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Variational formulation

OBJECTIVE FUNCTION:
Find a solution to the convex optimization problem

mir;ierrHlize P (x)

where
e H: signal space (separable real Hilbert space),

e & € T'y(H): class of convex lower-semicontinuous functions from

H to |—oo, +oc] with a nonempty domain.

Conclusion

e]e]

3/19
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OBJECTIVE FUNCTION:
Find a solution to the convex optimization problem

minimize <I>(x)
xeH
where
e H: signal space (separable real Hilbert space),

e & € T'y(H): class of convex lower-semicontinuous functions from
H to |—oo, +oc] with a nonempty domain.

In the context of , how to find an
optimization algorithm able to deliver a reliable numerical solution
ina , with ?
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Fundamental Tools in Convex Analysis

The inf-convolution of f: H — |—oo, +oc] and g: H — |—o0, +00] is

fOg: H— [—o0,+00]: x —

PARTICULAR CASE: fDL{O} =1,

where, for C C H,

0 if x e C
Vx € H = ’
(v ) el {—i—oo otherwise.
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rThe inf-convolution of f: H — |—o0,4+00] and g: H — ]—o0, +-00] is

fOg: H— [—00,+00]: x —

(Vu € H)

rThe conjugate of f: H — ]—oo, +o0] is f*: H — [—o0, +00] such that
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rThe inf-convolution of f: H — |—o0,4+00] and g: H — ]—o0, +-00] is

fOg: H— [—00,+00]: x —

\. J

~

rThe conjugate of f: H — ]—oo, +o0] is f*: H — [—o0, +00] such that
(Vu € H)

J

[Let f € I'y(H). Let U : H — H be a strongly positive self-adjoint linear

operator.
The proximity operator of f at x € H relative to the metric

induced by U is the unique vector y € H such that

1
f@) + 515 =I5 =
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Parallel proximal primal-dual problem
— PRIMAL PROBLEM \
q
We want to mlmmlze h(x) + Z gr Ol) (Lgx).
k=1
r DUAL PROBLEM -

V1€G1,...,VqEGq =1

q q
We wantto  minimize  h*( — Z Livie) + Zg,ﬁ(vk) + 15 (vi).

v

v

v

v

h: H — R convex, u-Lipschitz differentiable function with i € |0, +o0]

gr € I'o(Gr) with G, separable real Hilbert space

Ix € To(Gg) vi-strongly convex with vy, € ]0, +o00[
< Ii, € T'o(G) vi-Lipschitz differentiable

Lk:

H — Gg linear and bounded.
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Parallel proximal primal-dual problem

PRIMAL PROBLEM

q
We want to mmlmlze h(x +Z gr Ol) (Lgx).
k=1

DUAL PROBLEM

q
Wewantto minimize h*(—) Lj i I (Vk)-
|, inimize (=D Livk) + > gi(vi) + li(ve)

Large-size optimization problem

Functions g;, often nonsmooth
(indicator functions of constraint sets, sparsity measures,...).

Linear operators required by standard optimization methods (e.g.
ADMM) difficult to invert due to the form of operators Ly,
(e.g. weighted incidence matrices of graphs).
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Parallel proximal primal-dual algorithm

( forn=0,1,...
Sn ™~ X, — WVh(xy,)

q
Yn = Sn — W Z szk,n
k=1

fork:l,...,;

Uzt .
{ Uk,n 2 PIOX, & (Vk,n + Ug(Lkyn — V'k(Vk,n)))
Vin+1 = Vin + )\n(uk,n - Vk,n)

q
Pn = Sn — WZ Lzuk,n
k=1

L Xn+1 = Xp + )\n(pn - Xn)-
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Parallel proximal primal-dual algorithm

( forn=0,1,...
Sn ™~ X, — WVh(xy,)
q

Yn = Sn — WZszk,n
(5=l

fork:l,...,;

