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CHALLENGES

1. How to efficiently solve large-size non-smooth convex
optimization problems?
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CHALLENGES

1. How to efficiently solve large-size non-smooth convex
optimization problems?
» Splitting proximal methods
» Primal-dual algorithms

2. Can we effectively solve nonconvex optimization problems via
convex relaxation ?

» Stereo vision
» multi-view

3. Which kind of measures constitute appropriate cost functions ?
» p-divergences
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PROXIMAL ALGORITHMS

minimize  f(x) + g(Lx) + h(z)
zeRN
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PROXIMAL ALGORITHMS

minimize  f(x) + g(Lx) + h(z)

TERN
> f S Fo(RN)
I'o(R™): set of convex Ls.c. proper functions from R to
|—00, +00]
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PROXIMAL ALGORITHMS

minimize  f(x) + g(Lx) + h(z)

zeRN
> f € To(RY)
I'o(RM): set of convex L.s.c. proper functions from R to
|—00, +00]

» L e RM*N and g € To(RM)
» h: RN s ]—o00, +00] differentiable with VA Lipschitzian
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PROXIMAL ALGORITHMS

minimize  f(z) + g(Lz) + h(x)

zeRN
> f € To(RY)
I'o(R™): set of convex Ls.c. proper functions from R” to
|—00, +00]

» L € RM*N and g € To(RM)
» h: RN s ]—o00, +00] differentiable with VA Lipschitzian

Possible choices for f and g:
- non-smooth functions (e.g. £, ,-norm, max, ...)
- indicator function of a closed convex subset C' ¢ RN
0 ifxeC

o(x) = )
@) +o0o0 otherwise
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PROXIMAL ALGORITHMS

» Proximity operator of f

1
(Vo € RY) prox () = argmin, cgn §||u —z|* + f(u)
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PROXIMAL ALGORITHMS

» Proximity operator of f

1
(Vz € RY) proxy(z) = argmin, cgn 5”“ —x|* + flu)

» Projection onto C'

. 1
(Vz € RY)  Po(z) = prox,.(z) = argmin,ec o[l — =]
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e,
PROXIMAL ALGORITHMS

Parallel ProXimal Algorithm (PPXA+ [Pesquet & Pustelnik 2011] )

v>0,X€]0,2[
(x(),’l)()) e RN x RM

Forn=0,1,...
Ty, = Prox,,(vn)
Z,=(LTL)"'LT%,
Upt1 = Up + )\<L(2§En —Tp) — :?n>

Tnt1 = Tn + ANTp — xp)
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Proximal methods for convex minimization of ¢-divergences. Application to computer vision.
1 A MAN
PROXIMAL ALGORITHMS

Montone+Lipschitz Forward Backward Forward
(M+L FBF [Combettes & Pesquet 2011])

ve]o, (B+ILI
(.’L‘(),’U()) e RN x RM

Forn =0,1,...
v, = Lz,

Tp = ProX, ¢ (Tn —7Zn)

Up = PrOX. g« (v, + YUn)

Tpi1 = Tp — 'y(LTﬁn — Tp + Vh(in))
Unt1 = O +y(LZy, — Up)
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OBJECTIVE

General formulation

minimize D(Az, Bz) + Z Rs(Lsx)

zCRN

where

» A,B e RPXN
» D cTo(RP x RP)
» Vse{l,...,S}, Ls € RE*N and Ry € Tp(RKs)
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OBJECTIVE
Particular case
S
minimize D(p,q) + »_ Rs(Usp + Viq)
(p,g)€(RF)? oy
where

> r =

p" ¢"", withp = (pD)1<i<p and ¢ = (¢D)1<i<p
» A=[I 0Jand B =10 I]

| 4 (VS (S {1,. . .73}), LS = [Us ‘/S] and US’ ‘/3 c (RKSXP)Z
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SCOPE OF PRIMAL-DUAL PROXIMAL ALGORITHMS

1. separable case: D(p, q Zqﬁ(l @) +¢(l)( @)
i=1

(Vie{l,...,P}) gbl, eF(R)
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SCOPE OF PRIMAL-DUAL PROXIMAL ALGORITHMS

1. separable case: D(p, q Zqﬁ(l @) +¢(Z (¢?)
i=1

(Vie{l,...,P}) gbl, eF(R)

2. non-separable case:
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SCOPE OF PRIMAL-DUAL PROXIMAL ALGORITHMS

1. separable case: D(p, q Zqﬁ(z @) +¢(Z (¢?)
i=1

(Vie{1,...,P}) ¢V, ¢{) € To(R)

2. non-separable case:
P
> D(p,q) =Y _ ¢ (ap® + Bq™)
i=1
(Vi€ {1,...,P}) ¢ € To(R) and (a, B) € R?
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SCOPE OF PRIMAL-DUAL PROXIMAL ALGORITHMS

