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Abstract—We consider a two-user state-dependent multiaccess
channel in which the states of the channel are known noncausally
to one of the encoders and only strictly causally to the other en-
coder. Both encoders transmit a common message and, in addition,
the encoder that knows the states noncausally transmits an indi-
vidual message. We find explicit characterizations of the capacity
region of this communication model in both discrete memoryless
and memoryless Gaussian cases. In particular, the capacity region
analysis demonstrates the utility of the knowledge of the states only
strictly causally at the encoder that sends only the common mes-
sage in general. More specifically, in the discrete memoryless set-
ting, we show that such a knowledge is beneficial and increases the
capacity region in general. In the Gaussian setting, we show that
such a knowledge does not help, and the capacity is same as if the
states were completely unknown at the encoder that sends only the
common message. Furthermore, we also study the special case in
which the two encoders transmit only the common message and
show that the knowledge of the states only strictly causally at the
encoder that sends only the common message is not beneficial in
this case, in both discrete memoryless and memoryless Gaussian
settings. The analysis also reveals optimal ways of exploiting the
knowledge of the state only strictly causally at the encoder that
sends only the common message when such a knowledge is ben-
eficial. The encoders collaborate to convey to the decoder a lossy
version of the state, in addition to transmitting the information
messages through a generalized Gel’fand—Pinsker binning. Partic-
ularly important in this problem are the questions of 1) optimal
ways of performing the state compression and 2) whether or not the
compression indices should be decoded uniquely. By developing
two optimal coding schemes that perform this state compression
differently, we show that when used as parts of appropriately tuned
encoding and decoding processes, both compression a-la noisy net-
work coding by Lim et al. or the quantize-map-and-forward by
Avestimeher et al., i.e., with no binning, and compression using
Wyner-Ziv binning are optimal. The scheme that uses Wyner—Ziv
binning shares elements with Cover and El Gamal original com-
press-and-forward, but differs from it mainly in that backward
decoding is employed instead of forward decoding and the com-
pression indices are not decoded uniquely. Finally, by exploring the
properties of our outer bound, we show that, although not required
in general, the compression indices can in fact be decoded uniquely
essentially without altering the capacity region, but at the expense
of larger alphabets sizes for the auxiliary random variables.

Index Terms—Capacity, channel state information, multiaccess
channels, noisy network coding, Wyner-Ziv binning.
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I. INTRODUCTION

HE study of channels that are controlled by random

states has spurred much interest, due to its importance
from both information-theoretic and communications aspects.
For example, state-dependent channels may model communi-
cation in random fading environments [1] or in the presence
of interference imposed by users in broadcast scenarios. The
channel states may be known in a strictly causal, causal, or
noncausal manner, to all or only a subset of the encoders. For a
transmission of length n, let S™ = (51, 5, ..., 5, ) denote the
state sequence, with S; representing the channel state affecting
the channel at time or block ¢. For the transmission in block 7,
the state sequence is known noncausally if it is known entirely
before the beginning of the transmission. It is known causally
if it is known up to and including time ¢, and it is known strictly
causally if it is known only up to time ¢ — 1. The way the channel
state information is utilized and influences capacity depends
also on which of the encoders(s) and decoder(s) are aware of it.
In single-user channels, the concept of channel state available
at only the transmitter dates back to Shannon [2] for the causal
channel state case, and to Gel’fand and Pinsker [3] for the non-
causal channel state case. In multiuser environments, a growing
body of work studies multiuser state-dependent models. Recent
advances in this regard can be found in [4]-[27], and many
other works. For a comprehensive review of state-dependent
channels and related work, the reader may refer to [4].

There is a connection between the role of states known strictly
causally at an encoder and that of output feedback given to
that encoder. In single-user channels, it is now well known that
strictly causal feedback does not increase the capacity [28]. In
multiuser channels or networks, however, the situation changes
drastically, and output feedback can be beneficial—but its role
is still highly misunderstood. One has a similar picture with
strictly causal states at the encoder. In single-user channels,
independent and identically distributed (i.i.d.) states available
only in a strictly causal manner at the encoder have no effect on
the capacity. In multiuser channels or networks, however, like
feedback, strictly causal states in general increase the capacity.

Advances in the study of the effect of strictly causal states
in multiuser channels are rather very recent and concern mainly
multiple-access scenarios. In [15], Lapidoth and Steinberg study
a two-encoder multiple-access channel (MAC) with indepen-
dent messages and states known causally or strictly causally at
the encoders. They show that the strictly causal state sequence
can be beneficial, in the sense that it increases the capacity for
this model. This result is reminiscent of Dueck’s proof [29] that
feedback can increase the capacity region of some broadcast
channels. In accordance with [29], the main idea of the achiev-
ability result in [15] is a block Markov coding scheme in which
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the two users collaborate to describe the state to the decoder by
sending cooperatively a compressed version of it. As noticed in
[15], although some nonzero rate that otherwise could be used
to transmit pure information is spent in describing the state to
the decoder, the net effect can be an increase in the capacity. In
[16], they show that strictly causal state information is benefi-
cial even if the channel is controlled by two independent states
each known to one encoder strictly causally. In this case, each
encoder can help the other encoder transmit at a higher rate by
sending a compressed version of its state to the decoder. In [18],
Li et al. improve the results of [15] and [16] and extend them to
the case of multiple encoders. The achievability results in [18]
are inspired by the noisy network coding scheme by Lim et al.
[30] and, unlike [15], [16], do not use Wyner—Ziv binning [31]
for the compression of the state. In a very recent contribution
[32], Lapidoth and Steinberg derive a new inner bound on the
capacity region for the case of a single state governing the MAC.
They also prove that the inner bound of [18] for the case of two
independent states each known strictly causally to one encoder
can indeed be strictly better than the lower bound of [15] and
[16]—a result which is conjectured previously by Li ef al. in
[18].

The noisy network coding scheme by Lim et al. [30] extends
the results on coding for deterministic networks and wireless
Gaussian relay networks by Avestimeher et al. [33]. In partic-
ular, it extends the insights of 1) quantization only, 2) joint de-
coding of the message and quantization bits, and 3) repetitive
encoding of messages at the source, that were developed origi-
nally by Avestimeher ef al. in [33] for Gaussian relay networks
in a scheme that they called “quantize-map and forward,” to dis-
crete memoryless networks. In [30], the authors also simplify
the proofs and generalize the results to multiple multicast ses-
sions. For Gaussian relay networks, the coding scheme of [33]
has also been extended to lattice vector quantizers in [34].

A. Studied Model

In this paper, which generalizes former conference versions
[35], [36], we study a two-user state-dependent MAC with
the channel states known noncausally at one encoder and only
strictly causally at the other encoder. The decoder is not aware
of the channel states. As shown in Fig. 1, both encoders transmit
a common message and, in addition, the encoder that knows
the states noncausally transmits an individual message. This
model generalizes one whose capacity region is established
in [5] and in which the encoder that sends only the common
message does not know the states at all. More precisely, let
W. and W; denote the common message and the individual
message to be transmitted in, say, » uses of the channel; and
S™ = (S1....,5,) denote the state sequence affecting the
channel during this time. At time #, Encoder 1 knows the
complete sequence S" = (S1,...,8-1,5;,...,5,) and
sends X1; = ¢1(W., Wy, 5™), and Encoder 2 knows only
§i-l = (Sl., e Sifl) and sends X5; = (/)271'(”/0, Si—l)—the
functions ¢; and ¢, ; are some encoding functions. In this
paper, we study the capacity region of this state-dependent
MAC model. As our analysis will show, this requires, among
others, understanding the role of the strictly causal part of the
state that is revealed to Encoder 2.
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Fig. 1. State-dependent MAC with degraded message sets and states known
noncausally at the encoder that sends both messages and only strictly causally
at the other encoder.

From an application viewpoint, the state in the model of Fig. 1
can, for example, represent another message, not related to the
system, and known beforehand to Encoder 1 (who, say, moni-
tors the backhaul). However, this message is only received (es-
sentially noiselessly, due to proximity), by Encoder 2, who does
not know the codebook, and hence cannot decode that message.

B. Main Contributions

In the discrete memoryless case, we characterize the capacity
region for the general finite-alphabet case with a single-letter
expression. The proof of the achievability part is based on a
block-Markov coding scheme in which the two encoders col-
laborate to convey a lossy version of the state to the decoder,
in the spirit of [15], [16], and [32], in addition to a general-
ized Gel’fand—Pinsker binning for the transmission of the in-
formation messages [3]. From the angle of the state compres-
sion, coding schemes that perform the state compression for
our model tie with very recent works on compressions in com-
press-and-forward-type relaying networks [30], [33], [37]-[39].
We first develop a coding scheme in which the state compression
is performed a-la Lim et al. noisy network coding [30] and Aves-
timeher et al. quantize-map-and-forward [33], and show that it
is optimal, i.e., achieves an outer bound that we establish for
the studied model. In this coding scheme, unlike [15], [16], [32]
where every information message is divided into blocks and dif-
ferent submessages are sent over these blocks and then decoded
one at a time using the same codebook as in the original com-
press-and-forward scheme by Cover and El Gamal [40], here
the entire common message and the entire individual message
are transmitted over all blocks using codebooks that are gen-
erated independently, one for each block, and the decoding is
performed simultaneously using all blocks as in the noisy net-
work coding scheme of [30] or the quantize-map-and-forward
scheme of [33]. Also, like [30] and [33], at each block, the com-
pression index of the state of the previous block is sent using
standard rate distortion, not Wyner—Ziv binning. At the end of
the transmission, the receiver uses the outputs of all blocks to
perform simultaneous decoding of the information common and
individual messages, without uniquely decoding the compres-
sion indices. From this angle, our coding scheme connects more
with [18], than with [15], [16], and [32].
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Two of the most important features of our coding scheme
are 1) standard compression without Wyner—Ziv binning and
2) nonexplicit decoding of the compression indices. Inves-
tigating whether these features are pivotal for optimality in
our problem, as argued in [30] for some related models, we
also explore binning-based compressions. We show that the
capacity region of our model can also be achieved using an
alternate coding scheme in which the state compression is real-
ized using Wyner—Ziv binning. The employed optimal alternate
coding scheme shares elements with Cover and El Gamal com-
press-and-forward [40], but differs from it in two aspects: 1)
backward decoding is utilized instead of the forward decoding
of [40], and 2) unlike [40], the compression indices are not
decoded uniquely. Decoding backwardly instead of forwardly
seems essential for the optimality of this alternate coding
scheme here. At this level, we note that the fact that backward
decoding with nonunique decoding of the compression indices
is beneficial has also been observed independently in [41] in
the context of unicast relay networks and in [42] for a fading
relay network. Next, by exploring our outer bound further, we
show that, although not required, one can modify this coding
scheme in a manner to get the compression indices decoded at
the receiver essentially without altering the capacity region but
at the expense of larger alphabets sizes of the involved auxiliary
random variables. The decoding of the compression indices
introduces an additional rate constraint, but we show that this
constraint is satisfied by the auxiliary random variables of the
outer bound.

The single-letter characterization of the capacity region of our
model remains intact if one allows feedback to the encoder that
sends both messages. Also, the capacity region of our model
contains that of the model of [5] in which the encoder that sends
only the common message is unaware of the channel states, and
this shows that revealing the states even only strictly causally
to this encoder potentially increases the capacity region. Next,
by investigating a discrete memoryless example, we show that
this inclusion can be strict, thus demonstrating the utility of con-
veying a compressed version of the state to the decoder cooper-
atively by the encoders.

We also specialize our results to the case in which the two en-
coders send only the common message. We refer to the capacity
in this case as common-message capacity. We show that, when
one of the two encoders is informed noncausally, the knowledge
of the states only strictly causally at the other encoder does not
increase the common-message capacity. It should be noted that
this result is not a direct consequence of that feedback does not
increase the capacity in a MAC in which the encoders send only
a common message, and our converse proof is needed here.

Next, we consider the memoryless Gaussian setting in which
the channel state and the noise are additive and Gaussian. We
establish an operative outer bound on the achievable rate pairs.
Then, we show that this outer bound is achievable, yielding a
closed-form expression of the capacity region. The resulting ca-
pacity region coincides with that of the model of [5] in which the
encoder that sends only the common message is completely un-
aware of the states, thus demonstrating that, by opposition to the
discrete memoryless case, revealing the states strictly causally
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to this encoder is not beneficial in the Gaussian case, in the sense
that it does not increase the capacity region.