Uzt .
{ Uk,n 2 PIOX, & <Vk,n + Ug(Lkyn — V'k(Vk,n)))
Vin+1 = Vin + )\n(uk,n - Vk,n)

q
*
Pn =Sn — Wszuk,n
(=il

L Xn+1 = Xp + An(Pn — Xn)-
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Parallel proximal primal-dual algorithm

( forn=0,1,...
Sy = Xp, — WVh(x,)
q

— WD Livi
k=
fork=1,...,q
Ufl
\‘ Uk o proxgz*' (vk,n + U (Liyn — VlZ(Vk,n)))

Vintl = Vi + An(uk,n - Vk,n)
q

Pn = Sn — WZ L;;uk,n
k=1
Xp4+1 = Xp + )\n(Pn - Xn)'

where

» W: H— Hand (Vk € {1,...,q}) Ux: G, — Gy, strongly positive
self-adjoint bounded linear operators such that

min{u-lnwu-l,u-l( Zuum LW2)2) ) > 172
with v = max{v1||U4], . I/qHU I}
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Parallel proximal primal-dual algorithm

( forn=0,1,...
Sn >~ X, — WVh(xy,)

q
Yn = Sn _WZLZVk,n
k=1
fork=1,...,q

(U "
{ Uk,n = PIOX g+ (Vk,n + Ug(Lkyn — V'k(Vk,n)))
Vin+1l = Vin + )\n(uk,n - Vk,n)

q
Pn = Sn — WZ L]tuk,n
k=1

L Xn4+1 = Xn + /\n(pn - Xn)-

where
» (Vn € N) A, €]0,1] such that inf,en Ay, > 0.
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Parallel proximal primal-dual algorithm
rforn=0,1,... )
Sp >~ Xp, — WVh(xy,)

Yn = Sp — Wi Livin
fork:l,...l,cz1

u-t
{ Uk,n 2 PIOXg (Vk,n + Uk (Leyn — V'Z(Vk,n)))
Vintl = Vikn + )\n(uk,n - Vk,n)
q
Pn = Sp — WZ I—Zuk,n

k=1
L Xn4+1 = Xpn + )‘n(Pn - Xn)'

2

\

[ Assume that there exists % € H such that )
q
0 € Vh(®) + > Li(9gr D 0lk) (LiX).
We have: k=1

* x, — X Where X is a solution to the primal problem
« (VEe{l,...,q}) vin — Vi where (Vi)1<r<q is @ solution to the dual problem. )
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Proximal primal-dual algorithm

No linear operator inversion.
Use of proximable or/and differentiable functions.

Less restrictive convergence conditions than other primal-dual
algorithms.

At each iteration,

all the dual variables are updated in parallel,
it is necessary to update the full primal variable .
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Proximal primal-dual algorithm

BIBLIOGRAPHICAL REMARKS:

~ Pioneering work in the 1950’s: Arrow-Hurwicz method.

» Methods based on Forward-Backward iteration

type I: [Vu - 2013][Condat - 2013]
(extensions of [Esser et al. - 2010][Chambolle and Pock - 2011])

type Il : [Combettes et al. - 2014]
(extensions of [Loris and Verhoeven - 2011][Chen et al. - 2014])

» Methods based on Forward-Backward-Forward iteration
[Combettes and Pesquet - 2012] [Bot and Hendrich - 2014]

~ Projection based methods
[Alotaibi et al. - 2013]
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Improvement via block alternation
» Idea: split variable.

X1 c H1
/ Y <"

X €H H= xg-’:lHJ
Xp € Hp

Hi,...,H, are real separable Hilbert spaces
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Improvement via block alternation
» Assumption: h is an additively block separable function.

X1
X2
p
h x = = ) hi(x)
j=1
Xp

(Vj €{1,...,p}) h, convex and p;-Lipschitz differentiable with p; € |0, +o0].
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Block-coordinate strategy

At each iteration n € N, update only a subset of components
(~ Gauss-Seidel methods).