. separable case: D(p,q Zqﬁ(z @) +¢( )( @)
i=1

(Vie{1,...,P}) ¢V, ¢{) € To(R)

2. non-separable case:
P . . .
> D(p,q) =Y _ ¢ (ap® + Bq™)
i=1
(Vi€ {1,...,P}) ¢ € Tx(R) and (a, B) € R?
» D = 1 with C being a closed convex subset of R?”
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SCOPE OF PRIMAL-DUAL PROXIMAL ALGORITHMS

. separable case: D(p,q Zqﬁ(z @) +¢( )( @)
i=1

(Vie{1,...,P}) ¢V, ¢{) € To(R)

2. non-separable case:
P . . .
> D(p,q) =Y _ ¢ (ap® + Bq™)
i=1
(Vi€ {1,...,P}) ¢ € Ty(R) and (o, B) € R?
» D = 1 with C being a closed convex subset of R??
» D= ¢odc withdo = || -—Pc - ||
¢ € I'h(R)
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Additive information measures:

P
D(p,q) =Y _ (", ")
i=1
where
5(,0(%) if v € [0, +oo[ and £ € ]0, +oo]
- © .
(V(v,€) €R?) | ®(v,&) = UngToo(pT ifv €]0,4+o0[and £ =0
0 ifo=¢=0
+o00 otherwise

and ¢ € To(R), p: R — [0, +00] is twice differentiable on ]0, +o00].
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RELATED WORK

Optimization problems involving information measures:

X One of the two variables is fixed [Byrne 1993, [Richardson 1972], [Dupé et
al. 2009], [Pustelnik et al. 2011], [Steidl et al. 2012]

X Alternating minimization [Blahut 1972], [Arimoto 1972], [Bauschke 2011]
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RELATED WORK

Optimization problems involving information measures:

X One of the two variables is fixed [Byrne 1993, [Richardson 1972], [Dupé et
al. 2009], [Pustelnik et al. 2011], [Steidl et al. 2012]

X Alternating minimization [Blahut 1972, [Arimoto 1972], [Bauschke 2011]

Contributions:
v Proximity operator of two-variable convex functions
v General form of optimization problems

v/ Application to image restoration
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EXAMPLES OF ©-DIVERGENCES [BasseviLLE 2010]

» Kullback-Leibler : () =CIn¢—-C+1

vln (E) tE—v if (0,€) €]0,+oof?
Q: (v,§) Q¢ ifv=0and ¢ € [0, +o0]
+o00 otherwise.
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EXAMPLES OF QD-DIVERGENCES [BASSEVILLE 2010]

» Kullback-Leibler : () =CIn¢—-C+1
» Jeffreys-Kullback : ©(()=(¢C—1)In¢

(v—&)(Inv—1Ing) if (v,&) €]0,+o0[*
D: (v,6) =<0 ifo=¢=0
+o00 otherwise.




INTRODUCTION Divergences Stereo vision CONCLUSIONS

ooo 00000@0000000000 0000000000 0000
0000000000
Proximal methods for convex minimization of ¢-divergences. Application to computer vision. 14/48

EXAMPLES OF QD-DIVERGENCES [BASSEVILLE 2010]

» Kullback-Leibler : o(()=CIn¢—-C+1
» Jeffreys-Kullback : ©(()=(¢C—1)In¢
» Hellinger : () =C+1-2VC

(VU —VE)? if (v,€) €0, 00’

+0o0 otherwise.

D: (v,8) »—>{
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EXAMPLES OF QO-DIVERGENCES [BASSEVILLE 2010]

» Kullback-Leibler : () =CIn¢—-C+1
» Jeffreys-Kullback : ©(()=(¢C—1)In¢

» Hellinger : e(()=C+1-2VC
» Chi square : 0(¢Q) = (¢ —1)*

ifv € [0, +oo[ and £ € ]0, +o0[
0 ifo=¢=0

+o0 otherwise.
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EXAMPLES OF QO-DIVERGENCES [BASSEVILLE 2010]

v

Kullback-Leibler :
Jeffreys-Kullback :
Hellinger

v

v

v

Chi square
I, @ €]0, 1]

v

D: (v,8) —~ {—l—oo

av+ (1 —a) —

©(C)
p(Q)=1—a+al ¢
v if v € [0, +oof and £ € [0, +-00[
otherwise
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DIVERGENCE PROXIMITY OPERATOR

Separability:  (Vp = (P)<i<p € R”) (Vg = (@ )1<i<p € R")

P
D(p,q) =Y @, q")
=1
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DIVERGENCE PROXIMITY OPERATOR

Separability:  (Vp = (p'”)1<i<p € R7) (Vg = (¢")1<i<p € RT)

P
D(p,q) =Y @, q")
=1

~ Proximity operator ~

(vp = (0)1<i<p € RY) (Vg = (7")1<i<p € RP)

. () ) )
proxp (P, q) (prox<p(p . q )1<1—<p
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DIVERGENCE PROXIMITY OPERATOR

Lety € ]0,4oco] and (7, &) € R2.

