proposition 2

In the proof we compute the rate (33) of Proposition 1 using an appropriate jointly Gaussian distribution on

(S, Uy, X1r, X1p, X2). The algebra in this section is similar to that in the proof of [21, Theorem 3] and [15, Theorem
6].
We first compute the term [I(Uy; Y3|Xir, X2) — I(U1; SIX1r, X2)] in the RHS of (33) because this gives insights about
the distribution that we should use to compute the lower bound. We assume that Xiz, Xip and X, are jointly
Gaussian random variables with zero-mean and variance Pir, Pip and P, respectively. The random variables Xir
and X» are independent and independent of the state S. The random variable X;p is independent of X;z and jointly
Gaussian with (S, X»), with E[X1pX>] = p12 VP1pP2 and E[X1pS] = p1s VP1pQ, for some correlation coefficients
p12 € [-1,1] and pys € [-1,1].

Let Xip = E[XiplS, X1z, X2] be the optimal linear estimator of X;p given (S, Xig, X») under minimum mean
square error criterion, and X;, be the resulting estimation error (note that IE[X1p|S, Xir, X2] = E[X1p|S, X2]). The

estimator X;p and the estimation error X}p are given by

N P P
Xip = p124/ PLZDX2 + P15 4/ gs (F-1)

X!, = Xip — Xip. (F-2)

We can then write Y3 in (80) alternatively as

y [P P
Y3 = XlD + (1 + P12 _PlzD )X2 + (1 + P1s éD)S + ZS~ (F-3)
Let now
, , P
Y5 = Y3 — B[Y3|Xqg, Xo] = Xip + (1 + p1s g)S + Z3. (F-4)

Noticing now that X/, is independent of the state S in (F-4), it is clear that an optimal choice of the associated

auxiliary random variable U, is

P
Uy = X, + a(l + pis g)s, (F-5)
where «a is Costa’s parameter given by
E X/Z P 1-— 2 _ 2
o= ’2[ 1D] — = 1D( 2P12 zpls) ) (F—6)
E[X{5] +E[Z5]  Pip(1-p3, —p3,) + N3
Then we can easily show that
I(Uy; Y31Xir, X2) — I(Uy; SIX1r, X2) = I(U1; Y3) — I(Us; S) (B-7)

By substituting X, in (F-5), we get

p
Ui = Xip = p124/ PLZDXZ + QoptS (F-8)
P P
opt = (1 +p15\/g) _PIS\/%
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Pip(1 - p3, = p3) Pip Pip
- 14 prs 4/ 22) = oo <[ 2221, F-9
[PlD(l _p%Z _P%S) +N3( p1 Q ) P1s Q ] ( )

Now, it is easy to see that, with the choice (F-8), we have

I(Uy; Y3l Xqr, X2) = I(Uy; SIXqr, X2) = I(Uy; Y3) = I(Uy; S)

1 EIXTH
=3 log [1 + N,

Pin(1 = 2, — 2
- llog[l N m(+312"15)), (F-10)

We now compute the terms I(Xir; Y2|X») and I(Xy; Y3). It is easy to see that, with the aforementioned jointly

Gaussian input distribution,

I(X1r; Y21 X2) = I(X1r; Y2)

Pir
N> +Q

= Jlog(1 + ). (F-11)

Also, we have
I(X1r, X2; Y3) @ I(X5;Y3)
= h(Y3) — h(Y3|X2)

= h(Y3) - h(X], + E[Xip|X>] + E[X1p|S] + S + Z3|X3)

b 4
© n(ys) - WX, + E[XipIS] + S + Z3)

© llog( E[(Xip + X2 + S)*] + E[Z3] )
2 S \E[XZ ] + E[(S + E[Xip|S])2] + E[Z2]
(VP + P12 M)z )
Pip(1 - p2, = p2) + (VQ + p1s VP1p)* + N3 .

where: (a) holds since Xjr is independent of (X, Y3), (b) holds since X, and S are independent of X», and (c)

1
= 5 log (1+ (F-12)

follows through straightforward algebra.

Adding (F-10) and (F-11) we obtain the first term of the minimization in (81); and adding (F-10) and (F-12) we
obtain the second term of the minimization in (81).

