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Abstract

Suppose X is an N x n complex matrix whose entries are centered, independent, and identically distributed random
variables with variance 1/n and whose fourth moment is of order &(n~2). Suppose A is a deterministic matrix whose
smallest and largest singular values are bounded below and above respectively, and z # 0 is a complex number. First
we consider the matrix XAX* — z, and obtain asymptotic probability bounds for its smallest singular value when N and n
diverge to infinity and N/n — 7, 0 < ¥ < . Then we consider the special case where A =J = [1;_j—| mod ») is a circulant
matrix. Using the above result, we show that the limit spectral distribution of XJX* exists when N/n — 7, 0 < y < o0 and
describe the limit explicitly. Assuming that X represents a CV-valued time series which is observed over a time window
of length n, the matrix XJX* represents the one-step sample autocovariance matrix of this time series. A whiteness test
against an MA correlation model for this time series is introduced based on the above limit result. Numerical simulations
show the excellent performance of this test.

Keywords: Large non-Hermitian matrix theory, Limit spectral distribution, Smallest singular value, Whiteness test
in multivariate time series.
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1 Introduction and the main results

N —1n-1
z(;l)]i,j:O " )z
be a sequence of complex random matrices and (A<">) be a sequence of n X n deterministic matrices with complex entries.
Suppose that

Let (N),> be a sequence of positive integers, such that lim,, ., N /n =7, 0 < y < oo, Let (X") =[x

Assumption 1. For each n > 1, the complex random variables {xl(;l) }ﬁvj’io— b1 are iid. with Exgé) =0, E|x(()'(’)) |>=1/n.

Moreover, there exists a constant 4 such that sup, nZIEJ|x§)'(’)> |* <my < oo

Assumption 2.
0< infsn,l(A(”)) < supso(A(”>) < oo,

where so(M) > --- > s,_1 (M) will refer hereinafter to the singular values of the matrix M € C"*".

We shall first study the probabilistic behavior of the smallest singular value of the matrix X (m A x ()" _ zly, where
M* is the Hermitian adjoint of the matrix M, and where z is any non-zero complex number. We shall then use this result to
obtain the limiting spectral behavior of the matrix X ") J("x (M where J™ is as in Equation (1) below. Finally, we shall
discuss a statistical application of this last result.

The behavior of the smallest singular value of large random matrices has recently aroused an intense research effort in
the field of random matrix theory. One of the main motivations for this interest is its close connections with the spectral
behavior of large square non-Hermitian random matrices. It is well-known that probabilistic control of the smallest
singular value of the matrix ¥ —z is a key step towards understanding the behavior of the spectral measure of ¥ [7].
Starting with the fundamental model where Y has i.i.d. elements, most of the contributions dealing with the smallest
singular value assume the independence between the entries of Y, as seen in [1, 27, 33, 18, 34, 35, 10] among many
others. An increasing degree of generality on the probability law on the independent entries of Y has been considered in
these contributions. On the other side, more structured models, such as the one dealt with in this paper, have received
comparatively much less attention. We can however cite in this respect the works of Girko (see, e.g., his treatise [15]) or
[6, 31], which all deal with quite different models than ours.

Our results will be proved under the following additional assumption on the elements of X ).



Assumption 3. The random variables xé"o) satisfy sup,, \nIE(x(()"O) < L.

Assumption 3 essentially amounts to demanding that x;; ¢ R. Indeed, suppose that for some n, |nE(x(()'g)))2\ =1.
Drop the superscript ), and write xo0 = Rxgo +13x00. Then, 1/n = [Ex3,| = Elxo|>. This implies (ERxo0Sx00)> =
E(Rxo0)*E(Sx00)>. Suppose Rxog % 0. Then clearly 3xg9 = aRxgo with probability one (w.p.1) for some constant c.
Thus, denoting as Z the equality in law, xqg Z exp(10)Z, where Z is a real random variable and 0 is a constant. This
amounts to xoo being real since the factor exp(z0) has no influence on XJX*.

We can now state our first result. We denote as || - || the spectral norm of a matrix. Events are expressed in the forms

[...]or{...}.
Theorem 1. Let Assumptions 1, 2, and 3 hold true. Then, there exist o, 3 > 0 such that for each C > 0, ¢ > 0, and
z€ C\ {0},

Plsy-1(XWAMXMWT ) <1, |X|| <C] < e(n®?+n7P),

where the constant ¢ > 0 depends on C, z, and m4 only.

The first step to prove this theorem is to “linearize” (similar linearizations have been used elsewehere, see, e.g., [21]),

and consider the matrix |
H(n) _ A x e C(N#»n)X(NJrn).
xm Z

The inversion formula for partitioned matrices implies that [[(XWAMX®* — =1 < |H (m) ! ||. Thus, it is enough to
deal with sy, (H (")). A similar problem was tackled in [30, 38]. We follow closely the approach of [38] but there, the
author had a real symmetric matrix with i.i.d. elements above the diagonal. Our matrix H (") is more structured, and so we
need appropriate modification in the arguments.

Motivated by the statistical application described in Section 2, we consider the following choice of A®. Since it is an
orthogonal circulant matrix, it automatically satisfies Assumption 2.

0 1

1

A(n) :J(n) — c Rnxn’ (1)

1 0

Theorem 1 can be used to study the limit eigenvalue distribution of the matrix X " J"x () (see [7] or Section 4 for more
*

information). Let {lén), e 7)583),1} be its (complex) eigenvalues. The spectral distribution or measure of X)) x (%)

is the random probability measure:

1 N _1
N("> lzzé 6}Li(n).

When N /n— 7,0 < ¥ < e, we shall identify a deterministic probability measure y such that y, = g in probability,
where = refers to weak convergence. The limit u is called the limiting spectral distribution or measure (LSD) of the
sequence of matrices. To describe pt, we need the following function. For any 0 < y < oo, let

§0)= S (1=7+ 2, OV(r-1) <y<y. @

Un =

Then g~! exists on the interval [0V ((y—1)3/y),y(y+1)] and maps it to [0\ (y—1),7]. It is an analytic increasing
function on the interior of the interval.

Theorem 2. Suppose Assumptions 1 and 3 hold. Then, there exists a deterministic rotationally invariant probability
measure [ on C such that i, = u in probability. Let the distribution function of its radial component be F(r) = u({z €
C:lzl<r}), 0<r<eo If y<1,then

ylg7(?) if0<r<y(y+1),
1 if r>/y(y+1).

If y> 1, then
-y ifo<r<(y-17%2/7,

F(ry=¢ v g () if (y=102/ 7 <r</¥(y+1),
1 ifr>/y(y+1).



The support of p is the disc {z: |z| < +/¥(y+1)} when ¥ < 1, and when y > 1, itis the ring {z: (y— 1)3/?/ /7 < |z| <
\/7(y+1)} together with the point {0} which has mass 1 —y~!'. Moreover, F(r) has a positive and analytical density on

the open interval (0Vsign(y—1)|y—1>2//7,/¥(y+1)). A closer inspection of g shows that this density is bounded
if Yy 1. If y = 1, then the density is bounded everywhere except when r |, 0.

In the next section, we consider a statistical application of this result, belonging to the domain of hypothesis testing.
We then turn to the proofs of our results. Theorem 1 is proven in Section 3, while Sections 4—6 are devoted to the proof
of Theorem 2. Specifically, the main steps of this proof are provided in Section 4. One of these steps is to analyze the
singular value spectrum of X ) J( x (" _ 7 for z € C. This will be done in Section 5. Finally, Section 6 is devoted to the
identification of the measure {.

2 Application to statistical hypothesis testing

Consider the high dimensional linear moving average time series model
yw =Y B W, 3

where {BE") M, are CN*N deterministic parameter matrices, and {wl(") }i are random vectors such that the random matrix

wn = (w(()n) e wfln_)l) is equal in distribution to n!/2x(™  Such models have found increasing attention in, e.g., the fields

of signal processing, wireless communications, Radar, Sonar, and wideband antenna array processing [22, 37]. The sample
autocovariance matrices {n~'Y"_, 41 yt(") (yt(f)k)*},k > 0, (k is called the lag or the step) carry useful information about
the model (3), specially through their spectral distributions. Some of the works that deal with limit spectral distributions,
mostly for high-dimensional real-valued time series, and their use in statistical inference are, [2, 3, 4, 8, 28, 39, 26, 25, 5].

The k-step sample autocovariance matrices (k # 0), are non-Hermitian. To the best of our knowledge LSD results are
known only for certain symmetrized versions of these matrices. All references cited above rely on symmetrization. The
result of Theorem 2 is a beginning towards deriving the LSD of the sample autocovariance matrices in the general model
(3) by considering the simplest case where B(()n) = Iy and p = 0. This will be called the white noise model.

Consider the problem of testing the white noise model against an MA correlated model. To this end, we explore the
idea of designing a test which is based on the eigenvalue distribution of the one-step sample autocovariance matrix, in
contrast to more classical tests that are based on its singular value distribution. A non-rigorous justification of this idea is
that when performing an eigenvalue-based test, we take advantage of the higher sensitivity of the eigenvalues of a matrix
with respect to perturbations as compared to its singular values.

Assuming for simplicity that p = 1, our purpose is to test the null (white noise) hypothesis HO: Bgﬂ =1 ,B(ln) =0

against the alternative H1: Bé"> =1 7B(1") # 0. Consider the one-step sample autocovariance matrix

n 1 n) (n) *
B = L
t=0

where the sum is taken modulo n, and observe that under HO, this matrix coincides with X (m) y() x ()" We shall consider
the asymptotic regime where n — 0 and N/n — v > 0. By Theorem 2, the spectral measure of 1/8\(1") converges weakly in
probability to the measure p. This suggests the use of a white noise test based on a distance between the spectral measure
of 135’“ and u. We consider herein a test based on the 2-Wasserstein distance between these two distributions, which is

known to produce the same topology as the weak convergence topology. For the sake of comparison, we also considered

the more classical singular value based test which consists in comparing N~ ! trR 1"> (ﬁ(l") )* to a threshold. We denote these
two tests as Ty and T, respectively. To get a more complete picture of the problem, we also considered a third test which
is based on the eigenvalue distribution of the Hermitian sample covariance matrix

1 () : ]
R\g),l) i Z <y(’n) ) (yfn) yt(?l ) :

n =0 yt—l

Its spectral distribution is known to converge weakly almost surely under HO to the Marchenko-Pastur distribution MP,,
with parameter 2y (see [29], which deals with the Gaussian case). This suggests the use of the 2-Wasserstein distance
between the spectral measure of 150’1 and MP;,. We denote the resulting test as Ts.