~

prox,(7,€) = (T —v9-(),€ —794+(0))

where Z< X+ is the unique minimizer of strictly convex function ¢ on |x—, +o0|.



INTRODUCTION Divergences Stereo vision CONCLUSIONS

ooo 0000000@00000000 0000000000 0000
0000000000
Proximal methods for convex minimization of ¢-divergences. Application to computer vision. 16/48

DIVERGENCE PROXIMITY OPERATOR

Lety € ]0,4oco] and (7, &) € R2.

— -~ ~

prox. 4 (0,€) = (0 —~v9-(¢),§ —v9+(C))

where E< X+ is the unique minimizer of strictly convex function ¢ on |x—, +o0|.
_ -1z 17
* 10, +oo[ = R: ¢ Cp(¢Th) = O(0) + 157¢* =771
where © denote a primitive of the function ¢ — C¢’(¢™') on ]0, +-00[

F* 91 ]0,+oo[ = R: ¢ /(¢
#0420, 400 = R: ¢ (¢ = ¢TTPI(¢T)

4 x- =inf {¢ €]0, +o0[ | 9-(¢) < v 'T}
# x+ =sup {¢ €0, +oo[ | 94(¢) <7 &}
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DIVERGENCE PROXIMITY OPERATOR

Kullback-Leibler:

Lety > O and (7, €) € R?,

@+ v e+ = 1) if exp(@/y) > 1—7'E
(0,0) otherwise

prox,yq)(i, E) = {

where  is the minimizer on | exp(—T/7), +oo] of

L

v = (%2 - 1) In¢ + 2(7_1@ _ %)8 £ - 4
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DIVERGENCE PROXIMITY OPERATOR

Jeffrey-Kullback:

Letv > 0 and (7, ) € R?,

(@+y(C+C-1),E—4(WC-C +1)
prox, (7€) = W W <1
(0,0) otherwise

where, ¢ is the minimizer on ]W(el’“’_lg), +oo[ of

3

v = (S+e-mer $+i(r-He -
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DIVERGENCE PROXIMITY OPERATOR

Hellinger:

Lety > 0 and (7, ) € R?

(U-i—’y(p— 1),E+~ (% - 1)) if (7 <~ and
1-~"")(1-77"9) <1)
orv > vy

(0,0) otherwise

prox, (v, §) =

where p is the unique solution on | max(1 — v~ '@, 0), +oo[ of the equation:

P+ -1+ (1 p—1=0.
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DIVERGENCE PROXIMITY OPERATOR

Chi-Square:

Lety > 0 and (7, ) € R?

T+ 29(1=p), E+7(p* - 1)) ifT> -2y
prox.4 (T, &) = and € > —v(1+ (49)"'D)
(0, max(§ —~,0)) otherwise

where p is the unique solution on |0, 1 4 v~ '%5/2[ of

1—
v.

PP+ Ep=2+7"



INTRODUCTION Divergences Stereo vision CONCLUSIONS

ooo 00000000e0000000 0000000000 0000
0000000000
Proximal methods for convex minimization of ¢-divergences. Application to computer vision. 17/48

DIVERGENCE PROXIMITY OPERATOR

1, divergence:

Lety > 0 and (7, €) € R?

(T+ (@ —1),E+v(1 —a) ({2 — 1) if (ﬂ < yorand

o

- _ e _ T\t
pI'OX,Y(b(E, &) = (1 (1_0‘)) < (1 'Ya) )
orv > yo
(0,0) otherwise
—~ _ 1
where ( is the unique solution on | (max (1 — 5%,0)) ==, +o00[ of
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. O - AR
EPIGRAPHICAL PROJECTION

Let ¢* € I'g(R) the Fenchel-conjugate function of the restriction of ¢ on [0, +00]
and @ is the perspective function of ¢ on [0, +-oc0[ X ]0, 4+o0].

The epigraph of ™ is given by

(V") eR?)  epip” = {(v",&) eR* | "(v") <&}

(.9

= useful tool for splitting complex convex constraints
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EPIGRAPHICAL PROJECTION

Let ¢* € I'o(R) the Fenchel-conjugate function of the restriction of ¢ on [0, +00|
and @ is the perspective function of ¢ on [0, +-00[ x ]0, 4+-00].

The projection onto epi ¢™ is given by

(V(y, C) € Rz) Pepiga* (ya C) = (y7 _C) — ProXg (y7 _C)
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EPIGRAPHICAL PROJECTION

Let ¢* € I'g(R) the Fenchel-conjugate function of the restriction of ¢ on [0, +00|
and @ is the perspective function of ¢ on [0, +-o00[ x ]0, 4+-oc0].