Finally, we obtain the capacity in Theorem 9 by maximizing the RHS of (81) over all possible values of p1» € [-1, 1]
and pis € [-1,1]. Investigating the two terms of the minimization, we can easily see that it suffices to consider

p12 € [0,1] and p1s € [-1, 0]. This concludes the proof of Theorem 9.

G. Proof of Theorem 8

In this section, we first use the upper bound for the DM case in Theorem 5 to obtain a new upper bound on
the capacity of the state-dependent additive Gaussian model (71). Then, we show that this new upper bound is
maximized by jointly Gaussian (S, Xig, Xip, X2, Z», Z3).

From Theorem 5, we have that, given any (e,, 11, R) sequence of codes with average error probability P; — 0 as

n — +o0, the transmission rate R satisfies

R < min {I(Xig; YalXa, S), 1(X; Ys)} + I(X1p; Y3[X, S) (GD)
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for some joint measure of the form

Psxip,Xip, X2, Y2, Ys = Q8P P, P13, W 12, Wi 1, %0,5-
Since the channel structure (71) satisfies Wy, x,x,x,,5s = Wy, |x.x,5, it follows that
I(X1r; Y2|S, X2) = H(Y2|S, X2) — H(Y2[S, X2, Xir)

= H(Y2|S, X) — H(Y2[S, Xir)

< H(Y2|S) = H(Y2[S, Xir)

= I(Xir; Y25).
An upper bound on the capacity of the channel (71) is then given by

R < min {[(X1g; YaIS), [(X2; Y3)} + [(Xip; V51X, )
for some joint measure of the form

P X, Xip, %0, Y2, Y5 = QL% Py Pxp1xa, s Wa1xie,s Wrs Xip, Xa,5-
(Note that, in contrast to in Theorem 5 and (G-2), the inputs Xz and X, are independent in (G-5)).
Fix a joint distribution on (S, Xir, Xip, X2, Y2, Y3) of the form (G-5) satisfying
E[Xig] = Pir < Pir, E[Xjp]=Pip <Pip, E[X3]=DPr <Py,
E[XipXa] =012, [E[X1pS] = 01s.
We shall also use the correlation coefficients p1» € [-1,1], p1s € [-1, 1] defined as

012 _ 015
PipP, L PipQ

We first compute the first term in the minimization on the RHS of (G-4). We have

R < I(X1r; Y2|S) + I(X1p; Y3l X2, S)

= h(X1r + Z2|S) = W(Z2) + h(X1p + Z3|1X2, S) — h(Z3)

(a)
< h(Xar + Z2) = W(Z2) + h(Xap + Z31X2, S) — h(Z3)

INE

i o
%log(1+%)+%10g(1+131’3(1+312p19),

54

(G2)

(G-3)

(G4)

(G-5)

(G-6)

(G-7)

(G-8)
(G9)
(G-10)

(G-11)

where: (2) holds since conditioning reduces entropy; and (b) holds since the conditional differential entropy

h(Xir + Z;) is maximized if (Xig, Z,) are jointly Gaussian and, by the Maximum Conditional Differential Entropy

Lemma [51, Part 1], the conditional differential entropy h(Xip + Z3|X5, S) is maximized if (S, Xip, X», Z3) are jointly

Gaussian.

We now compute the term [I(X; Y3) + I(Xip; Y3|X>, S)]. We have

1(Xa; Y3) + I(X1p; Y3lXa, S) € I(X1p; Y3lXa, S) + I(Xa; Y3) — I(Xa; S)
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=1(X1p; Y3|X2, S) + I(X2; Y3|S) — I(X2; S|Y3)
= h(Y3|S) — h(Y3|S, Xip, Xa2) — h(SIY3) + h(S|X1, Y3)
= h(Y3) = h(S) + h(5|X2, Y3) — h(Z3) (G-12)

where: (c) follows since X, and S are independent.