Finally, we note that in contrast to the related MAC models
in [5] and [7], our converse proofs in this paper do not follow
directly from the converse part proof of the capacity formula
for the standard Gel’fand—Pinsker channel [3]. This is because,
at time 7, the encoder that transmits only the common message
sends inputs which are function of not only that message, but
also the observed past state sequence.

C. Outline and Notation

An outline of the remainder of this paper is as follows.
Section II describes in more detail the communication model
that we consider in this study. Section III provides the capacity
region of the discrete memoryless model. In this section,
we also establish an alternative outer bound on the capacity
region that will turn to be useful in the Gaussian case, pro-
vide an example demonstrating the utility of revealing the
states only strictly causally to the encoder that sends only the
common message, and derive the common-message capacity.
Section IV characterizes the capacity region as well as the
common-message capacity of the Gaussian model. Finally,
Section V concludes this paper.

We use the following notations throughout the paper. Upper-
case letters are used to denote random variables, e.g., X ; lower-
case letters are used to denote realizations of random variables,
e.g., =; and calligraphic letters designate alphabets, i.e., X'. The
probability distribution of a random variable X is denoted by
Px(x). Sometimes, for convenience, we write it as Py . We use
the notation E x [-] to denote the expectation of random variable
X . A probability distribution of a random variable Y given X is
denoted by Py x . The set of probability distributions defined on
an alphabet X is denoted by P(X). The cardinality of a set X’ is
denoted by |X'|. For convenience, the length # vector ™ will oc-
casionally be denoted in boldface notation x. The Gaussian dis-
tribution with mean 4 and variance o is denoted by N(1, o2).
For integers ¢ < 7, we define [¢ : j| := {i,i+ 1,...,j}. Fi-
nally, throughout the paper, logarithms are taken to base 2, and
the complement to unity of a scalar u € [0, 1] is denoted by %,
e, =1—u.

II. SYSTEM MODEL AND DEFINITIONS

We consider a stationary memoryless state-dependent MAC
Wy |x,,x.,5 whose output Y € V is controlled by the channel
inputs X; € AXj and Xo € A% from the encoders and the
channel state S € & which is drawn according to a memory-
less probability law (Js. We assume that the channel state S™
is known noncausally at Encoder 1, i.e., beforehand, at the be-
ginning of the transmission block. Encoder 2 knows the channel
states only strictly causally; that is, at time 7, it knows the states
only up to time i — 1, S* 1 = (S1,...,5; 1).

Encoder 2 wants to send a common message W, and En-
coder 1 wants to send an independent individual message
W1 along with the common message W.. We assume that
the common message W, and the individual message W; are
independent random variables drawn uniformly from the sets
W. = {1.....M.} and W, = {1,..., M;}, respectively.
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The sequences X7 and X3 from the encoders are sent across
a state-dependent MAC modeled as a memoryless conditional
probability distribution Wy x, x, s. The joint probability
mass function on W, x W xS x AT x XJ x Y™ is given by
(1). The receiver guesses the pair (Wc, Wl) from the channel
output Y.

Definition 1: For positive integers n, M., and M;, an
(M., My,n.€) code for the MAC with states known non-
causally at one encoder and only strictly causally at the other
encoder consists of a mapping

P1: Wox Wy xS™ — X7 ©)

at Encoder 1, a sequence of mappings

(,/)Q.i ZWCXS‘i—l —>X27 i:17...777, (3)
at Encoder 2, and a decoder map
P Y — W.x W, “4)

such that the average probability of error is bounded by e,

P = Esu[Pe(p(Y") # (We, W)

sn=s)]<e (5

The rate of the common message and the rate of the individual
message are defined as

R.= 1 log M., and Ry = 1 log My, (6)
n n
respectively.

A rate pair (R., R1) is said to be achievable if for every
€ > 0, there exists an (27#: 2711 5 ¢) code for the channel
Wy | x,,x,,s- The capacity region of the considered state-depen-
dent MAC is defined as the closure of the set of achievable rate
pairs.

III. DISCRETE MEMORYLESS CASE

In this section, it is assumed that the alphabets S, A7, A are
finite.
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A. Capacity Region

Let P stand for the collection of all random variables
(S,U,V, X1, X5,Y) such that U, V, X;, and X5 take values
in finite alphabets ¢/, V, A}, and A5, respectively, and

Psvvx, x, v{s u,v,11,52,Y)

= Psuv.x,x, (5 u,v,21,22)Wy | x, x,.5(ylr1, 22, 5)
Psvvx, x, (s u,v,21,22)
=Qs(s)Px,(w2) Pyis, x,(v]s, #2) Pu x,|s,v,x.(u, 21]8, v, 22)
(7b)
(7¢)

(7a)

Z PS,U,V:Xl,Xz (S, Uy, V, T, Tz) = Qs(s).

IR

The relations in (7) imply that (U, V) « (5, X1, X3) <« Y
is a Markov chain, and X5 is independent of S
Define C to be the set of all rate pairs (2., I?1) such that

Ry <I(U Y|V, Xo) — I(U; S|V, Xs)
R.+ Ry <I(U,V, X9;Y) = I(U,V, Xo; S)
for some (S, U, V, X7, X0, Y) € P.
(®)
The following proposition states some properties of C.
Proposition 1:

1. The set C is convex.
2. To exhaust C, it is enough to restrict V and U to satisfy

V| < |S[|Aq || x| + 1
) < (111X |+ 1) 1S]1 | Xa .

(9a)
(9b)

Proof: The proof of Proposition 1 appears in Appendix A.

As stated in the following theorem, the set C characterizes
the capacity region of the state-dependent discrete memoryless
MAC model that we study.

Theorem 1: The capacity region of the MAC with states
known only strictly causally at the encoder that sends the
common message and noncausally at the encoder that sends
both messages is given by C.

Proof: An outline proof of the coding scheme that we use
for the direct part will follow. The associated error analysis and
the proof of the converse appear in Appendix B.

Theorem 1 continues to hold ifin (7) we replace Py x, |s,v,x,
by Py x,|s,v - Also, it should be noted that setting V' = § in

Plwe,wn, s™, 27,28, y") = Plw.)P(uy)

T
X H Qs(8:)P(xyi|we, wi, s")P(22i|we, s YWy x, x,,5 Wil21.0, w20, 85) Q)]
=1
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(8), the capacity region C reduces to the union of all rate pairs
(R., Ry) satisfying

Ry < I(U;Y|X,) — I(U; 8| X,)

for some measure on & XU x X1 x Xy XY of the form
Psux, x..v = QsPx, Py x5 x, Wy |x,,%.,5- (11)

Let C' denote the region defined by (10) and (11) in the re-
maining of this paper. It has been shown in [5] that the region
C’ is the capacity region of the MAC model of Fig. 1 but with
the states completely unknown at Encoder 2, i.e., while the en-
coding at Encoder 1 is given by (2), the encoding at Encoder 2
is defined by the mapping

P2 We — AT (12)
Observing that C C C shows that the knowledge of the states
only strictly causally at Encoder 2 in our model in general in-
creases the capacity region. In Section III-B, we will show that
the inclusion can be strict, i.e., ' € C.

Furthermore, one can easily check that in the case
of a channel that does not depend on the states, i.c.,
Wy x,.x,,s = Wyx, x,, the capacity region C reduces
to the closure of the union of all rate pairs (R, ;) satisfying

Ry < I(X;Y|Z,X5)
Re+ Ry < I(Xq, X23Y) (13)

for some

Pz x1.x,y = PzPx12Px.12Wy 1 x,,x,- (14)

Also, it is noted that Theorem 1 remains intact if we allow feed-
back to Encoder 1, i.e., before producing the +th channel input
symbol, Encoder 1 also observes the past channel output se-
quence Y¢~1. That is, the encoding at Encoder 2 is still given by
(3) and that at Encoder 1 is replaced by a sequence of mappings
{¢1.i}i,, with

dri: WeoxWi xS x Y™t — Xy, (15)

We now turn to the proof of achievability of Theorem 1. The
following remark is useful for a better understanding of the
coding scheme that we use to establish the achievability of The-
orem 1.

Remark 1: The proof of achievability of Theorem 1 is based
on a block-Markov coding scheme in which a lossy version of
the state is conveyed to the decoder, in the spirit of [15], [16],
and [32], in addition to a generalized Gel’ fand—Pinsker binning
for the transmission of the information messages [3]. However,
unlike [15], [16], and [32] where Wyner—Ziv compression [31]
is utilized for the transmission of the lossy version of the state,
here, inspired by the noisy network coding scheme of [30] and
the quantize-map-and-forward scheme of [33], at each block,
the compression index of the state of the previous block is sent
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using standard rate distortion, not Wyner—Ziv binning. Also, un-
like [15], [16], and [32] where every information message is di-
vided into blocks and different submessages are sent over these
blocks and then decoded one at a time using the same codebook
as in the original compress-and-forward scheme by Cover and
El Gamal [40], here the entire common message and the entire
individual message are transmitted over a/l blocks using code-
books that are generated independently, one for each block, and
the decoding is performed simultaneously using all blocks as
in [30] and [33]. At the end of the transmission, the receiver
uses the outputs of all blocks to perform simultaneous decoding
of the information common and individual messages, without
uniquely decoding the compression indices. O

Proof of Achievability: The transmission takes place in B
blocks. The common message W.. and the individual message
W, are sent over all blocks. We thus have By, = nBR,,
BWE = 7LBR1, N = TLB, Rw’c = BV[/C /N = Rc, and
Ry, = Bw, /N = Ry, where By is the number of common
message bits, Byy, is the number of individual message bits, NV
is the number of channel uses, and Ry, and Ry, are the overall
rates of the common and individual messages, respectively.

Codebook Generation: Fix a measure Ps v x, x,v €
P.Fixe > 0,7 > 0,m > 0,9 > 0,6 > 1 and denote
M, = 2nB[Rcfr]C €] , M, = 2nB[R17n16} , M _ 2n[R+i76] and
J = onlI(U;S|V.Xa)+6e]

We randomly and independently generate a codebook for

each block. )

1) For each block 7,72 = 1,..., B, we generate M.M 1i.i.d.
codewords xa ;(w., t;) indexed by w. = 1,..., M,, t} =
1,...,M, each with i.i.d. components drawn according to
Px,.

2) For each block 4, for each codeword x» ;(w,. #;), we gen-
erate M i.i.d. codewords vi(we, 1, t;) indexed by t; =

1,..., M, each with i.i.d. components drawn according to
Py x,.
3) For each block ¢, for each pair of codewords

(x2.i(we, 1), vi(w., 1}, t;)), we generate a collection of

JM; iid. codewords {u;(wc,t,,;,w1,7;)} indexed

by wy = 1,...,My, 35 = 1,....,J, each with i.i.d.
components draw according to Py v, x, -

Encoding: Suppose that a common message W. = w.
and an individual message W1 = w; are to be transmitted.
As we mentioned previously, w. and w; will be sent over all
blocks. We denote by s|¢] the state affecting the channel in block
i,% = 1,..., B. For convenience, we let s[0] = B and t_; =
to = 1 (a default value). The encoding at the beginning of block
i,1=1,..., B, 1s as follows.

Encoder 2, which has learned the state sequence s[i — 1],
knows ;2 and looks for a compression index #;_1 € [1 : M]
such that v;_1(we,t;_2,#;_1) is strongly jointly typical with
s[t — 1] and %9 ;_1(w., t,_2). If there is no such index or the
observed state s[i — 1] is not typical, #;_; is set to 1 and an error
is declared. If there is more than one such index #;_1, choose the
smallest. Encoder 2 then transmits the vector x» ; (e, ti—1).