Figures 1a and 1b give the ROC curves for these tests. Tests Ty and T3 were implemented by sampling y and MP5y
from the spectra of two large random matrices and by using the transport library of the R software. These figures
clearly show that T| outperforms T, and T3. This tends to corroborate the intuition that the eigenvalue sensitivity alluded
to earlier, can be beneficial when it comes to designing white noise tests.
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Fig. 1: ROC curves for the tests T, T, and T3 described in Section 2. Setting: (N,n) = (50, 100)

To better understand the behavior of the eigenvalue-based tests, the next step would be to study the large dimensional

behavior of the spectral distribution of R1"> under H1. It would be also useful to evaluate the test performance for Wasser-
stein distances of orders higher than two. These tasks appear to be quite non-trivial and are left for future research.

Before entering our proofs, let us present some notations. The dimension of a subspace V of some vector space will be
denoted dim(V'). The orthogonal subspace to V will be V. The column span of a matrix M will be denoted as span(M).
Similarly, span(V,d) is the span of the vector space V and the vector d.

The indices of the elements of a vector or a matrix start from zero. Given a positive integer m, we write [m] =
{0,...,m—1}. For i € [m], we denote as e,,; the i" canonical vector of C™, with 1 at the mth place and 0 elsewhere.
Given a matrix M € C"™" and two sets . C [m] and _# C [n], M.y y denotes the |.#| x |_#| supmatrix of M that
is obtained by retaining the rows and columns of M whose indices belong to .# and _¢ respectively. We also write
M.y = M) iy and My . = My (). We define as IT, : C" — C™ the projection operator such that I1 su is the vector
obtained by setting to zero the elements of u whose indices are in .. We also denote as u_» the vector of C’I obtained
by removing the elements of u whose indices are in .#¢. When M is a matrix, Iy, refers to the orthogonal projector on
span(M).

As mentioned above, || - || denotes the spectral norm. It will also denote the Euclidean norm of a vector. The Hilbert-
Schmidt norm of a matrix will be denoted as || - ||s. The unit-sphere of C" will be denoted as S"~!.

The notations P, and E, will refer respectively to the probability and the expectation with respect to the law of the
vector x.

3 Proof of Theorem 1: Smallest singular value

To simplify the notations, from now on, we omit the superscript (n), Writing sip = inf,, 5,1 (A~") and Ssup = SUp,, So (A~1),
Assumption 2 is rewritten as 0 < Sjpr < Sgup < o0. We also assume that z # 0 without further mention.

3.1 General context and outline of proof

It is enough to establish Theorem 1 under the assumption that the entries have densities. This is because we can replace
the matrix X with, the independent sum (1 —n~20)=1/2(X 4+ n~19X") where X' is a properly chosen matrix whose elements
have densities, and use a standard perturbation argument. Hence, we assume throughout this section that the elements of
X have densities.



Suppose E € CV*" is such that ||E||?||A|| < |z|. Then det(z — EAE*) # 0. This implies that the multivariate polynomial
det(z — XAX™) in the variables (Rx;;,3x;;); ; is not identically zero. Since X has a density, we conclude that z — XAX™ is

invertible w.p. 1. Define the matrix
o ATl X e CV+m)x (N+n)
X z ’

By the inversion formula for partitioned matrices, the N x N lower-right block of H~! coincides with (z—XAX*)~!. Thus,
| (XAX* —z)~ Y| < ||H~!||. Therefore, it is enough to prove that

Plsyin1(H) <t, |X]| <C] <c(n®?+n7P), (4)

where ¢ > 0 depends on C, z, and m4 only.
As mentioned earlier, we shall follow here the argument of [38] but we shall need substantial modifications. Here is a
description of the general approach. First recall that

SNin-1(H) = min_[Hul.

Invoking an idea that has been frequently used in the literature since [27, 33], we partition S+~ ! into two sets of so-called
compressible and incompressible vectors as follows.

Let 8,p € (0,1) be fixed. A vector in SN*"~! is said to be §-sparse if it does not have more than |8(N + n) | non-
zero elements. Let S{}Jr"_l be the set of vectors of SV~ that are supported by the (index) set .# C [N + n]. Given
S C CN*7, let A5(S) denote the §-neighborhood of S in CN*" in the Euclidean metric. Given 6,p € (0,1), the set of
(0, p)-compressible vectors is

comp(0,p) =SVt"In U st

I C[N+n]
7 |=Lo(V+n)]

This is the set of all unit vectors at a distance at most p from the set of the 0-sparse unit vectors. The complementary set
incomp(8,p) = SV*"~1\ comp(8, p) is the set of incompressible vectors.
With these notations, for judiciously chosen 6,p € (0, 1), we write

svan_t(H)= inf  |Hul| A inf  |Hul. )
uccomp(6,p) u€incomp(6,p)

The infimum over comp(8,p) is relatively easier to handle. Given a fixed vector u € S¥*"~!, we first show that

P[||Hul|| < c] for some ¢ > 0 is exponentially small in n. Recall that an e-net is a set of points that are separated from
each other by a distance of at most €. Now, since the vectors of comp(6,p) are close to being sparse, it has an &-net of
controlled cardinality for a well-chosen € > 0. Using this, along with a simple union bound, we will be able to infer the
smallness of the probability that inf,ccomp(g,p) [ u|| is small.

The infimum over the set of incompressible vectors poses a much bigger challenge since the e-net argument fails. In
this case the argument is more geometric. Observe that when u is incompressible, Hu is close to a sum of &'(n) columns
of H with comparable weights. This helps to reduce the problem of controlling inf,cincomp(6.p) [[Hu|| to the problem of
controlling the distance between an arbitrary column of H and the subspace generated by the other columns.

Let hg be the first column of H, and let H_o € CN+)*(N+1=1) e the supmatrix left after extracting this column.

Partition H accordingly as
b goi
H= ,
(810 G )

with b € C and G € CN+=1)x(N+7=1) 1p Lemma 11 below, we show that G~! exists w.p. 1. Noting that the distance
dist(hg, H_¢) between hy and the column span of H_ satisfies dist(hg,H_()*> = h§ —H,O(HfOH,O)_leO)hO, and
making use of the Sherman-Morrison-Woodbury formula [16, Chap. 2], we get after a small derivation that

b—go1G™!
dist(ho, H_o) = 1b—gmGg10] 6)
1+/go1G~1|]?

Our purpose is to bound the probability that this distance is small. If we write

= ) Xl

where B € Cl=1D)x(=1) and x € CV is the first column of X, then

. bio B W*
go1 = (boi x),glo—<x),andG—<W ZIN)' (7)



Assuming that the inverse exists, partition G~! as

Gl — <f) ;) . EeCn DXt g e NN, )
Then using Equation (6), we have
. Num
dist(ho,H-o) = Den w.p. 1, where, 9)

Num = |b — b1 Ebig — x*Pbjo — bgi Fx —x"Rx|, and

* 2 * 2 1/2 (10)
Den = (1+ ||bo1E +x"P||* + ||[bot F +x"R|)*) '~

To control the behavior of Num, we need an anti-concentration result. Loosely speaking, we show that conditionally
on the matrix W and for most of these matrices, the probability that a properly normalized version of the random variable
X*Pbyg + bo1 Fx + x*Rx lives in an arbitrary ball of C of small radius is itself small.

Small ball probabilities are captured by the so-called Lévy’s concentration function. Given a constant vector a € C”
and a random vector Z € C", Lévy’s concentration function of the inner product (a,Z) at € > 0 is

Z5((a,2).€) = sup Py [(a2) ~w| < ]

When the elements of Z are i.i.d. random variables with finite third moment, the behavior of %, can be controlled by the
Berry-Esséen theorem, whose use in random matrix theory dates back to [27]. Berry-Esséen theorem is a refinement of
the Central Limit Theorem and implies that when a € S"~! has &'(n) elements with magnitudes of order 1/+/n, it holds
that %% ((a,Z),€) S e+1/y/n.

Our plan now is to apply this theorem after replacing Z with the random vector x. Unfortunately, this theorem cannot
be used as is on the random variable x*Pbyg + bo1 Fx + x*Rx because of the presence of the quadratic form x*Rx. To
circumvent this problem, we use a decoupling argument that replaces x*Pbg + bo; Fx + x*Rx with an inner product that
can be processed by the Berry-Esséen theorem. This decoupling idea that dates back to [17] has also been used in [38].

3.2 Technical results

The following proposition is an easy variation of [35, Proposition 5.1], see also [7, Lemma A2] and [19].

Proposition 3 (Distance of a random vector to a constant subspace). Let Z = (Zp,...,Z,—1) € C" be a vector of i.i.d. cen-
tered unit-variance random variables such that for some x > 0, IE|ZO|2+K < Cx < o. Then, there exist ¢,¢’ > 0 and
6 € (0,1) that depend only on x and Cy and that satisfy the following property. For all n >> 1, and for any deterministic
subspace V of C" such that 0 < dim(V) < én,

P[dist(Z,V) < cy/n] < exp(—c'n).
This result leads to the following lemma:

Lemma 4. Let the matrix X satisfy Assumption 1. Then, there exist constants ¢,¢’ > 0 and a constant 6 € (0,1) that
depend on m4 only and that satisfy the following property. For each deterministic vector u € S"~! and each deterministic
subspace V C CN with 0 < dim(V) < 8N,

P[dist(Xu,V) < c] < exp(—c'n). (11)

In particular, for each deterministic vector a € CV, it holds that P[||Xu — al| < ¢] < exp(—c’n). Similar conclusions hold
if X is replaced with X*.

Proof. Let %,...,%y_1 € C'*" be the rows of X, and define the random variables Z; = \/n&u for k € [n]. These ran-
dom variables are i.i.d., centered, and have unit-variance. Furthermore, writing u = (ug, . .., u,—1 )T, we get by Rosenthal’s
inequality that for some universal constant C,

E|Zi|* <C((EXu[* Y |wil*) v 1) < Cm.

Writing Z = (Z,...,Zy—1)", we note that dist(Xu,V) = dist(Z,V)/+/n. Applying Proposition 3 with k = 2, we obtain
(11). The rest of the claims follow immediately. O
The two following results regarding Lévy’s concentration functions will be needed.

Lemma 5 ( Lemma 2.1 of [33]). Let Z € C" be a vector of independent random variables. Then, for each non-empty
S C [n], we have % ((a,Z),e) < %7, ({a.r,Zy),€).



Proposition 6. There exists a constant ¢ > 0 such that for any vector Z = (Zy,...,Z,_1) of complex centered independent
random variables with finite third moments,

cYE|Z?

ct
zZ(ZZi,t) < 5 L

For a proof, see [7, Lemma A6]. In particular, if there exist two positive constants ¢, and c3 such that ]E|Z,-\2 > ¢ and
E|Z;|3 < ¢3 for each i € [n], then

(L 21vm) <t (12)

where ¢/ =c¢/ /c; and ¢’ = CC3/C;/2.
We now enter the proof of Theorem 1 via proving Inequality (4). Recall that we have written X = (x W) where x is
the first column of X. Given C > 0, we denote as &, (C) the probability event

Sop(C) = [[IW]l < C].