ADVANTAGES:

Reduced computational cost at each iteration.
Reduced memory requirement.
More flexibility.
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Primal-dual problem

PRIMAL PROBLEM
p q D

i, bt 3 (60 ()
(Vie{l,....,pH(Vk e {1,...,q})
» H; and Gy, real separable Hilbert spaces
» h;: H; — R convex, u;-Lipschitz differentiable, with 1; € ]0, 00|
> gr € [o(Gg)
> i € To(Gr) vi-strongly convex, with v, € 0, +o00]

» Ly ;: H; — Gy is linear and bounded

>Ly={j€{l,....p}|Lr; #0} #@,and L] = {k € {1,....q} | Lr; # 0} # 2.
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Primal-dual problem
PRIMAL PROBLEM

q
minimize h,(x;) + ( Ol )( L )
, Dinimize, Z (%) ; gi Ol Z k%

DUAL PROBLEM

p q
minimize E h;( E Ly ]vk> + E (gr(vie) + 15 (vi))
v1E€G1,...,vg€Gy = o

» Assume that there exists (X1,...,%,) € H1 x ... x H, such that
(Vj € {1,...,p}) 0€dVhj( Z Ly (0gr D0l (Li %)
k=1

Let F and F* be the sets of solutions to the primal and dual
problems. Find an F x F*-valued random variable (Z, v).
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Random block-coordinate proximal primal-dual algorithm

~

Forn=0,1,...
forj=1,.
o = s (e [E L)
Sjn = Njn (zmn = W; (Vhj(zjn) + ajm))
Yin = i (Sin = W5 D Lk jvk,n)
L =
fork=1,...,q
Ut N
Uk ntl = Epthyn (proxg; (Ulc,n + Ui Z Li,j%in — Uk (VI (vk,n) + Ck,n)) + blc,n)
JELg
V41 = Vin + Ancpitn(Ukn — Vion)
forj=1,...,p
Pjmt1 =Ejn (Sj,n -w; '-Z,jvk,n)
keL?
L L #jnt1 =jm + Ans) 0 (Pin — Tjn)-

where
> (en)nen ~ binary variables signaling the blocks to be activated
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Random block-coordinate proximal primal-dual algorithm

Introduction
[ele} 0000000000 ooo

N

( Forn=0,1,...

forj=1,....p

i = max {epinn |k €L}

Sjm = Tj,n (%,n = W; (Vhj(ajn) + “w'))

Yjn = 1jin (85, — W Z L jVk.n)

L keLy
fork=1,...,q
Uit "
Uk,ntl = Eptk,n (meg;g (Uk,n + Uk Z Ly,¥jn — Uk (Vi (vk,n) + f‘;‘.n)) + 17;«.,.)

JELg
| Yknt1 = Vkn + Anpikon(Ur,n — Vkn)
forj=1,...,p

Pjn+1 = €jn (Sj,n DY LZ,]Uk,n)
kel

L Zjm+1 =Tjn + AnEjn(Pjn — Tjn)-

where
> (en)nen identically distributed D-valued random variables with
D = {0, 1}*77 ~ {0}
~ binary variables signaling the blocks to be activated
> 20, (@n)nen, @and (¢, )nen H-valued random variables, vo, (bn)nen, and
(dn)nen G-valued random variables with G = G, x - x G,
~ (@n)nen, (bn)nen and (en)nen: error terms
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Random block-coordinate proximal primal-dual algorithm

Forn=0,1,...

forj=1,....p

Njn = max {epskn |k €LT}

S = Mion (30 = W, (Th (@5,0) + 1n) )
Yim = Mjin (50 — W) Z LZ,J”k,n)

L keLy
fork=1,...,q
=t
Ukt = Eptyn (proxg;’ (w,n + Ui D7 Liegin = Ur (Vi @) + Ck,n)) + bk,n)
JELy
| Uk,n+1 = Vk,n + An€p ik n(Uk,n — Vk,n)
forj=1,....p