Encoder 1 obtains xsg ;(w.,t;—1) similarly. It then finds
the smallest compression index #; € [1 Z\%] such that
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vi(we,ti—i,t;) is strongly jointly typical with s[i] and
xz,i(wc,t,,;,l). Again, if there is no such index or the ob-
served state s[i] is not typical, #; is set to 1 and an error
is declared. Next, Encoder 1 looks for the smallest j;
such that w;{w., t;_1,%;,w1,7;) is jointly typical with s[i]
given (X27f,j(wc,t7j71),V.,j(’wc,tqul,tj,)). Denote this j; by
JF = j(s[¢], we, ti—1. %, w1). If such 57 is not found, an error is
declared and j(s[i], w,,t;_1,%;, w1) is set to j; = J. Encoder
1 then transmits a vector x;[i] which is drawn i.i.d. condi-
tionally given u,,j('wc, t.,‘,,l, t,,;, wl,j{*), S[i], v.,;('wc, qufl, f7) and
Xoi(we, ti—1) [using the conditional measure Py, |y sv,x,
induced by (7)].
Decoding: At the end of the transmission, the decoder has
collected all the blocks of channel outputs y[1],...,y[B].
Step (a): The decoder estimates message w. using
all blocks ¢+ = 1,...,B, ie., simultancous de-
coding. It declares that w. is sent if there exist
tB = (t1,....t3) € [1 : M]P,w, € [1 : M;] and
jB = (jl, .. ,jB> S [1 : J]B such that XQ’,,',(’U’:'C,tj,,l),
w; (e, t;_1. b, w1, Ji ), vilthe, t5_1, t; ) and y|[i] are jointly
typical foralle = 1,..., B. One can show that the decoder

obtains the correct w. as long as n and B are large and

(16)

Step (b): Next, the decoder estimates message wy using
again all blocksz = 1,..., B, i.e., simultaneous decoding.
It declares that 1, is sent if there existt? = (¢1,....t5) €
[1: MZ, jB = (j1,....j8) € [1 : J]Z such that
X2 i(Weytiz1), Wi We, iz, i, W1, 5i)s VilWe, ti_1,ti)
and y[i] are jointly typical for all § = 1,..., B. One can
show that the decoder obtains the correct w; as long as n

and B are large and

Ro+ Ry < I(U,V, X5 Y) — I(U,V, X35 §).

Ry < I(U; Y|V, Xo) — I(U; 8|V, X») (172)
Ry <I(U,V,X;Y) = I(U.V,X2;8).  (17b)
O

Remark 2: Inthe coding scheme of Theorem 1, the same mes-
sage is sent over all blocks, i.e., message repetitive encoding,
and the decoding is performed jointly using all blocks. One can
modify this coding scheme in such a way that every message
is divided into blocks and different submessages are sent over
these blocks, and the decoder utilizes step-by-step backward de-
coding. The modified scheme achieves the same rate region as
that of the coding scheme of Theorem 1. This is in accordance
with the observation made in the parallel and independent work
[39] that “short”-message encoding combined with backward
decoding performs the same rates as noisy network coding and
quantize-map-and-forward.

In the coding scheme of Theorem 1, the state compression
is standard, i.e., uses no Wyner—Ziv binning. Although of no
benefit in the case of one relay, together with repetitive en-
coding and joint nonunique decoding, this was shown to be es-
sential in achieving rates that are strictly larger than those of-
fered by schemes based on Cover and El Gamal classic com-
press-and-forward scheme [40] for certain networks with mul-
tiple relays in [30] and [33]. That is, the coding schemes of [30]
and [33] outperform Cover and El Gamal classic compress-and-
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forward for some multirelay networks. One can wonder whether
the same holds for our model, i.e., whether schemes based on
Cover and El Gamal classic compress-and-forward, i.e., block
Markov encoding combined with Wyner—Ziv binning, fall short
of achieving optimality for our model. In this paper, we show
that the capacity region C as given by (8) can be achieved alter-
natively with a coding scheme that we obtain by building upon
and modifying Cover and El Gamal original compress-and-for-
ward scheme. The modification consists essentially in 1) de-
coding block-by-block backwardly instead of block-by-block
forwardly and 2) nonunique decoding of the compression in-
dices. (In fact, by investigating more closely the converse proof
of Theorem 1, we will show later that 2) can be relaxed essen-
tially without altering the capacity region). The following the-
orem states the result.

Theorem 2: For the state-dependent MAC model that
we study, there exists an optimal coding scheme that uses
Wyner—Ziv binning for the state compression. That is, the
capacity region C given by (8) can also be achieved using a
coding scheme in which the state compression is performed
using Wyner—Ziv binning.

Proof: The achievability proof of Theorem 2 is based
on a block-Markovian coding scheme that combines carefully
Gel’fand-Pinsker binning and Wyner—Ziv binning, and utilizes
backward decoding with nonunique decoding of the compres-
sion indices. The complete proof of Theorem 2 is given in
Appendix C.

As we mentioned previously, the coding scheme of Theorem
2 shares elements with Cover and El Gamal original compress-
and-forward [40, Th. 7], but differs from it mainly in two as-
pects. First, it uses backward decoding instead of the forward
decoding of [40], and, second, unlike [40], it does not require
unique decoding of the compression indices. The second aspect
is essential for getting the same rate expression as in (8), with
no additional constraints. However, as we will see shortly in the
corollary that will follow, one can modify the coding scheme
of Theorem 2 in a way to get the compression indices decoded
uniquely and still get the capacity region, at the expense of
slightly larger |V| and larger |i{|. The key element is the obser-
vation that the constraint introduced by getting the compression
index decoded, i.e., (see Appendix D)

Inwv:s

Xa) = I(V;Y|X2) < I(X23Y), (18)
or, equivalently,

I(V,X2:Y) — I(V, X2:8) > 0, (19)
is also implicit in the converse proof of Theorem 1. That is, the
auxiliary random variables U and V' of the converse proof of
Theorem 1 in Appendix B satisfy (19).

Corollary 1: The coding scheme of Theorem 2 can be mod-
ified in a way to get the compression index decoded. The re-
sulting coding scheme is optimal and achieves an equivalent
characterization of the capacity region of the model that we
study given by the set of all rate pairs (R, R1) such that

Ry < I(U;Y|V,X5) — I(U; S|V, Xa)

R+ Ry <I(UV.X2:Y) — I(U, V. X;5)  (20)
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for some measure (S, U, V, X1, X2,Y) € P and satisfying

I(V, Xo;Y) — I(V, X2; 5) > 0, 2n

where the auxiliary random variables V and U have their alpha-
bets bounded as

V] < [S]]X || Xz | + 2
] < (SN2 +2)[S]12] 1 Xo .

(22a)
(22b)

Proof: The coding scheme that we use for the proof of
Corollary 1 is very similar to that of Theorem 2, but with unique
decoding of the compression indices. The details of the proof are
given in Appendix D.

We now establish an alternative outer bound on the capacity
region of the DM MAC model that we study. This outer bound
will turn out to be useful in the proof of the converse part of the
coding theorem for the Gaussian case in Section IV since, as it
will be shown, it is also achievable in that case.

Theorem 3: The capacity region of the MAC with states
known noncausally at the encoder that sends both messages
and only strictly causally at the other encoder is contained in
the closure of the set of all rate pairs (R.., R1) satisfying

R1 SI(thr )
Rc + Rl S I(X17X2;Y|S)

— I(XZ;L

) (23)

for some probability distribution of the form

Pg x, x,,y = QsPx, Px,|1x, sWy|x,,x2,5- (24)

Proof: The proof of Theorem 3 appears in Appendix E.

Remark 3: In[5], the authors use an extension of the converse
part of the proof of the standard Gel’fand—Pinsker capacity to
establish a converse proof for the model with states S™ known
noncausally at Encoder 1 and no states at all at Encoder 2. Then,
they show that their outer bound, which involves an auxiliary
random variable, is itself contained in the region defined by (23).
In Appendix E, we provide a direct proof that the region defined
by (23) is an outer bound on the capacity region of the more
general model that we study here. Our converse proof accounts
also for the availability of the states at Encoder 2 in a strictly
causal manner. O

B. Example

In Section III-A, we have shown that the capacity region C of
the model of Fig. 1 is potentially larger than that, C’, of the same
model but with Encoder 2 being totally unaware of the states,
i.e.,C’ C C. In this section, we show that this inclusion can be
strict, i.e.,C" € C.

We use h{«) to denote the entropy of a Bernoulli («v) source,
ie.,

ha) = —alog(a) — (1 — a)log(l — a) (25)
and p * q to denote the binary convolution, i.e.,
prq=p(l—q)+q(l-p) (26)
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Fig. 2. Binary state-dependent MAC example with two output components,
Y = (¥ YY), withY = X 4+ S+ Zr and Yy = X7,

Consider the binary memoryless MAC shown in Fig. 2. Here,
all the random variables are binary {0,1}. The channel has
two output components, i.e., Y = (¥7",Y3"). The component
Yy is deterministic, Yy = X7, and the component ¥Y* =
XU+ 5™ + Z7, where the addition is modulo 2. Encoder 2
knows the states only strictly causally and has no message to
transmit. Encoder 1 knows the states noncausally and transmits
an individual message W;. The state and noise vectors are inde-
pendent and memoryless, with the state process S;, ¢ > 1, and
the noise process Z; ;, ¢ > 1, assumed to be Bernoulli ( ) and
Bernoulli (p) processes, respectively. The vectors X7 and Xz
are the channel inputs, subjected to the constraints

ZXM <ng and ZXQ,i <ng, q2>1/2. (27)

i=1 i=1

For this example, as we will show shortly, the strictly causal
knowledge of the states at Encoder 2 does help, and in fact, En-
coder 1 can transmit at rates that are larger than the standard
Gel’fand-Pinsker I{U;Y7) — I(U; S) which would be the ca-
pacity had Encoder 2 been of no help.

Claim 1: The capacity of the state-dependent binary memo-
ryless MAC shown in Fig. 2 is given by

Cp = max I(Xq;Y1|9).

p(w1ls)

(28)

Proof:

1) The achievability follows from Theorem 1, as follows. Set
R.=0andV = S, U = X1, Ys = Xo with X» in-
dependent of (S, X1) in Theorem 1. Evaluating the first
inequality, we obtain

S I(UY |V, Xa) = I(U; S|V, Xs) (29)
=I(X1; Y1, X508, Xo) 30)
= I(X;Y1]S. X3) €1y}
= I(X1, X5: Y1(9) — I(X2: 115) (32)
= I(X1; Y1|S) + I(X2: V1| X1, )~ I(X2: V1|S) (33)
= I(X1:11]9) = I(X5; Y1 S) (34)
= I(X1; Y1]5) (35
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where (34) follows since X» = Y5 and Y2 < (X.5) <
Y1 is a Markov chain, and the last equality follows by the
Markov relation X5 < S < Y7 for this example.
Evaluating the second inequality, we obtain

Ry < I(U.V,X5;Y) — I(U, V. X2; 5) (36)
= I(X1,S: Y1, Xo) + H(Xo| X1, S) — H(S) (37)
= I(X1, 8; Y1) +1(X1, S; Xo|Y1)+ H(X3| X1, 8)— H(S)
(38)
= I(X1,8: Y1) + H(Xo|Y)) — H(X5|X1,5, Y1)
+ H(Xs|X1.8) — H(S) (39)
= I(X1;Y1]9) + I(S; Y1) + H(X,|Y1) — H(S)  (40)
= I(X1:Y1|S) + H(X,|Y1) — H(S|Y1) (41)

= I(X1;Y1|8) + H(Y1[Xo) — H(Y1|S)+H(X2) - H(S)
(42)
= I(X;Y1|9) + I(S; Y1) + H(X2) — H(S) (43)
where (40) follows since X is independent of ( X1, S, Y7).
Now, observe that with the choice X3 ~ Bernoulli(3)
independent of (S, X1), we have H(X5) = H(S) =1
and, so, the right-hand side (RHS) of (43) is larger than
the RHS of (35). This shows the achievability of the rate
R] = I(X]. Y1|S)
2) The converse follows straightforwardly by specializing
Theorem 2 (or the cut-set upper bound) to this example,

R < I(X1;Y]Xy, 9) (44)
=I(X1:Y1]X2,5) (45)
= H(Y1|X>,5) — H(Y1|X1, X5, 5) (46)
< HMNIS) — H(Y1]Xy, X3, 5) (47)
< H(Y:1|S) — H(Y1] X4, 9) (48)
= I(X1; Y1]9), (49)

where (47) holds since conditioning reduces entropy, and
(48) holds by the Markov relation X5 « (X1, S) < Y3.
Claim 2: The capacity of the state-dependent binary memo-
ryless MAC shown in Fig. 2 satisfies

Cp=hip*q)—h(p)> max I{U;Y7)-I(U;9).

p(u,w1ls)

(50)

Proof: Claim 2 is a simple consequence of Claim 1 and
known results on the capacity of the binary dirty paper channel
(see, for example, [43] and references therein). More specifi-
cally, the capacity C'p in Claim 1 is that of a point-to-point
state-dependent additive binary channel with a Bernoulli (3)
state known at both transmitter and receiver ends, a Bernoulli
(p) noise representing the binary symmetric channel and av-
erage input constraint ¢ at the transmitter. Thus, an explicit
characterization of C'p is given by [43]

Cp = h(pxq1) — h(p). (51)
Letnow FEqp be the maximum achievable rate had the strictly
causal part S*~1 of the state been of no utility, or equivalently,
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had Encoder 2 been of no help. Rgp is the capacity of a binary
dirty paper channel given by [43]

Rgp = (ma)‘( )I(U;Yl) - I(U;S)
p(u,z1|s
Glq), ifp* < a1 <5
= (1=p” : * (52)
grlog(=F-), f0< g <p

where p* = 1 — 27" and the function G(g), defined for
q € [0,1/2], is given by
_ [ g —hlp). ifp<q<s
Glg) = {0? if0§q<; : (53)
Observing that h(p * q1) > h{gy) forall 0 < ¢; < 1/2,1itis
easy to see that C'p > Rgp.