In the remainder of this section, the constants that do not depend on n will be referred to by the letter ¢, possibly with
primes or numerical indices referring to the propositions or lemmas where these constants appear for the first time. In all
statements of the type P[[--- < ¢] N&] < exp(—c'n) +cin~7, where & = [||[X|| < C] or &, (C), the constants such as ¢, ¢/,
or ¢ depend on C, z, and my at most.

3.3 Compressible vectors
Recalling (5), we start with the compressible vectors.

Proposition 7. Let Assumption 1 hold true. Then, there exists 8; € (0,1), p7 > 0, ¢ > 0 and ¢’ > 0 such that

IP“ inf  |[Hul| <c]N[|X] < C]} < exp(—c'n) for large enough n.
uecomp(67.07)

Proof. We first show that there exist ¢, c; > 0 such that for each deterministic vector u € SN*"~1,
P[||Hu|| < co] < exp(—cin). (13)

Write u = (v7,w")T, where v € C" and w € CV. Since ||u| = 1, either ||v]| > 1/+/2 or ||w|| > 1/v/2. Assume that
|w|| > 1/+/2, and note that [||Hul|| < co] C [||A~"v+X*w|| < co). Writing w = w/||w||, we have

PIX w+A7) < co =P [IX+A" v/l < cof I} <B [IX75+A/wl | < cov/2] < exp(—ein)

by applying Lemma 4 and choosing ¢o and c¢; judiciously. When ||v|| > 1/1/2, we can use a similar argument (with
possibly different cpand c1) after observing that [||Hu|| < co] C [||Xv+zw| < co|. This establishes (13).
Now, on the event [||X|| < C], we have

X* Al
el )| Y zenserion

On this event, assume that there exists y € ¢, /(ac,,) ({u}) such that [|[Hy|| < co/2. Then ||[Hul| < ||H (u—y)||+ |[Hyl|| < co.
In other words,

By € Ay e () + [Hy] < co/2] N[IX] < €]  [I1Hul < co].
We now use a €-net argument. Let 67 € (0,1) to be fixed in a moment, and choose .# C [N +n] so that that |.#| =
|67(n+N)]. The unit-sphere S";""~! of the subspace of the vectors of CV*" that are supported by .# has a (co/(2Cx))-
net of cardinality bounded by (6Cy / CO)ZIJ | (see, e.g., [10, Lemma 2.2]). Applying the previous results and making use
of the union bound, we get that

P [[By € Ay c) (S < [1HY| < co/2] N{IIX]| < C1] < (6Ch/c0)* N exp(—cin).

Finally, considering all the sets .# C [N +n] such that |.#| = | 8;(N +n) |, recalling the elementary bound on the binomial
coefficients (') < (em/k)*, and using the union bound, we get that

36eC}
X exp(—cin).

67(N+n)
P[[3y € comp(6y,0/(2Ci) : I1Hy| < co/2) N IXI| <€) < ( - )

0

A small calculation shows that the right hand side is of the form exp(—c’n) for large enough n when 6; is chosen small
enough. By taking p; = ¢/(2Cy), the proposition is proven. O



3.4 Incompressible vectors

One main feature of incompressible vectors of C” is that they contain () elements of absolute values of order &'(n~'/?),
as shown in [33, Lemma 3.4]. We shall need the following slightly stronger version of this lemma with a similar proof.

Lemma 8. Let u = (ug,...,u,_1)" € incomp(8,p), and let it = (i, ...,ii,—1)" € S"~'. Then, |J| > 6n/2 where,

2
J={ie: £ <|u|< —— and |5i| <

2
N Vv On vV On )
One consequence of [33, Lemma 3.4] is the following lemma, which implies that the infimum of ||Hu|| over a set of
incompressible vectors can be handled by controlling the distance between an arbitrary column of H and the subspace
generated by the other columns:

Lemma 9 (Invertibility via mean distance, Lemma 3.5 of [33]). Let M € C"*" be a random matrix. Let my be the kth
column of M and let M_; € C"™("=1) be the supmatrix left after removing this column. Then,

Lt
n

Using Lemma 9, we need to control the distance between a column of H and the subspace generated by the other
columns. Denote as x; the k™ column of X (thus, xo = x). Let b; and %, denote the k™ column of A~! and the /! row of X

Bl nr M <

ucincomp(6,p

2,,,]
< — ) Pldist(my,M_;) <t].
| < 55 & Pldistim. ) <1

~x
respectively. Then the columns of H are one of the two types: <ik > , or (Zj[ ) . Due to the fact that A is not necessarily
k N

a diagonal matrix, it will be more difficult to control the distances involving columns of the first type.
Recall the partition H = (ho H_o) , where hy is the first column of H. We have

Proposition 10. Let Assumptions 1, 2, and 3 hold true. Then
P[[dist(ho, H_o) < £] N [||X|| < C]] < ¢1 (W?%/88¢1/2 4 n=1/22) 4 exp(—can).
Since [||X|| < C] is obviously included in &, (C), it will be enough to establish the inequality
P[[dist(ho, H_o) < 1] N &up(C)] < c1(n>/38¢1/2 407 1/22)  exp(—can)

to obtain Proposition 10. Replacing [||X|| < C] with &,,(C) will be more convenient due to the independence of x and
6op(C). The remainder of this section is devoted towards proving this inequality. Our starting point will be Equation (6).
To be able to use it, we need to check that G defined in (7) is invertible. Recall that X is assumed to have a density.

Lemma 11. The matrix G is invertible with probability one.

Proof. Since z # 0, the matrix zly is invertible. Thus, to show that G is invertible with the probability one, we need to
show that the Schur complement A = B — z~!W*W of zly in G is invertible with probability one.
Since A~ = (bb bg]) , it follows that rank(B) > n — 2. Thus, either B is invertible or rank(B) =n —2.

10

Assume it is invertible. Then on the set {W € CVN*=1) : ||z7'W*W | <s,_»(B)/2}, it holds that 5, _(A) > s, »(B) —
|z '"W*W|| > s,_2(B)/2 > 0. Thus, det(A) is a non-zero multivariate polynomial in the real and imaginary parts of the
elements of W. Since W has a density, det(A) # 0 w.p. 1.

Assume now that rank(B) = n —2. Then we can write B = UV* where U,V € C""~1)*("=2) are full column-rank
matrices. Writing W* = (w  Y) where w € C"~!, we get that

Bz 'Ww=U z'w)(V -w) —zvyy'=p-—zyr.

Given a vector u | span(U) where L denotes the orthogonality, the inner product u*w is a continuous random variable,
thus u*w # 0 w.p. 1. Consequently, w & span(U) w.p. 1., which implies that (U z‘lw) is invertible w.p. 1. The same
argument holds for (V —w) , and thus the matrix D is invertible w.p. 1. To obtain that A is invertible, it remains to apply
the previous argument after replacing B with D and W* with Y, and making use of the independence of w and Y along
with the Fubini-Tonelli theorem. ]
From Equation (6), dist(hg, H—o) = Num/Den w.p. 1, where Num and Den are as given in (10). To study the behavior
of these random variables, we first need to show that the image of each deterministic vector by the matrix R at the right
hand side of (8) is incompressible with high probability. This will be stated in the corollary of Proposition 13 below.

Lemma 12. s, 3(B) > siy-

Proof. The matrix bob], +BB* is a principal supmatrix of the Hermitian matrix A~1(A~1)*. Using the variational
representation of the eigenvalues of A~1(A~1)*, we get that Sn—2(biob}y+BB*) > siznf. By Weyl’s interlacing inequalities

[23, Chap. 41, s,—3(BB*) > s,—2(b10b], + BB*), hence the result. O



Proposition 13. There exist 83 € (0,1), p13 > 0, and ¢;3 > 0 such that for each d € CV,

]P’H Jnr - dis (G CV) ,span ((2))) < p,3] mgop(C)] < exp(—ci3n).

wecomp(6,3,p13)

Proof. Let 63 € (0,1) and 7 € (0,1) to be fixed later. Let .# € [N]such that |.#| = | 6;3N|. Fix an element w of the
unit-sphere S{V[' . In this first part of the proof, we shall control the probability of the event

Leignfil dist (G (;) span < <2> ) > < t} 6 (C). (14)

Given two elements a and b of some vector space on C, it holds that dist(a,spand) = infgcc ||a — ab||. Thus, the event
between [ ] brackets in (14) is included in the event

Eu(t)=[IveC " FaeC: |Bv+Ww|| <t |[Wy+zw+ad| <1]. (15)

1= (s nw) () o

be a singular value decomposition of B, where p and ¢ are respectively the last columns of the unitary matrices (P p)
and (Q ¢). Given any vector y € C"~!, we shall use in the remainder of the proof the notations yo = Ipy and y, = I1,y,
making y = yp +y, an orthogonal sum. As is well-known [16, Chap. 5], the vector u = —B"W*w where B is the Moore-
Penrose pseudo-inverse of B, minimizes ||By + W*w| with respect to y. Assume that there is a solution v € C"~! of the
inequality ||By +W*w|| <t iny. Then, since u is also a solution, we get that ||B(ug —vo) + B(ug —v4) + Bv+W*w| <t,
and hence, ||B(ug —vg) + B(ug —vg)|| < w|| 4+ < 2t. Noting that B(ug — vg) and B(u, — v,) are orthogonal,
we get that ||B(ug —vg)|| < 2¢t. By Lemma 12, the smallest singular value of the operator B restricted to the subspace
span(Q) is bounded below by s;,¢. Hence

Let

2t
lvo —ugll < —.
inf

The vector v also satisfies the inequality |[Wv+zw + ad|| <t for some ¢ € C. Thus, [|W(vp —ug) +Wvy+Wup +zw +
od|| <t, which implies that on the event &,,(C),

2C
[Wvg +Wug +zw+od| < |W(vg —ug)|| +1 < (1 + s> .
inf
Observing that v, is collinear with g, we get at this stage of the proof that
2C
En(t)Néwp(C) C [Fa, B €C,: ||BWg+Wug+zw+ ad|| < H—f 1| Néep(C0). 17)
Sinf

To proceed, we need to control the Euclidean norm of ug. For m, M > 0, consider the event
Eug(m,M) = [m < [lug|| < M].