The projection onto epi ¢™ is given by

(V(y, C) € RQ) Pepiﬁ"* (y7 C) = (y7 _C) — Proxg (y7 _C)

Kullback-Leibler
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EPIGRAPHICAL PROJECTION

Let ¢* € I'g(R) the Fenchel-conjugate function of the restriction of ¢ on [0, +00|
and @ is the perspective function of ¢ on [0, +-00[ x ]0, 4+o00].

The projection onto epi ¢™ is given by

(V(Zh ¢) € RQ) Pepi o (v,¢) = (y,—¢) — Proxg (y, —¢)-
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APPLICATION TO IMAGE RESTORATION

Non-local Total Variation:

NLTV(z) => | Y wenla®™ —a™pp

s€EA \neN;CW;

1/p
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NLTYV as dissimilarity measure:

1/p

NLTV(z) = Z Z we |zt — z™P

sEA \neEN;CWs
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NLTYV as dissimilarity measure:

1/p

Z Z ws,n|$(s) _ x(n)lp

sEA \neEN;CWs

neNsg

s€A

NLTV ()

P
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NLTYV as dissimilarity measure:

1/p
NLTV(z) = Z Z we |zt — z™P
s€EA \RENsCWs
=3 H [wm () — z<">)]
A neN; »
= 3| feona] ,, = fona”]
neNy neNs

P
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NLTYV as dissimilarity measure:

1/p

Z Z ws’n|x(5) — 2™ |p

sEA \neEN;CWs

neNsg

s€A

NLTV ()

P

I
U

=Y |4z — Bz,

s€A
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NLTYV as dissimilarity measure:

NLTV ()

> 2

1/p

ws’n|x(5) — 2™ |p

sEA \neEN;CWs

s€eA

] [
neNg

P

S A = Buall,

s€EA
D(Az, Bx)

(with A = [As]se.A and B = [BS]SE.A)

21/48
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NLTYV as dissimilarity measure:

1/p

NLTV(z) = Z Z we |zt — z™P

sEA \neEN;CWs

neNsg

s€eA

P

I
U

> | Asz - Bozl,

s€EA

= use more general forms for D.
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Dissimilarity based on £,-norms:

D(a,b) = Z Ha(s) — b
s€EA

P

where o = Az = (a'®))sca andb = Bz = (b)) e
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Dissimilarity based on ¢,,-norms:

D(a,b) = Z Ha(s) — b
s€EA

P
where o = Az = (a'®))sca andb = Bz = (b)) e
Dissimilarity based on -divergences:
[N | (5,m) (s m)
D) = 0 3 6 (5 )
s€EAm=1

where o) = (a™) 1 <mein and b = (0™) <
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DEGRADATION MODEL

w: original image in RY,
H: linear operator from RY to ]RQ,

n: zero-mean white Gaussian noise in R?,

vV v.vy

z: degraded image of size Q.
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DEGRADATION MODEL

w: original image in RY,
H: linear operator from RY to ]RQ,

n: zero-mean white Gaussian noise in R?,

vV v vy

z: degraded image of size Q.

mlmmlze ||Hw — 2|+ D(Aw,Bw) + Lo (w)
weRN ———— ——
Regularization term Convex constraint

Data fidelity term

A,BERPXN c=0,255]N

A €]0, +o0[.
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RESULTS
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Degraded image:
SNR=13.14 dB, SSIM=0.284
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RESULTS

Original image:

Degraded image:
SNR=13.14 dB, SSIM=0.284

£1,2 — TV result:
SNR= 15.29 dB, SSIM=0.467

{12 — NLTV result:
SNR= 15.70 dB, SSIM=0.504
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RESULTS

Original image:

Degraded image:
SNR=13.14 dB, SSIM=0.284

l12 — TV result:
SNR= 15.29 dB, SSIM=0.467

{12 — NLTV result:
SNR= 15.70 dB, SSIM=0.504

JK — NLTV result:
SNR=16.01 dB, SSIM=0.548
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Left view Right view
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DISPARITY

Definition

u: R? — R?

(i1,i2) > (i1 — i1, 42 — i3)
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DISPARITY

Definition

u: R? — R?

(i1,i2) > (i1 — i1, 12 — i3)
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DISPARITY

Definition

U R’ R

(i1,42) +> 41 — i}
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DISPARITY

Definition

. . . B
u(it,ia) = i1 — i) = 7f

Objective
Find for each pixel in the left image I, : R? R¥ a corresponding pixel in the right
image I>: R? — R¥,

I1(i1,12) = I2(d1, i)
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Definition
Bf

Objective

Find for each pixel in the left image I, : R? — R¥ a corresponding pixel in the right
image I>: R? — R¥,

I (i1,42) = L2 (i1 — u(in, i2), i2)
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Definition
Bf

Objective

Find for each pixel in the left image I, : R? — R¥ a corresponding pixel in the right
image I>: R? — R¥,

’U(il, iz)]l (il,iz) = Iz(il — ’u(il,iz),iz)

v: R? = [0, +00]
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PROBLEM FORMULATION

Lets = (i1, ig)
Let A be the image support and O be the occlusion pixels.