Remark 4: In this example, the encoder that knows the states
only strictly causally simply conveys these states to the receiver,
noiselessly. The receiver then becomes aware of the channel
states fully (since the delay in learning these states at the de-
coder has no impact on the capacity). This explains why En-
coder 1 can transmit at rates that can be strictly larger than the
standard Gel’fand—Pinker rate (52); and in fact achieves the ca-
pacity (50) of a state-dependent additive binary channel with the
states known at both transmitter and receiver ends. ]

C. Common-Message Capacity

In this section, we study the important case in which the two
encoders transmit only the common message, i.e., B; = (. The
following corollary characterizes the capacity in this case, to
which we refer as common-message capacity.

Corollary 2: The common message capacity, C, of the MAC
with common message and states known noncausally at one en-
coder and strictly causally at the other encoder is given by

C=maxI(K,X2;Y)— I(K, X2;5) (54)
where the maximization is over joint measures Ps k x, x,,v of
the form

Ps k. x, x, v = QsPx,Px x,|5.x,- (55

Proof: The proof of Corollary 2 appears in Appendix F.

Remark 5: The common-message capacity of our model in
Corollary 2 coincides with the common-message of the model
with the state sequence S™ known noncausally at Encoder 1 and
not at all at Encoder 2 [5]. That is, C' can also be obtained by
relaxing the constraint on R in the region C’ defined by (10)
and (11). This shows that the knowledge of the states at Encoder
2 only strictly causally does not increase the common-message
capacity. We should, however, note that this result is not a direct
consequence of that in a MAC a state that is known only strictly
causally at all encoders does not increase the capacity; and, so,
the converse proof is needed here. O

IV. MEMORYLESS GAUSSIAN CASE

In this section, we consider a two-user state-dependent
Gaussian MAC in which the channel states and the noise are
additive and Gaussian.
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A. Channel Model

As in Section II, we assume that Encoder 1 knows the
channel states noncausally and Encoder 2 knows the channel
states strictly causally. The two encoders send some common
message W.., and, in addition, Encoder 1 sends an individual
message Wy. At time instant ¢, the channel output Y; is related
to channel inputs X;,; and X5 ; from the two encoders, the
channel state S; and the noise Z; by

Yi=X:+ X0+ S+ 7, (56)
where S; and Z; are zero-mean Gaussian random variables with
variance () and NV, respectively. The random variables .S; and
Z; attime instant4 € {1,...,n} are mutually independent, and
independent from (S;, Z;) for j # i. Also, at time ¢, the input
X ; is independent from the state S;.

We consider the individual power constraints on the trans-
mitted power

T (£
ZXlei < nhPy, ZX‘QZJ < nks.

=1 =1

(57)

The definition of a code for this channel is the same as given in
Section II, with the additional power constraints (57).

B. Capacity Region

The following theorem characterizes the capacity region of
the studied Gaussian model.

Theorem 4: The capacity region of the Gaussian model (56)
is given by the set of all the rate pairs (R., 121 ) satisfying

1 Pi(1—p2, — )2
Rl < ;10g (1 + 1( P12 p?s))

i
R0+R1
< Liog (1+ (VP2 + 12V P1)? )
~ 2 Pi(1—piy — ) + (V@ + prsvVPr)2 + N
1 Pi(1 - ply = pi,)
+ 5 log (1 + = ) (58)

where the maximization is over p1s € [0,1], p1s € [—1,0] such
that
Pla+pls < 1. (59)
Proof: An outline proof of Theorem 4 is given in
Appendix G.

Remark 6: The capacity region of our model in Theorem 4
coincides with that of the model (56) but with the state sequence
S™ known noncausally at Encoder 1 and not all at Encoder 2 [5,
Th. 7]. Then, an implication of Theorem 4 is that it is optimal for
our model to just ignore the states S*~! that are known at En-
coder 2 and use the coding scheme of [5]. That is, the availability
of the states only strictly causally at the encoder that sends only
the common message in our model does not increase the ca-
pacity region any further. While one could expect some utility
of the collaborative transmission of a lossy version of the state to
the decoder as in the memoryless discrete setup (and also in the
Gaussian setups of [15], [16], and [18]), a direct consequence of
our converse proof is that this would be of no help, in the sense
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that it would not result in better transmission rates. This can be
interpreted as follows. As can be seen from the proof of The-
orem 1, the joint transmission of the state to the decoder aims
at equipping it with an estimate of this state. This state estimate
is then utilized as decoder side information for the decoding of
the information messages. In the discrete memoryless case, this
can be beneficial, in general, for the transmission of the private
message, not the common message, as we already mentioned. In
the Gaussian case, however, for the transmission of the private
message, Encoder 1 knows the state noncausally, and therefore,
it can cancel its effect completely using a variation of the stan-
dard dirty paper scheme [44], with no need to diminishing its
effect via the joint transmission of the compressed version of
the state. O

The following corollary follows straightforwardly from The-
orem 4.

Corollary 3: The common message capacity,
Gaussian model (56) is given by

(VP2 + p1avV/'Pr)? )
Pi(1=pT—pi )+ (VQ+p1sVP1)>+N

Pi(1 = pdy — piy)
AL, (60)

', of the

1
Ce= max?og (1 +

+ 1 (1+
— log
5 log

where the maximization is over p12 € [0,1], p15 € [—1, 0] such
that

pio + pi, < 1. (61)

V. CONCLUSION

In this paper, we consider a state-dependent MAC with the
channel state available noncausally at one of the encoders and
only strictly causally at the other encoder. The decoder is not
aware of the channel state. Both encoders transmit a common
message and, in addition, Encoder 1, the encoder that knows the
state noncausally, transmits an individual message. We study the
capacity region of this communication model. The analysis also
helps understanding the utility of revealing the state only strictly
causally to the encoder that sends only the common message as
well as optimal compressions to perform it.

In the discrete memoryless case, we characterize the ca-
pacity region of this model with a single-letter expression. In
particular, the analysis reveals optimal ways of exploiting the
knowledge of the state only strictly causally at the encoder that
sends only the common message. The encoders collaborate to
convey to the decoder a lossy version of the state, in addition
to transmitting the information messages through a general-
ized Gel’fand—Pinsker binning. Particularly important in this
problem are the questions of 1) optimal ways of performing
the state compression, and 2) whether or not the compression
indices should be decoded uniquely. We develop two optimal
coding schemes that perform the state compression differently.
The first coding scheme is a-la noisy network coding by Lim
et al. or the quantize-map-and-forward by Avestimeher et al.,
i.e., with no binning and nonunique decoding of the compres-
sion indices. The second coding scheme employs Wyner—Ziv
binning with backward decoding and nonunique decoding of
the compression indices. We note that backward decoding and
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nonunique decoding seem to be key elements for the optimality
of the Wyner—Ziv-based coding scheme. Next, by exploiting
our outer bound and the involved auxiliary variables specifi-
cally, we show that, although not required in general, for our
specific model, the compression indices can in fact be decoded
uniquely essentially without altering the capacity region but at
the expense of larger alphabets sizes for the auxiliary random
variables.

The capacity region contains that of the model of [5], and this
shows that revealing the state even only strictly causally to the
encoder that sends only the common message is beneficial and
enlarges the capacity region in general. Furthermore, by investi-
gating a discrete memoryless example, we show that this inclu-
sion can be strict, thus demonstrating the utility of conveying a
compressed version of the state to the decoder cooperatively by
the encoders.

We also specialize our results to the case in which the two
encoders send only the common message. We characterize the
common-message capacity and show that knowing the states
only strictly causally at one of the encoders is not beneficial in
this case.

Furthermore, we also study the memoryless Gaussian set-
ting in which the channel state and the noise are additive and
Gaussian. In this case, we establish an operative outer bound on
the achievable rate pairs and then show that this outer bound
is achievable, thus yielding a closed-form expression of the ca-
pacity region. Unlike the discrete memoryless case, we show
that the knowledge of the states only strictly causally at the en-
coder that sends only the common message does not increase
the capacity region in this case.

APPENDIX A
PROOF OF PROPOSITION 1

Part 1: To prove the convexity of the region, we use a stan-
dard argument. We introduce a time-sharing random variable 7'
and define the joint distribution

Prsuvvx, x.v (s, u,v,21,72, )
= Prsuv,x,,x (s, w021, 22) Wy x, x,, 5|21, 2, 5)
(A-1)
> Prsuvvx x(t s uv,e1,m0) = Prt)Qs(s).

UV, LT
(A-2)
Let now (R, RT) be the common and individual rates re-
sulting from time sharing. Then,

R <I(U;Y|V, Xy, T)=I(U; S|V, X5, T) (A-3)
=I(U;Y|V,X5) = I(U; S|V, X5)  (A-4)

RI+R{ <I(U,V,Xo;Y|T)-I(U,V, X2; S|T) (A-5)
= I(U,V,Xo;Y|T) = I(U,V, X5, T; 5) (A-6)
<I(U,V,Xo, T;Y)=I(U,V, X5, T; 8) (A-7)
=I(U,V,X:Y) = I(U,V,X5:58), (A-8)

where V := (V, T'). That s, the time sharing random variable T
is incorporated into the auxiliary random variable V. This shows
that time sharing cannot yield rate pairs that are not included in
C and, hence, C is convex.
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Part 2: To prove that the region C is not altered if one
restricts the random variables U and V' to have their alphabets
restricted as indicated in (9), we invoke the support lemma [46,
p. 310]. Fix a distribution p¢ € P of (S, U.V, X1, X5,Y) and,
without loss of generality, let us denote the product set S x X7 x
Xo ={1,...,m}, m = |[ExX xXa|.

To prove the bound (9a) on |V|, note that we have

L(U:Y|V,.Xy) — L,(U; S|V, X)
= 1,(U Xy Y V) = L(X2:Y|V)
— 1,(U, X2; 8|V) + L,(Xs; S|V)
= H,(U, X5, S|V) — H,(U, X5,Y|V)

—H, (X5, 5|V)+ H,(Xo,Y|V) (A-9)

and

I#(Ua V, XZ;yr) - I;L(U: V, Xy S)
:I‘u(U7 )(2;}/“/)—]#([]7 X 8
— H,(U, X3, S|V) -

V)+Iu(v? Y)_IIL(V§ S)
H, (U X2, Y|V)+H,(Y)-H,(S).
(A-10)

Hence, it suffices to show that the following functionals of
/l’(S? U ‘/7 X17 X27 Y)

ri(p) = pl(s,z,2"), (A-11a)
ro () = /dﬂ(v)[H#(U, X2, Sw) — H,(U, X3, Y|v)

U

- H, (X5, S|v) +H, (X2, Y]|v)]
(A-11b)

oa() = [ d(0) (U, X SJ0)~ H, (U, X2, ¥ o)
(A-11¢)

can be preserved with another measure ;' € P. Observing that
there is a total of (|S||X1||X2| + 1) functionals in (A-11), this
is ensured by a standard application of the support lemma, and
this shows that the alphabet of the auxiliary random variable V'
can be restricted as indicated in (9a) without altering the region
C.