Since ug = —IpB'W*w, we get from Lemma 12 that sbup||W*wH < |lug|| < si.t[W*w|. By Lemma 4, there exist co > 0
and ¢; > 0 such that P[||W*w|| < ¢o] < exp(—cin). We thus obtain

P [y (Saup€0:8ipf )¢ Np(C)] < exp(—cin). (18)

To bound the probability of the event at the right hand side of the inclusion (17), we consider separately the situations
where || is large and where | |is bounded above. Consider the event

&pi=(mM)=[Ba,B €C: |BWg+Wug+zw+ad| <m,|B| > M].
On &, (S5ub€0, 51t C) N Eop(C), it holds that

1C2

inf

~1¢2 > |B|dist(Wq, span[w,d]) —s:

inf

IBWg+Wug+zw+od| > |BWg+zw+ ad|| —s;

From Lemma 4, there exist ¢z, c3 > 0 such that P[dist(W g, span[w,d]) < ¢3] < exp(—c3n). Writing s = (1 4+2C/sins)t, we
have

&gl (s M) N &y (s Supco, mf C)Né&wp(C) C [Elﬁ e C : |B|dist(Wq,span[w,d]) —

s+s-1c?

inf

M

st C? <5, |B| > M]

Sinf

dist(Wgq,span[w,d]) <



~1¢2) /cs, we get that

inf

Thus, setting C' = (s +;
P [eﬁﬁ|>(s,C yNé&, ( gupcm me)ﬂéaop( )} < exp(—c3n). (19)
Now consider the case || < C’'. We discretize this ball as follows. Consider the event
&ip|<(s,C") = [Fa,BeC:||BWg+Wug+zw+ad| <s,|B| <C].
Given k, ¢ € Z, define the event

&y(k,L,s,C) = [EIOC eC: Hci\ﬁ(k—l-lﬁ)Wq—&—WuQ—}—zw—l—adH gs]

For B € C, letkg = [Cv2RB/s] and (g = |Cv/23B/s]. Then ’ﬁ — (kg +z€5)s/(Cﬁ)‘ < s/C. Therefore,

Ep<(s.CVNEpC) . |J &k 1,25,0).
k€L,
[k+10)<CC'V2/s

Let us bound the probability of the event & (k,/,2s,C) N&,, (ss_ui,co, s..1C). Recalling that ug = —ITpB W*w and that w

is supported by ., we observe that ugp and Wy« . are independent. Writing r = %q +ug and 7 = r/||r||, we have

£,(k.0,25,C) NGy (shc0,571C) € Bar € C, ||Wr+zw+ocd|| <25 [Jugll = s
C[FaeC,: [Wye.r+adye|| <2s] N [|lug > s,
C [dist (Wye .7 spand gc) < 2ssqup/co] -

supCo)

wapc0] C [lIrlldist (Wse .7, spand se) < 25| N [[|lug]l > sgpcol

By Lemma 4 once again, P[dist (W, .7 spand sc) < c3] < exp(—c3|.#¢|). Thus, if we choose  small enough so that
<2+4S r) sz%t < ¢, we get that

P [&,(k,£,25,C) N &y (Squpco, ;¢ C)] < exp(—(1— O13)c3n). (20)

Putting things together, we get

P { Lei&fil dist (G (:/) ,span ( (2) ) ) < t] N é”op(C)}

< P[&,(t) N éwp(C)] (using (15))
< P [£(1) Ny (Shc0: i3t C) N (C)] + P [y (S5ubc0, St ©)° M G ()]
P [£g)- (5,C) Ny (supcO, S-1C) N énp(C)]
P [£151< (5,C") Mg (SqupC0:Sint ©) N Eop (C)] +exp(—c1n) (using (18))

<exp(—c3n)+ Z P [&,(k,£,25,C) N uy (s gupco, meﬂ +exp(—cin) (using (19))
[k+10)<CC'V2/s

< exp(—cin) +C"exp(—(1— 6;3)c3n) (using (20)),

where C" = C"(my,C) > 0.
Now, let X; be a r-net of (S]}*1 ). Given an element y of 4;(S"; ') NSV =1, there exists y' € S%, ! such that [[y — || <1,

and there exists w € X,
v 0
<
o) ()] =
holds true. Then on the set &up(C), we have

a € C and v € C"! such that the inequality
v 0 v v v 0
o (2)+ e @] - (()-()) e () () sz
w d w y y d

serve that (2| < t . usting ¢t again 1n such a way that +2|z| + + —1 < ¢p, we obtain that
Ob hat |2, < (3/1)2|. Adjusting ¢ again in such a way that (2C+2 D2+45 Sj‘(‘)f’< btain th

P H inf  dist (G (;) ,span ((2) >> < t} N g’op(C)] < (3/1)%%" (exp(—c1n) +C" exp(— (1 — B13)czn)) .

veCrn—1,
yeM (S HnsV!

10



Finally, considering all the sets .# C [N] such that |.#| = [63N], and using the bound () < (em/k)* along with the
union bound, we get that

P H inf - dist (G (VVV) ,span ((2) )) < t} mg;,p(cﬂ < (e/013)%%N (3 /129" (exp(—c1n) + C" exp(— (1 — 613)c3n))
wecomp(613,1)

Choosing 613 small enough, we get the result with p;3 = ¢ and ¢13 small enough. U

Corollary 14. For each deterministic vector d € CV\ {0},

P [[Rd/|[Rd|| € comp(613,p13)] N éEop(C)] < exp(—ci3n).

Proof. Write @ _G (g) _ (23) with y € C¥, and let § = y/|[y]l, which can be shown to be defined wp. 1

as in the proof of Lemma 11. Considering the event &; = [y defined, § € comp(6;3, p13)], our purpose is to show that P[&5N

a(€) < exp(-cran v 6 (1) <ot () ivotts s [ e ais (6 () rmn (7)) <
)

wecomp(613,013

P13} , and the result follows from Proposition 13. (I

We now get back to the expression (9) of dist(ho, H_o), handling the denominator Den given by (10).

Lemma 15. For M = F, P, or E, there exist positive constants cy5 and Ci5s such that
P [[[|M]| > Ci5[|R[[]N &p(C)] < exp(—cisn).

Proof. We reuse the notations of the singular value decomposition (16) of B. For any matrix M with n — 1 rows, we
also write My = IlpM and M, = I1,M. We first consider M = F.

From Lemma 4, we know that there exist cp,c > 0 such that P[||Wq|| < co] < exp(—cn). We shall show that on the
event [[|[Wq| > co] N &up(C), there exists some C; > 0, such that Vu € SN, ||Fu|| < Cy(1+ ||Rul|). This will establish
that

P[[lIF]| = C1(1+[IR])] N op(C)] < exp(—cn). 2D
0 Fu v
Recall that G <u> = ( Ru> = <w) say, or equivalently,
Bv+W*w =0, (22a)
Wv+4+zw =u. (22b)

Since Bv, L Bvg, Lemma 12 and (22a) imply that siy¢||[vol| < ||[Bvg|| < [|[W*w||. Thus, [[vo|| < (C/sin)||w| on &p(C).
Writing v, = B¢, Equation (22b) can be rewritten as W g = u—zw — Wvo, which gives that || < (1+ (|z|+C?/sinr)[[W])) /co
on [||[Wql| > co] N &ep(C). Since ||v]|> = |B|* + ||vol|*, there exists C; > 0 such that ||[v|| < C;(1+ ||w|)), and the inequal-
ity (21) follows.

Our next step is to show that there exists a constant C, such that &,,(C) C [||R]| > C3]. It is then easy to deduce
from (21) that P [[||F|| > C'||R||] N &up(C)] < exp(—cn) with C" = Cy(C; ' +1). We shall assume that ||R|| < C; on & (C)
and obtain a contradiction if C, is chosen small enough. From the equation GG~ = Iy.,_1, we have

BF +W*R =0, (23a)

WF+zR=1. (23b)

By Equation (23a), ||BF|| < CC, on &,,(C). Writing BF = BFy + BF; and observing from (16) that span(BFp) and
span(BF;) are orthogonal, we obtain that | BFy|| < ||BFyp + BF,|| < CC,. Turning to (16) again and using Lemma 12, we

also have
|BFg|* = |[F*QZ*Q"F || > i F*QQ*F|| = siyel Fo 1,

thus, || Fp|| < CCy/sint. Now, rewriting Equation (23b) as WF, —I = —zR — W Fy and using the triangle inequality, we get
that [|WF, —1I|| < Iz|||R|| + [|[WFp|| < (2] + C?/sinf)C2. Since WF, is a rank-one matrix, the set of vectors u € SV ~! such
that WF,u = 0 is not empty. For any such vectors, we have

(l2l +C? [sinf)C2 > |WFy = 1|| > [|(WF, —T)ul| = 1,

which raises a contradiction if we choose C; < (|z| 4+ C?/sint) ~!. The lemma is proven for M = F.
The case M = P can be shown similarly. To handle the case M = E, we first show an analogue of (21) where (F,R) is
replaced with (E,F), and then we combine the obtained inequality with (21) to get that

PIE] = € (1+ [[R])] N &op(C)] < exp(—cn)

11



with possibly different constants. The rest of the proof is unchanged. (]
The following lemma is very close to [38, Proposition 8.2], with the difference that the bound on the probability in
Statement (iii) is a Berry-Esséen type bound.

Lemma 16. The following hold true:
(i) There exist cj6,Ci6 > 0 such that

Plllls01G ™| < Ci6] N p ()] < exp(—cign).

(i) Lety= (yo,...,ynv_1)" € CN be a random vector with independent elements such that Ey; = 0 and E|y;|*> = 1/n for
all i € [N], and let M € CV*N be deterministic. Then for each 1 > 0,

‘ [M|ls
M| < — >1-
¢ {Hy I VARV l

(iii) There exists ¢ > 0 such that for each € > 0,

P H||x*R|| <e ’f/lgs] m(fop(C)] <cet ﬁ

The following result is needed to prove this lemma:

Lemma 17 (Lemma 8.3 of [38]). Let Z,...,Zy_| be arbitrary non-negative random variables, and let pg,...,py_1 be
non-negative numbers such that ¥ p = 1. Then, P[Y. pyZ; <t] <2Y piP[Z; < 2f] for each t > 0.

Proof of Lemma 16. To prove the first statement, we write ||go1|| = ||g01G'G|| < ||go1G~"||||G||. By Lemma 4,
ity larger than 1 —exp(—cjen). Moreover,

|G|l < (C+z] VSsup) 0N &op(C), hence the result.

We have E|y*M|> = Ey*MM*y = |M||}g/n, thus, P[|[y*M| > ||M|lus//TMn] < n by Markov’s inequality. This
proves Statement (ii).