For fixed second moments (G-6), we have
1 - -
]’l(Y3) < E IOg(Zﬂ(S)(Pll) + P2 + 2(712 + 20‘15 + Q + N3), (G-13)

where equality is attained if Y3 is Gaussian. Similarly, the term h(S|X», Y3) is maximized if (S, X,, Y3) are jointly

Gaussian. Let g(Xz, Y3) = E[SIX>, Y3] be the MMSE estimator of S given (X, Y3), i.e.,
S(X2, Y3) = B[S|Xy, Xip + S + Zs]
= )/1X2 + )/2(X1D +S+ Z3) (G-14)

with

_ 012(Q + 015)
pz(plp + 20715 + Q + N3) - 0'%2

_ Py(Q + 015)
pz(Plp + 20715 + Q + N3) - 0'%2

r1=

72 (G-15)

h(SIXa, Y3) = h(S = 5(Xa, Y3)|X2, Ya)
< h(S — ]/1X2 — )/2(X1D +S+ Z3))

= % log(ZTce)]E[(S -1 X2 —y2Xip + S+ Z3))2]

QP1pP; + PoN3Q — 02 P, - 03,Q
pg(plp + 2015 + Q + N3) - 0‘%2
where the inequality is attained with equality if S, Xip, X5, Y3 are jointly Gaussian. Then, from (G-12), (G-13) and

= % log ((27‘[6) ), (G-16)

(G-16) and straightforward algebra, we obtain
(VP2 + piz VP1p)?
Pio(1 - p2, - p2) + (VQ + p1s VP1p)* + N3
Pip(1-p7, - P%s))
N3 '

For convenience, let us now define the function ®;(Piz, Pip, P12, P1s) as the RHS of (G-11) and the function

1
I(X2; Y3) + 1(Xap; YalS, X2) = > log (1 +

1
+y log (1 + (G-17)

©,(P1p, P, P12, P2s) as the RHS of (G-17). From the above analysis, the capacity of the channel is upper-bounded as
C < max min{®;(Pir, P1p, p12, p15), ®2(P1p, P2, p12, p15)} (G-18)

where the maximization is over all covariance matrices of (X1r, X1p, Xo, S) of the form

Pir 0 0 0
0 Pir p12VPipP2  p1s VPipQ
AXerxlD,XZ/S = — - ’ (G-19)
0 pi2vPipP: P, 0

0 P1s VplDQ 0 Q
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that satisfy
Pir <Pir, Pip<Pip, P,<P, (G-20)
and have non-negative discriminant,
QP1rP1pPy(1 - p}, - p3.) 2 0, (G-21)
ie., forQ >0,
P+ 05 <1 (G-22)

Investigating ©1(P1r, Pip, p12, p1s) and @2(Pip, Py, p12, p1s), it can be seen that it suffices to consider p1» € [0,1]
and pis € [-1, 0] for the maximization in (G-18).

Also, it is easy to see that, for fixed Pip, the functions @;(Pir, P1p, p12, p1s) and ®a(P1p, Py, p12, p1s) increase
monotonically with D1z and P,. So, for fixed Pip, they are maximized at Pig = Pigand P, = P,. To complete the
proof, we should show that ©;(P1r, Pip, P12, p1s) and @, (P1ip, P, P12, p1s) are also maximized at Pip = Pip.

It is clear that the function ©;(P:g, Pip, P12, P1s) increases with Pip. The term ©,(Pip, P, P12, P1s) can be seen as
the sum rate of a two-user state-dependent MAC with state information S” known to one encoder, both encoders
sending a common message and the informed encoder sending, in addition, an individual message [15]. As argued
in [15], this sum rate increases with the power of the informed encoder [15, Appendix E], i.e., Pyp here. This

concludes the proof of Theorem 8.

H. Proof of Theorem 9

1) Converse Part: the proof of the converse part of Theorem 9 follows by noticing that the computation of the upper
bound (G-4) in the proof of Theorem 8 for the special case (80), and using the same jointly Gaussian distribution
as in Appendix G, gives the RHS of (81).

2) Achievability Part: the proof of the direct part of Theorem 9 follows by computing the rate (33) using an
appropriate jointly Gaussian distribution on (S, Ui, Xir, Xip, X2). The algebra is similar to that in the proof of

Proposition 2 and is therefore omitted for brevity.
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