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Abstract

We study the problem of receive beamforming in uplink cascade multiple-input multiple-output
(MIMO) systems as an instance of that of cascade multiterminal source coding for lossy function
computation. Using this connection, we develop two coding schemes for the second and show that their
application leads to efficient beamforming schemes for the first. In the first coding scheme, each terminal
in the cascade sends a description of the source that it observes; the decoder reconstructs all sources,
lossily, and then computes an estimate of the desired function. This scheme improves upon standard
routing in that every terminal only compresses the innovation of its source w.r.t. the descriptions that are
sent by the previous terminals in the cascade. In the second scheme, the desired function is computed
gradually in the cascade network, and each terminal sends a finer description of it. In the context
of uplink cascade MIMO systems, the application of these two schemes leads to efficient centralized

receive-beamforming and distributed receive-beamforming, respectively.

I. INTRODUCTION

Consider the cascade communication system for function computation shown in Figure
Terminal [, [ =1,..., L, observes, or measures, a discrete memoryless source S;' and commu-
nicates with Terminal (/4 1) over an error-free finite-capacity link of rate R;. Terminal (L + 1)
does not observe any source, and plays the role of a decoder which wishes to reconstruct
a function Z" lossily, to within some average fidelity level D, where Z; = ¢(Si,...,SL,)
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Fig. 1: Multi-terminal cascade source coding coding for lossy function computation.

for some function ¢(-). The memoryless sources (S7,...,S}) are arbitrary correlated among
them, with joint measure pg, . s, (s1,...,s). For this communication system, optimal tradeoffs
among compression rate tuples (Ry,..., R;) and allowed distortion level D, captured by the

rate-distortion region of the model, are not known in general, even if the sources are independent.
For some special cases, inner and outer bounds on the rate-distortion region, that do not agree
in general, are known, e.g., for the case L = 2 [1]. A related work for the case L. = 2 has also
appeared in [2]. For the general case with L > 2, although a single-letter characterization of
the rate-distortion region seems to be out of reach, one can distinguish essentially two different
approaches or modes. In the first mode, each terminal operates essentially as a routing node.
That is, each terminal in the cascade sends an appropriate compressed version, or description,
of the source that it observes; the decoder reconstructs all sources, lossily, and then computes
an estimate of the desired function. In this approach, the computation is performed centrally, at
only the decoder, i.e., Terminal (L +1). In the second mode, Terminal [, [ = 1,. .., L, processes
the information that it gets from the previous terminal, and then describes it, jointly with its own
observation or source, to the next terminal. That is, in a sense, the computation is performed
distributively in the network. (See, e.g., [3]-[S]], where variants of this approach are sometimes
referred to as in-network processing).

Consider now the seemingly unrelated uplink multiple-input multiple-output (MIMO) system
model shown in Figure @ In this model, M users communicate concurrently with a common base
station (BS), as in standard uplink wireless systems. The base station is equipped with a large
number of antennas, e.g. a Massive MIMO BS; and the baseband processing is distributed across
a number, say L, of modules or radio remote units (RRUs). The modules are connected each to a
small number of antennas; and are concatenated in a line network, through a common fronthaul

link that connects them to a central processor (CP) unit. This architecture, sometimes referred to
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Fig. 2: Chained MIMO architecture for uplink Massive MIMO systems.

as “chained MIMO” [|6] and also proposed in [6] as an alternative to the standard one in which
each RRU has its dedicated fronthaul link to the CP [7]-[16]], offers a number of advantages
and an additional degree of flexibility if more antennas/modules are to be added to the system.
The reader may refer to [17]-[19] where examples of testbed implementations of this novel
architecture can be found. For this architecture, depending on the amount of available channel
state information (CSI), receive-beamforming operations may be better performed centrally at
the CP or distributively across RRUs. Roughly, if CSI is available only at the CP, not at the
RRUs, it seems reasonable that beamforming operations be performed only centrally, at the CP.
In this case, RRU [, [ = 1,..., L, sends a compressed version Sl of its output signal S; to the
CP, which first collects the vector (Sl, cee S 1), and then performs receive-beamforming on it.
In contrast, if local CSI is available or can be acquired at the RRUs, due to the linearity of the
receive beamforming (which is a simple matrix multiplication) parts of the receive beamforming
operations can be performed distributively at the RRUs (see Section III).

The above shows some connections among the model of Figure |2 and that, more general, of
Figure (1| In this paper, we study them using a common framework. Specifically, we develop
two coding schemes for the multiterminal cascade source coding problem of Figure [} and then
show that their application to the uplink cascade MIMO system of Figure [1| leads to efficient
receive-bemforming which, depending on the amount of available CSI at the RRUs, is better
performed centrally at the CP or distributively across RRUs. In the first coding scheme, each

terminal in the cascade sends a description of the source that it observes; the decoder reconstructs



all sources, lossily, and then computes an estimate of the desired function. This scheme improves
upon standard routing in that every terminal only compresses the innovation of its source w.r.t.
the descriptions that are sent by the previous terminals in the cascade. In the second scheme,
the desired function is computed gradually in the cascade network, and each terminal sends a
finer description of it. We also review the basic routing strategies and propose an improvement
based on distributed source coding. Furthermore, we also derive a lower bound on the minimum
distortion at which the function can be reconstructed at the decoder. Numerical results show
that the proposed methods outperform standard compression strategies and perform close to the

lower bound in some regimes.

A. Notation

Throughout, we use the following notation. Upper case letters are used to denote random
variables, e.g., X; lower case letters used to denote realizations of random variables x; and
calligraphic letters denote sets, e.g., X. The cardinality of a set X is denoted by |X|. The
length-n sequence (X, ...,X,) is denoted as X"; and, for (1 < k < j < n) the sub-sequence
(X%, Xjt1,...,X;) is denoted as X,z. Boldface upper case letters denote vectors or matrices,
e.g., X, where context should make the distinction clear. For an integer L > 1, we denote the
set of integers smaller or equal L as £ = {1,...,L}; and, for 1 <[ < L, we use the shorthand
notations £; = {1,2,...1}, L& =2 {I+1...Lyand £/1 = {1,...,1—1,1+1,..., L}. We denote
the covariance of a vector X by X, = E[XX*]; 3, | is the cross-correlation ¥, , = E[XY*],
and the conditional correlation matrix of X given Y as X,y £y — 2x7y2; 1§]x7y. The length-
N vector with all entries equal zero but the [-th element which is equal unity is denoted as
8, ie., 6, & [01%;-1,1,01xn—]; and the X N matrix whose entries are all zeros, but the first

diagonal elements which are equal unity, is denoted by I;, [I}];; = 1 for i <[ and 0 otherwise.