Once the alphabet of V is fixed, we apply similar ar-
guments to bound the alphabet of U, where this time
(|S)|X1||X2| + 1)|S]|X1||X2| — 1 functionals must be satisfied
in order to preserve the joint distribution of (S, V, X, X5), and
one more functional to preserve

L(U; Y|V, X3) — 1,(U; S|V, X3)
= H,(Y,V,X5) — H,(S,V,Xs) + H,(S,V, X, |U)
— H,(Y,V, X5|U) (A-12a)
(U, V,X5;Y) = L(U,V, Xy 8)
= H,(Y) = H,(S) + H,(S,V, Xo|U)— H,(Y,V, X,|U).
(A-12b)

This shows that the alphabet of the auxiliary random variable U
can be restricted as indicated in (9b) without altering the region
C, and completes the proof of Proposition 1.
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APPENDIX B
PROOF OF THEORM 1

Throughout this section, we denote the set of strongly jointly
e-typical sequences [45, Ch. 14.2] with respect to the distribu-
tion Px y as Z'L(ngf).

A. Direct Part of Theorem 1

To bound the probability of error, we assume without loss of
generality that the compression indices are all equal to unity,
i.e.,t1 = t2 = :tB =1.

We examine the probability of error associated with each of
the encoding and decoding procedures. The events E7, E5, and
FE5 correspond to encoding errors, and the events Ey, Fs, Fg,
and E7 correspond to decoding errors.

e Let By = Uf;lEh: where Fy; is the event that, for
the encoding in block ¢, there is no covering codeword
vi—1(we, t;—2,t;_1) strongly jointly typical with s[i — 1]
given Xz ;1 (we, t;—2), i.e.,

B
E = U {39 tiq1 €l ]\Zf] s.t. :(Vifl(wmtq‘,fz,tifl),

=1
S[i — 1],x27i,1(wc,ti,2)> e ZH(P‘/’,S,XQ)}~ (B—l)

For ¢ € [1 : DB], the probability that (s[¢ —
1], x2,i -1 (we, ti—2)) is not jointly typical goes to zero as
n — 00, by the asymptotic equipartition property [45, p.
384]. Then, for (s[¢ — 1], X2 ; —1(we., t;—2)) jointly typical,
the covering lemma [47, Lecture Note 3] ensures that
the probability that there is no ¢; _; € [L : M] such that
(vi—1(we, ti—o,t;_1),8[i — 1]) is strongly jointly typical
given Xz ;_1(w,t;_2) is exponentially small for large n
provided that the number of covering codewords v;_; is
greater than 2°1(Vi51X2) je

R>I(V;S|Xs). (B-2)
Thus, if (B-2) holds, Pr(£;;) — 0 as n — oo and,
so, by the union of bound over the B blocks, Pr(F;) —
0 as n — oo.

e Let By = Uf’:lEQi where Es; is the event that, for the
encoding in block 4, Encoder 1 can find no covering
codeword v;{w,, t;_1.1;) strongly jointly typical with s[¢]
given X3 ;(w., t;_1). Similarly to the event £1, it is easy
to see that Pr(F2|Ef) — 0 as n — oc if (B-2) is true.

e Let E3 = Uf;lEgi where F3y; is the event that,
for the encoding in block ¢, there is no sequence
w;(we, ti—1,1;,w1,7;) jointly typical with s[i] given
x27i('11)c, tifl) and Vi('LU67 tifl, ti), i.e.,

B
= U {33 Ji€l:J] st I(Ui(wuti-htu7”17.7))?5[%

i=1
vi{we, tio1,t:), X2 i (we, tifl)) € ,Z;n(PU.S,V,Xg)}-(B'3)
To bound the probability of the event Fs;, we use a
standard argument [3]. More specifically, conditioned
on EY; and Ej;, the complement events of f7; and
Es;, respectively, we have that the state s[i] is jointly
typical with (x2;(we,t;—1), vi(we,ti—1,%;)). Then, for
w;(we, t;1,t;, w1, j;) generated independently of s[é]

given XQ’,',('U)C, tifl) and vi(wc, ti_1, ti), with i.1.d. com-
ponents drawn according to Py v, x,, the probability
that w;(w.,t;—1.%;, w1, ;) is jointly typical with s[i]
given xo ;(w,,t;_1) and v;(we,ti_1,%;) is greater than
(1 — e)2 "UW:SIV.X2)+e) for sufficiently large n. There
is a total of J such u,’s in each bin. Conditioned on ET,
and Eg,, the probability of the event Ej3;, the probability
that there is no such u;, is therefore bounded as

Pr(Es|Ef;, Bs;) < [1— (1 — 27 nTWSIVADT9 - (Bg)

Es

E

Taking the logarithm on both sides of (B-4) and sub-
stituting JJ, we obtain that In(Pr(FEs;|ES;, ES;)) <
—(1 — €26-De Thus, Pr(EslES, E5) —
0 as n — oc and, so, by the union bound,
Pr(E3|Ef, FS) = 0 as n — oc.

For the decoding of the common message . at the re-
ceiver, let By = UszlE‘M where Fy4; is the event that
<X2,i(wc>ti71), u(we, b1, b, wi, §F), vilwe, tio1,t:),

y[a]) is not jointly typical, i.e.,

B
Ey = U {(X2,z’(wa~,ti71)7ui(wmti717ti771?17.7'i*),

=1
Vilwe tion 1)y 1) € T (Proovy )} (B5)

Conditioned on FE%,, FES,, and FEY;, the vectors s[i],
Xo i(Wey tic1), Vi(we, ti—1, t;) and ug(we, 8 _1, £, w1, jF)
are jointly typical and with x;[i]. Then, conditioned on
Ef,, ES,, and E$;, the vectors s[i], X2 ;(we, ti—1),
vilwe,tio1,t), wi(we, ti—1,t;, w1, 9F) and y[é] are
jointly typical by the Markov lemma [45, p. 436], i.e
Pr(Fy|EY,, ES,, ES) — 0 as n — oc. Thus, by the
union bound over the B3 blocks, Pr(F4|Ef, FS, ES) —
0 as n — oo.

For the decoding of the common message w,. at the
receiver, let FE5 be the event that xo ;(wl, t;_1),
w;(wh,t; 1, t,w1,5:), vi(wl,t;_1,t;), and y[] are
jointly typical for alli = 17 ..., B and some w!, € [l :
M), wy € [1: M), t8 (1‘1.... tp) €l: M} and
i = (j1,..., i) €[1: 7]B such that w/, # w,, i.e.,

= {EI wh € [1: M., wy €[1:M],
tB = (ty,...tp)e[l: M|B.jB el : J)Bst. ) £ we,

B
ﬂ {<XZz Wiy tio1), wi(wy, b, b wi, i),

vt ) € TP} @6

To bound the probability of the event F5, define the fol-
lowing event for given w;, € [L : M.], w1 € [1 : My],
(ti1,t;) € [L: M]? and 5; € [1 : J] such that w!, # w,:

si(wl, ti 1, b, w1, i)
= {(X2,i(w£7ti71)7ui(wéytiflatiawlsji)v

Vi(’wéyti—hti):ym) € Z"(sz,bzv,Y)}-
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Note that for w/ # w,. the vectors xo;{w/.t;_1),
vi(wl,ti_1,t;) and w;(w’., #;_1,%;, w1, j;) are generated
independently of y[i]. Hence, by the joint typicality lemma
[47, Lecture Note 2], we get

Pr(Esi(w; tio1. ti,wn, Ji) | B, BSL ES, E4)

< 2771[[([/,"7)(2;}’)75]. (B-7)
Then, conditioned on the events K7, ES5, EY, and EY, the
probability of the event £5 can be bounded as given by
(B-8) at the bottom of the page.

The RHS of (B-8) tends to zero as n — oo if

-1
(I(U,V, X2;Y) —

R I(U;S|V,X)
B B '

Re+ Ry < I(U; S|V, Xo) — R)

(B-9)

Finally, using (B-2) to eliminate R from (B-9) and taking
B — oo, we get Pr(Es|EY, ES, ES, ES) — 0 as long as

RC +R1 S I(Uv‘/:XZ*Y)

= I(U,V, X5;Y)

— I(U,V; S| Xs)

~ I(U.V.X2;5). (B-10)

where the last equality follows since X5 and S are inde-
pendent.

e For the decoding of the individual message w; at the
receiver, let Fg = UleEGi, where Fjg; is the event that
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Xo i(We,tiz1), Vilwe, tis1,t:), Wi(we, tio1, 8, w1, j3),
and y/[¢] are not jointly typical, i.e.,

FEg; = { (X2,i(7uc-, tio1). Vilwe, ti1,t;),

ui(wca t'i—la tiv “)17.7‘7?,()7 y[d) ¢ IZZI(PX27V7U7Y)}'
(B-11)

From our analysis of the probability of the error event F,,
it is easy to see that, conditioned on EY, £S5 and E¥, the
event Eg; has exponentially small probability. Thus, by the
union bound over the B blocks, Pr(Es| ES, ES, E§) — 0
as n — 0o, where Fg = U ~ 1 Eei.

* For the decoding of the individual message w; at
the receiver, let £; be the event that xa;(we,t;_1),

w;(we, b1, b, wi, 4i)s  Vi(we,tio1,t;), and  y[i]
are jointly typical for all ¢ = 1,...,B and some
wiy € [1 : M), t% = (t1,...,tg) € [1 : M]? and
i% =(j1,...,48) € [1 : J]? such that w} # wy, ie., as

given by Eq.(B-12) at the bottom of the next page.

To bound the probability of the event F, define the fol-
lowing event for given w} € [1 : My], (t;-1,4) € [1 :
M]? and j; € [1 : J],

Eri(wi tio1. 4. Ji) = {(Xz,i,(wm tio1 ) (we tio1, ti W, 7i),s

vi(we, ti—1, ti)ﬂ[i]) € Zn(PXQ,U,V,Y)}-

Pr(Es|E$, ES, B3, ES) ZPI‘( U U
w! Fw

B
U ) Bt tiwn, i) 5, B, B3, )

he w1 €[1:M1] tBe[LM]B jBe[1:J]B i=1

B
<§> Z Z Z Z PI(,QE J(wl i1, i, we, i) |EYL ES, ES’E()

wiFwe w1 €[1:M1] ¢B c[1: 8] 8 jF €[1:J]#

vy Yy

11t wa, J7)|E1 EzaEs E4>

wiFwe wy €[1:M1] 1B e[1:M]P JBE[l J|B =1

<2 22

w! #Fwe wq €[1: Ml]tBe[l 1[} iBe

()

w! Fw, wy €[1:M] tH el ‘u]H iR

<> 2 2 2 I

.,:]m

il
N

PI(E Jwl,tioy, tiywn, Ji)| EYL ES, E37E4)
[1:7]8 i

sy

n [ 10V X7 ) ]

€[1:J]F i=2

= Z Z Z Z 271(3—1)[[?+f}5] 2—'n.(B—1)[I(U,Xw’,Xz;Y)—I(U;S\V,Xz)—(é-l—l)e]

whFw, wy €[1:M] tBE[lz]\Aﬂ ip€[1:J]

< MMy MIJ2—"B-D [1(U,V,X2:V) ~I(U3S|V,X2) - R - (+6+1)e]

2717B [

L(I(U.V. X2 V)~ I(U3SIV.X2)~ ) —(Ro+-Ry) — § -

IS 4 (o i —6— 2t ) ] (B-8)

where (@) follows by the union bound; (b) follows since the codebook is generated independently for each block

i € [1 : B] and the channel is memoryless; and (¢) follows by (B-T).
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Then, the probability of the event F7 given by (B-12) can
be bounded as given by (B-13) at the bottom of this page.
For w) # wy, the probability of the
event Eri(wli, tio1.ti, i) conditioned on
EY, B, ES, EY, Eg, EC can be bounded as fol-
lows, depending on the values of #;_; and %;:

1) ifé; 1 75 1 then(ui(wc, ti1,ti, w’l,ji), Xgﬂj(’wc, tifl),

vi(wc,ti,l,ti)) is generated independently of the

output vector y|[i] irrespective to the value of #;, and
s0, by the joint typicality lemma [47, Lecture Note 2]

Pr (Eh (11)/1, ti_1,ti, ]L)| ﬂgzl Eli) < 27'L[I(U'V’X2 Y)—e .
(B-14)
i) if ¢4 = 1 and ¢; # 1, then
ui(wc, ti1,t;, ’LU/1 ; ]L), vi(wc., ti—1, ti)> is
generated independently of the output vector y/[i]
conditionally on Xz ; (., t;—1), and hence

n[I(UV3Y|X2) —e]
(B-15)
iii) if£;,_; = 1 and #; = 1, then u,,;(wc,t.,;,l,ti, wi],)
is generated independently of the output vector y|i]