Pjnt+1 = Ejn (8],n - W; Z L;;,jvk,n)
kel*

L [ #jn+1 =20+ Angjn(pjn — Tjn)-

where
> (en)nen ~ binary variables signaling the blocks to be activated
> (@n)nen, (bn)nen and (cn)nen: error terms
> (Vje{l,...,p}) W;: Hj — H; and (Vk € {1,...,q}) Ux: Gr — G
strongly positive self-adjoint preconditioning linear operators such that

q
. 71”WH—17 -1(q = HUI/ZL W1/2H2 >1/2
i 1 (- S0 L))

with = max{p1 [Wa|,. .., up||[W, |} and
v =max{v1|[U1],...,vl[Uql}.
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Random block-coordinate proximal primal-dual algorithm

( Forn=0,1,...
forj=1,.
Mj,n —ma"‘{Ep+kn | k EL*}
Sjn = Nj,n (I]v" = W; (Vhj(zjn) + ai:”))
Yin = Wi (550 = W5 D LE j0kn)
L keL
fork=1,...,q
U71
Uk,nt1 = Eptk,n (Pfong (Ulc,n + Uk > Lej¥im — Uk (Vi (vkn) + Ck,n)) + bk,n)
JELE
| Yk,nt1 = Vk,n + AiEptk,n(Uk,n — Viyn)
forj=1,...,p
Pjn+1 = Ejn (Sj,n LD '-Z,jvk,n)
keL?
L | Zjn+1 = Tjn + An&jn(@jn — jn)-

N\

where
> (en)nen ~ binary variables signaling the blocks to be activated
> (an)nen, (bn)nen and (en)nen: error terms
> (Vvje{l,...,p}) W,: H; - H; and (Vk € {1,...,¢}) Ux: Gx — G
strongly positive self-adjoint preconditioning linear operators
> (Vn € N) \p, €]0,1] such that infp,en An > 0.
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Random block-coordinate proximal primal-dual algorithm

Let (Q, F, P) be the underlying probability space.
Set (Yn € N) Xp, = (T, 0 )o<n’ <n- ASSUMe that

> 5 e VET@nP[Xn) < +00, 5,0 vENBAIP[Xs) < 400, and
> nen VE(lenl?[X,) < +oo as.

> The variables (e,)nen are identically distributed such that
(Vj € {1,...,p}) Plejo=1] > 0.

» Forevery n € N, g, and X,, are independent.
> Foreveryk e {1,...,q}andn € N,

Ept+k,n = 112]'32(1; {Ej,n | J € ]Lk} .

» (xn)nen converges weakly a.s. to an F-valued random variable.

> (vn)nen converges weakly a.s. to an F*-valued random variable.

Proof: Based on properties of quasi-Fejér stochastic sequences
[Combettes and Pesquet — 2014].



Introduction Primal-dual algorithms Application to 3D mesh denoising Conclusion
[ele} 000000000@ 000 oo

EUSIPCO 2015 14/19
. O - AR

lllustration of the random sampling strategy

Variable selection (Vn € N)

How choosing (Vn € N) the variable

T1,n  activated when ey, =1 €n = (E1ms- - E6m)?

T2, activated when ey, =1

Z3n  activated whenes,, =1

ZT4n  activatedwheney, =1

Zs5,n  activated whenes,, =1

T6,n activated when €¢ ,, = 1
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lllustration of the random sampling strategy

Variable selection (Vn € N)

How choosing (Vn € N) the variable

ZT1,n  activated whene, =1 €n = (E1mse e sE60)?

T2, activated when ey, =1
Ple, = (1,1,0,0,0,0)] = 0.1
Z3n  activated whenes,, =1
ZT4n  activatedwheney, =1

Zs5,n  activated whenes,, =1

T6,n activated when €¢ ,, = 1
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lllustration of the random sampling strategy

Variable selection (Vn € N)

How choosing (Vn € N) the variable

Z1,n  activated whene;, =1 en = (E1ms-- - 26m)?