II. CASCADE SOURCE CODING SYSTEM MODEL

Let {S1:, 52, ...,50:} = (S7,...,5}) be a sequence of n independent and identically
distributed (i.i.d.) samples of the L-dimensional source (Si,Ss,...,Sy) jointly distributed as

. A
p(s1,...,s) over Sy X ... x Sg. For convenience, we denote S}, = ().



A cascade of (L + 1) terminals are concatenated as shown in Figure |1} such that Terminal
l,l=1,...,L, is connected to Terminal (I + 1) over an error-free link of capacity R; bits per
channel use. Terminal (L+1) is interested in reconstructing a sequence Z" lossily, to within some
fidelity level, where Z;, = ¢(S1,,...,S5L), ¢ = 1,...,n, for some function ¢ : §; x...xS, — Z.
To this end, Terminal [, [ = 1,..., L, which observes the sequence S;' and receives message
mi—1 € M;_; & {1,...,Ml(fi} from Terminal (I — 1), generates a message m; € M, as
my = fl(")(sf, my_1) for some encoding function fl(”) 1S x Mj_1 = M, and forwards it over
the error-free link of capacity R; to Terminal (I + 1). At Terminal (L + 1), the message my, is
mapped to an estimate Zn = g™ (mp) of Z", using some mapping g™ : My — Z" Let Z be
the reconstruction alphabet and d : Z x Z — [0,00) be a single letter distortion. The distortion

n

between Z" and the reconstruction Z" is defined as d(2"; 2") = £ >°" | d(z; 4;).

Definition 1. A tuple (R, ..., Ry) is said to achieve distortion D for the cascade multi-terminal
source coding problem if there exist L encoding functions fl(n) SIXMig > M l=1,... L,

and a function ¢/ : My — Z such that
1 (n) 1 n, on
Ry > —logM,"”, l=1,...,L and D > —E[d(Z"; Z")].
n n

The rate-distortion (RD) region R(D) of the cascade multi-terminal source coding problem

is defined as the closure of all rate tuples (R, ..., Ry) that achieve distortion D.

III. SCHEMES FOR CASCADE SOURCE CODING

In this section, we develop three coding schemes for the cascade source coding model of

Figure [I] and analyze the RD regions that they achieve.

A. Successive Wyner-Ziv Routing (WZR)

A simple strategy which is inspired by standard routing (SR) in graphical networks and
referred to as multiple-and-forward in [4] has terminal /[, [ = 1,..., L, forward a compressed
version of its source to the next terminal, in addition to the bit steam received from the previous

terminal in the cascade (without processing). The decoder decompresses all sources and then



outputs an estimate of the desired function. In SR, observations are compressed independently
and correlation with the observation of the next terminal in the cascade is not exploited. We
propose a novel scheme, to which we refer as “Successive Wyner-Ziv Routing” (WZR), in
which terminal [/, [ = 1,..., L, compresses its observation S;' into a description U;" taking
into account the descriptions (U}, ...,U]" ) sent by the previous terminals in the cascade as
decoder side information that is available at the CP, i.e., exploits the correlation between S}
and (U},...,U*;) through Wyner-Ziv binning [20]. In doing so, it uses B; bits per source
sample. Along with the produced compression index of rate 3;, each terminal also forwards the
bit steam received from the previous terminal to the next one without processing. The decoder

successively decompresses all sources and outputs an estimate of the function of interest.

Theorem 1. The RD region Rywzr (D) that is achievable with the WZR scheme is given by the

set of rate tuples (Ry, ..., Ry) satisfying
I
RlzZ[(SuUz’Ub?szl% for lzla"'7L7 (1)
i=1

for some joint pmf p(sy,. .., s1) [11-y, p(wl|s;) and function g s.t. Bld(Z, g(U,...,U))] < D.

Remark 1. The auxiliary random variables (Uy,...,Ur) that are involved in (1)) satisfy the

following Markov Chains
Ul—e—Sl—e—(Sg/l,Ug/l), fOI’ lzl,...,L, (2)

where Sg/l == (Sl, ceey Sl—l; Sl+17 ey SL) and UC/Z = (Ul, ceey Ul—h Ul+17 ey UL) L]
Outline Proof: The proof of Theorem (1| follows by applying successively standard Wyner-Ziv
source coding [21]]. Hereafter, we only outline the main steps, for the sake of brevity. Fix € > 0
and a joint pmf p(sy,...,sp,uq,...,ur) that factorizes as

p(S1,. .., S0, U1, ..., ur) =p(S1,...,5L) Hp(ul|sl) 3)
=1

and a function g(-) such that E[d(Z, g(Uy,...,Ur))] < D/(1 + €). Also, fix non-negative
Ry,..., Ry, such that for R > Ry +---+ Ry forl=1,..., L.



Codebook Generation: Let non-negative Rl, .. .,]%L, and set B, = R, — (Ry + -+ + R;_1)
for { = 1,..., L. Generate L codebooks {C;}, [ = 1,..., L, with codebook C; consisting of a
collection of 2"(Zi+#1) independent codewords {u]'(i;)} indexed with 4, = 1, ..., on(BitR) where
codeword u;'(7;) has its elements generated i.i.d. according to p(v;). Randomly and independently
assign these codewords into 25 bins {B;,} indexed with j; = 1,...,2"5, each containing onk
codewords.

Encoding at Terminal [: Terminal [ finds an index i; such that u}'(i;) € C; is strongly e-jointly
typica with s7, i.e., (u]'(i;), s}) € 7E(U:L qu]. Using standard arguments, it is easy to see that this

can be accomplished with vanishing probability of error as long as n is large and
By + Ry > 1(Si; U). )

Let j; such that 3j, > u}'(¢;). Terminal [ then forwards the bin index j; and the received message
my_1 = (J1,.-.,J1-1) to Terminal [ as m; = (m;_1, ji).