Turning to the third statement, we start by writing

| X*R||* = Z| “x,en )| Z|xReNk = Y IIRenl*l(x,

k€[N]

Rey i

2
TRenall @)

Define uy = Rey i /||Ren || = (uo ks - .- un—14)". The idea of the proof is the following. By Corollary 14, u; is incom-
pressible with high probability. Moreover, x and u; are independent. Therefore, we can use the Berry-Esséen theorem
(Proposition 6) to control the behavior of the inner products (x,u;). We now apply Lemma 17. Specifically, define for
each k € [N] the set of indices
. pi3 2 }
Ih=<i€[N]: —= <|ujp| £ ——= .
k { [ ] \/N — ‘ l-,k| — \/W

After a small calculation using the independence of x and u;, Lemma 5 and Proposition 6,
P [|(vm)| < e/2/n| < (X Towip ey/2/n) SVenl,
ieﬂk

where
ceV?2 8cm3/ 4 1

+ ;
PisVIZINT 673 VI

and ¢ > 0 is the constant that appears in the statement of Proposition 6. Observing that ¥cqvj[[Renx[|* = [|R|fs and
using Lemma 17, we get that

Vi =

R R ’
[Z || eNkH k>|2§ %:| <2 Z m(vk/\l)

& TRIE

Defining the event &incomp = Miely] [uk € mcomp(613,p13)], we know from Corollary 14 that P[&7 . N &op(C)] <

Nexp(—ci3n). Moreover, [.Z;| > 013N /2 on &peomp for each k € [N] by Lemma 8. Thus, by changing the value of
the constant ¢ above we get that V; < ce 4+ ¢/+/n on Sincomp for each k € [N]. Putting things together, we conclude that

el el oancl-mn [ 5 et <l

<2]EW[Z [ Ren el IEENEL (Ve A1) 1g
Z TR

+2Ew[ & ]].gop(c)] < ZC£+26/\/};+2NGXP(7C13H),

mcomp :| incomp

which leads to the required result after changing once again the value of c. (]
Lemmas 15 and 16 lead to the following control on the denominator:

12



Lemma 18. There exist positive constants c;g and Cig such that for each 1 > 0,
P [[Den” > Ci5(1+n"")||R|[fis] Néop(C)] < 21 +exp(—cisn).

Proof. Starting with the expression Den® = 1 + llgo1G~"||?, and using Lemma 16—(i), we get that

P [[Den® > (C;2 +1)]|g01G "] Néop(C)] < exp(—cion). (25)
Since [go1 G~ |I* < 2(|bo1 E||* + [|bo1 F||* + [|x* P||* + [[x*R]|?), the event
&= [lenG 1> = 2([bor E > + |bor F|I* + |IPllfis / (17) + I R|Ifys / (11m))]

is included in the event
& = [|x*P|* = ||Pll&s/(nn)] U [Ic*RI* > ||Rl[fs/(nn)] -

Thus, P[&] < P[&’] = Py @ P,[&”] < 21 by Lemma 16-(ii). Furthermore, the event
" = [llgo1G™"|I* = 483, Chs [IRI1* +2CTs|RI1* /1 + 2[R [[fis / (11n))]

sup

is included in the event
SUI|E] = Cis|IRIJUIIF] = Cis|IRITUTIIPI| > CisIRII],

since ||P||3g/n < ||P||*>. Thus, P [£” N &yp(C)] <21 +3exp(—cisn) by Lemma 15. The proof is completed by combining
this inequality with (25) and using the inequality ||R|| < ||R||us- O

We now turn to the numerator Num in (10).

We shall use the idea of decoupling that will allow us to replace the term —x*Pbig — bo; Fx — x*Rx in Num with an
inner product whose concentration function is manageable by means of the Berry-Esséen theorem. This decoupling idea
that dates back to [17] has been used many times in the literature.

Lemma 19 (See in [38]). Let Y and Z be independent random vectors, and let Z' be an independent copy of Z. Let £(Y,Z)
be an event that depends on Y and Z. Then P[£(Y,Z)]? < P[£(Y,Z)N&(Y,Z))].

Lemma 20. Leta € C, u,v € CY and M € CV>V be deterministic. Let .# C [N]. Then for each t > 0,
Px*Mx+u*x+x*v+a| < t]2 < Exjc,xfﬂ«iﬂxy (xge —xye) Mye sx g+ XMy ge(xge —x gc),2t)

where x’ is an independent copy of x (here we assume that the right hand side is equal to one if .# = @ or [N]).

Proof. Assume without loss of generality that .# = [|.#|]. Write

X - X.g
x:(j>, and x:<,/>.
X gc X gc

Using Lemma 19 withY =x 5, Z=xyc, and Z' =/, we get

P[lx*Mx+u'x+xv+a| <1]* <P,
<P

XgXgc -,xf;c

» [[X*Mx+u'x+x"v+a| <t,|[FMi+u* i+ 5v+al <

X gcC A,x/ 7c
[[X*Mx —F*Mzi+u" (x— %)+ (x —X)*v| <21],
where the second inequality is due to the triangle inequality. Developing, we get that

P

e e [|X*Mx — XMz +u* (x — %) + (x — %)"v| < 21]
=P npe e || =Xpe) Mge sx s + XMy pe (x50 =X ge)
-H/t}c (x(;/c —x}c) + ()Cyc —xljc)*\/]c —I—X}chc’jcx{yc — (x/jc)*Mfc’]cx']c | < 2t]

S EXJC’X}C%j (()C]c —x/jc)*Myc,ij —l—x}Mch(xyc —xf]c),Zt) .

We now have all the ingredients to prove Proposition 10.
Proof of Proposition 10. In the remainder, we write
Den(17) = [Den < Cy[|R||ns],

1

where Cy = Cléz(l +n~1)1/2, Givenr > 0, we have

P [[dist(ho, H ) < 1] &p(C)]* = P[[Num < rDen] N &y (C)]?
< 2P [[Num < Den] N &ben (1) N Eap(C)] + 2P[Epen(1)° N op (C)),
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and

P [[Num < tDen] N &ben(1) N &op(C)]* < P [[Num/|[R||s < 1Cy] N &np(C)]
2
=Ew []E (L Num/ | Rljss <) L >] <Ew [(E N [Rls<r¢q))” L >}

Given an arbitrary .# C [n], we denote as u € cl1, v e C”*l, and w € C7I three independent vectors, independent

of everything else, such that u Zy # and v,w Zy 7. Recalling the expression of Num in (10) and using Lemma 20, we
get that for each s > 0,

P[Num < s]* <E,,,.%, (v —w)* Rye su+u"R s se(v—w),2s) =E, . %, (v —w)*"PyeRPyu+u*PyRP e (v —w),2s),
(26)
where P the C|/I — CV linear mapping such that if .% = {ir<--- <z}, then Pyu=(0,...,0,u1,0,...,0,u.4,0,...),
where u; is at the position i;.
Let & = (&,...,&Ev—1) be a vector of N i.i.d. Bernoulli random variables valued in {0,1} such that P[§, = 1] = p,
where the probability pwill be fixed below. This vector is assumed to be independent of everything else. Since (26) is true
for each .# C [N], we can randomize .# by setting .# = {i € [n] : §; = 1}. Setting s = ||R||zsCy?, we obtain

(v—w)*P,R wrx RPge(v—w)
(EX]]-[Num/HRHHSSlCn])z S ]Eg]EV’Wgu (Wh{S‘]P]M“V‘u P/W,ZC},I
x—x')T1 ycR . RIT ge(x—%
= Eé,x,x/gu <(R)|HSRﬂM+M*PjHRT|HS)a2CnI) . 27

where x is a vector that has the same law as x and is independent of all other random variables.
Write

Yo
RILye(x —x) . o (x=X)TLyeR = G- Fw )
y= = : y YV = . Yos--9YN—-1)>
[RTLge (x —x') | ' [(x—x) TLyeR] — ° A
YN—1
and let , ,
_ VARILgelx—x)|| o V/nll(x—x) TLyeR|
2(1=p)|IRllns V2(1 = p)|IR||us
Forie .#, let

Zi = 03i[Pyuli + o[Pyul;yi.
Then the concentration function ., at the right hand side of (27) can be rewritten as
Z, (ay*pﬂ +au Py, \/2/(1 _p)cnt\/ﬁ) — ( Y. Z.1/2/(1 —p)Cnt\/ﬁ).
i€y

We wish to control this by using the Berry-Esséen theorem (Proposition 6). Recalling Proposition 13, define the set

2 2
s={iew: 22 << 2ol 2

VN VOi3N VOi3N
By the restriction lemma 5, we have

gu(zzi’\/mcnf\/ﬁ)ﬁfu( ) Ziv\/z/(li—P)Cnf\/ﬁ)-

i€y i€sN g

Informally, we expect that |.# N _#| = &(n) with high probability, the E,|Z;|* to be lower bounded with high proba-
bility, and the EE,|Z;|? to be upper bounded with high probability for i € .# N ¥, in order to benefit from the effect of the
Berry-Esséen theorem in a manner similar to Inequality (12).

More rigorously, for each i € .#, we have

EulZi|* = Exgy | 0Fix00 + 0tyi¥o0|* = Elxoo|* (@2[5i]* + &?[yil*) + 200K (Bxgedivs) > n ' 9(&|5i> + o |yil*)

for all large enough n, where ¥ = 1 —limsup, |n]Ex(2)0\ is positive by Assumption 3. Focusing on the set # N _#Z, we get
that
N
Y EBzPPzn'o Y ofyl*>atop ' /' (28)
i€esnN g i€esgN g
Moreover,

JN
Y Bz <32E|xel* (o + )‘ I /|
icesn g 01> N2
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Then, by the Berry-Esséen theorem,

2 <Z Z;, Vv 2/(1 _p)Cﬂt\/ﬁ> Sé/ﬂu( Z Z;, V 2/(1 —[))C;ﬂ\/ﬁ)

i€ I iesn g

VN 2em) (@B +ad) 1 .
< (v2/(1=p)ec Cpnt + 4 AEVAL
( (xp13,/19|,ﬂﬂ/| 1 p133l93/26133/2063 |fﬂ/|>

(here, we assume that £, (Y. s s ---) =V =1if £ N _# =0). The constant ¢ > 0 in the term after the second inequality
is the one that appears in the statement of Proposition 6. In the remainder of the proof, the value of this constant may
change without mention.

At this stage of the calculation, we have

P{[dist(ho, H—0) < 1] N &op(C)]* < 2By £ v [(V A1) Lg, ()] + 2P[Een(1)° N Eap (C)]- (29)
Now, take p = 1 — 6,3/8, and consider the event
gg = [|f| >N(1 - 913/4)] = [Zé, >N(l — 913/4)} .
Since & = [|.#| > N(p— 613/8)], we get by Hoeffding’s concentration inequality [24] that
P[&] < exp(—N673/32).

Consider also the event
Eincomp = [y € incomp(6)3, p13)]-

By Corollary 14, there exists a constant ¢ > 0 such that

P& comp N Gop(C)] < exp(—cn).

incomp
On &ncomp, We have that |_Z| > 613N /2 by Lemma 8. Therefore, on &% N &incomps it holds that
S0 I =N=|FUF 2N =I5 =] 75| = N /4.
It remains to control the terms o and & in the expression of V. Given a small 8 > 0, consider the event

|RTLye (x —x')]|
2(1-p)

[ =) TLyeR]|

balB) = |BIRlns/ v < 2(i-p)

< B|Rllus/ Vi) 0 | < B~|Rlus/ V-

Note that o € [B,B"/?] and & < B~'/2, thus (o + &3)/a® < 2B79/% on &y (B). Applying Lemma 16 after setting the

vector y in its statement to ((1 — &) (xo0 — x{), .-, (1 — Ev—1) (xv—1.0 —¥y_1))T//2(1 — p), we get that there exists a
constant ¢ > 0 for which

c
Pl&a(B)°Néop(C)] < B+ N
Turning back to (29), we can now conclude by writing

P{[dist(ho, H-0) < £]N &up(C)]?
< ZEW,é,x,x/ [V]]'(’@E leg ]].ga(ﬁ) ]].gop(c)]] + Z]P’[(fg] + Z]P)[giflcomp N gop(C)] +2P[&(B)N gop(C)] +2P[éDen(N)° N g()p(c)]2

“incomp
n ﬁ79/2 1 ’

<c| —=t+ +p+n+— | +exp(—cn).