Pr <E7i('w/1:ti717ti7ji)| ﬂ(li:l E;) S 2°
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Now, note that since I(U, V;Y|X2) > I(U; Y|V, X»), if
w) # wy and t;_1 = 1 the following holds irrespective to
the value of ¢;:

Pr(Bri(wl, iy, b, i)l -y Bf) < 27 MYV,
(B-17)
Let Iy :=I(U;Y 2= I{U,V, X2;Y). If the

sequence (1, ...,tp_1) has k ones, we have

B
H Pr (Eﬂ(“]/lﬂ tio1, s, ]L)| 02:1 Ei)
i=2

S 2777'[]‘;114’(3*1*]9)]27(B71)6] . (B'lg)
Continuing from (B-13), we then bound the probability of
the event F; as given by (B-19) at the bottom of the next
page.
The RHS of (B-19) tends to zero as n — oo if

-1
(min (Il - U
R I(U: S|V, X5)

B B

B .
R1< ;S”/,XQ),IQ—R—I((J;L

)
(B-20)

Finally, using (B-2) to eliminate R from (B-20) and taking
B — oo, we get Pr(E7| NS_; E¢) — 0 as long as

conditionally on x2 ;(w., ti—1) and v;(w., ti_1, %), Ri<IL I X))
and hence ; = I(U; Y|V, X2) — I( ) (B-21)
an
Pr<E7i(w'1; ti1stis i)l Moy Ei) < 9 nHUY|ViX2)—] Ry < 1o = I(V; 8| X2) — I( )
(B-16) = I(UV.X5:Y) ~ I(U,V, X5 5).  (B-22)
B
Er = {3 wh € L My, #5 = (b1, tp) € [1: M)P,jB € [1: J)Ps.t ot # wy, ) {(xz,i(wc,ti,l),

=1

ui(wcvtiflytivwllvji)7Vi(wcvtiflvti)vyu.]) € ZH(PXZ.U,V,Y)}} (B-12)

Pr(Er|EY. B3, B3, EY, By, Eg) =

(U U

B
U ﬂ Eri(wy, tio1,ti, 30)| Ny Elﬁ)

wi#wy ¢Be[1: M) P jP e[l J]P i=1

> X

B
Z PI‘( m E?i(ql)/17t‘l-—1ﬂt‘[-7ji)| m(l?;:l E;;)

wFw1 B e[1: M8 P €[1:7]8 i=1

2y X

B
Z HPI'(E7i(w/17 tic1,tiydi)l Noey E;:)

wiFwy 8 e[1:M]# jPE[LT]F i=1

<> X

(B-13)

Z H PI‘(E7Vi(w’1,t1:71,tz:,ji)| M1 El?)

wiFw1 tBe[L: MR jRE[lT]P i=2

where (d) follows by the union bound and (¢) follows since the codebook is generated independently for each block

i € [1: B] and the channel is memoryless.
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Finally, noting that the condition (B-22) is redundant as R. >
0 in (B-10), we obtain that the probability of error tends to zero
asn — ocand B — oo if

Ry < I(U5 Y|V, X5)

— I(U; S|V, X3) (B-23a)
— I(U, V, X»; 5). (B-23b)

This completes the proof of achievability.

B. Converse Part of Theorem 1

We prove that for any (M., M;,n,c) code consisting of a
mapping ¢1 : W, xW; xS8™ — AT at Encoder 1, a sequence
of mappings ¢o; : Wex8& 1 — Xo,i = 1,...,n, at En-
coder 2, and a mapping ¢ : J"* — W.xW; at the decoder
with average error probability P* — 0 as n — 0 and rates
R.=n"1 logo, M. and R} = nt log, M, there exist random
variables (V, U, X1, X5) € VxUx X1 xXo with U and V satis-
fying (9) such that the joint distribution Ps v 17, x, x, is of the
form
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and the rate pair (R, R;) satisfies (8).
Define the random variables

V= (We, Siilvyiﬁ-l)

0; = (W1, Vi) (B-26)
Observe that the random variables so defined satisfy
(Si,U;, Vi, X1, X0, Y:) € P, Vie{l,....n}. (B-27)

We first prove the following auxiliary result.
Lemma 1: The following inequalities hold:

T(Wh Y| W) — I(Wa; §°|W,)
< I Yi|Vi, X ) — 103 84| Vi, Xo)
=1

(B-28)

Psvux, x, = QsPx, Pvis x, Pux,|v.s.Xs (B-24)
the marginal distribution of S is Qg(s), i.e., I(We, Wi V™) — I(W., Wi; 8™)
<Y I Vi, Xoi Vi) = I(T3, Vi 8] Xi).
Z PS,V,U,XI,XQ (S.,U,’U,,xl,l‘g) = QQ(S) (B-25) i=1
U, U,TY LT (B-29)
Pr(Eq7| iy Ef) < Z Z Z HP1<E7, Lttt Gl Ny EZ)

wiFw B e[1: M) B 7 [1:] B i=2

=2 2 >

15éLL1 t};G[l -\[} Be[l 7]

>y o2 s ()

>

IN

wi#wi tge[1:47] i7€[1:T]P k=0

SPIND D DY

wiFw ¢y e[1:M] ip€[l:J] jP-1e1:]B -

-y v

wiAws tpe[1:M] jr€[1:7] k=0

H Pr (En(’w’p tio1,tiydi)l Moy EZ)

tB-le[LAr)B -1 i=2

gn(B-1- k)[R+r/e]2—rl[k11+(B 1-k)I, (B -1)e]

Z:l( ) n[kL+(B-1- k)T R) - (B-1 k)ie (B 1)
1 k=0

) (B—1) [1(U; swx,)+5f]2f [en+(B-1-k)(Ta—R)— (B—1) (i +1)¢]

— Z Z Z Z(B 1>2—n k(L -I(U3S1V,X2)) +(B -1-k) (Lo -R-I(U;S|V,X2) ) ~(B-1)(7+5+1)e]

wiFw1 tge[l:M] ip€[1:J] k=0

< Z Z Z Z(B ) n[(B- D min (0 I(U;S|V.X2). Lo R I(U3SIV,X2)) — (B 1)(+8+1)c

w 7&11 THE 1 \[}jt;e[l J] k=0

< M, N.J2B2 ™ [(B—1) min (1, ~I(U;S|V,X2). Lo~ R—I(U3S|V,X2) ) —(B—1) (+6+1)e|

277’13[

277’13[ =

B
min (I - I(U;S|V.X2), - R I(U:S|V,X2)) Ry & HUSVXa) 1y (y) 55 221)]

I(U7;S|V,X9)

in (I I(U3S|V.X2) L R I(U;S|V,Xp)) Ry & HE85VXo) (g 5 (BoliGiern)) ]

n

(B-19)
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Proof:
i) We show the first inequality in the lemma as follows:

I(Wy Y W) — I(W1; S W) (B-30)

=Y I(WiYi|We, YI) = (Wi S| We, S
=1

—ZI (Wi, 8" LYW, Vi) —

=1

- I(Wl; Si|W,, 8" 1)

_ ZI
- il(si*;mm, Wi, Yi3)

i=1

(;> ZI(W]L - 171K|W¢7YV:|-1) -

(B-31)

(Siil; Yyi“/vcy le )/17—7;-1)
(B-32)

1L STLY WL Y ) - T(Whs Si|We, ST

(B-33)
I(Wy; S;|W,, S°~ 1)

—ZI S Y |We, W, 871 (B-34)

:ZI(Wl,Si’1;Yi|WC,Yiﬁ_l)fI(Si;VV1 Vi | We, 8771
=1

(B-35)

=Y I(WiYi|We, ST Y + 1(STL VI, Vi)
=1

— I(S; Y, [We, 5771

= I Yi|We, STLYA) - I(Ss Wi |[We, 1Y)

=1

— I(SuWh|W,, 8L Y )) (B-36)

+ 3 I(STLY W, Y”l)—ZIS“Y”ﬂWL,S‘ )
=1

(B-37)
© i[(wl;mwc, STV ) (S Wa W, ST YR )
- (B-38)

= il(wl; Yi[We, 87 Vi, Xay)
- IZ(:;i;W1|WC, LY X0 ) (B-39)
@ iI(Uﬁn‘Vi-XZi) — I(U;; 8;|Vi, X2.4) (B-40)

where (a) and (b) follow from Csiszar and Kérmer’s Sum
Identities[48]

S I(STLYIWo, W Y ) =Y IS5 Y [We, Wh, S
3 =1

(B-41)
SO ISTRYIW Vi) = 3 I(Sa Vi We, 871
=1 i=1

(B-42)
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() follows from the fact that X5, is a deterministic func-
tion of (W,., S* 1), and (d) follows by the definition of
the random variables U; and V; in (B-26).

ii) Similarly, we show the second inequality in the lemma as
follows:

(W, Wi Y™) — I(W,, Wy; 5) (B-43)
=3 I(We, Wi Yi[Yih,) — I(We, Wi; Si|S7) (B-44)

i=1

=Y (W, Wi, 8" LYY -
=1

— I(We, Wy

T

H(STLYWe, Wi, V)

; Si—l)

(B-45)

=Y (W, Wi, 8" LYY -

=1

I(W,, Wy: 88

~ SIS LYWL, V)

i=1

(B-46)

O S W W, 5L YY) -
i=1

T(W,, Wy; 88 1)
= (Y S We, W, ST (B-47)

=3 I(We, W1, SThY;|Y) —I(We, W1, Y], Sl S

i=1
(B-48)
_ iI(W“" Wi, STTL YY)
CH(SIST) + HUS W W, S YE) (B-49)
e iI(WC, Wi, 8L YY) - H(S)
+H(S W W 5 ) (550

=Y I(We, Wi, ST LYY ) = T(We, Wi, 871 Y555

=1
(B-51)
gi[(w;,wl,s" LY Y)W, W, ST LY S))
- (B-52)
@ iI(WC,Wl.,Si LY X Vi)
- 1(741’ Wi, 84, Vi, Xoi; Si) (B-53)
w Xn:I(Ui, Vi, X003 Ys) — (U, Vi, X043 Si) (B-54)

i=1

where (e) follows from Csiszar and Koérner’s Sum Iden-
tity (B-41), (f) follows from the fact that the state S™ is
i.i.d., (g) follows from the fact that X5, is a deterministic
function of (W, S*~1), and (h) follows by the definition
of the random variables U/; and V; in (B-26). |
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We continue the proof of the converse. The decoder map v
recovers (W, W1 ) from Y™ with vanishing average error prob-
ability P. By Fano’s inequality, we have

H(W,, Wi|Y™") < ne,, (B-55)
where e,, — 0 as P — 0.
We can bound the individual rate as
nR; < H(W,|W,) (B-56)
= (Wi Y™ |W,) + H(W Y™, W.) (B-57)
(1)
S I(Wl~ yrn|Wc) + ney (B'Sg)
QW YW, - (W S7 (W) +ne, (B-59)

O N U YilVi, Xo) — 103 SilVi, Xa) + ne,
i=1

(B-60)
where (i) follows by using (B-55) and the fact that
HW W, Y™) < H(W.,Wi|Y™), (j) follows from the
fact that the messages are independent of each other and of the
state sequence, and (k) follows by Lemma 1.

Similarly, we can bound the sum rate as

n(R. + Ry) < H(W,, W) (B-61)
= I(Wo, Wi Y™) + H(W, WAY™)  (B-62)
0
< I(Wo, Wi Y™) + ne, (B-63)
™ [(W,, Wi Y™ — (W, Wi ™) + nen
(B-64)

(R)ZI Ui, Vi, Xoi3 i) — (U3, Vi, Xoi: S5),
(B-65)
where (1) follows by (B-55), () follows from the fact that the
messages are independent of the state sequence, and (n) follows
by Lemma 1.
From the above, we get that
ZI(U;,; Yi|Vi, Xa,;) — I(U;; Si|Vi, Xo.3)+ en,

i=1

1

n

R <

R.+ Ry

IA

I, - o I
= 0, Vi, X2.6Y3) ~ I(Us, Vi, X245 85) €
n ' '
i=1

(B-66)
The statement of the converse follows now by applying to
(B-66) the standard time-sharing argument and taking the
limits of large n. This is shown briefly here. We introduce a
random variable 7" which is independent of .S, and umformly
distributed over {1,...,n}.Set S = Sy, U = Ur, V = Vr,
Xi=Xi7, X9 = XZ,T, and Y = Yp. Then, considering the
first bound in (B-66), we obtain

l— . - _

= U5 Yi| Vi, Xa)
n

=1

= I(U;Y|V, X5, T) — I(U; S|V, X5, T)
=I(U,T;Y|V, Xy, T) - I(U,T; S|V, X5, T).