Reconstruction at the end Terminal (L+1): Terminal (L + 1) collects all received bin indices as
mr = (j1,...,Jjr), and reconstructs the codewords u/ (1), ..., u}(ir) successively in this order,
as follows. Assuming that codewords (u}(i1),...,u}" ;(i;—1)) have been reconstructed correctly,
it finds the appropriate codeword v'(i;) by looking in the bin 5, for the unique w}'(7;) that is
e-jointly typical with (uf(é1),...,u} 1(4;—1)). Using standard arguments, it is easy to see that

the error in this step has vanishing probability as long as n is large and

R < I(U;Uy,...,U_4). (5)
Terminal (L+1) reconstructs an estimate of Z” sample-wise as Z; = g(u;(i1), u2,i(ia), - . ., uri(iz)),
1 =1,...,n. Note that in doing so the average distortion constraint is satisfied.
Finally, substituting B; = R, — (Ry + --- + R;—1) and combining @) and (), we get (I); and
this completes the proof of Theorem 0

Remark 2. As it can be conveyed from the proof of Theorem |I| because every terminal |,

"For formal definitions of strongly e-joint typicality, the reader may refer to [22].
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Fig. 3: Distributed source coding model for the routing scheme of Theorem

I =1,...,L, uses a part (R, + ...+ Ry_1) of its per-sample rate R, to simply route the
bit streams received from the previous terminals in the cascade and the remaining per-sample
By = R;— (Ry1+...4+ Ry_1) bits to convey a description of its observed source S}, the resulting
scheme can be seen as one for the model shown in Figure [3|in which the terminals are connected
through parallel links to the CP. Using this connection, the performance of the above WZR scheme
can be improved by compressing the observations a-la Berger-Tung [23|]. Furthermore, note that
in the described WZR scheme Terminal | does not exploit the available bits streams from the

previous terminals in the cascade as encoder side information.

B. Improved Routing (IR)

In this section, we propose a scheme, to which we refer to as “Improved Routing” (IR), which
improves upon SR and WZR by compressing at each terminal its observed signal considering
the compressed observations from the previous terminals as side information available both at
the encoder and the decoder [22]. Thus, each terminal only compresses the innovative part of the

observation with respect to the compressed signals from previous terminals (see Section [[V-A).

Theorem 2. The RD region Rir(D) that is achievable with the IR scheme is given by the union
of rate tuples (R, ..., Ry) satisfying

l
Ry > I(S;U|Uy, ..., Uy), for 1=1,...L, (6)
i=1

for some joint pmfp(s,...,SL) Hlelp(ul]sl, Uy, ..., u_1) and function g, s.t. Z = g(Uy, ..., UpL)
and E[d(Z, Z)] < D.



Remark 3. The auxiliary random variables (U, ...,Uy) that are involved in (0) satisfy the

following Markov Chains

Ul—e—(Sl,Uﬁl_l)—e—(Sg/l,Uglc) fOl’ lZl,...,L, (7)
where Ug, , = (U, ..., Ui_1) and Ure = (Upg1, ..., Up). O
Outline Proof: Fix ¢ > 0, and a joint pmf p(sy,..., Sy, uy,...,ur) that factorizes as
p(S1,. .., S0, Uty ..., UL) :p(sl,...,SL)Hp(ul|sl,u1,...,ul_l), (8)
1=1

and a reconstruction function g¢(-) such that E[d(Z;g(Us,...,UL))] < D/(1 + €). Also, fix
non-negative Ry, ..., Ry such that for R > Ry +---+ Ry, forl=1,..., L.

Codebook generation: Let B = R — (Ry +---+ R;_1) for [ = 1,..., L. Generate a codebook
C; consisting of a collection of 25! codewords {u7(i;)}, indexed with i, = 1,...,2"5
where codeword wu/(i1) has its elements generated i.i.d. according to p(u,). For each index
i1, generate a codebook Co(i1) consisting of a collection of 2"52 codewords {u} (i1, i)} indexed
with 75 = 1,...,2"P2 where codeword u}(iy, %) is generated independently and i.i.d. according
to p(us|uy). Similarly, for each index tuple (i1, ...,%,_1) generate a codebook C;(i1,...,7_1) of
2"Bi codewords {u!(iy, .. .,4;)} indexed withi; = 1, ..., 2"5 and where codeword u} (iy, . . . , %)
has its elements generated i.i.d. according to p(u;|uy, ..., u_1).

Encoding at Terminal 1: Terminal 1 finds an index ¢; such that u}(i;) € C; is strongly e-jointly
typical with s7, i.e., (u}(i1),s}) € 7}1(2)51} Using standard arguments, this step can be seen to

have vanishing probability of error as long as n is large enough and

Then, it forwards m; = 7; to Terminal 2.
Encoding at Terminal | > 2: Upon reception of m,_; with the indices m; 1 = (i1,...,%4_1),
Terminal [ finds an index 4; such that (u}(i1),...,u}'(1,...,%)) are strongly e-jointly typical

with s7, i.e., (u}(i1),...,u](i1,...,4),s]) € 7{&?”.7%&]. Using standard arguments, this step
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can be seen to have vanishing probability of error as long as n is large enough and
Bl Z[<UZ;SZ|U17~--7Ul71)- (10)

Then, it forwards 7, and m,;_; to Terminal (I + 1) as m; = (i;, my_1).

Reconstruction at end Terminal (L + 1): Terminal (L + 1) collects all received indices as my =

(41,...,11), and reconstructs the codewords (uf(i1),...,u?}(i1,...,4r)). Then, it reconstructs
an estimate of Z" sample-wise as T = fluyi(in), uei(in,ia), ... up (i, ... i0), i = 1,...,m.

Note that in doing so, the average distortion constraint is satisfied.
Finally, substituting B, = R, — (Ry + -+ + R;—1) in (9) and (I0), we get (6). This completes
the proof of Theorem [2] O

Remark 4. Note that the rate constraints in Theorem [I| and Theorem [2] are equal. However,

Rwzr(D) C Rir(D) since the set of feasible pmfs in IR is larger than that in WZR.

Remark 5. In the coding scheme of Theorem 2| the compression rate on the communication hop
between terminal | and terminal (I1+1), [ = 1,..., L, can be improved further (i.e., reduced) by
taking into account sequence S}, | as decode side information, through Wyner-Ziv binning. The
resulting strategy, however, is not of “routing type”, unless every Wyner-Ziv code is restricted to
account for the worst side information ahead in the cascade, i.e., binning at Terminal | accounts
for the worst quality side information among the sequences {S]”, j=1+1,..,L}. Also, in this
case, since the end terminal (L+1), or CP, does not observe any side information, i.e., S}, = 0,
this strategy makes most sense if the Wyner-Ziv codes are chosen such that the last relay terminal
in the cascade, i.e., Terminal L, recovers an estimate of the desired function and then sends it
using a standard rate-distortion code to the CP in a manner that allows the latter to reconstruct

the desired function to within the desired fidelity level.