(B\/ﬁ vt ﬁ) P

If we take 1) o< n= /2 and B o< n~'/1 (without further optimization of these exponents), then we get that

P[[dist(ho, H o) < 1] N &np(C)]? < c(n™/*t +n~ /1) fexp(—c'n),

which proves Proposition 10.

Theorem 1: end of proof. First note that for any k € [n], Proposition 10 continues to hold when dist(kg, H_¢) is
replaced by dist(hy, H_;), by the same proof. When n < k < N + n, too, the proof continues to be valid once the roles of
A and z are interchanged. Indeed, one can check that the argument is simpler and hence is omitted. Applying Lemma 9,
we obtain that

P H inf |[Hul| < t} mgop(C)} < c(n®V/B2 407 122) 4 exp(—c'n).
u€cincomp(67,0p7)
Using Proposition 7 along with the characterization (5) of the smallest singular value, we obtain Theorem 1 with o =
81/88 and B =1/22.
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Remark 1. The proof of Proposition 10 shows that the origin of the slow decreasing term n~# = n=1/22 at the right
hand side of the last inequality is the &'(1/+/n) decay that is optimal while using the Berry-Esséen theorem, as shown by
Inequality (12). To obtain a better decay rate of the concentration functions, one can use the so-called Littlewood-Offord
theory [12] instead. This was the approach of [33, 35, 36, 38] to solve small singular value problems.

Remark 2. Assumption 3 was needed in the proof of Proposition 10 to ensure that the variance at the left hand side
of (28) is bounded away from zero.

4 Proof of Theorem 2

A well established technique for studying the spectral behavior of large random non-Hermitian matrices is Girko’s so-
called hermitization technique [14]. This is intimately tied to the logarithmic potential of their spectral measures. In all
the remainder, we shall write ¥ = XJX*, and recall that {Ao, ..., Ay_; } are the eigenvalues of this matrix. The logarithmic
potential Uy, : C — (—oo, 0] of the spectral measure L, can then be written as

1 Nt 1
Uy, (z) = —/(ClogM —z| ta(dA) = -~ ;) log|Ai —z] = fl\—llog|det(Y—z)|
I .
= 5 logdet(Y —2)(¥ )" = —/1og/1 Vaa(dd),

where the probability measure V,, ; is the singular value distribution of ¥ — z, given as

1 N—1
vn7Z = N l:ZO avi(Yfz)'

The above observation is at the heart of the hermitization technique. It transforms the eigenvalue problem into a problem
of singular values. To study the asymptotic behavior of u,, we need to study the asymptotic behavior of Uy, (z) for
Lebesgue almost all z € C. To that end, we need to perform the two following steps, see, e.g., [7, Lemma 4.3]:

Step 1: Show that for almost all z € C, v, ; = V; (a deterministic probability measure) in probability.

Step 2: Show that the function log is uniformly integrable with respect to the measure v, , for almost all z € C in
probability. That is,
Ve >0, lim limsupP {/ [1og A | Lj1og 2 >7 Vued(A) > €| = 0. (30)
T —oo n>1 0 - :
By achieving these two steps, we conclude that there exists a probability measure p such that p, = {1 in probability,
and such that Uy (z) = — [log|A| V;(dA) C-almost everywhere.

Step 3: Identify p. This can be done by relying on the generic relation p = — (277:)’1AU“, where A is the Laplace operator
defined on 2'(C), the space of Schwarz distributions on C.

Step 1: Weak convergence of v, . Going a bit further than what is required for this step, we shall show that for each
z € C, there exists a probability measure v; such that v, ; = v, almost surely. As is usual in random matrix theory,
this convergence will be established through the convergence of the associated Stieltjes transforms. For this, it will be
convenient to consider the Hermitian matrix
0 Y-z
Z =
@) (Y —z 0 )

whose spectral measure
1 N-1

iI/n,z = ﬁ ,:ZO (6si(Yfz) + 67s,-(Yfz))
is the symmetrized version of v, ; (V,, is symmetric in the sense that v, ;(S) = V, ,(—S) for each Borel set S C R). It is
enough to show that V, ; converges weakly a.s. to a probability measure V,. Given n € C; = {w € C,3w > 0}, let us
write

Q(m):(z(z)—n)l:( Ny —z)(¥ —2)* =" (Y—Z)[(Y—Z)*(Y—Z)—]nz}l)_ Qoo(z:M)  Qoi(z:M)

B (QIO(ZJT) Qn(z,n)> '

€29
which is the resolvent of £(z) in the complex variable 7. The a.s. convergence Vv, ; = V; is a consequence of the following
theorem, whose proof is provided in Section 5. Note that the Stieltjes transform of a symmetric probability measure is
purely imaginary with a positive imaginary part on the positive imaginary axis.

(= (0 - =2 - (¥ —2)
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Theorem 21. Let Assumption 1 hold true. Then

1 a.s. 1 1 a.s. 1
sy Q) == v pan), HuQulzn) == dzn), neCy, (32)
where for each z € C, (p(z,-),d(z,-)) is a pair of holomorphic functions on C;. such that y~! p(z,-) is the Stieltjes transform
of a symmetric probability measure, |d(z,1)| < y/3n, and writing p(z,i1t) = th(z,t) for t > 0, the pair (h(z,t),d(z,1t)) €
(0,00) x C uniquely solves the equations

—th(z,t) +zd(z,1t) = u(h(z,t),d(z,1t),t) — v, (33a)
zh(z,t) +td(z,1t) = v(h(z,t),d(z,1t),t), (33b)

where

1 (2% 12+ |d|* +dexp(10)

hd) = — 6

ulhd) =52 s Wi+ dexplo)4®
(34)

v(h,d) = i/mr hexp(—16) g

U 2mo W2+ |1+dexp(i0)2

It is well known that the convergence of (2N) ! trQ(z,n) in (32) implies that V, ; = V. (symmetric) a.s., with Stieltjes
transform y~!p(z,-). The system of equations (33) which provides the values of p(z,-) on the positive imaginary axis
completely determines the measure V,. The function d(z,ur) will be used below to identify the limit measure 4.

Step 2: uniform integrability Noting that log is unbounded near both 0 and o, we start with the uniform integrability
near zero.

Proposition 22. Let Assumption 1 hold true, and assume that z # 0. Then, there exist two constants a,C > 0 such that
%EtrQ(z, i) <C(1+1%n1/2).

The proof is sketched at the end of Section 5. We just point out that by using this proposition and by making some
elementary Stieltjes transform calculations (see [20, Proposition 14]), one can show that there exist constants K,p > 0
such that EG,([—x,x]) < K(xVVn~P). This is a so-called local Wegner estimate on the number of intermediate singular
values [7].

The smallest singular value of ¥ — z is controlled by Theorem 1 with A = J. Thanks to the boundedness of the
fourth moment specified by Assumption 1, we know from [40] that || X]|| n:_:’) 1+ /7. Thus, the probability of the event

[||IX|| < C] in the statement of Theorem 1 converges to 1 by setting C =2+ /7.
Thanks to these controls, we get that for all z € C\ {0},

S
Ve>0, lim limsup]P’“/ log A Vy.(dA)] > s} -0, (35)
5—0 0 ’

n>1
see [20, Proposition 14] for a proof that results of the type of Proposition 22 and Theorem 1 lead together to (35).

Remark 3. The uniform integrability only in probability and the convergence only in probability in Theorem 2 are due
to the slow rate f = 1/22 in the statement of Theorem 1.

To complete Step 2, it only remains to establish the uniform integrability of log near infinity. But this result follows
immediately from the identity [; . logA V,:(dA) = 0 a.s. for all large n, which is valid for 7 > (14 /%)% +|z[ + 1.

Step 3: Identification of 1 We use an idea that dates back to [13] and that has been frequently used in the literature
devoted to large non-Hermitian matrices. Define on C x (0, o) the regularized versions of Uy, (z) and Uy (z) respectively:

1
Un(z,t) = 3N logdet((Y —z)*(Y —z) +¢%), and
1
U= 3 / log(A% +1%) ¥,(dA.).
In parallel, let us get back to the resolvent Q(z, 1) defined in (31). By Jacobi’s formula,

0= U (z,t) = %tr(Y —)((Y —2)* (Y —z)+1H) 1 = %ter(z,n).
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Letting n — oo we know from Theorem 21 that 9:%,(z,t) — (2y)~'d(z,1t) a.s. At the same time, %, (z,t) — % (z,t)
a.s. since v, ; = v,. We can therefore assert that 0:% (z,) = (2y) ~'d(z,1t) in 2'(C), and then extract the properties of {

from the equation

1 2 1. o
u= —EAUu = —53%828502/(@& = —%}gr(l)&d(z, ) in Z2'(C).

This line of thought leads to the following proposition, which proof can be done along the lines of [11, Section 7], and is
omitted.

Proposition 23. Ast — 0, the function (2y)~'d(-, 1) converges to d:Uy(-) in Z'(C).

The following lemma specifies the properties of the function g defined in (2), that we shall need. Its proof is straight-
forward.

Lemma 24. Consider the function g on the interval [0V (y—1),y]. It is analytical and increasing on (0V (y—1),7).
Moreover, g(0V (y—1)) =0V (y—1)3/y, and g(y) = y(y+1).

By this lemma, g has an inverse g~! on [0V (y—1)*/y,y(y+ 1)] that takes this interval to [0V (y—1),7]. On
(0V (y—1)3/y,y(y+1)), the function g~ ! is analytical and increasing.

By showing that d(z,1t) converges as t — 0 point-wise for each z # 0 and by identifying the limit function b(z), we
get the following proposition whose proof is given in Section 6.

Proposition 25. Let b(z) be the function defined on C\ {0} as follows: If y < 1, then
—g '(HP)/z it 0<[el < /(v +1),
~v/z if [z[ = /Y(y+1).

b(z) =

If y> 1, then
—(y=1)/z it 0<[z| < (y—1)*?/ 7,

b(z) = —g '(2P/z if (y=132/ <]zl < ¥y +1),
—y/7 if |z| > /Y(y+1).

Then 9:Uy(z) = (27)'b(z) in Z'(C).