Variational method

Z 3 W @) I (s) - I (i1 — u(s), i)

k=1sc.A\O

Vk e {1,...,K}, ) belongs to To(R).
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PROBLEM FORMULATION

Lets = (il, ig)
Let A be the image support and O be the occlusion pixels.

Variational method

=3 Y 606 — i — ule)ia)

k=1s€A\O
Vk e {1,...,K}, ) belongs to To(R).

J is non-convex w.r.t. the variable u.
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PROBLEM FORMULATION

Variational method

J(u,v) = Z > B ()1 (s) — I (i1 — us), i2))

k=1scA\O
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PROBLEM FORMULATION

Variational method

3 S 6 - 10 - (), a)

k=1sc A\O

Convex relaxation:

> First-order Taylor expansion of the disparity compensated right image around
an initial value
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PROBLEM FORMULATION

Variational method

Tu,v) =3 > 6P E) " (s) - K7 (i1 — u(s),i2))

k=1sc A\O

Convex relaxation:

> First-order Taylor expansion of the disparity compensated right image around
an initial value

forevery k € {1,...,K}ands € A,

159 (in = u(s),iz) = I (i1 — als), i) — (u(s) — a(s)) VU I (ix — as), i2)

where V1 T, ék) denotes the horizontal gradient of the k-th component of the
right image.
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CONVEX FORMULATION

T,v)=>" > 6W (1 s)uls) + 10 (s)u(s) — 1 (s))

k=1sc A\O

where, forevery k € {1,...,K}ands € A,

T (s) = VO I iy — u(s), iz)

1;7(s) = 1,"(s)

r®(s) = I{7 (i1 — a(s), iz) + a(s)T1" (s).
Letw = (u,v), (vs€.A)uw(s) = [gg:;] T® (5) = (107 (s), TS (9]

K

=3 Y oY) - e)

k=1sc A\O
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SET THEORETIC ESTIMATION

Jw)=>" > ¢"(TP(s)u(s) - r(s))

k=1sc A\O

Advantages
- Ability to consider multicomponent images with illumination variation
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Jw)=>" > ¢"(TP(s)u(s) - r(s))

k=1sc A\O
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- Ability to consider multicomponent images with illumination variation
- Flexibility in minimizing various convex similarity measures ({1, {2,
divergences .. .)
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Advantages
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- Flexibility in minimizing various convex similarity measures ({1, {2,
divergences .. .)

Proximity operator v'
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SET THEORETIC ESTIMATION

Jw)=>" > ¢"(TP(s)u(s) - r(s))

k=1s€A\O

Advantages
- Ability to consider multicomponent images with illumination variation
- Flexibility in minimizing various convex similarity measures (¢1, {2,
divergences ...)

Proximity operator v'

- The minimization of functional J is an ill-posed problem.

(infinite number of solutions due to the fact that two variables have to be
determined for each pixel).

- Additional constraints are required to regularize the solution.
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CONVEX CONSTRAINTS




INTRODUCTION Divergences Stereo vision CONCLUSIONS

000 0000000000000000 00000®0000 0000
0000000000
Proximal methods for convex minimization of ¢-divergences. Application to computer vision. 30/48

CONVEX CONSTRAINTS




INTRODUCTION Divergences Stereo vision CONCLUSIONS

000 0000000000000000 0000080000 0000
0000000000
Proximal methods for convex minimization of ¢-divergences. Application to computer vision. 30/48

CONVEX CONSTRAINTS

Range values:
S5 ={ueRH
(VS € .A) Umin < u < umax}, Umin = 0
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CONVEX CONSTRAINTS

Total variation:

Si2={ue RI!Al | TV(u) < 72},
T >0

TV(u) =

D osca \/|V/(\1)u(s)|2 + |V/(\2)u(s;)|2
V@) and V(2): discrete gradients
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CONVEX CONSTRAINTS

Frame analysis constraint:

Si2=

{ue R | ZqQ:1 Nq|(Fu)q| < 73}
F: RA & R9with Q > | A,
(19)124<q € [0, +00[? and 75 > 0.
FTF =uvl, wherev > 0

30/48
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CONVEX CONSTRAINTS

Second-order constraint:
Sis={ueR*|TVy(u) < 73},
73 > 0.