Remark 6. Inline with the previous remark, for the model of Figure |I| yet another natural
coding strategy is one in which one decomposes the problem into L successive Wyner-Ziv type
problems for function computation, one for each hop. Specifically, in this strategy one sees the

communication between Terminal | and Terminal (I + 1), l = 1,..., L, as a Wyner-Ziv source
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coding problem with two-sided state information, state information S]' at the encoder and state
information S[',, at the decoder. This strategy, which is not of “routing type”, is developed in

the next section.

C. In-Network Processing (IP)

In the routing schemes in Section and Section the function of interest is computed
at the destination from the compressed observations, i.e., the terminals have to share the fronthaul
to send a compressed version of their observations to Terminal (L + 1). We present a scheme to
which we refer to as “In-Network Processing” (IP), in which instead, each terminal computes
a part of the function to reconstruct at the decoder so that the function of interest is computed
along the cascade. To that end, each terminal decompresses the signal received from the previous
terminal and jointly compresses it with its observation to generate an estimate of the part of
the function of interest, which is forwarded to the next terminal (see Section [[V-C). Correlation
between the computed part of the function and the source at the next terminal S, is exploited
through Wyner-Ziv coding. Note that by decompressing and recompressing the observations at

each terminal, additional distortion is introduced [1]].

Theorem 3. The RD region Rip(D) that is achievable with IP is given by the union of rate
tuples (R, ..., Ry) satisfying

Rl ZI(SZ;UZ—1§UZ|SZ+1); lZl,...,L, (11)

for some joint pmf p(sy, ..., s1) [1}_y p(wl|si, wi_1) and a function g, such that Z = g(Ur) and
Eld(Z,2)] < D.

Remark 7. The auxiliary random variables (Uy,...,UyL) that are involved in (1)) satisfy the

following Markov Chains
U - (S, Ui—1) = (Se, Ugji—ayy) for 1=1,...,L, (12)

where Sﬁ/l = (51, ey S1e1, St SL), Uz/{z—u} = (U1, oo Ueg, Upgay - UL)- O
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Outline Proof: Fix ¢ > 0 and a joint pmf p(si,...,sr,us,...,ur) that factorizes as

:h

p(sla"'7SL7ul7"'auL) 317"'7 pullslaul l (13)

z=1
and a function ¢(-) such that E[d(Z;¢(UL))] < D/(1 + ¢). Also fix non-negative Ry, ..., Rr.
Codebook generation: Let non-negative Ry, ..., R;. Generate L codebooks G}, 1=1,...,L,
with codebook C; consisting of a collection of 2"(®1+51) independent codewords {u}'(i;) }, indexed
with 4y = 1,.. .,2"(Rl+Rl), where codeword u]'(7;) has its elements generated randomly and
independently i.i.d. according to p(w;). Randomly and independently assign these codewords
into 2" bins {B;,} indexed with j; = 1,..., 2" each containing onfi codewords.

Encoding at Terminal 1: Terminal 1 finds an index ¢; such that u} € C; is strongly e-jointly
typical with s7, i.e., (u}(i1),s}) € 7&(}%1] Using standard arguments, it is easy to see that this

can be accomplished with vanishing probability of error as long as n is large and
Ry + Ry > 1(Si;:Uh). (14)

Let j; such that B;, > u/(i1). Terminal 1 then forwards the index j; to Terminal 2. Decompres-

sion and encoding at Terminal | > 2: Upon reception of the bin index m;_; = j;_; from Terminal
(I = 1), Terminal [ finds u}" ,(¢;—1) by looking in the bin B;, for the the unique v} ,(7;) that is
e-jointly typical with s;'. Using standard arguments, it can be seen that this can be accomplished

with vanishing probability of error as long as n is large enough and

él < [(Ul,1;51>. (15)

Then, Terminal [ finds an index ¢; such that ul "(i;) € C; is strongly e-jointly typical with
(sfyul 1 (i1-1)), 1.e., (S]upq(ii—1),ul(iy)) € TSUZ - Using standard arguments, it can be

seen that this can be accomplished with vanishing probability of error as long as n is large and
R+ Ry > I1(S, U1 U)). (16)

Let j; such that B;, > v} (i;). Terminal [ forwards the bin index to Terminal (I 4 1) as my; = j;.
Reconstruction at end Terminal (L + 1): Terminal (L + 1) collects the bin index m; = j; and

reconstructs the codeword 7} (i) by looking in the bin B;, . Since Terminal (L+1) does not have
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available any side information sequence, form (I3)), successful recovery of the unique w7 (iz) in
the bin B;, requires RL = 0. That is, each bin contains a single codeword and j; = 7. Then,
Terminal (L + 1) reconstructs an estimate of Z” sample-wise as Z; = g(ur;(iz)), i = 1,...,n.
In doing so, the average distortion constraint is satisfied.

Finally, combining (14), and (16), we get (LI). This completes the proof of Theorem O

Remark 8. It is shown in [l] that for L = 2, in general none of the IR and IP schemes

outperform the other; and a scheme combining the two strategies is proposed.

IV. CENTRALIZED AND DISTRIBUTED BEAMFORMING IN CHAINED MIMO SYSTEMS

In this section, we apply the cascade source coding model to study the achievable distortion
in a Gaussian uplink MIMO system with a chained MIMO architecture (C-MIMO) in which M
single antenna users transmit over a Gaussian channel to L RRUs as shown in Figure 2] The

signal received at RRU [, [ = 1,..., L, equipped with K antennas, S; € CX*1, is given by
S =HX+N, (17)

where X = [X1,..., X/]7 is the signal transmitted by the M users and X,, € C,m=1,..., M
is the signal transmitted by user m. We assume that each user satisfies an average power constraint
E[| X.?] < snr, m = 1,..., M, where snr > 0; H; € C¥*M is the channel between the M
users and RRU [ and N; € CX ~CN(0,1) is the additive ambient noise.

The transmitted signal by the M users is assumed to be distributed as X ~ CA/(0,snrI) and
we denote the observations at the L RRUs as S = [ST, ... ST]”. Thus, we have S ~ CN(0, ),
where 3, = sntH,/H# + T and H; = [H, ... HIT.

(DMXN-K

In traditional receive-beamforming, a beamforming filter W & is applied at the

decoder on the received signal S to estimate the channel input X with the linear function
Z = WS. (18)

In C-MIMO, the decoder (the CP) is interested in computing the receive beamforming signal

(T8) with minimum distortion, although S is not directly available at the CP but remotely observed
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at the terminals. Depending on the available CSI, receive-beamforming computation may be
better performed centrally at the CP or distributively across the RRUs:

Centralized Beamforming: If CSI is available only at the CP, not at the RRUs, it seems
reasonable that beamforming operations are performed only centrally at the CP. In this case,
RRU [, I =1,...,L, sends a compressed version Sl of its output signal S; to the CP, which
first collects the vector (Sl, ...,8 1), and then performs receive-beamforming on it.