By Lemma 24, b(z) = b(u+1v) is continuously differentiable as a function of u,v on the open set S = {z € C : z #
0, [z]> # (y—1)*/7, |z]> # y(y+ 1)}. Therefore, AU, = 49.0:U, coincides with 2y~'9,b in Z'(S), where 9.b is the
pointwise derivative of b w.r.t. z. Specifically, for each test function ¢ € CZ°(S), the set of compactly supported real
smooth functions on C, we have

/(C(pd“_—f/(p dz———/(p )0:b(z dz—/(p 2) dz,

where, by Proposition 25, the density f(z) of it on S is given by

1 (2|2 1 _ .
0 g )i 0V (- 1) <IaF <ty )

f@=¢ " < (36)

0 elsewhere

Hence the density f depends on z through |z| only, and thus u is rotationally invariant on S.
Now we consider 1 on the boundary dS. We deal separately with the cases ¥ < 1 and y > 1. First suppose ¥ < 1. Let
0 <s<r<4/y(y+1). Changing to polar co-ordinates, we get

1
ol €, _ L e (122 de =y 1o~ ~1,-1(2)
Bl el =on [ B (D) de=r s 0D -7 e ()

But since Y 'g71(0) =0and y g~ (y(y+1)) = 1, we get that u({0}) = u({z: |z| = /y(y+1)}) = 0, establishing the
formula in Theorem 2 for y < 1.

Now suppose ¥ > 1. Puta = (y—1)32/,/7. If we set 0 < s < r < a, we obtain from (36) that u({z: |z| € [s,7]}) = 0.
Ifa<s<r</y(y+1),thenpu({z: |z €[s,7]}) =y g 1(r?) - }/ 1¢71(5?) by the same derivation as for y < 1.

Now we claim that p1({z: |z| = a}) = 0. To show this, let ¢ : [—1,1] — [0, 1] be a smooth function such that ¢ (0) = 1
and ¢(—1) = ¢(1) = 0. Given € > 0, define the C — [0, 1] function W (z) = ¢((|z| —a)/¢€), which is supported on the
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ring {z:a—¢€ < |z| <a+¢e}. Itis then enough to show that [ W du — 0 as € — 0. Indeed, by an integration by parts, we
get that

1 1 ‘Z|_a
[ vt =~ [ we@ane) de = [ ave@p@ d= s [ Lo (L) e oz

where the function ¢(p) = zb(z) for p = |z is a real bounded function near p = a that satisfies ¢(a) = 1 — y by Propo-
sition 25. Makmg a Cartesian to polar variable change and using the dominated convergence theorem, we get that
S Wedlt —¢0 YY((])(I) —¢(—1)) =0. Since y 'g71(a®) = 1—y!, we can infer now that u({z:s < |z <r}) =
y ‘g*l (r?) = (1—y~ 1) foreach s € (0,a) and each r € [a,/y(y+1)). Letting s | 0 and r 1 \/y(y+ 1), and recalling that

“Hy(y+1)) =y, we getthat u({z: |z| < /y(y+1D}) =1—(1 -y ") +u({0}). Similarly to u({z: |z| = a}) =0, we
can show that 1 ({z: |z| = \/¥(y+1)}) = 0. We therefore get that t1({0}) = 1 —y~!, and hence the formula in Theorem 2
is verified also for y > 1.

5 Limit singular value distribution

Given (z,1) € CxC,, € R, and a sequence (a,(z,1)), of complex numbers, the notation a,, = Oy (n%) (or a, = O;(n*)
when 1 = ) will refer in this section to the existence of a constant C > 0 and two non-negative integers k and ¢ such

k
that |a,(z,m)| < (Cs\gl)knoc. The constants C, k, and ¢ may depend on z but not on 1 or n. If a,,(z,m) is a matrix, then the

notations a, = Op(n*) and a, = 0;(n®), are to be understood in a uniform entry-wise sense.

Proof of Theorem 21. We first state that the n~ ! trQ; i(z,m), i,j = 0,1 concentrate around their means, and that the
elements of X can be replaced by complex Gaussian random variables. The proof of the following proposition is standard
and is omitted.

Proposition 26. Under Assumption 1, for each (z,1) € Cx C, if n — oo,

1(trQ00(ZyTI) th01(Z771)> 1 (UEQOO(Z,T]) thQm(Z,T])) as g
trQio(z,n) trQu(z,n) trEQio(z,n) twEQn(z,m) '

Let x = (U +1V)/v/2n, where U and V are real independent standard Gaussian random variables. Define X-* =
\N-1n—1

( ij )i, =0

replacing the matrix X with X-*". Then,

1 (trEQoo(Z,n) tr]EQOl(z,n)) (trEQoo (z,m) thQm (z, 77)) O (n7?)
rEQio(z,m) tEQi1(z,1m) trEQ10 (z,m) tTEQU (z,m) K .

, where the x‘l/j’/ are independent copies of x*". Let Q’l{ (z,m) be the analogues of the Q;;(z,n), obtained by

Thanks to Proposition 26, we reduce our problem to the study of n~! trEQ; i(z,m) in the complex Gaussian case. We
now invoke the so-called Integration by Parts (IP) formula for Gaussian variables [32]. Let w = (wy, ... ,wn_l)T be a
complex Gaussian random vector with Ew = 0, Eww" =0, and E[ww*] = . Let ¢ = @(wo, ..., Wy_1,W0,...,W,_1) be a
C' complex function which is polynomially bounded together with its derivatives. Then, the IP formula reads as

n—1 w
Ewcp(n) = 1, =l B | 290 . 1)

(=0 Wy

We shall apply this formula to the case w = X and ¢ = u*Qv where Q = Q(z,7) is the resolvent given by Eq. (31) (seen
as a function of X), and u and v are deterministic vectors in C2V, By a standard derivation, we have

dutQv 0 ( 0 XJenJe}(,’i) on.

axl] XJilen’je;kV’i O

In particular, by taking u = eyy  and v = ey ¢ for k, £ € [N], we obtain that

%fc?]]” ~[Q01XJ 1k [Q00)it — [QooX Tk j[Q10]ie (38)
and by taking u = epy x and v = eay y¢ for k, £ € [N], we get

a[gz_llj]ké = —[QooXJ1k;[Q11]ie — [Qo1XT 1k [Qot]ie- (39)
Given M € C™", we shall also use the trivial relations [MJ*]. ; = [M]. ;4 and [J*M];. = [M];_., where both the sum

Jj 4+ k and the difference i — k are taken modulo-#.
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We can now start our calculations. Recalling that x; refers to the j column of X for j € [n], our first task is to study
quadratic forms of the type x; Qoox¢ and x; Qo1 x¢. Define the matrices

* -1 * -1
A =E (Xonoxe)Z/:() and Ag=E (kumM)Z_[:O-

It is obvious that X Z XJ for each m € Z. Thus, given a measurable function f : C¥N*N — CVN*N and the integers
k,¢,m € [n], it holds that

e XIX)X04m = € pmX f(XIXT)Xen p1m = €y "X f(XT"TT X)X Tnen 0 =4 X f(XIX*)xy,
where the index summations are taken modulo-n. As a consequence, the matrices Agg and Ag; are circulant matrices, a

fact very useful to us.
Starting with Agp, we have by the IP formula (37),

Ex* Nt xlk QOOL])
X Qooxe = Z E[(%ik[Qoolij)xje] = ZE FF
i,j=0 Xje
1 .
= Y 1iejLi=rE[Qoo)ij — p Z]E[QOIXJ Niexix[Qool jj ZE QooXJieXik[Q10]j;  (using 38)
i iy ivj

= Ii—¢Etr Qoo /n—E [[X*QmXJ*l]ketrQoo/n] —E[[X*QooXJ]xetr Q10/n] .

We also have

X .
E)CZQQUC[) Z E x,k Q01 ij x]g ZE |: i QOI]U):| (usmg 39)

i X
= Li=(E[tr Qo1 /n] - E[[X" QooXJ]ketrQn/n]— [[X* Qo1 XJ ietr Qor /n] .

In the right side of the above two expressions we have terms of the type E[[---],,tr Q;;/n]. We now need to decouple
[- - ]x¢ from tr Q;;/n. Specifically, we have the following lemma.

Lemma 27. For each i, j € {0,1} and each k,¢ € [n],
Var (trQ;j/n) = Op(n™2) and  Var(x;Q;x;) = Op(n").

This lemma can be proven with the help of, e.g., the so-called Poincaré-Nash inequality [9], [32], which is a particular
case of the Brascamp-Lieb inequality [24]. A result of this sort is standard in random matrix theory. We omit its proof for
lack of space.

Let us write ¢;; = q;j(z,n) =n"'EtrQ;;(z,n) for i, j € {0,1}. Using Lemma 27, and applying the Cauchy-Schwartz
inequality, it is easy to see that

Ex; Qooxe = Li—eqoo — E [[X* Q01X ' Jer] goo — E[[X* Q00X Jie] g10 + O (n/?),
Ex; Qo1x¢ = Li—eqor — E [[X* QooXJ]ee) q11 — E [[X* Q01X Jae] go1 + O (n=/?).

Since Y is a square matrix, we see from (31) that goo = ¢11. Thus, the equations above can be written in a matrix form
as

Aoo(In +q107) + qooAord ™" = qools + O (n~'?), and (40)
q00A00d + Aot (I +qo1J 1) = gotl + O (n=/?). (41)

Let us give these equations a more symmetric form. Developing (41) x gooJ ! — (40) x (I+go1J "), we get that
Aoo [ado — (n+q100) (I +go1d )] = —qoo + O (n~3/?). (42)
Similarly, taking (40) X gooJ — (41) x (I 4+ q10J),
Aot [@do — (n+q100) (I +g019 )] = @od — qo1 (I + q10J) + O (n=3/3). (43)
Now, by using the obvious identity Q(X — 1) = Iy we obtain
~1Qo0 — 2001 + Qi XJ ' X* =1y,

—2000 — N Qo1 + QooXJX* =0,
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(the similar equations involving the terms Qo and Q1 will not be used). Taking the traces of the expectations, we get
—Ngo0 —Zgo1 +n” ' trAg] ' =1, (44)
~2400 —Nqo1 +n"' trAgJ =0, 45)

where 7, = N/n.

Recalling that qg(’)) (z,m) = n 'Etr Q" (z,m), the function 7, lq(()r(’)) (z,-) is the Stieltjes transform of the probability
measure EV, .. Hence, |y, lqg(’)) (z,n)] < 1/37. So, {qgg (z,-) }nen is a normal family of holomorphic functions on C.
Similarly, q((ﬁ) (z,) = n*IIEter)'{) (z,-) and qi"o) (z,n) = n’IIEtrQ%) (z,m) are holomorphic functions in 7 € C; whose
absolute values are bounded by sup,, 7,/37.