— I(U; SilViy Xa24)

(B-67)
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Similarly, considering the second bound in (B-66), we obtain

—ZI (U3, Vi, X233 Y) = 1(U;, Vi, X235 85)
(13

=1
= (U, V,X:Y|T) — I(U, V, X2 S|T)
= I(T,U,V,X,Y) - I(T;Y) - I(T,U,V, X5 S)
( ,S‘

< I(T* U, ‘/fyXQ;Y) _I(T7 U'/ V*X27S) (B'68)

The distribution on (T,S,U,V, X, X5,Y) from the given
code is of the form

Prsevx x.y =

QsPrPx, Py x, sl x,1v.5.x, 1 Wy|x,,x,5- (B-69)

Let us now define U = (U,T) and V = (V,T). Using

(B-66)—(B-68), we then get

RlSI(U,YlVXQ)_I( 2)—|—€n
R.+R, < I(U,V,X5;Y)—I(U,V, X; S)+en, (B-70)

where the distribution on (S.U,V, X1, X3.Y), obtained by
marginalizing (B-69) over the time sharing random variable 7',
satisfies (S, U, V, X1, X5, Y) € P.

So far we have shown that, for a given sequence of
(én,n, R;, R1), codes with ¢, going to zero as n goes to
infinity, there exist random variables (S, U, V, X1, X5.Y) € P
such that the rate pair (R, R;) essentially satisfies the inequal-
ities in (8), i.e., (R., R1) € C.

This completes the proof of the converse part and of Theorem
1.

APPENDIX C
PROOF OF THEOREM 2

The transmission takes place in B blocks. The common mes-
sage W, is divided into B — 1 blocks w1, ..., w. g—1 of nli.
bits each, and the individual message W7 is divided into B — 1
blocks w1, ..., .w1,p—1 of nliy bits each. For convenience, we
let w. p = w1 p = 1 (a default value). We thus have By, =
n(B—l)RC, B[/Vl = n(B—l)Rl, N = 'VLB, RVVC = Bw'c /]\7 =
R.(B—1)/B,and Ry, = Bw, /N = Iy-(B — 1)/B, where
By, is the number of common message bits, By, is the number
of individual message bits, /V is the number of channel uses, and
IRy, and Ry, are the overall rates of the common and indi-
vidual messages, respectively. For fixed n, the average rate pair
(Rw,, Rw, ) over B blocks can be made as close to (R, R1)
as desired by making B large.

Codebook Generation: Fix a measure Psyv.x, x,v €
P.Fix ¢ > 0 and denoteM = gnlBe—neel A — gnlBi—me]
My = — 9n[Ro+nge] M = 2”[R+U‘] J= 2"[1((/ SV, Xa)+6u €]

1) We generate ]\JCLMO i.1.d. codewords X3 (w,, $) indexed by
w, =1,...,M., s =1,..., My, each with i.i.d. compo-
nents drawn according to Px,.

2) For each codeword x3(w,. s), we generate M i.id. code-
words v(w,, s,z) indexed by z = 1,. .. M, each with
i.1.d. components drawn according to PV‘ X,

3) For each pair of codewords (xa(w.,s),
we generate a collection of JM; i.i.d.

v(we, 8, 2)),

codewords
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{u(we, s, z,wy,4)} indexed by w; = 1,..., M,

3 = 1,....J, each with i.i.d. components draw ac-

cording to Py, x, .

4) Randomly partition the set {1,..., M} into My cells C,,

S € [171‘40].

Encoding: Suppose that a common message W, = w,
and an individual message Wy = w; are to be transmitted. As
we mentioned previously, message w, is divided into B — 1
blocks we 1, ..., w. p—1 and message w; is divided into B — 1
blocks wq 1,...,w1 5_1, With (w.;, w1 ;) the pair messages
sent in block i. We denote by s[i] the channel state in block 4,
i = 1,..., B. For convenience, we let s[0] = ¢ and z9 = 1
(a default value), and sq the index of the cell containing zp,
i.e., zo € Cs,. The encoding at the beginning of the block ¢,
1 =1,...,B,1s as follows.

Encoder 2, which has learned the state sequence s[i — 1],
knows s;_» and looks for a compression index z; 1 € [1, M ]
such that v{(w,;_1,$;_3, z;_1) is strongly jointly typical with
s[t — 1] and x2(we i1, $;—2). If there is no such index or the
observed state s[i — 1] is not typical, z; 1 is setto 1 and an error
is declared. If there is more than one such index z;_1, choose
the smallest. One can show that the probability of error of this
event is arbitrarily small provided that » is large and

R>I(V;8|Xy). (C-1)

Encoder 2 then transmits the vector Xa(w ;, %;_1), where
s;—1 is such that z;_; € C,_,.

Encoder 1 obtains Xg2(w;,s;—1) similarly. It then finds
the smallest compression index z; € [, M ] such that
V(We,i, si—1,%) is strongly jointly typical with s[i] and
xQ(wc,.,; . $i—1). Again, if there is no such index or the observed
state s[i] is not typical, z; is set to 1 and an error is declared.
Let s; € [1, Mp] such that z; € Cs,. Next, Encoder 1 looks
for the smallest j; such that w(w. ;, $,_1, z;, w14, 7:) is jointly
typical with s[é], x2(we,i, si—1) and v(w, ;. s;_1,2;). Denote
this j; by ]? = j(s[i],wc7.,;,s.,;,1,zq;,w1,,,;). If such .71* is not
found, an error is declared and j(s[i], we.i, $i—1, zi, w14) is set
to ji = J. Encoder 1 then transmits a vector x;[#] which is
drawn i.i.d. conditionally given s[i], w(we i, $i—1, 2, w10, §7),
v(Wei, $i—1,%) and Xo(we,, si—1) (using the conditional
measure Px, |5 v,v,x, induced by Ps v x, x,,v € P).

Decoding: Let y[i] denote the information received at the
receiver at block ¢, 7 = 1,..., B. The receiver collects these
information until the last block of transmission is completed.
The decoder then performs Willem’s backward decoding [49],
by first decoding the pair (w. g_1, w1 g_1) from y[B — 1].

1) Decoding in Block B — 1: The decoding of the pair
(we B—1,w1,5—1) is performed in four steps, as follows.

Step (a): The decoder knows w.p = 1 and looks

for the unique cell index §p_1 such that the vector

x2(we g, §5_1) is jointly typical with y [B]. The decoding
operation in this step incurs small probability of error as
long as n is sufficiently large and

Ry < I(X2:Y). (C-2)

Step (b): The decoder now knows s _1 (i.e., the index of
the cell in which the compression index zg_; lies). It then
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decodes message w. g1 by looking for the unique w. g1
such that XQ(IbQB,l,SB,Q), V(TIAJQB,l,SB,Q,ZB,l),
w(te g_1,$8-2,2B-1,W1.8-1,J8-1), and y[B — 1]
are jointly typical for some sg_o € [1, M), w1 -1 €
[1.Mi],jg-1 € [1,J],and 251 € Cs,,_,. One can show
that the decoder obtains the correct w. g_1 as long as n
and B are large and

Ry + (1%', — Ry)+R.+ R <I(U,V,X2;Y)-I{U; S|V, Xa).
(C-3)

Step (c): The decoder knows .z 1 and can again obtain
the correct sp_» if n is large and (C-2) is true. This is
accomplished by looking for the unique S _o such that the
vector Xo (1. p_1, §p—2) is jointly typical with y[B — 1].
Step (d): Finally, the decoder, which now knows message
. p—1 and the cell index 55 _2 (but not the exact compres-
sion index zp 1), estimates w1 g1 using y[B — 1]. It de-
clares that 1y _p _; was sent if there exists a unique 1wy p 1
such that Xg(?f)c7B_1, §B—2), V(1?1C73_17 $p_o, Z/B—l)’
u(qi)C,B_l, =§B—27 233_1, 1?)1:3_1, jB—l)) and y[B — 1] are
jointly typical for some z; _; € C;,,_, and jp_1 € [1, J].
» If z;3_; = zp_1, the decoder finds the correct W1 p -1

for sufficiently large n if

Ry < I(U; Y|V, X5) — I(U; §

V, Xa). (C-4)
o If z}371 # Zp_1, the decoder finds the correct wy 1
for sufficiently large n if

(R~ Ro)+ Ry < I(U.V;Y|Xa) — I(U; S|V, Xa). (C-5)

2) Decoding in Block b, b = B — 1.B — 2,...,2:
Next, for b ranging from B — 1 to 2, the decoding of the pair
(wep—1,w1,5—1) is performed similarly, in five steps, by using
the information y[b] received in block b and the information
v[b — 1] received in block b — 1. More specifically, this is done
as follows.

Step (a): The decoder knows w.. ;, and looks for the unique

cell index §,_; such that the vector xz(w,p,8p—1) is

jointly typical with y [b]. The decoding error in this step is
small for sufficiently large n if (C-2) is true.

Step (b): The decoder knows §,_; and decodes mes-

sage w1 from y[b]. It looks for the unique . _1

such that  Xo(wWep—1,5—2), V(ep—1,855—2,%-1),

u(tep 1,5 -2,2 -1, Wip-1,J5-1) and y[b — 1] are
jointly typical for some sp_2 € [1, Mp], w1 -1 € [1, Mq],
jo—1 € [1,.J] and 2,1 € Cs,_,. One can show that the

decoding error in this step is small for sufficiently large n

if (C-3) is true.

Step (c): The decoder knows .51 and obtains 5;_»

by looking for the unique 5;_3 such that the vector

Xo{Wep—1,8s—2) is jointly typical with y[b — 1]. For

sufficiently large n, the decoder obtains the correct s;_»

with high probability if (C-2) is true.

Step (d): Finally, the decoder, which now knows message

1, -1 and the cell index §,_ 2 (but not the exact compres-

sion index z,_1), estimates message w1 1 using y[b—1].

It declares that ;1 was sent if there exists a unique
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’UA]Lbfl such that xs (ﬁjc,b,h 31,,2), V(UAJC,b,h Sp_o, Zé—l)?

ll(’lf)c,bfl, §b—2; Zé—lf ’lf)l,b,l,jbfl), and y[b — 1] are

jointly typical for some z;, , € Cs,_, and jy_1 € [1, J].

. Ifz,L1 = 2p—1, the decoder finds the correct wy 31 for
sufficiently large n if (C-4) is true.

. Ifz,L1 # 2p_1, the decoder finds the correct w; p_1 for
sufficiently large n if (C-5) is true.

Fourier—Motzkin Elimination: From the above, we get that
the error probability is small provided that n is large and

Ry < I(X5:Y)
R > I(V;8|Xs)

(C-6a)
(C-6b)
Ry SI(U;Y |V, X5) = (U3 8|V, X5) (C-6c)
(R—Ro)+Ry <I(U,V;Y|X2)~I(U; S|V, X3) (C-6d)
R.+ Ri+R <I(U,V,X5;Y) — I(U; S|V, X3).
(C-6¢)

We now apply Fourier—Motzkin Elimination (FME) to project
out Ry and R from (C-6). Projecting out Ry from (C-6), we get

R > I(V;8|X5) (C-7a)

Ry < I(U; Y|V, Xy) — I(U; S|V, X3) (C-7b)

R+ Ry <I(U.V.X5;Y) - I(U; S|V, X5) (C-Tc)
Re+Ri+R < I(U,V,X2;Y) — I(U; 8|V, Xa).

(C-7d)

Note that the inequality (C-7¢) can be implied by (C-7d) since
R. > 0, and, so, is redundant in (C-7). Finally, projecting out
R from the remaining system, we obtain

Ry < I(U; Y|V, Xp) = I(U; S|V, X3)
RC+R1 SI(Uv‘/*XZ*Y)fj(U/V/XZS)

(C-8)
(C-9)

This completes the proof of Theorem 2.