Distributed Beamforming: If local CSI is available at the RRUs, or can be acquired, receive
beamforming operations can be performed distributively along the cascade. Due to linearity the

joint beamforming operation can be expressed as a function of the received source as
Z=WS=W;S 4+ ---+W_.S;, (19)

where W; € CM*K corresponds to blocks of K columns of W such that [W1,... , W] =W.
In this case, the receive beamforming signal can be computed gradually in the cascade network,
by letting the RRUs compute a part of the desired function, e.g., as proposed in Section
RRU [, =1,...,L computes an estimate of WS; + --- + W,S,.

The distortion between Z and the reconstruction of the beamforming signal Z at the CP is

measured with the sum-distortion
d(Z,7) 2 Tr{(Z — Z)(Z — 7)"}. (20)

For a given fronthaul tuple (Ry,...,R;) in the RD region R(D), the minimum achievable

average distortion D is characterized by the distortion-rate functiorﬂ given by
D(Ry,...,Ry) £ min{D >0: (Ry,...,R;) € R(D)}. 1)

Next, we study the distortion-rate function in a Gaussian C-MIMO model under centralized

and distributed beamforming with the schemes proposed for the cascade source coding problem.

*This formulation is equivalent to the rate-distortion framework considered in Section here we consider the distortion-rate
formulation for convenience.
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A. Centralized Beamforming with Improved Routing

In this section, we consider distortion-rate function of the IR scheme in Section [III-B| applied
for centralized beamforming. Each RRU forwards a compressed version of the observation to
the CP, which estimates the receive-beamforming signal Z from the decompressed observations.
While the optimal test channels are in general unknown, next theorem gives the distortion-rate
function of IR for centralized beamforming for the C-MIMO setup under jointly distributed

Gaussian test channels.

Theorem 4. The distortion-rate function for the IR scheme under jointly Gaussian test channels

is given by
Di(Ry, ..., Ry) = min Tr{%, — 2,0 g 20, ) (22)
1yeeey L
st. R >By+...+B, [=1,...,L, (23)
By £ log|Zgu,, , + Kil/[Kil, (24)

_ -1 H _ T _ Ve
where 251|u£z_1 = Esz_zslvuﬁl,lEucHESuucH and Xg, = 6;350; , ESz,ugH =031, X

LY, I0, 8, =WEWH %, =W, 5, =5+ diag[K,].

uc, 4

Proof: We evaluate Theorem [2| by considering jointly Gaussian sources and test channels
(S1,...S.,Uy,...,Uy) satisfying p(sy,...,sr) Hle p(ws;,uy,...,u_1) and the minimum
mean square error (MMSE) estimator Z = E[Z|U,] as reconstruction function g, where we
define Uy, , = [Uy,...,U;_;]. Note that MMSE reconstruction is optimal under (20), while
considering jointly Gaussian test channels might be suboptimal in general. First we derive a

lower bound on the achievable distortion. We have

B 2 1(S;;U|U;, ) (25)
=1(J;;U)|Ug,_,) (26)
=1(J;,U.,_:U) (27)

> I1(J;0,), (28)
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where in (26) we define the MMSE error J; = S; — E[S;|U,, ], which is Gaussian distributed
J; ~CN(0,%,4 - ); follows due to the orthogonality principle [22]], and due to the fact
that for Gaussian random variables, orthogonality implies independence of J; and U, .

For the fixed test channels, let us choose A; with 0 < A; < 2;1 such thatfor/=1,...,L
1

|ul:l_

cov(J1|U) = Sgjug, , — Bsifue,  ArSsug, - (29)

Note that such A; always exists since 0 < cov(J;|U;) < Y lug, - Then, from [28), we have

By = h(Ji) = k(3| Uy) (30)
> log |Xgu,, | —log|cov(J:[Uy))| (31)
= log [Squ,, | +Kil — log [Ki], (32)

where follows by considering the positive-semidefinite matrix K; = 0 such that

A =3 I-K(Sy.,  +K)'K?). (33)

silug,_,
The distortion is lower bounded as

D > Tr{E[(Z — E[Z|U.])(Z — E[Z|U))"]} = Tr{Z, — Zpu. Zg B (34)

z,ucJ-

where (34) follows due to the linearity of the MMSE estimator for jointly Gaussian variables.
The lower bound given by and is achievable by letting U, = S; + Q,, with Q; ~
CN(0,K;), and independent of all other variables, as follows

B, = 1(S;;U|Ug,_,) 35)
= h(Ui|Ug,_,) = K(U;|Ug,_,,S)) (36)
= h(S — E[Si|Ur,_,] + Qu|U;,_,) — Q) (37)
= h(S — E[S)|Ug,_,] + Qi) — h(Q)) (38)
— log[Sq ., +Ki| - log K], (39)

where follows since U; = S; + Q; and (38)is due to the orthogonality principle.



17

SI SI
| |

U, v i

; - mno. | Ji i — @
Bits f . | Decomp. S Comp. —> ) }’\yn(r 7‘|V
its from ] : Comp. o Bits to Bits from Carmpare==iom Bits to
e e mina -

Ui )
Ji—1

0
Multiplexing
\J
Multiplexing
\J

Terminal Terminal [
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Optimizing over the positive semidefinite covariance matrices Ky,..., K, > 0 gives the
desired minimum distortion D in Theorem 0

The IR scheme in Section |lII-B| requires joint compression at each RRU. However, for the
Gaussian C-MIMO, it is shown next that the sum-distortion D;r in Theorem ] can be achieved
by applying at each RRU separate decompression, innovation computation and compression, as
follows. See Figure [6] At RRU I:

« Upon receiving bits m;_;, decompress Ul, . ,I_Jl_l.

« Compute the innovation J; = S; — E[S;|U,...,U;_4].

« Compress J; at B; bits per sample independently of Uy, ..., U;_; using test channels U; =

J; + Qq, with Q; ~ CN(0,K;) independent of each other.