TVa(u) = > eea V/[V2uls)u(s)?
V2u(s): discrete Hessian operator
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CONVEX CONSTRAINTS

Range values:
52,1 = {V S RlAl | (VS S .A)
Umin S U(S) S Umax}s Vmin > 0
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CONVEX CONSTRAINTS

First-order smoothness constraint:
Sz = {v e R |Tv]3, < ko),
Hg\> 0

Vvl =

(Caea [VOu(s)[? + [V @o0(s)2) /2.
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CONVEX CONSTRAINTS

Second-order constraint:

Sos = {ve R | [V2v]3, < s},
kg >0

V2u(s): discrete Hessian operator
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PROPOSED APPROACH

General formulation

K
. (k) (i (k) (k)
minimize T (s)w(s) —r"(s
B o5 B S =)
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PROPOSED APPROACH

General formulation

K
L. (k) (i (k) (k)
minimize T (s)w(s) —r"(s
B o5 B S =)

»> The PPXA+ algorithm can be employed to minimize J on some closed convex
constraint sets (C')1<i<m.

> It consists of computing, in parallel, the projections onto the different convex
sets and the proximity operator of the criterion J.
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RESULTS (GRAY LEVEL IMAGES)
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{2-norm:
MAE-= 0.83, Err = 3.62%
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RESULTS (GRAY LEVEL IMAGES)

CONCLUSIONS
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{2-norm:
MAE-= 0.83, Err = 3.62%
Kullback-Leibler:

MAE-=0.82, Err = 3.36%



INTRODUCTION Divergences Stereo vision

[e]e]e} 000000000000 O000 00000000 e0
0000000000

Proximal methods for convex minimization of ¢-divergences. Application to computer vision.

RESULTS (GRAY LEVEL IMAGES)

CONCLUSIONS
0000

33/48

{2-norm:
MAE=0.83, Err = 3.62%

Kullback-Leibler:
MAE=0.82, Err = 3.36%

Jeffreys-Kullback:
MAE-= 0.83, Err= 3.44%
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RESULTS (/{-NORM)

Gray level images:
MAE= 1.26, Err = 13%
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RESULTS (/{-NORM)

Gray level images:
MAE= 1.26, Err = 13%

color images:
MAE=1.10,Err=11%
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Multi-label approach
Multiple images
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DISPARITY ESTIMATION

Variational method

F) = 9(1i(s), T2(ir — u(s), i)

sc A
1 € To(R).
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MULTI-LABEL APPROACH

The disparity  is quantized over @ + 1 quantization levels 7o, 71, ...,7qQ
(7’0 <rg << rQ)

Q
(Vse A) u(s) =ro + Z(rq —7¢—1)04(s)
q=1
where 6 = (61, ...,0¢g) € B such that
0 otherwise

(Vge{l,...,QhH)(Vse A eq(s):{l if u(s) = rq

and

B={0c({0,1}")? (¥Ys€A) 1>6:i(s)>--->0g(s) >0}
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CONVEX FORMULATION CREMERS ET AL. [2011]

Q

F(0) = D7D e(I(s), Ia(ir — 14, 2)) (04 (s) — O411(s))

s€A q=0

The minimization problem can be expressed as:

Q
mi%iergize £(0) + ,uZ(rq —rq—1)tv(fq), > 0.

g=1
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CONVEX FORMULATION  CREMERS ET AL. [2011]

Q
=2 D W(I(s), Iais — rq,82))(0g(s) — O411(s))

s€A q=0

The minimization problem can be expressed as:

mmlmlze 1o —i—,uz —rq-1)tv(by), p > 0.

where
B={0ec({0,1}")° (Vs € A) 1>0:(s) > > 0q(s) > 0}.
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CONVEX FORMULATION  CREMERS ET AL. [2011]

Q
=2 D W(I(s), Iais — rq,82))(0g(s) — O411(s))

s€ A q=0

The minimization problem can be expressed as:

mmlmlze 1o —i—,uz —rq-1)tv(by), p > 0.
Convex relaxation:

Q
mlgé%lze f(o Z —rq—1)tv(6y)

where
R=1{0€([0,1]")°|(Vs€A) 1>0i(s) > > 0g(s) > 0}.
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OPTIMIZATION PROBLEM

Q

mlgémlze g(6 Z —7q—1)tv(6y)

Data fidelity: g:R — R, ] ,(s) = ¥(Ii(s), L2(i1 — j,42))

(VOER)  g(0)=F0)— D vi%(s)=(s|0),

se A\O
where s = (1,...,50) € (R*)?, such that
Sq(s) = 1(5)(7%?2(3) - ;?271 (s))
1(s) =1if s € A, \ O and 0 otherwise.