T2, activated when ey, =1
Ple, = (1,1,0,0,0,0)] = 0.1
T3.n activated when e ,, = 1 Plen, = (1,0,1,0,0,0)] = 0.2
ZT4n  activatedwheney, =1

Zs5,n  activated whenes,, =1

T6,n activated when €¢ ,, = 1
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lllustration of the random sampling strategy

Variable selection (Vn € N)

How choosing (Vn € N) the variable

Z1,n  activated whene;,, =1 en = (E1ms-- - 26m)?

T2, activated when ey, =1
Plen = (1,1,0,0,0,0)] = 0.1

“on  aclvatedwhen e = 1 Plen = (1,0,1,0,0,0)] = 0.2
i Ple, = (1,0,0,1,1,0)] = 0.2
T4n  activated when ey, =1 [en = ( )]

Zs5,n  activated whenes,, =1

T6,n activated when €¢ ,, = 1
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lllustration of the random sampling strategy

Variable selection (Vn € N)

How choosing (Vn € N) the variable

T1,n  activated whene;, =1 en = (E1ms- - E6m)?

activated when e; , =1
Ple, = (1,1,0,0,0,0)] = 0.1

activated when e, = 1 Plen = (1,0,1,0,0,0)] = 0.2

Plen = (1,0,0,1,1,0)] = 0.2

activated when e, =1

activated when e5 ,, = 1

activated when eg , = 1
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Application: 3D mesh denoising

Original mesh x Observed mesh z

Undirected nonreflexive graph
OpJeCTIVE: Estimate X = (X;)1<i<a from noisy observations

z = (z;)1<i<m Where, forevery i € {1,..., M}, %; € R3is the
vector of 3D coordinates of the i-th vertex of a mesh

»H=(R)M
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Application: 3D mesh denoising

Estimate x = (X;)1<i<as from noisy observations
z = (z;)1<i<m Where, forevery i € {1,..., M}, %; € R3is the
vector of 3D coordinates of the i-th vertex of a mesh

Zw] 5= 2) + e, (x5) + 15l (x5 — xi)iens; 11,2

where (VJ e{l,...,M}),
¥j: R® — R: lo — ¢4 Huber function
robust data fidelity measure
convex, Lipschitz differentiable function

C,: nonempty convex subset of R?
N;: neighborhood of j-th vertex
(nj)1<j<m: nonnegative regularization constants.
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Application: 3D mesh denoising

OBJECTIVE: Estimate X = (Xi)1<i<m from noisy observations z = (z;)1<i<cum
where, for every i € {1,..., M}, %; € R? is the vector of 3D coordinates of the i-th
vertex of a mesh

COST FUNCTION:
M

D(x) =D (x5 — 25) + 1, (%) + M5l (x5 — xi)sen; 1,2

=1

[IMPLEMENTATION DETAILS: a block = a vertex

p=M, ¢g=2M

(Vi e{l,...,M}) h; = (- — z;)
(Vk € {1,..., M})(¥x € (R*)M)
* 8 (Lex) = [[(xk — Xi)ien |1,2

< gmtk(Lararx) = ey, (xk)

* |k = L{o0}
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positions of the original mesh are corrupted through an additive i.i.d.
zero-mean Gaussian mixture noise model.

a limited number r of variables can be handled at each iteration, where
p
Z Ejm =T < p.
j=1

mesh decomposed into p/r non-overlapping sets.

Original mesh, M = 100250. Noisy mesh, MSE = 2.89 x 1(; 6,
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Proposed reconstruction Laplacian smoothing
MSE =8.09 x 1078 MSE =5.23 x 1077
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Complexity

24001 ©

Time (s

1200 S

600~ N

300r 5o
150
5

10 10

dashed line: required memory
continuous line: reconstruction time
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» No linear operator inversion.

» Flexibility in the random activation of primal/dual
components.

» Existing parallel proximal primal-dual algorithms recovered
whenp=1lande, =(1,...,1).

» Possibility to address other graph processing problems
than denoising.
[Couprie et al.,2013]

» Available extensions: asynchronous distributed algorithms
(stochastic, primal-dual, proximal, defined on a

hypergraph).
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