Proposition 1. For the Gaussian C-MIMO model, separate decompression, innovation computa-

tion and compression achieves the minimum distortion Dy characterized by the distortion-rate

function in Theorem

Proof: We show that any distortion D achievable for a pmf p(sy,...,s) Hle p(wls;,ug,...,u-1)
and the corresponding (By, ..., By) in Theorem E| is also achievable with separate decompres-
sion, innovation computation and compression as detailed above. Note that J; corresponds to the
MMSE error of estimating S; from (U, ..., U;_;), and is an i.i.d. Gaussian sequence distributed

as J; ~ CN(0,%;,). From standard arguments, compressing J; at B; bits requires

B > 1(J;0) (40)

= h(T) — BT (41)
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=log |3 + K| — log |Kq, (42)

silug, 4

where (42) follows since 3;; = gy, , which follows since RRU [ can compute Uy = Uy +
E[Sy|Uy,...,Up_4] for I’ = 1,...,1, which is distributed as the test channels U,y = Sy + Qy
and thus E[Sl’Uﬁl,l] = E[Sl|ﬁ£l71].

The distortion between Z and its estimation from U satisfies

D > Te{E[(Z - E[Z|U,])(Z - E[Z|U])"]} (43)

= Tr{E[(Z — E[Z|U.])(Z - E[Z|U.))"]} (44)

=Tr{Z, - 0. S0, 200 - (45)

Thus, any achievable distortion D for given p(si,...,sy) Hlelp(ul|sl, uy,...,u_q) and fixed
(B1,...,Byr) in Theorem {4| is achievable by separate decompression, innovation computation
and compression. 0
Determining the optimal covariance matrices (Kj,...,K) achieving Digr(Ry,...,Ry) in

Theorem [ requires a joint optimization, which is generally not simple. Next, we propose a
method to successively obtain a feasible solution (K7, ..., K7 ) and the corresponding minimum
distortion Dj;_«(Ry,..., Ry) for given (Ry,..., Rr):
1) For a given fronthaul tuple (Ry,..., Ry), fix non-negative By, ..., By, satisfying R, >
Bi+...+B,forl=1,..., L.
2) For such (By, ..., Byr), sequentially find K; from RRU 1 to RRU L as the K; minimizing
the distortion between the innovation J; and its reconstruction as follows. At RRU /[, for

given K7,... K] ; and B;, K is found from the covariance matrix K; minimizing
Di(B) & min Tr{E[(J; — E[J|U)) (I — E[3[U))"T} (46)
l

S.t. BlZIOg’E +KZ|/|KZ|

Sl|u£171

3) Compute the achievable distortion Di(By, .. ., Br) by evaluating Tr{¥,-X%, , S 137 1

L Z,uc

as in Theorem 2| with the chosen covariance matrices (K7,... , K7).

4) Compute Dy _g(Ry,..., Rr) as the minimum D (By, ..., Br) over (By,..., Br) satis-
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fying the fronthaul constraints i > By +---+ B, for[=1,... L .
Note that (46) corresponds to the distortion-rate problem of compressing a Gaussian vector
source J; ~ CN(0,X;,) at B, bits. The solution for the distortion-rate problem in (46) is standard

and is given next for completeness.

Proposition 2. Given Ki,... Kj ,, let 35, = Ygu,, = VAV, where VIV, =1 and
Ay 2 diag[)\], ..., ). The optimal distortion @8) is D; = S0 min{\, A/} where \ > 0 is

the solution to

K )\J
= > log* (—k> , (47)
2 log” (3

and it achieved with K; = VAV, where A = diag[\?, ..., \9] and \? = min{\, \]}/(\] —
min{\, A\ }).

Outline Proof: The minimization of the RD problem in (46) is standard, e.g. [24], and well
known to be achieved by uncorrelating the vector source J; into K uncorrelated components as
= VH], ~ CN(0,A;). Then, the available B; bits are distributed over the parallel source

components J; by solving the reverse water-filling problem

:d1,H,HI}}>Ode s.t. B = Zlog < ),

The solution to this problem is given by dy = min{\{,\}, where A > 0 satisfies 7). The
optimality of K follows since D, is achieved with K as stated in Proposition [2f [24], [25]. [

B. Centralized Beamforming with Succesive Wyner-Ziv

In this section, we consider the distortion-rate function of the WZR scheme in Section [LII-A
for centralized beamforming. Similarly to IR, each RRU forwards a compressed version of its
observation to the CP, which estimates the receive-beamforming signal Z from the decompressed
observations. Next theorem shows that WZR achieves the same distortion-rate function than the

IR scheme under jointly Gaussian test channels.
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Theorem 5. The distortion-rate function of the WZR scheme Dwzgr(Ry, ..., Ry) with jointly

Gaussian test channels, is the same as the dirtortion-rate function of the IR scheme with Gaussian

test channels in Theorem 4} i.e., Dwyzr(R1,...,Rr) = Dir(Ry,...,Ry)

Outline Proof: Since Rwzr(D) C Rir(D), we only need to show that any distortion D
achievable with IR in Theorem [ is also achievable with WZR. For fixed (B, ..., B) and
p(s1,...,8L) Hlel p(ws;,uy,...,u_1) withIR in Theorem the minimum distortion is achieved
by considering a test channel U; = S; + Q. Since this test channel is also in the class of test
channels ], p(us;) of WZR, it follows that any achievable distortion D for fixed (Bj, . .., By,)
and p(sy,...,sr) Hlep(ul|sl, ui,..., ;1) in Theorem {4|is achievable with WZR. H

C. In-Network Processing for Distributed Beamforming

In this section, we study the distortion-rate function of the IP scheme in Section [lII-C
for distributed beamforming. At each RRU, the received signal from the previous terminal is
jointly compressed with the observation and forwarded to the next RRU. While the optimal
joint compression per RRU along the cascade remains an open problem, even for independent
observations [22]], we propose to gradually compute the desired function Z by reconstructing
at each RRU parts of Z. In particular, compression at RRU [ — 1 is designed such that RRU [

reconstructs from S; and the received bits an estimate of the part of the function:
Z,E WS+ -+ WS, (48)

The design of the compression is done successively. Assuming U £ (U%,...,Up ) are

fixed, at RRU [, Uy, is obtained as the solution to the following distortion-rate problem:

Dy(R) = min T{E[(Z — Z)(Z — Z)"]} (49)

p(ul |Sl7u?71)

S.t. Rl > [(Sl, U;Ll; Ul|Sl+1). (50)

Problem (@9)-(50) corresponds to the distortion-rate function of the remote source coding problem

of lossy reconstruction of function Z; as Z;, from a remote observation S;, U; ; when side
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information S;;, is available at the decoder. Proposition [3| characterizes the optimal test channel

at RRU [ given Uzl_l, r.e., Uj, and shows that it is Gaussian distributed as,
U; =P [U_; W,iS]7 +Q, (51)
where P, = [P}, P}] and Q; ~ CN(0,K)). Let IT{), = P{'--- P}/ and Q = [Q{, ..., Q]]",

Py £ [H,{gpfwl, . ,H{{Pf_lwl,l, P’W,,0,. .. ,0],

lI>

PP £ [IIf,Py, II,P5,....P/P;y ,,0,0,...,0]. (52)
Then, we can write U; in (51) as U; = R; + Q; where
R, 2 [PV, PJ][U,_;; WS = PYS + PXQ,. (53)

Next proposition characterizes the optimal test channel U; with P} and K for given test

channels U} with their corresponding P7, ..., Py and K7, ... Kj ;.