Possibility to handle nonconvex similarity measures

b=| - |, p=min{| - |, e}, ¥=| - |7, b=min{] - |2, ¢}
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OPTIMIZATION PROBLEM

Q
minimize g(0) + 11 (rq = 7q-1) tv(6q)

q=1

Regularization Discrete total variation

Proximity operator v’
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OPTIMIZATION PROBLEM

Q
mig.ie%ize 9(0) + p ;(Tq —rg-1) tv(by)

Convex set
0n € R< (0 € E1and LO € E3)

where E1 = ([0,1]7)9, B2 = ([0, +oo[F)? P and L : (RP)? — (RF)? " 'isa
linear operator, calculating the successive differences between the (Q components of 6

Projection onto closed convex sets £ and Fa v
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MULTIVIEW DISPARITY ESTIMATION
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MULTIVIEW DISPARITY ESTIMATION

2u

n =1
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MULTIVIEW DISPARITY ESTIMATION

2u

n,n=1

(V(n,m) € {1,..., N}z,n #m) Ve = CngoPafon

m—n

Qn,m =
’ knp—n
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MULTIVIEW DISPARITY ESTIMATION

N images

Fa(Wnk,) = Do BUa(s) = Ik (i = Unk,(8),i2))

s€EDn,m

kn =n+1,¢ € T'g(R), and Dy m C Ap: unoccluded pixel between n-th and m-th view.
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MULTIVIEW DISPARITY ESTIMATION

L

N images

Fer) = 5 3 () = Lulis = it o 5),2)

m=1seD.
m#mn e

kn =n+1,¢ € I'o(R), and Dy m C Ap: unoccluded pixel between n-th and m-th view.
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MULTIVIEW DISPARITY ESTIMATION

Discretization
Q
(Vs€d) ulf =ro+y (rg—re-1)0L,
q=1

where

1 if ufls)kn >rq

Vged{l,..., VseA, 0% =
(Vaedl @H¥s ) e 0 otherwise



INTRODUCTION Divergences Stereo vision CONCLUSIONS

000 0000000000000000 0000000000 0000
0000008000
Proximal methods for convex minimization of ¢-divergences. Application to computer vision. 41/48

MULTIVIEW DISPARITY ESTIMATION

m19n1m1ze gn(6n) + ”’Z —7g—1) tv(0n,q)

q=1

Data fidelity: gn : R - R
Q
V60, eR) gn(0n) Z Z Snag | On,g) = (sn | On),
g=1se€Ay,

where ¢, = (1, -, 5n,0) € (RF)?, such that

o) = Zlnm<s> ST — )

m;én

1,,m(s) = 1ifs € Dy m and 0 otherwise.
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RESULTS (TRUNCATED /1-NORM)

-
SESUEA———
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Two images:
MAE-= 0.56, Err = 4.29%
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Two images:
MAE-= 0.56, Err = 4.29%

Three images:
MAE=0.48, Err = 4.08%
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RESULTS (TRUNCATED /1-NORM)

Two images:
MAE-= 0.56, Err = 4.29%

Three images:
MAE=0.48, Err = 4.08%

Five images:
MAE=0.48, Err= 3.82%
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RESULTS

Our approach:
Err=3.10%

Graph cut Woodford et al. [2009]:
Err =4.84%

Execution time

TMultiLabel = ().906
TGraphfcut :
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CONTRIBUTIONS
Divergence

New expressions for the proximity operator of several ¢-divergences.

General form of optimization problem (joint minimization w.r.t. of the two
variables).

Application to image restoration.

Divergence proximity operator for epigraphical projections
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Stereo vision
> Evaluation of the potential of a convex optimization approach to deal with
disparity estimation under illumination variation.
Relaxation using Taylor approximation.

Ability to consider various distance measure and multicomponent images with
illumination variation.
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CONTRIBUTIONS

Stereo vision
> Evaluation of the potential of a convex optimization approach to deal with
disparity estimation under illumination variation.
Relaxation using Taylor approximation.

Ability to consider various distance measure and multicomponent images with
illumination variation.

Multi-view
» Convex optimization for disparity map sequence.
> Relaxation based on multilabel approach.

> Possibility of handling nonconvex similarity measures.
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PERSPECTIVES

» (p-divergence in segmentation (Histograms based method).

CONCLUSIONS
00e0

47/48

e

Input image result rounded result
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> -divergence in blind deconvolution.
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> -divergence in blind deconvolution.
> Epigraphical projection in allocation problem.
> Exploiting the dependence among the disparity sequence maps.
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> -divergence in blind deconvolution.
> Epigraphical projection in allocation problem.
> Exploiting the dependence among the disparity sequence maps.
> Disparity and motion from a multi-view video sequence.
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(p-divergence in blind deconvolution.
Epigraphical projection in allocation problem.

>
>
> Exploiting the dependence among the disparity sequence maps.
> Disparity and motion from a multi-view video sequence.

>

Combining the discrete and continuous methods.
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PERSPECTIVES

(p-divergence in blind deconvolution.

Epigraphical projection in allocation problem.

Exploiting the dependence among the disparity sequence maps.
Disparity and motion from a multi-view video sequence.
Combining the discrete and continuous methods.

vVVvVvVvYyVvYYyy

Extension to view synthesis application.
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PERSPECTIVES

(p-divergence in blind deconvolution.

Epigraphical projection in allocation problem.