Using the normal family theorem, let us extract from the sequence (n) a subsequence (still denoted as (n)) such that
qg(l)) (z,°)s q(()';) (z,), and q%) (z,-) converge to holomorphic functions in the sense of uniform convergence on the compact
subsets of C. Denote these functions respectively as p(z,-), d(z,-) and d(z,-). We shall show that they uniquely solve
a system of equations on the line segment 1[C, ) of the positive imaginary axis, where C is some positive constant. This
will show that p(z, -) is uniquely defined on C_., and that goo(z,-) —» p(z,-) and qo1(z,-) —n d(z,-) on C. We then show
that 13 p(z,1) — y as t — oo. This will lead to the fact that y~!p(z,-) is the Stieltjes transform of a symmetric probability
measure V,.

Assume that 7 = it where r > 0. Then, since the measure EV, ; is symmetric, goo(z,2#t) = 1s(z,t) with s(z,) > 0.
Moreover, we notice from the expressions of Qp; and Q19 in (31) that g10(z,#t) = Go1 (z,1).

Recall that Ay and Ao, are circulant matrices. Writing F,, = n~'/2 [exp(2imkt /n)]Z_QiO, the circulant matrix J can be
written as J = F, diag(exp(—2imk/ n))z;(l) F. Notice that the matrices Agp, Ao and J commute, since they are circulant.

Now, (42) can be rewritten as AggP = is + E where E = 0, (n_3/ 2) is a circulant matrix, and
n—1
P =5+ (I +Gort) (In + go1J*) = Fndiag (52 + |1+ qor exp(210/n) \Z)H F. (46)

If £ > 2sup, ¥y, then |go1| < 1/2, and thus, the positive definite matrix P satisfies P > (1/4)I, in the semi-definite positive
ordering. In view of Equation (45), we need an expression for n~! trAgoJ. We can write
trAdge] wstrP7'J  wPUJE s exp(—2iml/n) trP~1JE
- * Y =2 2uml/n)2
n n n n = s>+ |1+ qo1exp(2iml/n)| n

(47)

Given two square matrices M| and M, of the same size, it is well known that |tr M M| < (tr M M) 1/2 (trMoM3) 12 Thus,
since E = 0;(n3/?), we get that

|ePIJE| 1 — L 120t O
———— < —VuP2VwEE* < -2n'°0,(n" /%) = Oy (n™ ).
n n n
By a similar derivation, and in view of Equation (44), we also get from Equation (43) that

rApJ ' 1"‘1 5%+ 1qo1|* + qo1 exp(27l /n)

— P 4
" n &= s?+ |14 qoiexp(2imt/n)|? +0i(n7) (48)

Now, taking n to infinity along the subsequence (n) in Equations (44), (45), (47), and (48), writing p(it) = th(z,t)
where h(z,1) > 0, and noting that d(z,1t) = d(z,1t), the pair (h(z,t),d(z,1t)) satisfies the system of Equations (33) of the
statement of Theorem 21 for t > 2sup,, ¥,.

Let us consider the system of equations in (,d) € (0,00) x C

—th+zd =u(h,d) -, (49a)
zh+td =v(h,d), (49b)
where u(h,d) and v(h,d) are given by Equations (34). Writing

1 p2m 1 1 f2m exp(10)
Ha,u) = — 46 and J(a,u) = —
(a,u) 2717/0 a?+ |1+ uexp(10)|? an (a,u) 27r/0 a?+|1+uexp(10))2~ '

the system (49) can be rewritten as

—th+zd = (h* + |d[*)I(h,d) +dJ(h,d) — v, (50a)
zh+td =hJ(h,d). (50b)
By the residue theorem (derivations omitted), the integrals are given by the expressions
a+u*+1
V(@ + u2+1)2 —4jul?

1
V(@ +[u? +1)2 = 4Juf?’
for each a € R and u € C such that a # 0 or |u| # 1.

I(a,u) = (51

1
and J(a,u) = o (1
u
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Lemma 28. There exists C > 0 (depending on z and 7) such that for each ¢ € [C, o), the system (49) has a unique solution
(h,d) such that h € (0,7/t) and |d| < y/t.

Sketch of proof. Using (50b), we show that we can assume without generality loss that z and d are real. Rewriting
the system (49) as (h,d)" = f((h,d)"), we show by computing the Jacobian matrix of f that if C is large enough, f is a
Banach contraction on [0,27/t] x [—Y/t,7/t]. O

We now prove that th(z,t) = t3p(z,1t) — ¥ as t — oo. The functions h(z,¢) and d(¢) satisfy (33a), and furthermore,
0 < h(z,t),|d(t)| < y/t. From the expressions (51), it is clear that (h> +d?)I(h(z,t),d(t)) and d(¢)J (h(z,t),d(t)) converge
to zero as t — oo. The result is then obtained from Equation (50a).

We also need to prove that (h(z,t),d(z,1t)) satisfy the system (33) for each ¢ > 0. By the convergence goo(z,-) — p(z,-),
we get that EV, . = V. In particular, EV, , is tight. Let a > 0 be such that inf, EV, .([—a,a]) > 1/2. By an easy derivation
involving the expression of a Stieltjes transform, we then get that s(z,1t) > y,¢/(2(a* +¢%)). Therefore, for each ¢ > 0, the
matrix P defined in (46) satisfies P > yr/(4(a*> +1*))I in the semidefinite ordering for all large enough n. By repeating
the argument that follows Equation (46), we obtain that (p(z,1),d(z,1t)) solve the system (33).

The proof of Theorem 21 is completed by combining Proposition 26 with the convergence of goo(z, ) to p(z,-).

Proposition 22: Sketch of proof. Assume first that X L xN , where X~ was defined in the statement of Proposi-
tion 26. Fixing z # 0, and writing goo(z,) = s, we obtain from Equations (44), (45), (47), and (48) that (s,qo) satisfy
a system which is a finite-n analogue to Equations (49) with a &;(n~!) error. This system can be used to show that there
exist constants o, C > 0 such that s € (0,C(1+n"'t=%)] for¢ € (0, 1]. The Gaussian assumption is then removed with the
help of Proposition 26.

6 Identification of p. Proof of Proposition 25

The following preliminary lemma can be proven by inspecting Equations (49) and by using that p(z,-)/y is the Stieltjes
transform of V.

Lemma 29. For each z # 0, the function h(z,7) is bounded for ¢ € (0,0), and h(z,7)/t is lower-bounded by a positive
constant for 7 € (0, 1]. Moreover, |d(z,1t)| < C/|z| for C > 0.

In the proof of Proposition 25, we shall use the fact that (h(z,7),d(z,1t)) satisfies the system of equations (50). We
rewrite Equation (50a) as ¥ = (h* +|d|*)I(h,d) +dJ (h,d) — zd + th, and Equation (50b) as zh+td = hJ(h,d), or equiva-
lently, as Zd = dJ(h,d) —t|d|*/h. Since h(z,t) > 0 for t > 0, we can use the expressions (51) of the integrals I(h,d) and
J(h,d) to obtain

_ h*4d)?
VAM,d)

R +d*+1

u_2|d|2£:1_y - v s+
A(h,d) h h* +|d|

+ % (h*+d)?),
(52)
27d = 1— (h2+1—|d\)

where A(h,d) = (h*+|d|* +1)> — 4|d|*>. We now let t — 0. Here, each sequence ; — 0 satisfies one of two cases : either
tx/h(z,t) — 0, or 1y /h(z,1;) — o where « is a positive number. Indeed, Lemma 29 shows that #; /h(z, ;) — oo is excluded.

The case #;/h(z,;) — 0. Using Lemma 29, and taking a further subsequence, still denoted as (k), we can assume that
d(t) — b € C and h(z,t;) — r > 0. The pair (r,b) satisfies the equations

YA(rb) = (+|b]*)?, and (53)

Y (54)

By Equation (54), the number y = —Zb is real and satisfies
(55)
Moreover, we have A(r,b) = ((y/(1 —y+2y) + 1)> — 4y?/|z|. Replacing in (53), we get
2
<V N 1) IR S
L—y+2y 2> (I=v+2y)*
Reducing to the same denominator, we get after some simple manipulations that |z|> = g(y), where g is the function given

in the statement of Theorem 2. Let us delineate the domain of variation of y Equation |z]? = g(y) = (1 —y+2y)%y/(y+1)

shows that y(y+1) > 0, thus y < —1 or y > 0. By Equation (55), =5 7+2> > ‘2‘22 = % We therefore get that
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2y+ 1 — 7> 0 and furthermore, by rearranging the terms of the inequality above, that y> + (1 —2y)y+y(y— 1) < 0. The
last inequality implies that y— 1 <y < 7. In conclusion, we get thaty € [0V (y—1),7]\ {0}.

The case 7 /h(z,1;) — a > 0. Here we get of course that h(z,7;) — 0. Taking a subsequence if necessary, we shall
assume that d(z;) — b. Getting back to the system (52) and taking # to zero, we get that

¥[1 =167 = 16 + atlbl? |1~ [b]
226|b* = (1= 7)[b* — v+ atfb* (1~ [b).

The first equation implies that |b| & {0, 1}, and that o0 = # — m. Replacing « by its value in the second equation,
— 2 . .
we get after a simple calculation that 2zb = 1 — 2y — %. Here we need to consider two cases: either |b| < 1 or

|b| > 1. If |b|] < 1, we get from the last equation that b = —y/7 (thus, |z| > 7). Plugging in the expression of ¢, we get
that o = |z|? ()l/ — Wﬁ) Since o > 0, this implies that |z| > /y(y+1). If |b| > 1, we obtain that b = (1 —y)/Z, thus,

lz| < |1—7|and o = |2? ((117)2 - (lfy)lzf\zP)' Using again that oo > 0, we get after a small calculation that y > 1 and

|z|*> < (y—1)3/7. Let us summarize our conclusions for clarity.

e If 1, /h(z,1;) — 0, let b be an arbitrary accumulation point of d(z,#), and lety = —zb. If y < 1, then y € (0, 7], and
2> = g(v) € (0,¥(y+1)]. f y> 1, then y € [y — 1,7}, and 2] = g(v) € [(y— 1)*/7. ¥(y+1)].

e If 1, /h(z,1;) converges to a positive constant, let b be an arbitrary accumulation point of d(z,#). If ¥ < 1, then
|z|> > y(y+1), and b = —y/z. If y > 1, thein either |z|> > y(y+ 1) in which case b = —y/Z, or |z|> < (y—1)/7,
in which case b= (1—17)/z

These statements show that given z # 0, the accumulation points b reduce to a genuine limit. Moreover, the behavior
of this limit b(z) is as described in the statement of Proposition 25.

From the point-wise convergence d(z, 1) ——0 b(z) for z # 0 and Lemma 29, we get that d(-, 1) —,—,0 b(-) in 2'(C).
Thus, (2y)~'b(z) = 9:U,(z) in Z'(C) by Proposition 23.
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