Proposition 3. Let F; £ [U;_;S)], Ty, 1, 5¢s,,, T2 ¢ = VIAP V], where AP = diag[\P, ... | \}]
and Tz = 563", and Sz5 = WEP", where W, 2 [Wy,...,W,,0,...,0]. The
minimum distortion is Di(R;) = S0 min{\, AP} + Tr{Zz 8s,,, } and X > 0 satisfies

K )\D
Ry =) log* <Tk) : (54)
k=1

_ - _ -1 H
where Zzl\flsz-u - EZ1 Ezlaflsl+1EfllerlEZ],flSlJrl’ by

[Efl’ PFZS(SEH; 6{112515?7717 Esl+1]’
In addition, the minimum distortion in D;(R;) is achieved with K} = VAV and P} =

_ YA P H —
Zl,flsl+1 - WZZS[PS7 6l+1] ’ 221514_1 -

T3z, where A9 = diag[\?, ..., \Y] is a diagonal matrix, with the k-th diagonal element
AZ = min{A, AP} /(AP — min{A, AP}).

Outline Proof: The proof is similar to that of the remote Wyner-Ziv source coding problem for
source reconstruction in [25]. We consider lossy function reconstruction. For simplicity, we drop

the RRU index [ in this proof and define F £ [U; |, W;S)], Y £S,,,,Z= Z, and U = U,.
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First, we obtain a lower bound on achievable distortion. Let us define the MMSE filters

-1

Try =SpyXy', and  [Tpp Toy) = [Sp635,] | ’ : (55)
2f,y Ey
We have from MMSE estimation [22]],
F =T, Y+Ni, (56)
Z = TyeF + Ty Y + Ny = (T Ty + Ty )Y + TNy + No, (57)

where N; and N, the MMSE error and are zero-mean jointly Gaussian random vectors inde-
pendent of each other, N; is independent of Y and N is independent of I, Y and have the

. . . A A
covariance matrices given by XN, = Xgy and XN, = Xgr,. We have

R, > I(U*,S; U]Y) (58)
> [(VHT,F; U]Y) (59)
= h(VIT,4F|Y) — h(VIT,F|Y, U) (60)
= h(VIT,N}) — h(VET, N, |Y, U) 61)
K

= h(N;) = h(N,]Y, U Ny (62)
k=1
K

> " h(N}) = h(N}]Y,U) (63)
k=1
K

=> I(N;Y,U) (64)
k=1
K ~

> " I(Nj; N}) (65)

=
Il
—

where (59)) follows due to the data processing inequality; (61) is due to (56) and the orthogonality
principle of the MMSE estimator; is due to the definition of IN'; follows since
conditioning reduces entropy; and (63)) is due to the data processing inequality and since N L 18

a function of Y, U.
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On the other hand, we have

D2E(Z-7)(Z - 7)"] (66)
> E[(Z - E[Z|U, Y])(Z - E[Z|U, Y])"] (67)
— Tr{E[(T3¢N; + Ny — N} )(T5¢N; + N, — N4} (68)
= Tr{E[(TzsN; — Ny )(TzeNy — N} + Te{ Sy} (69)

where (68) follows from and where we have defined Ny 2 E[Z|U] — (Tz¢T¢y + Tz,)Y;
(69) follows from the independence of Ny from N;, Y and F.

Consider the eigenvalue decomposition of
Tze5N, The = Tz ¢3e, The = VAPV, (70)

and define N’ = VH# Tz¢N;. Note that N’ has independent components of variance AP.

Therefore, from we have

D = Tr{E[(N' — N)(N' = N)]} + Tr{Z5¢,} (71)
K

=D BN = NP+ Tr{ Sy}, (72)
k=1

where follows due to the orthonormality of V, and we define N 2 vyH Nl.

It follows from (65]) and that D; is lower bounded by the sum-distortion D of compressing
N, ~CN(0,\P),k=1,..., K, given as a standard reverse water filling problem with a modified
distortion D £ D — Tr{Xy¢,}, so that Ny, is reconstructed with distortion dj, £ E[(N] — Nj)?],

K K )\D
- . - AP
D= dl,.l.?éﬂwk;d’f s.t. R(D) = ;log (dk ) ) (73)

Note that if D < Tr{¥;¢,}, then R(D) = oo and if D > Tr{X¥;}, then R(D) = 0. The
minimum is found with dy = min{\, \P}, for A\ > 0 satisfying [24].

The achievability of the derived lower bound follows by considering the set of tuples in Rip (D)
in Theorem [3|for U; satisfying the additional Markov chain U;-e-R;-e- (U;_;,S;)-e-S; 41, which
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Fig. 6: In-network Processing scheme for C-MIMO.

is included in Rip(D), as U; = R; + Q,, with R; = P;[U; |, W;S)] and Q; ~ CN(0,K)
and where K; = VAPV and P} = Tyy. O

The distortion-rate function of the proposed IP scheme in Gaussian C-MIMO is given next.

Theorem 6. Given U} with K7, ..., K} and P}, ... P} successively obtained as in Proposition

the distortion-rate of the proposed IP scheme function is given as
Dip(Ry, ..., Ry) =Tr{%, — B,y 25,0 ) (74)

where X, = WEPY: By = PIE.PP + PPdiag[KLPY, B, = Xy, + K, and
th = ]_52925554_1.

Si4+1

Proof: Achievability follows from Theorem [3| with U} obtained as in Proposition 0

The IP scheme in Section |[II-C| requires joint compression at each RRU. However, for the
Gaussian C-MIMO, it is shown next that the distortion-rate function Dip(R;, ..., Ry) in Theorem
[6] can be achieved by applying at each RRU separate decompression, partial function estimation
followed by compression, as shown in Figure [f| At RRU :

« Upon receiving m;_1, decompress U;_;.

« Apply local beamforming as é? =W,;S,.

o Linearly combine U;_;, él to compute an estimate R; = P?‘[Ul_l,él]H of the partial

function up to Terminal [:

Z=W,S +---+WS, (75)
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« Forward a compressed version of R; to Terminal (I + 1) using Wyner-Ziv compression

considering S;;; as side information and the test channel U, = R, + Q;, Q; ~ CN (0, K}).