Exploiting the dependence among the disparity sequence maps.
Disparity and motion from a multi-view video sequence.
Combining the discrete and continuous methods.

vVVvVvVvYyVvYYyy

Extension to view synthesis application.

Thank you
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ILLUMINATION VARIATION

Artifical illumination
Find for each pixel in the left image I, : R? R a corresponding pixel in the right
image I»: R? — RE,

Ve e {1,... K}, 0" (iy,i0)I% (iy, o) = I (i1 — u(in, ia), i)

v: R?* = [0, 400

» The spectrum of the illumination source changes in function of
the power.

» Color changes.
» [llumination variation variable per color component.
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Image segmentation
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CONSIDERED PROBLEM

Partition the image domain 2 = {1,..., N} into J regions...

s Multi-class representation:

A T e ,uf]w))

________________ > Region histogram:

L
pi =0, p")
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CONSIDERED PROBLEM

... so that the local histograms in each region €2; are similar.

12
10

6 Local histogram:
4

1234567 8910
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VARIATIONAL APPROACH

Multi-label relaxation within a jointly minimization [Qiao et al. 2014

L
mlnlmlze Z”V“JHI 2—1—)\22 ZCIJ q'9 ,pj g w) subj. to

j=lw=1 (=1

(Vwe{l,....N})  u™® €0, +o0[’, Zu“’)_1

(Vje{l,....J})  pj €0, +ool Zp] 1,

where A > 0.
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PROPOSED REFORMULATION

» We rewrite the non-convex function as:

N L
L w
PIDIL LRI R

w=1 (=1
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PROPOSED REFORMULATION

» We rewrite the non-convex function as:

>3 )l = 33wl )

w=1 (=1 w=1 (=1
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PROPOSED REFORMULATION

» We rewrite the non-convex function as:

330t = 303wt )
w=1 (=1 w=1 {=1

» and we introduce the rank-one matrix:

(v§£’w))1<z<L 1<w<N = (P; ) 5 ))1§€§L,1SwSN
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PROPOSED REFORMULATION

» We rewrite the non-convex function as:

IHTTINUREES ) LRI

w=1 (=1 w=1 (=1

» and we introduce the rank-one matrix:

— | LxN
vj =pju; €R
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PROPOSED REFORMULATION

» We rewrite the non-convex function as:

>3 ol 77 = 3 3ot )

w=1¢=1 w=1 (=1

» and we introduce the rank-one matrix:

» so that the above function can be replaced by:

N L N L
Z Z (I) qu) apy) () — Z Z (I)(qgf) ugw)’ v;é,w))

w=1 /=1 w=1/¢=1
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PROBLEM REFORMULATION

We reformulate the original problem

J J N L
minimize ZHVuJHl Z—H‘ZZZ@ g),pf) @) Subj. to
P 7=1 j=lw=1/¢=1
J
(Vw e {1,...,N}) u(®) € [0, +oo[”, Zugw) =1,
j=1

L
e {l....J})  p elo,+ool, S pY=1.
/=1
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PROBLEM REFORMULATION

We reformulate the original problem as follows:

J J N L
mlnlrmze Z”V“]H12+)\ZZZ(I) (0) 4, 7)) subj. to
Jj=1 j=1w=1¢=1
J
(vwe{l,...,N}) a0, +o0l, Yuf” =1,
j=1

Vie{l....,JH) v €040V, v =pul
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PROBLEM REFORMULATION

We reformulate the original problem as follows:

J J N L
P . {4 (w) (Z,’U)) 3
minimize E [IVugll1,24+A E E E ®(ql) u; ", v; ) subj.to

j=1 j=1w=1 £=1
.

J
(Vw € {1’ o 7N}) u(w) € [O’ +OO[J7 Zu(w) =4

L
(Vje{l,....,J}) vj € [0, 400N, 3Tl = )

(Vi e{l,...,J}) rank(v;) < 1.
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CONVEX RELAXATION
We relax the rank-one constraint by the nuclear norm:
J J N L J
2
mlmmlze Z V12 + )\Z Z Z<I> © u , ]( w)) + MZ 1ol
j=1 j=1lw=1/¢=1 j=1

J
(Vwe{1,....N})  u® efo,+o0l/, > ul" =
subj. to jzé
Vje{l,....J}) € [0, +oo[*N, 3ol

=1
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INTERACTIVE SEGMENTATION
We also add a constraint to allow for user-defined scribbles:
J J N L J
minimize Y [Veyllia A7 D" Y @@l o) Y gl
j=1 j=1lw=1/¢=1 j=1
J
(Vw e {1,...,N})  u €[0,+oc[’, Zu§w) =1,
j=1
subj. to L
(Vjie{l,....,J}) vj € [0, +00[FXN, 3 it = (),
=1

Y4
(Vjedl,....J}) (vwet;) ul"™ =1.
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