APPENDIX D
PROOF OF COROLLARY 1

A. Converse Part

Investigating the proof of Theorem 1 in Appendix B, it can be
seen that the auxiliary random variables U and V satisfy tacitly
the condition

I(V, X3;Y) - I(V, X2;.5) > 0. (D-1)
This can be seen by noticing that (with the notation of
Appendix B)
Wi Y™ [We) = (U5 Yil Vi, Xo) — 1035 5i| Vi, X2,0)
i=1

(D-2)

(W, Wy Y™) <> (0, Vi, Xoi3 Vi) = I3, Vi, Xai3 S))
i=1

(D-3)
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and then observing that I(W1;Y"|W,) < I(W,, Wy;Y™"),
which together yield

STIV X0 Vi) — I(Vi, X0 8) 2 0, (D-4)
i=1

and, so, after standard single letterization, the condition (D-1).

B. Direct Part

The codebook generation and the encoding process remain
exactly as in the proof of Theorem 2 in Appendix C. The de-
coding at the receiver is modified in a way to get the compres-
sion indices decoded uniquely, as follows (with the notation of
Appendix C).

Decoding: Let y[i] denote the information received at the
receiver at block ¢, ¢« = 1,..., 3. The receiver collects these
information until the last block of transmission is completed.
The decoder then performs Willem’s backward decoding [49],
by first decoding the pair (w. g1, w1 p-1) from y[B — 1].

1) Decoding in Block B — 1: The decoding of the pair
(we p-1,w1,3-1) is performed in five steps, as follows.

Step (a): The decoder knows w.p = 1 and looks

for the unique cell index Sp_1 such that the vector

Xo{we g, §p-1) is jointly typical with y[B]. This de-

coding operation incurs small probability of error as long

as n is sufficiently large and
Ry < I(X2;Y). (D-5)

Step (b): The decoder now knows §g_1 (i.e., the index of

the cell in which the compression index zp_1 lies). It then

decodes message w. g1 by looking for the unique . g1

such that XQ('UA]CA’Bfl, SB,Q), V(’L?JQB,l, Sp_2, 2371),

u(@e 5_1,88-2,2B-1,W1,8-1,j8-1), and y[B — 1]

are jointly typical for some sg_» € [1, Mp], w1 B—1 €

[1,Mi],jg-1 € [1,J] and zg_;1 € Cs,,_,. One can show

that the decoder obtains the correct w. g_; as long as n

and B are large and

Ro+ (R — Ro) 4 R + Ry <I(U,V, X9, Y)—1(U; S|V, X5).

(D-6)

Step (c): The decoder knows w. g_1 and can again obtain

the correct sg_o if n is large and (D-5) is true. This is

accomplished by looking for the unique $5_o such that the

vector x2 (. g_1, §5_2) is jointly typical with y[B — 1].

Step (d): The decoder calculates aset L{y[B —1]) of z5_1

suchthat zg_1 € E(y[B — 1]) ifV(UAJc’B,h §p_s9, 2571),

Xo(We,B-1,85-2), Y[B — 1] are jointly typical. It then
declares that zg_1 was sent in block B — 1 if

Zp_1 € Cgﬁ_l M E(y[B — 1]) (D-7)

One can show that 2g_; = zp_; with arbitrarily high
probability provided that n is sufficiently large and

R <I(V;Y|X3) + Ry. (D-8)

Step (e): Finally, the decoder, which now knows message
. 51, the cell index §g_o and the compression index
zp—1 € Csp,_,, estimates wy g1 using y[B — 1]. It de-
clares that 1 _p_1 was sent if there exists a unique 1wy g1
such that Xz(’IfJC"Bfl, §B,2), V(’IIAJQB,;[7 3B_o, 23,1),
u(e p_1,88-2,28-1,W1,8-1.J8-1), and y[B — 1] are
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jointly typical for some jz_1 € [1, J]. One can show that
the decoder obtains the correct wi g_1 as long as n is
large and

Ry < I(U;Y|V, X3) = I(U; S|V, X3).  (D-9)

2) Decoding in Block b, b = B — 1,B — 2,...,2:
Next, for b ranging from B — 1 to 2, the decoding of the pair
(wep—1,w1,5—1) is performed similarly, in five steps, by using
the information y[b] received in block b and the information
v[b — 1] received in block b — 1. More specifically, this is done
as follows.

Step (a): The decoder knows w.. ;, and looks for the unique

cell index 8,1 such that the vector xa(wep,8p—1) is

jointly typical with y [b]. The decoding error in this step is
small for sufficiently large n if (D-5) is true.

Step (b): The decoder knows §,_1 and decodes mes-

sage wep—1 from y[b]. It looks for the unique . ;_1

such that xo(tep_1,8—2), V(Wep_1,50—2,2p-1)s
w(te p—1,$p—2, 2b—1, W1 ,p—1,Js—1), and y[b — 1] are
jointly typical for some sy_2 € [1, Mo, w1 p—1 € [1, Mq],
jo—1 € [1,.J] and 2,1 € Cs,_,. One can show that the

decoding error in this step is small for sufficiently large n

if (D-6) is true.

Step (c): The decoder knows ;1 and obtains 5;_»

by looking for the unique §,_o such that the vector

Xo(Wep—1,86—2) is jointly typical with y[b — 1]. For

sufficiently large n, the decoder obtains the correct s;_»

with high probability if (D-5) is true.

Step (d): The decoder calculates a set £(y[b — 1]) of z,_1

such that z,_1 € L(y[b — 1]) if v(t0ep—1,86—2,20-1),

Xo(Wep—1,8p—2), ¥[b — 1] are jointly typical. It then de-

clares that 2;,_; was sent in block b — 1 if

2[,,1 € Cé;,71 n [’(y[b o 1]) (D_lo)

One can show that, for large n, 2,1 = z;_1 with arbi-
trarily high probability provided that (D-8) is true.

Step (e): Finally, the decoder knows message .1, the
cell index §;_2, and the compression index z;,_1 € C;,_,,
and estimates wy;_1 using y[b — 1]. It declares
that %0131 was sent if there exists a unique @41
such that xo (’Ij]c’b,h 5‘1,,2), V(’ﬁ)c’bfl, 82, 21,71),
u(thep—1,8-2,2 1,01 p-1,Jp-1), and y[b — 1] are
jointly typical for some j; 1 € [1,J]. One can show that
the decoding error in this step is small for sufficiently
large n if (D-9) is true.
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Fourier—Motzkin Elimination: From the above, we get that
the error probability is small provided that » is large and

Ry < I(X2:Y) (D-11a)
R < I(V;Y|X3)+ Ro (D-11b)
R>I(V;8|X,) (D-11c)
Ry < I(U; Ylv X2)—I(U: S|V, X2) (D-11d)
Ro+Ri+R < I(U,V, X5, Y) — I(U; S|V, X3). (D-11e)

Applying FME to project out R and R, from (D-1 1), we get

0 <I(V,X2;Y) — I(V.X5;S)  (D-12a)
Ry < I(U; Y|V, Xp) — I(U; 5V, Xy) (D-12b)
Ro+ Ry < I(U.V.X;Y) = I(U,V, X»: 5). (D-12¢)

C. Bounds on |V| and U]

It remains to show that the rate pair (20) is not altered if one
restricts the random variables V' and U to have their alphabet
sizes limited as indicated in (22). This is done by a standard
application of the support lemma [46, p. 310], essentially by
following the lines in the proof of Theorem 1 in Appendix B
and noticing that, this time, because of the additional nonnega-
tivity constraint, one more functional needs to be preserved in
bounding the cardinality of V',

1,(V,.X5,Y)
= H,,,(Y)

- Iy(‘/v XZ; 5)
—H,(S)+ H,(X2,8|V)— H,(X,,Y|V).

(D-13)

This concludes the proof of Corollary 1.

APPENDIX E
PROOF OF THEOREM 3

We prove that for any (M., M7, n,¢) code consisting of a
mapping ¢ : W, xW; xS™ — AT at Encoder 1, a sequence
of mappings ¢» ; : W.xS" ! — Xy,i=1,...,n,at Encoder
2, and a mapping ¢ : Y* — W.xW), at the decoder with
average error probability P> — 0 asn — 0 and rates R, =
n~1tlogy, M. and Ry = n~1log, M, the rate pair (R., R)
must satisfy (23).

Fix n and consider a given code of block length 7. The joint
probability mass function on W xW;xS" x AT x X3 x Y™
is given by (E-1), shown at the bottom of the page, where

Tszy)

= P(w., w1) HP(S,‘)P

=1

P(we, w1, s

(51;11',|wc:'w1-,571‘)P($2'i‘wc:5i7

YP(y;|z15, 32, 81), (E-1)
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P(xyi|we, wy, ™) is equal 1 if 1, = f1(we,w1,$™) and 0
otherwise, and P(x2;|w,, s' 1) isequal 1 ifze; = fo(w,,s' 1)
and 0 otherwise.

The proof of the bound on Ry follows trivially by revealing
the state S™ to the decoder.

The proof of the bound on the sum rate E.+ R; is as follows.
The decoder map ¢ recovers (W, W1) from Y™ with vanishing
average error probability. By Fano’s inequality, we have

H(W,, Wi|Y™") < ne,, (E-2)

where €, — Oas P* — 0

n(R, + Ry) = H(W,. W)
= I(W,, Wy, Y™) + H(W,., W, |Y™)

D W W V) + e,

= (W, Wy, 8% Y") — I(S5™; Y"|W., W) + ne,,

- (i[(wc,wl,sn;mym))

- HE;’LWVC, W)+ H(S"|W., W1, Y") + ne,

W Zn: HY,)Y'" Yy = HY; W, Wy, 8", Y )
=1

— H(S;) + H(S;|We, Wy, V", 81 + ne,

() &

< H(Y;) - HY| X1, X2,;,8)— H(S:)
1=1

+ H(Si|WC7 Wl: Y"-, S‘i—lv X2,i) + ney,

(d) k23 3

<Y (X1 Xo4, Si3Y3) — H(S;) + H(Si| X, Y5)
=1

+ ne,

=3 Xy X2, 85 Y) = 1(Si; X2, Y2) + nen

=1

= (X1, X241 Yi|S) = I(Si; X0, |Yi) +nen, (E-3)
i=1
where (a) follows from Fano’s inequality, (h) follows from the
fact that the state 5™ is i.i.d. and is independent of the messages,
(¢) follows from (W, W1, 8™, Y™ 1) « (X1, X24,8;) <
Y;, and the fact that X,; is a deterministic function of
(W, 81, and (d) follows from the fact that conditioning
reduces entropy.
Finally, we obtain the desired bound from (E-3) by standard
single letterization [46].

APPENDIX F
PROOF OF COROLLARY 2
Relaxing the constraint on 127 in Theorem 1, we obtain
C=maxI(U,V,X2;Y) - I(UV, X5;5) (F-1)

where the maximization is over joint measures Ps r7v.x, X,V
of the form

Psvvx, x, vy = QsPx,Pyis x, Pux,s.v,x,- (F-2)
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The corollary then follows by substituting K = (U, V), and
noticing that the distribution on (.S, K, X1, X2.Y) is given by

Psxx, x,v =FPsuvix,x.v (F-3)
=QsPx,Pyisx,Pux,svx, (F-4)
=QsPx, Prvisx,Px,suv,x, (F-5)
= QsPx, Pr|s x, Px,|5.K,%,- (F-6)

APPENDIX G
PROOF OF THEOREM 4

A. Direct Part

The achievability follows by ignoring the strictly causal part
of the state at Encoder 2 and using the generalized dirty paper
coding scheme of [5, Th. 7].

B. Converse Part

For the converse part, we use the outer bound of Theorem 3
for the discrete MAC which can be readily extended to memory-
less channels with discrete time and continuous alphabets using
standard techniques [50]. Then, we obtain an outer bound on the
capacity region of the Gaussian MAC in terms of the closure of
the convex hull of the set of rate pairs (R, R, ) satisfying

Rl S I(XlaY‘S7 X2)7

Re+ Ry < I(Xy, X9:Y[S) — I(X5:S]Y), (G-1)

for some probability distribution of the form Ps x, x,v =
QSPXQPX1|X2,SWY\X1,X2,S such that [E[Xlz] < P, and
E[XZ] < P». The rest of the converse proof follows by rea-
soning and using algebra similar to in the proofs of [5, Th. 7]
and [11, Th. 4], and is omitted for brevity.
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