Terminal (L + 1) reconstructs Z using an MMSE estimator as Z = E[Z|U_].

Proposition 4. For the C-MIMO model, separate decompression, partial function estimation and

Wyner-Ziv compression achieves the distortion-rate function Dip(Ry, ..., Ry) in Theorem @

Proof: The proof follows by showing that at any RRU [, the minimum distortion D;(R;) and
the test channel U; in Proposition [3] can also be obtained with separate decompression, partial
function estimation and compression. RRU [ decompresses U; ; and computes Sl = W;S; and

R; = P;[U;_1,S;]”. From standard arguments, it follows that compressing a-la Wyner-Ziv with

S;11 as decoder side information requires

Ry > I(Ry;; Uy [Si41) (76)
= I(VIR; U)|Si1) (77)
= I(VIT, ¢ F; UllSi1), (78)

where follows since V; is orthonormal.
Following from (60), and by noting that the distortion achievable by estimating Z; from U;
and S;4; corresponds to D; in Proposition [3] it follows that any achievable distortion D, is also

achievable with separate decompression, partial function estimation and compression. [

Remark 9. Equation (53) highlights that due to the successive decompression and recompression
performed at each RRU, the quantization noises Q; propagate throughout the cascade. The linear
combination of the locally beamformed signal S, and the decompressed signal U;_, can be seen
as a noisy observation of the sources S, through and additive channel with channel coefficients
P? and correlated noise f_’lQQl. This noisy signal is used as an estimate of the partial beamformed

signal to be reconstructed as the next RRU.
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V. A LOWER BOUND
In this section, we obtain an outer bound on the RD region R(D). We use the following
notation from [26]. Define the minimum average distortion for X given @ as £(X|Q) =
miny.g_, x E[d(X, f(Q))], and the Wyner-Ziv RD function for X when side information Y is
available at the decoder as

D) & i I(X:UY). 7
RX\Y( ) p(ungf&%’y)g) (X;UlY) (79)

An outer bound can be obtained using the rate-distortion Wyner-Ziv function in ((79).

Theorem 7. The RD region R(D) is contained in the region R°(D), given by the union of
tuples (Ry, ..., Ry) satisfying

Ri> RYE (D), 1=1,...L (80)

Outline Proof: The outer bound is obtained by the RD region of L network cuts, such that for
the I-th cut, ST ,..., ST acts as side information at the decoder. See Appendix [
In the Gaussian C-MIMO model, Theorem [/| can be used to explicitly write a lower bound

on the achievable distortion for a given fronthaul tuple (R, ..., Ry ) as given next.

Proposition 5. Given the fronthaul tuple (R, ..., Ry), the achievable distortion in a C-MIMO

system is lower bounded by Dyg(R1, ..., Ry) = max;—y__; D;, where

,,,,,

Ak
D, = mélI1K> Zdlk s.t. B = Zlog (m) (81)

with di, = min{\, A7}, for Ny > 0 and N\, k = 1,..., K are the eigenvalues of 3ys,. =
) ’ l
WXI, = VAPV, with AP = diag[\P, ..., \g].

Outline Proof: The poof follows by computing explicitly the Wyner-Ziv RD function [25] for

Gaussian vector sources for each network cut. O]
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VI. NUMERICAL RESULTS

In this section, we provide numerical examples to illustrate the average sum-distortion obtained
using IR and IP as detailed in Section [V} We consider several C-MIMO examples, with K users
and L RRUs, each equipped with M antennas under different fronthaul capacities. The CP wants

to reconstruct the receive-beamforming signal using the Zero-Forcing weights given by
W = (HFH,) 'H,. (82)

The channel coefficients are distributed as h;;, ~ CA(0,1). We also consider the SR scheme of
[4]. The schemes are compared among them, and to the lower bound in Theorem [/| Note that
WZR and IR achieve the same distortion-rate function as shown in Theorem [3] and is omitted.

Figure (/| depicts the sum-distortion in a C-MIMO network with K = 15 users and L = 4 RRUs,
each equipped with M = 7 antennas for equal fronthaul capacity per link 71 = ... = Ry, = KB,
as a function of the average number of bits per user B. As it can be seen from the figure, the
scheme IP based on distributed beamforming outperforms the other centralized beamforming
schemes, and performs close to the lower bound. For centralized beamforming, the scheme IF
performs significantly better than SR, as it reduces the required fronthaul by only compressing

the innovation at each RRU.
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Figure [§] shows the sum-distortion in a C-MIMO network with K" = 15 users and L = 4
RRUs, each equipped with M = 7 antennas, with increasing fronthaul capacity per link R; =
IKB, 1l =1,...,L as a function of the average number of bits per user B. In this case, the
IP scheme using distributed beamforming also achieves the lowest sum-distortion among the

proposed schemes.
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APPENDIX [

PROOF OF THEOREM [/]

Suppose there exist ™, =1,..., L and g™ such that for (Ry, ..., Ry), 1S Eld(Z; Z)) <
D + ¢, where ¢ — 0 as n — oo. Define U;; £ (ml,SZlf), for | = 1,...,L, where Eg =

( E,ll, SZW +1> and note the Markov chain relation
Sﬁlcvi_Zi_Ul,ia [ = 1,..., L. (83)

For the [-th cut we have,
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> I(my; SE|SE) (85)

= En: H(ScilSepi) = H(Scqal S mu, Sgy) (86)
i=1

> i H(Sg,ilSepi) — H(Sg,il Seg,is mu, Sz7) (87)
=1

= Xn: I(Sc.i; Uil See i) (88)
=1

> i I(Z; Uil Sz i) (89)
=1

= Z RZ|S (E(ZiUui, See i), (90)

where (806) follows since S} is i.i.d, (86) follows since conditioning reduces entropy; (89) follows

due to the data processing inequality and (83]). On the other hand, we have

E(ZilUsi, Seg i) = E(Zilmu, SEe) 1)
:g(Zi’mlvml+17"'7mL7SZlc) (92)
< E(Zilmy) 93)

where (92) follows since m; is a deterministic function of m,_y, SP', i.e., m; = fi(my_1,S]),

(93)) follows since reducing the information can only increase the distortion, Then,

nR, > Z RZ‘S E(Z;|my)) (94)
> Z R}, (Bld(Z:, Z;)] 95)
> nRZ\S (D +e), (96)

where (94) follows since RZ| S, C(D) is monotonic in D, (93) is due to Z; being a function of

my, and (96) follows as RZ| Sy (D) is convex and monotone in D). This completes the proof. [
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